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Abstract: We incorporate the fear effect and the maturation period of predators into a diffusive
predator-prey model. Local and global asymptotic stability for constant steady states as well as uni-
form persistence of the solution are obtained. Under some conditions, we also exclude the existence
of spatially nonhomogeneous steady states and the steady state bifurcation bifurcating from the posi-
tive constant steady state. Hopf bifurcation analysis is carried out by using the maturation period of
predators as a bifurcation parameter, and we show that global Hopf branches are bounded. Finally, we
conduct numerical simulations to explore interesting spatial-temporal patterns.
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1. Introduction

Interactions between the predators and the preys are diverse and complex in ecology. The predators
increase the mortality rate of preys by direct predation. In existing literatures, many predator-prey
models only involve direct predation for predator-prey interactions [1-4]. However, besides the popu-
lation loss caused by direct predation, the prey will modify their behavior, psychology and physiology
in response to the predation risk. This is defined as the fear effect by Cannon [5]. Zanette et al. [6]
investigated the variation of song sparrows offspring reproduction when the sounds and calls of preda-
tors were broadcasted to simulate predation risk. They discovered that the fear effect alone can cause
a significant reduction of song sparrows offspring reproduction. Inspired by this experimental result,
Wang et al. [7] incorporated the fear effect into the predator-prey model. In their theoretical analysis,
linear and Holling type II functional response are chosen respectively. According to their results, the
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structure of the equilibria will not be affected by the fear effects, but the stability of equilibria and Hopf
bifurcation are slightly different from models with no fear effects.

Soon afterward, Wang and Zou [8] considered a model with the stage structure of prey (juvenile prey
and adult prey) and a maturation time delay. Additionally, Wang and Zou [9] pointed out anti-predation
behaviors will not only decrease offspring reproduction of prey but also increase the difficulty of the
prey being caught. Based on this assumption, they derived an anti-predation strategic predator-prey
model.

Recently, the aforementioned ordinary or delayed differential equation models were extended to
reaction diffusion equation [10-12]. Wang et al. [11] used several functional responses to study the
effect of the degree of prey sensitivity to predation risk on pattern formation. Following this work,
Wang et al. [10] introduced spatial memory delay and pregnancy delay into the model. Their numerical
simulation presented the effect of some biological important variables, including the level of fear effect,
memory-related diffusion, time delay induced by spatial memory and pregnancy on pattern formation.
Moreover, Dai and Sun [13] incorporated chemotaxis and fear effect into predator-prey model, and
investigated the Turing-Hopf bifurcation by selecting delay and chemotaxis coefficient as two analysis
parameters.

Denote by u;(x, ) and u,(x, t), the population of the prey and adult predator at location x and time
t, respectively. We suppose juvenile predators are unable to prey on. By choosing simplest linear
functional response in the model of Wang and Zou [7], the equation for prey population is given by

Oy — diAuy = uy (rg(K, up) — py — muy) — puyuy,

where d; is a diffusion coeflicient for prey, u; is the mortality rate for prey, m is the intraspecies
competition coeflicient, p is predation rate, r is reproduction rate for prey and g(K, u,) represents the
cost of anti-predator defense induced by fear with K reflecting response level. We assume g(K, u,)
satisfies the following conditions.

(Hy) g(0,u2) = g(K.0) = 1, lim g(K.u2) = lim g(K,up) = 0, #2 < 0 and %52 < 0.
Uy —>00 —00

Considering the maturation period of the predator, we set b(x, t,a;) be the density of the predator
at age a;, location x and time . Establish the following population model with spatial diffusion and
age-structure

(0o, + 0)D(x, 1, a1) = d(a))Ab(x, 1, ay) — pa)b(x, 1, ay),

(1.1)
b(x,t,0) = cpui(x, Huy(x, 1),

where x € Q, a bounded spatial habitat with the smooth boundary 0Q, t,a; > 0, c is the conversion
rate of the prey to predators, 7 > 0 be the maturation period of predator and age-specific functions

dy, a1 £ 7, Y, a; £ T,
d(ao:{‘” u(a1)={ 1

dg, a >T,

represent the diffusion rate and mortality rate at age a,, respectively. We introduce the total population
of the matured predator as u, = fT ~ b(x,t,ay)da;. Thus, (1.1) together with b(x, t, 00) = 0 yields

Oty = drAuy + b(x,t,7) — Holtr. (1.2)
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Let s; =t —a; and w(x, t, s1) = b(x, t,t — s1). Along the characteristic line, solving (1.1) yields

doAw(x,t, 51) —yw(x,t,51), x€Q,0<1t-5 <7,
atw(xa t9 Sl) =
d2AW(-x7 , sl) _MZW(X’ t, sl)a X € Q’ =51 >71,
w(x, s1,81) = b(x, 51,0) = cpui(x, spua(x, s1), 512 0; w(x,0,s1) = b(x,0,-s1), 51 <O0.
Assume linear operator dyA —y with Neumann boundary conditions yields the Cy semigroups 7' (¢).

Therefore,
T,(0)b(-,t—1,0), t > T,

T,)b(-,0,Tt—1), t<T.

In particular, G(x, y, t) denotes the kernel function corresponding to 7 (¢). Thus

b(x,t,7) = w(x,t,t = 7) = {

b(x,t,7) =T ()b(-,t —7,0) =cp f Gx,y, Du (v, t — Dua(y,t —7)dy, t > 1.
Q

The above equation together with (1.2) yields a nonlocal diffusive predator-prey model with fear
effect and maturation period of predators

ou
a—t‘ = d\Auy + uy(x, 1) [rg(K, up(x, 1)) =ty — muy (x, )] = puy (x, Dua(x, 1),

1.3)
ou (
6_[2 = d2AI/£2 + cp f Q(X, Y, T)ul(y’ r— T)uz(y9 ! - T)dy - ﬂ2u2(x9 t)

Q

Since the spatial movement of mature predators is much bigger than that of juvenile predators,
we assume that diffusion rate of juvenile predators d, approaches zero. Hence, the kernel function
becomes G = e7?" f(x—y) with a Dirac-delta function f. Thus, the equation of u,(x, ¢) in (1.3) becomes

Buz

i dyAuy + cpe™" f Jx=ur(y, t = Dua(y, t = T)dy — paua(x, ).
Q

It follows from the properties of Dirac-delta function that
f S =iy, 1 = Dy, t = 1)dy = lim Jx =iy, t = Dua(y, t — 7)dy
Q YV JBe(x)

=u(x,t —TDuy(x,t — 7)lim f(x —y)dy
€7V UB()

=ui(x, 1 = Tuy(x,t —7)

where B(x) is the open ball of radius € centered at x. Therefore, model (1.3) equipped with nonnegative
initial conditions and Neumann boundary conditions is

t
(9u1a(;c, ) = diAui(x, 1) + u(x, 1) [rg(K, us(x, 1)) — py — muy (x, )] — puy(x, Hus(x, 1), x € Q, 1> 0,
0 .1
uza(;c ) _ ) Auy(x, 1) + cpe " uy(x, t — Tup(x, t — ) — ot (x, 1), x € Q1> 0,
Ouy(x, 1) _ Our(x, 1) 0, xedni>0,
ov v

ur(x,9) = uo(x,?) > 0,ur(x,9) = upo(x,9) >0, x€Q, ¥ €[-0].
(1.4)

Mathematical Biosciences and Engineering Volume 20, Issue 7, 12625-12648.



12628

If r < py, then as t — oo, we have (u;,u,) — (0,0) for x € Q, namely, two species will extinct.
Throughout this paper, suppose r > p;, which ensures that the prey and predator will persist.

This paper is organized as follows. We present results on well-posedness and uniform persistence
of solutions and prove the global asymptotic stability of predator free equilibrium in Section 2. The
nonexistence of nonhomogeneous steady state and steady state bifurcation are proven in Section 3.
Hopf bifurcation analysis is carried out in Section 4. In Section 5, we conduct numerical exploration
to illustrate some theoretical conclusions and further explore the dynamics of the nonlocal model nu-
merically. We sum up our paper in Section 6.

2. Preliminary

Denote by C := C([-7,0], X?) the Banach space of continuous maps from [-7,0] to X? equipped
with supremum norm, where X = L*(Q) is the Hilbert space of integrable function with the usual inner
product. C, is the nonnegative cone of C. Let u;(x,1) and uy(x,t) be a pair of continuous function
on Q) X [-7,00) and (uy, uy) € C as (uy,(P), up,(#)) = (w15t + 3, up(-, ¢t + #)) for ¢ € [-7,0]. By
using [14, Corollary 4], we can prove model (1.4) exists a unique solution. Note (1.4) is mixed quasi-
monotone [15], together with comparison principle implies that the solution of (1.4) is nonnegative.

Lemma 2.1. For any initial condition (u,o(x,?), uxo(x,9)) € C,, model (1.4) possesses a unique solu-
tion (u(x, t), u(x, 1)) on the maximal interval of existence [0, t,ux). If tyax < 00, then lim sup(||u; (-, 1)|| +

=ax

||tz (-, 1)|]) = o00. Moreover, u, and u, are nonnegative for all (x,t) € Qx [—T, tax)-
We next prove u; and u, are bounded which implies that 7,,,, = co.

Theorem 2.2. For any initial condition ¢ = (u;o(x, ), uxo(x,#)) € C,, model (1.4) possesses a global
solution (uy(x, 1), uy(x,t)) which is unique and nonnegative for (x,t) € Q x [0, 00). If ujp(x,%) > O(z
0), uyo(x, ) > 0(z 0), then this solution remains positive for all (x,t) € Q x (0, ). Moreover, there
exists a positive constant & independent of ¢ such that limsupu; < &, limsupu, < & for all x € Q.

—00 —00

Proof. Consider

0

% =diAwy + rwy — uywy — mw%, xeQ,t>0,

— =0, x€0Q,t>0, wi(x,0)= sup uj(x,?), x € Q.
ov de[-7,0]

Clearly, wi(x,t) of (2.1) is a upper solution to (1.4) due to du,/0t < diAuy + ruy, — puy — mu%
By using Lemma 2.2 in [16], (r — u;)/m of (2.1) is globally asymptotically stable in C(Q, R*). This
together with comparison theorem indicates

limsupu; < limw; = T uniformly for x € Q. (2.2)
m

t—00

1—00

Thus, there exists E > (0 which is not dependent on initial condition, such that |[u;|| < Efor all r > 0.
T,(t) denotes the C(y semigroups yielded by d,A — u, with the Neumann boundary condition. Then
from (1.4),

=T

uy = Tr(Du(-,0) + cpe™™* f T(t— 1 — a)u (-, )ux(-, a)da.

-7
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Let —6 < O be the principle eigenvalue of d,A — u, with the Neumann boundary condition. Then,
IT>(0)|| < e~®. The above formula yields

[—T
(-, DIl < € uzo(-, O)|| + cpe ™€ f e yy(-, a)llda,
—~— t~ _T
<B+ f Ballis(-, a)llda,
0

by choosing constants El > ||z, 0)||+cprg sup |lu2(+,a)l| and Ez > cpg. Using Gronwall’s inequality
ag[-71,0]

yields [|us(-, )| < BieB forall 0 < t < t,,,. Lemma 2.1 implies f,,,, = o0. So (u,uy) is a global
solution. Moreover, if u1o(x, ) > 0(2 0), uyo(x, ) > 0(# 0), then by [17, Theorem 4], this solution is
positive for all # > 0 and x € Q.

We next prove (u;,u,) is ultimately bounded by a constant which is not dependent on the initial
condition. Due to (2.2), there exist #, > 0 and &, > 0 such that u;(x, 1) < & for any > 1y and x € Q.
Let z(x,t) = cuy(x,t — ) + up(x, 1), u = min{uy, up} and I, = fg Z(x, t)dx. We integrate both sides of
(1.4) and add up to obtain

THORS f (c(r = pus (x, 1 = 7) = paur(x, 1)) dx < cr&olQf — ply (1), 1219 + 7.
Q
Comparison principle implies

lim sup ||uz]|; < limsup I} < créy|Q|/u.

—o0 [—o0

Especially, there exist #; > #y and &, > 0 such that ||u,||; < & forall £ > #.
Now, we define V;(¢) = fg(uz(x, 1))'dx with [ > 1, and estimate the upper bound of V,(#). For t > t,,
the second equation of (1.4) and Young’s inequality yield

1
Evé(f) < —d, f IVuol*dx + cpéy f up(x,t — T)up(x, H)dx — pr Vo ()
Q Q

cpéo V(i — 1) + cpéo

< —ds||Vuo|f3 + Va(0).

The Gagliardo-Nirenberg inequality states:
Ve>0,3¢>0, st Pl < ellVPI5 + ce IPIIT, V¥ P € WH(Q).

We obtain
Vi(1) < Cy + CoVa(t — 1) — (Cy + C3)Va(1),

where C; = ¢e "*7'2dhé2 > 0, Cy = cpéy > 0 and C3 = 2(d2/e — C2) > 0 with small € € (0,d>/C»).
Using comparison principle again yields lim sup V,(¢) < C;/C3, which implies there exist , > #; and

t—00

& > 0suchthat V, < & fort > t,.
Let L; = limsup V;(¢) with [ > 1, we want to estimate L,; with the similar method of estimation for

—o0

L,. Multiply the second equation in (1.4) by 2/y*"!

and integrate on 2. Young’s inequality implies

V() < —2d, f Vil |2dx + cpéoVa(t — ) + 21 — Depéo Vo).
Q
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Then
’ A _—n/2-17,2 2d,
Vy(t) < 2dyce Vi@ - — Vau(t) + cp&o(Valt — 1) + (21 = 1)Va(2)),

via Gagliardo-Nirenberg inequality. Since L; = lim sup V/(¢), there exists t; > O such that V; < 1 + L;
—00

when ¢ > t;. Hence,
’ A —(n/2+1) 2 2d,
VZl(t) < 2d,ce (1 + Ll) - TVZI(I) + lC4(V21(Z) + Vzl(l - T))

with C; = 2cpé&;. We choose € ! = (2C,4 + 1)I/(2d,) and Cs = 2d,¢[(2C,s + 1)/(2d,)]1/**!. Then for
t > t;, we obtain
Vi, () < CsI"** 1 (1 + L))* + IC4Voy(t — 1) — (IC4 + DV (2).

By comparison principle, the above inequality yields L,; < CsI"/?(1 + L;)?, with a constant Cs which
is not dependent on / and initial conditions. Finally, prove L,s < oo for all s € N. Let B =1+ Cs and
{b,}?,, be an infinite sequence denoted by b,y = B!/ 2 osn(@/2 N \yith the first term by = L; + 1.
Clearly, Lys < (b;)* and
limInb, =Inby + InB + gln2.

§—00

Therefore,

lim sup(Ly)Y?" < lim by = B(1 + L)2"? < B(1 + &,)2"? < & := max{B(& + 1)2"2,(r — p11)/m)}.

S§—00

The above inequality leads to limsup u; < & and lim sup u, < € for all x € Q.
—00 t—o0
In Theorem 2.2, we proved that the solution of model (1.4) is uniformly bounded for any nonneg-
ative initial condition, this implies the boundedness of the population of two species. Clearly model
(1.4) exists two constant steady states Ey = (0,0) and E| = ((r—u,)/m,0), where E is a saddle. Define
the basic reproduction ratio [18] by
_cpe T (r — )
m; '

Thus model (1.4) possesses exactly one positive constant steady state £, = (uj, u;) if and only if

Ry (2.3)

Ry > 1, which is equivalent to cp(r — py) > mup and 0 < 7 < Ty = iln %IZ“) Here,
uy = ,uzp_e:’ u, satisfies rg(K,uy) — puy = py + muj.
The linearization of (1.4) at the positive constant steady state (i1, ii) gives
oW/ot = DAW + L(W,), 2.4)

where domain Y := {(u;, )’ : wu,ua € CHQ) N C'(Q), (), = (u2), = 0 on 0Q}, W =
(ui(x, 1), ur(x, )7, O = diag(d,, d») and a bounded linear operator £ : C — X2 is

L(p) = Mp((0) + M o(-7), for ¢ € C,
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with

_ (rg(K,itx) — py — 2mity — piiy  it1(rg,,(K, i) — p) B 0 0
M = , M, = e e |-
0 —Uy cpe i, cpe i

The characteristic equation of (2.4) gives
pon — DAn — L(en) = 0, for some n € Y\{0},
or equivalently
det(pl + 0, D — M — e ""M;) =0, forn € Ny. (2.5

Here, 0, is the eigenvalue of —A in 2 with Neumann boundary condition with respect to eigenfunc-
tion ¥, for all n € Ny, and

O=0p<01<03<-<0,<0,y41 <+ and lim o, = . (2.6)

n—oo

Theorem 2.3. (i) The trivial constant steady state Ey = (0, 0) is always unstable.

(ii) If Ry > 1, then E; = ((r — uy)/m,0) is unstable, and model (1.4) possesses a unique positive
constant steady state E, = (uj, u3).

(iii) If Ry < 1, then E, is globally asymptotically stable in C,.

Proof. (i) Note, (2.5) at E takes form as (o + 0,d; — r + uy)(p + 0,d, + 12) = 0 for all n € Ny. Then
r —uy > 0 1s a positive real eigenvalue, namely, Ej is always unstable.
(i1) The characteristic equation at E; gives

r—u

o+ 0,dy +r—p)p+0,dy + uy —cpe”* e ") =0 forn e N,. 2.7
Note that one eigenvalue p; = —0,d; — r + y; remains negative. Hence, we only need to consider
the root distribution of the following equation
e T T HL ot _
P+ 0,dy + pp —cpe’"——e " =0 forn € N,. (2.8)
m

According to [19, Lemma 2.1], we obtain that (2.8) exists an eigenvalue p > 0 when R, > 1, namely,
E| is unstable when Ry > 1.

(i11) By using [19, Lemma 2.1] again, any eigenvalue p of (2.8) satisfies Re(p) < 0 when Ry < 1,
namely, E is locally asymptotically stable when Ry < 1. Now, consider Ry = 1. 0 is an eigenvalue
of (2.7) for n = 0 and all other eigenvalues satisfy Re(p) < 0. To prove the stability of E;, we shall
calculate the normal forms of (1.4) by the algorithm introduced in [20]. Set

T = {p € C, p is the eigenvalue of equation (2.7) and Rep = 0}.

Obviously, T = {0} when Ry = 1. System (1.4) satisfies the non-resonance condition relative to Y.
Denote u; = (r — u;)/m, and let w = (wy, w2)" = (u; — uy, u»)" and (1.4) can be written as

w; = Ayw; + Fo(w,) on C.

Mathematical Biosciences and Engineering Volume 20, Issue 7, 12625-12648.



12632

Here linear operator A is given by (App)() = (¢(}))" when & € [-1,0) and

0 0
)90(0) + (0 m) o(=71),

(ﬂogo)(O):(dlA 0 )¢(0)+(—r+u1 (P~ rg,, (K, 0))ay

0 d)A 0 —HM2

and the nonlinear operator 7 satisfies [Fo(¢)](¢}) = 0 for —7 < 9 < 0. By Taylor expansion, [Fo(¢)](0)
can be written as

mg;(0) — rit g1, (K, 0)¢3(0)/2 + (rg,, (K, 0) = p)¢1(0)p(0)

Fole)O) = ( —cpe 1 (=) (=T)

) + h.o.t. (2.9)

Define a bilinear form

0
B, a) = f [al(O)ﬁ1(0) +2(0)52(0) +,sz B8 + T)az(ﬁ)dﬂ] dx, B € C([0,7],X*), a € C.
Q -T

Selecta = (1,m/(p-rg,,(K,0)) and 8 = (0, 1T to be the right and left eigenfunction of Ay relative
to eigenvalue 0, respectively. Decompose w, as w, = ha + ¢ and (B,9) = 0. Notice Ay = 0 and
B, Apo) = 0. Thus,

B, W) = (B, AgW,) + (B, Fo(W))) = (B, Fo(Wy)).

Moreover,

B, W,y = (B, a) +(B,6) = h(B, ).

It follows from the above two equations that

. m(1 + uo7)|Q)f
p—rg,,(K,0)

When the initial value is a small perturbation of E|, then 6 = O(h?), together with Taylor expansion
yields

- g.Ftha + o) = |

Q

B [Folha + 6))(0)dx = f [Folha + 6)]2(0)dx.
Q

“yr
[Foha +8)12(0) = —cpe ™ (hay (=) + 6 (—D)(haa(=7) + 5x(~1)) = —— o L2 4 O(I?).
p—rg,(K,0)
Therefore, we obtain the norm form of (1.4) as follows
. - _yT
h="P " 2y o). (2.10)
1+ ot

Then for any positive initial value, the stability of zero solution of (2.10) implies E; is locally
asymptotically stable when Ry = 1.

Next, it suffices to show the global attractivity of £; in C, when Ry < 1. Establish a Lyapunov
functional V : C, — R as

_ 0
V1, ) = f $2(0ydx + cpe 1 f f $2(6Yd6dx for (¢1,¢2) € C,.
Q QJ-1

m
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Along solutions of (1.4), taking derivative of V(¢;, ¢,) with respect to ¢ yields

dv -
— < -2d, f Vi |>dx + f20pe_77r 'uluz(x,t— T (x, 1)
dt Q Q m

—H1

- 2,uzug(x, 1+ cpe‘wr [u%(x, ) — u%(x, t—171)]dx

< f 2ur(Ry — Du5(x,)dx < 0 if Ry < 1.
Q

Note {E} is the maximal invariant subset of dV/dt = 0, together with LaSalle-Lyapunov invariance
principle [21,22] implies E; is globally asymptotically stable if Ry < 1.

In Theorem 2.3, E is always unstable which suggests that at leat one species will persist eventually.
Moreover, if Ry < 1, then E is globally asymptotically stable in C,, which implies that when the basic
reproduction ratio is no more than one, the predator species will extinct and only the prey species
can persist eventually. Next, we will prove the solution is uniformly persistent. ®, denotes the solution
semiflow of (1.4) mapping C, to C,; namely, O;¢ := (u1(:,t+:), us(-, 1+-)) € C,. Set {7 (¢) = Upo{O,}
be the positive orbit and @w(y) be the omega limit set of {*(¢). Denote

Z:={(¢1,02) €Cy 19y #0and ¢, £ 0}, 0Z := C.\Z = {(¢1,92) € C, 1 p; =0 0r ¢, =0},

I’y as the largest positively invariant set in 0Z, and W*((iiy, ii;)) as the stable manifold associated with
(i11, i1,). We next present persistence result of model (1.4).

Theorem 2.4. Suppose Ry > 1. Then there exists k > 0 such that liminfu,(x,t) > « and
>0

lim inf u,(x, £) > & for any initial condition ¢ € Z and x € Q.
—o0

Proof. Note ©, is compact, and Theorem 2.2 implies ®, is point dissipative. Then ®, possesses a
nonempty global attractor in C, [23]. Clearly, I'y = {(¢1,¢2) € C, : ¢, = 0}, and @w(¢) = {Ey, E;} for
all ¢ € I'y. Define a generalized distance function ¢ mapping C, to R* by

Ylp) = meig_gl{sm(x, 0), p2(x, 0)}, Yoo = (@1, 92) € Cs.

Following from strong maximum principle [24], ¥(®,¢) > 0 for all ¢ € Z. Due to ¢~'(0, o) C Z,
assumption (P) in [25, Section 3] holds. Then verify rest conditions in [25, Theorem 3].

First, prove W5(Ey) N ¢~ 1(0,00) = (. Otherwise, there exists an initial condition ¢ € C, with
Y(p) > 0, such that (u;,uy) — Ey as t — oo. Thus, for any sufficiently small &, > 0 satisfying
rg(K,ey) — u; > pep, there exists t; > 0 such that 0 < u;,u, < & for all x € Q and ¢ > t;. Note that
rg(K,0) — uy > 0 and 0g(K, uy)/0u, < 0 ensure the existence of small £, > 0. Then the first equation
in (1.4) and (H;) lead to

Oy > diAuy + uy [(rg(K, €) — 1y — per) —muy |, t > 1.
Notice
Oty — di Ay = iy [(rg(K, €) — per — 1) —mily ], x € Q1> 1,

0,ity =0, x€ 0Q,t > 1,
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has a globally asymptotically stable positive steady state (rg(K, €;) — u; — per)/m due to [16, Lemma
2.2], together with comparison principle yields tlgg u > tllg iy > 0. A contradiction is derived, so
WH(Ep) N0, 00) = 0.

Next check WS(E;) Ny~ 1(0, 00) = 0. If not, there exists ¢ € C, with ¥(¢) > 0 such that (u;, u)
converges to E; as t — co. According to (2.2), for any small &, > 0 satisfying cpe™ ((r —u;)/m—e) >
U, there exists t, > 0 such that u; > (r — uy)/m — &, for all x € Qandt > t, — 7. Note that Ry > 1
ensures the existence of &, > 0. Thus, the second equation of (1.4) yields

,
Oty > drAuy + cpe™"( H_ e)ur(x,t — T) — tor(x, 1), t > 1.

In a similar manner, we derive lim u,(x, f) > 0 by above inequality, cpe™*((r —u;)/m — &) > u, and
t—0o0
comparison principle. A contradiction yields again. Hence, it follows from Theorem 3 in [25] that, for
any ¢ € C,, there exists k > 0 such that lim inf ¥/(0,¢) > « uniformly for any x € Q.
—o00

Theorem 2.4 implies that when the basic reproduction ratio is bigger than one, both the predator
species and prey species will persist eventually. We next investigate the stability of E,. The corre-
sponding characteristic equation at E, gives

P>+ a1 + agn + (brup + bo)e™ =0, n €Ny, (2.11)
with
ary = ou(dy + do) + o + muy >0, ag, = (0,dy + auy)(o,dy + () > 0,
bin=—p2 <0, by, = —pa(0,dy + muy + uy(rg,, (K, u3) = p)).

Characteristic equation (2.11) with 7 = 0 is

0%+ (a1, + bry)p + ag, + by, =0, n €Ny, (2.12)

We observe that ap, + by, = 0ndx(0,dy + muy) — pous(rg,, (K, u3) — p) > 0, and a1, + by, =
on(dy + dy) + mu} > 0 for all integer n > 0, which yields that any eigenvalue p of (2.12) satisfies

Re(p) < 0. Then, local asymptotic stability of E, is derived when 7 = 0 which implies Turing instability
can not happen for the non-delay system of (1.4). In addition, ay, + by, > 0 for any n € N, leads to that
(2.11) can not have an eigenvalue O for any 7 > 0. This suggests we look for the existence of simple
p = %id (6 > 0) for some 7 > 0. Substitute p = id into (2.11) and then
G,(6,7) = 6%+ (a],, — 2ap, — b7,)6" + ag,, — b5, = 0, n €N, (2.13)

with

ain - 2ap, — bin = (opd; + mu’f)2 + (0 pdr)* + 220 nds > 0,

Ao + boy = opdr(0pdy + muy) — pouy(rg,, (K, uy) — p) > 0,

aon —bon = O'idldz + 0, 2uady + muydy) + po(2muy + Lt;(rg'M(K, uy) — p)).

Thus, ag, — by, = 0 for all n € Ny is equivalent to

(Ao) : 2muy 2 us(p —rg,, (K, uy)).
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If (Ap) holds, then (2.13) admits no positive roots, together with for 7 = 0, any eigenvalues p of
(2.11) satisfies Re(p) < 0, yields the next conclusion.

Theorem 2.5. Suppose Ry > 1. Then, E, is locally asymptotically stable provided that (A) holds.
3. Nonhomogeneous steady states analyses

Now, we consider positive nonhomogeneous steady states. The steady state (u;(x), ua(x)) of (1.4)
satisfies the elliptic equation

—d\Auy = rg(K, ux)uy — pyuy — mu% — pujuy, x € Q,
—drAuy = cpe " ujuy — oy, x € Q, (3.1
oyu; = 0y =0, x € 0Q

From Theorem 2.3, all the solutions converge to E; when Ry < 1 and the positive nonhomogeneous
steady state may exist only if Ry > 1. Throughout this section, we assume that Ry, > 1. In what follows,
the positive lower and upper bounds independent of steady states for all positive solutions to (3.1) are
derived.

Theorem 3.1. Assume that Ry > 1. Then any nonnegative steady state of (3.1) other than (0,0),
and ((r — ny)/m,0) should be positive. Moreover, there exist constants B,8 > 0 which depend on all

parameters of (3.1) and €, such that B < u;(x), up(x) < B for any positive solution of (3.1) and x € Q.

Proof. We first shovl any nonnegative solution (uy, u,) other than E an_d Ey, should be u#; > 0 and
up, > 0 for all x € Q. To see this, suppose u,(xy) = 0 for some xy € Q, then uy(x) = 0 via strong
maximum principle and

m

0<d, f IV, — —ED gy = f —muy () (g (x) — —EL2dx < 0.
Q Q m

Thus the above inequality implies u;(x) = 0 or u;(x) = (r — u;)/m. Now, we assume u, > 0 for all
x € Q. Strong maximum principle yields u; > 0 for all x € Q. Hence, u; > 0 and u, > 0 for all x € Q.
We now prove u; and u, have a upper bound which is a positive constant. Since —d;Au;(x) <
(r — g — muy(x))u;(x), we then obtain from Lemma 2.3 in [26] that u,(x) < (r — u;)/m for any x € Q.
By two equations in (3.1), we obtain
. M1 Mo
—A(dicuy + druy) < re(r — uy)/m — mln{d—l, d_z}(dlcul + douy).

By using [26, Lemma 2.3] again, we conclude

re(r — p)

i (x), up(x) < B = —— .
: ? mmin{cuy, o, pidr/dy, prdic/ds}

Next, we only need to prove ||u;(x)|| and ||u,(x)|| have a positive lower bound which is not dependent
on the solution. Otherwise, there exists a positive steady states sequence (u;,(x), U2 ,(x)) such that
either lim [|u; ;|| = O or lim ||u, || = 0. Integrating second equation of (3.1) gives

n—-0o0 n—00
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0= f s (Ccpe 1 — o) (3.2)
Q

If ||u) p(%)]|lo = O as n — oo, then cpe™"u, ,(x) — up < —»/2 for sufficiently large n, which yields
uy (cpe™uy, — pp) < 0, a contradiction derived. Thus, [|uz,(x)||lc — 0 as n — oo holds. We then
assume that (u;,, 42,) = (U).0,0), as n — oo where u; ., > 0. Similarly, we obtain that either u; , =0
Or Uj o = (r — pu;)/m. Obviously, u; . # 0 based on the above argument, thus u; ., = (r — y;)/m and
lim cpe™ u; ,(x) — ua = pa(Rp — 1) > 0. This again contradicts (3.2). Hence, we have shown ||u;(x)||e

n—oo

and |lu>(x)|| have a positive constant lower bound independent on the solution. Therefore, u;(x) and
u>(x) have a uniform positive constant lower bound independent on the solution of (3.1) via Harnack’s
inequality [26, Lemma 2.2]. This ends the proof.

Theorem 3.2. Suppose Ry > 1. There exists a constant y > 0 depending on r,uy, p,c,y,T, Uz, g and
o1, such that if min{d,, d,} > x then model (1.4) admits no positive spatially nonhomogeneous steady
states, where oy is defined in (2.6).

Proof. Denote the averages of the positive solution (uy, u,) of system (3.1) on Q by

_ fQ up(x)dx

Uy (x)dx
up and U = j;zz—

12| 1€2|

By (2.2), we have u;(x) < uy, where u; = (r — u)/m, which implies u#; < u;. Multiplying the first
equation by ce™”" and adding two equations of (3.1) lead to

—(dice™"" Auy + drAuy) = ce™" (rg(K, o)y — iUy — mu?) — Moly.

The integration of both sides for the above equation yields

—  ce’r _ce T
(rg(K, Up)uy — iUy — mu%) dx < (r — uu
12|l Jg M2

=M,.

It is readily seen that fg(u \—up)dx = fQ(uz—ﬁ})dx = 0. Note u; and u, are bounded by two constants
u; > 0and u, := rcuy/ min{gydy/dy, pp} > 0 by Theorem 3.1. Denote My = max |g;, (K, uy)| and we

up€[0,us]
then obtain

d; f IV(uy — uy)Pdx :f(ul —uy)(rg(K, ur)uy — pyu; — muf)dx— fpuluz(ul — i)dx
Q Q o
= f (1 = 07) (rg (K, u)uy = pywy = mut = (rg(K, i)idy = ity = mit;”)) dx
Q
+ fp(ﬁ]ﬁi —uyup)(uy — uy)dx
Q

S(r — oy + (rM + p)%) f(ul —w))*dx + (rM; + p)% f(uz — ii2)°dx,
Q Q
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d> f \V(u, — i) dx = f(cpe_”uluz = pauz)(us — Up)dx
Q Q
=cpe™” f(ulMZ — uu2)(ur — Up)dx — f,uz(uz — ip)*dx
Q Q
MV —~ — Mv —
Scpe‘yff —(uy — y)dx + cpe”" (U + —) f(uz — i) dx.
o 2 2" Ja

Set Ay = (r— 1) + ((rMy + p)it, + cpe™™M,) /2, and Ay = ((rM + p)iiy + cpe™ (21, + M,)) /2.
Then, the above inequalities and Poincaré inequality yield that

d f IV, — i)lPdx + d; f IV, — ip)lPdx < f (VG — )P + IV (uz - i) dx,
Q Q Q

with a positive constant y = max{A,/o,A,/o} depending on r, f, u, p,c,y, 7, 4, and o;. Hence, if
x < min{d,, d,}, then V(u; — u;) = V(uy — uz) = 0, which implies (u;, u) is a constant solution.

Select u} := v as the bifurcation parameter and study nonhomogeneous steady state bifurcating
from E*. Let u,, satisfy rg(K, uy) — pu, = py + mv, E; = (v,un,), and (uy,uz) = (u; — v, uy — up,,). Drop
. System (3.1) becomes

H(v, uy, 1) = diAuy + (uy +v)(rg(K, up + up,) — pn — muy +v) — p(ua + ua,,)) ~ 0
o drAuy + cpe (uy + v)(uz + try) — po(u + Uz,) ’

for (v,u;,up) € R* x Y with Y = {(u1,u2) : uy,up € HX(Q), (uy), = (u2), = 0, on Q}. Calculating
Fréchet derivative of H gives

D(ul,uz)q'{(v, 0, 0) — (dlA - my V(rguz(K, uz",) — p)) .

cpe T uy, d>A

Then the characteristic equation follows

p° + P(v)p+ Qi(v) =0 for i e Ny, (3.3)

where
P(v) = mv + (di + dy)oi, Qi(v) = didoo; + domvor; — piau o (rg,, (K, uz,) = p).

Obviously, Q; > 0 and P; > O for all v € R* and i € Ny. Therefore, (3.3) does not have a simple
zero eigenvalue. According to [4], we obtain the nonexistence of steady state bifurcation bifurcating at
E,.

Theorem 3.3. Model (1.4) admits no positive nonhomogeneous steady states bifurcating from E.
4. Hopf bifurcation analyses

Next, the stability switches at E, and existence of periodic solutions of (1.4) bifurcating from E,
are studied. Suppose Ry > 1, namely, cp(r — 1) > mur and 0 < 7 < Ty i= %ln L) (o guarantee

. muy
the existence of Ej.
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4.1. Local Hopf bifurcation analyses

Recall the stability of E;, for 7 = 0 is proved and O is not the root of (2.11) for 7 > 0. So, we only
consider eigenvalues cross the imaginary axis to the right which corresponds to the stability changes
of E,. Now, we shall consider the positive root of G,(6, 7). Clearly, there exists exactly one positive
root of G,,(6,7) = 0 if and only if ay, < by, for n € Ny. More specifically,

(A)) @ 2muy < usy(p —rg,, (K, uy))

is the sufficient and necessary condition to ensure Gy(d, 7) has exactly one positive zero. For some
integer n > 1, the assumption (A) is a necessary condition to guarantee G,(0, T) exists positive zeros.
Set

Jo = {1 : 7 € [0, T)nay) satisfies ag, (1) < by,(7)}, n € Ny. 4.1)

Implicit function theorem implies G,(d, ) has a unique zero

5,(7) = \/ (|2, + 2000 = at, + o, + 2000 = a2 - 463, - 13, 12)
which is a C' function for 7 € J,. Hence, i6,(7) is an eigenvalue of (2.11), and 6,(7) satisfies

5n(_ﬂ25y21 + M2ao + bO,nal,n) .

sin(o, = = hy (1),
in(6,(7)7) (25 1+ b, 1.(T)

4.2
bO,n(éﬁ - aO,n) + al,n,UZé% ( )

22 4 12
507 + bO,n

cos(8,(1T)71) = = hou(7),

for n € Ny. Let

Y arccos hy (1), if 6% < ag, + bo a1 n/ i,
T) =
" 27 — arccos hy (1), if 62 > ag, + bo a1 n/ 2,

which is the unique solution of sin?, = h;, and cos ¢, = h,, and satisfies 9,(7) € (0, 2n] for 7 € I,.
According to [3,27], we arrive at the next properties.

Lemma 4.1. Suppose that Ry > 1 and (A,) holds.

(i) There exists a nonnegative integer M, such that J, # 0 for 0 < n < M,, with Jy, C Jy,—1 C -+ C
Jy Cc Jo, and J, = 0 for n > 1 + My, where J, is defined in (4.1).

(ii) Define
Sﬁ(T) = 0,(T)t —,(7) — 2kn for integer 0 <n < My, k e Ny, and 7 € J,. “4.3)
Then, 38(0) <0; for0 <n < M and k € Ny, we have lim S¥ (1) = —=(2k+ )7, whereT, = sup J,,;
Sl(1) < k(1) and Sk(7) > S*_ (7).

n+l
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(iii) For each integer n € [0, N] and some k € N, Sﬁ(T) has one positive zero T, € J, if and only if
(2.11) has a pair of eigenvalues +id,(T,). Moreover,

Sign(Red'(T,)) = Sign((S}) (T,)). (4.4)
When (S¥) () < 0, +i5,(T,,) cross the imaginary axis from right to left at T = T,; when (S¥)' (z,) >
0, +i0,(t,,) cross the imaginary axis from left to right.

If supS) < 0, then S} < 0 in J, holds for any 0 < n < M; and k € Ny; or only S has a zero

Tely
with even multiplicity in Jo and S* < 0 for any positive integers n and k. Therefore, E, is locally
asymptotically stable for 7 € [0, 7,,,,). The following assumption ensures Hopf bifurcation may occur
at EQ.

(Az) sup S)(t) > 0 and S(7) has at most two zeros (counting multiplicity) for integer 0 < n < M; and
T€Jy

kENo.

Note sup S? is strictly decreasing in n due to Lemma 4.1. It then follows from (A,), and S¥(0) <
Tel,

88(0) <0, lim Sk(r) < 0 for any integer 0 < n < M, and k € Ny, that we can find two positive integers

M={ne[0,M]: supS?>0and supSSJrl <0} >0, 4.5)
and
K,=1{j>1:supS/ "' >0and supS/ <0} > 1, for any integer 0 < n < M. (4.6)

Then S¥(7) admits two simple zeros 7% and 7,*"*"" for k € [0, K,, — 1] and no zeros for k > K,,. The
above analysis, together with Lemma 4.1(iii), yields the next result.

Lemma 4.2. Suppose Ry > 1 and (A,) and (A,) hold. Let S*(t), M and K, be defined in (4.3), (4.5)
and (4.6).
(i) Forinteger n € [0, M], there are 2K, simple zeros 70 < J<2K,-1) ofofl'(T) O<i<K,-1),
0<O<tl<?2<..- < T,%K"_l <7, and dSi(t')/dr > 0 and dS;(TﬁK"_’_l)/dT < 0 for each
0<i<K,-1

(ii) If there exist exactly two bifurcation values Tﬁ;l = T;z = T, with ny # ny and (ny, j), (ny,1) €
[0, M] x [0, 2K, — 1], then the double Hopf bifurcation occurs at E, when v = 7,.

Collect all values Tf; with0 < n < Mand 0 < j < 2K, — 1 in a set. To ensure Hopf bifurcation
occurs, remove values which appear more than once. The new set becomes

M
S = {ro, 71, Tart), With 7y < 7if i < jand 1 <L < ) K, 4.7)
n=0

Lemma 4.1(i1) implies Sg(T) exists two simple zeros 7y < T;-1. Whent = 7; with0 < i < 2L—1, the
Hopf bifurcation occurs at E,. Moreover, E, is locally asymptotically stable for 7 € [0, 79)U(T21-1, Tmax)
and unstable for 7 € (1y, 72;-1). Define

Yo={reX: Sé(r) = 0 for integer 0 < j < Ky}. (4.8)

Mathematical Biosciences and Engineering Volume 20, Issue 7, 12625-12648.



12640

Theorem 4.3. Suppose Ry > 1. Let J,, S’;(‘r), X and X be defined in (4.1), (4.3), (4.7) and (4.8),
respectively.

(i) E,islocally asymptotically stable for all T € [0, T,,,x) provided that either J, = 0 or sup Sg(T) <0.

1€y
(ii) If (A1) and (A,) hold, then a Hopf bifurcation occurs at E, when T € Z. E, is locally asymptoti-
cally stable for T € [0,7T) U (T21-1, Tmax), and unstable for T € (1o, Ta1-1). Further, for T € £\X,,
the bifurcating periodic solution is spatially nonhomogeneous; for T € X, the bifurcating periodic
solution is spatially homogeneous.

4.2. Global Hopf bifurcation analyses

Next investigate the properties of bifurcating periodic solutions by global Hopf bifurcation theorem
[28]. Set y(t) = (1(1), y2(t)" = (ur (-, 1) — u}, up(-, 1) — u3)" and write (1.4) as

Y () = Ay(0) + Z(31, 7, Q). (1,7, Q) € R* X [0, Tpar) X RY, y, € C([-1,0], X?), (4.9)
where y,(v) = y(t + v) for v € [-1,0], A = diag(td| A — Tu;, 7d, A — T115) and
2 =7 ((ynm) + 1) (rg(K.y21(0) + 1) = m(y1(0) + 1) = p(32i(0) + 1)) = ,ulu’i‘) |
cpe " (i (=1) + u)(ya(=1) + u;y) — poui;

{P(1)};50 denotes the semigroup yielded by A in €, with Neumann boundary condition. Clearly,
lim Y () = 0. The solution of (4.9) can be denoted by

t—00

!
y(t) = Y()y(0) + f Y(t - o0)Z(y,)do. (4.10)
0
If y(7) is a a—periodic solution of (4.9), then (4.10) yields

W) = f ¥(t = 5)Z(yo)do, (4.11)

since W(¢ + na)y(0) — 0 as n — oco. Hence we only need to consider (4.11). The integral operator of
(4.11) is differentiable, completely continuous, and G-equivariant by [24, Chapter 6.5]. The condition
min{d,, d>} > y ensures (1.4) admits exactly one positive steady state E,. Using a similar argument as
in [29, Section 4.2], (H1)—-(H4) in [24, Chapter 6.5] hold and we shall study the periodic solution.

Lemma 4.4. Suppose Ry > 1, then all nonnegative periodic solutions of (4.9) satisfies k <
u(x, 1), ur(x, 1) < & for all (x,t) € Q X R*, where & and k are defined in Theorems 2.2 and 2.4, re-
spectively.

Lemma 4.4 can be obtained by Theorems 2.2 and 2.4. We further assume

K,u - K’ u* —
st e) gE ) _m <0 for u; € [«, ! 'ul] and u; € [k, &].
up —u; r n

(Az) :

This technical condition is used to exclude the T—periodic solutions. Note assumption (A3) holds
when K = 0. This, together with that (g(K, u») — g(K, u3))/(u; — u}) is continuous in K, implies there
exists € > 0 such that (A3) holds for 0 < K < g, that is, (A3) holds for the model (1.4) with weak fear
effect.
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Lemma 4.5. Assume that Ry > 1 and (A3) holds, then model (1.4) admits no nontrivial T—periodic
solution.
Proof. Otherwise, let (i, u,) be the nontrivial 7—periodic solution, that is, (u;(x,t — 7), us(x,t — 7)) =
(u1(x, 1), ur(x,1)). Thus, we have
Oy = diAuy + uy (rg(K, up) — gy —muy — puy), x € Q1> 0,
Oty = dr Ay + cpe™ uuy — oy, x € Q1> 0,
U2 28Uy 14 U2 — ol (4.12)
Oy = 0y, =0, x € 0Q,t > 0,
u (x, %) = uyo(x,9) = 0, uy(x,9) = ur(x,9) >0, x € Q, 9 € [-7,0].
Claim

(l/tl,l/tz) — E, as t — oo.

To see this, establish the Lyapunov functional L; : C (Q,R* xR*) - R,
Li(¢1,¢2) = f(Ce_yT(fﬁl —u;Ing)) + (¢ — u3 In$y)) dx for (¢1, $2) € C(Q,R* X R").
Q

Along the solution of system (4.12), the time derivative of L;(¢, ¢,) is
2 2 _ x
% _ f [_dlmwzun L L R (g(K, )~ 8K ) @)] "
) pul I/t2 up u 1 r
The assumption (A3) ensures dL,;/dt < 0 for all (u;,u;) € C(Q,R* x R*). The maximal invariant
subset of dL, /dt = 0 is {E,}. Therefore, E, attracts all positive solution of (4.12) by LaSalle-Lyapunov
invariance principle [21,22] which excludes the nonnegative nontrivial 7—periodic solution.

To obtain the nonexistence of 7—periodic solution for model (1.4), we must use the condition (A3)
which is very restrictive. However, in numerical simulations, Lemma 4.5 remains true even (Aj) is
violated. Thus, we conjecture the nonexistence of 7-periodic solution for (1.4).

In the beginning of this section, when 7 = 7; with 0 < i < 2L — 1, +i6,(7;) are a pair of eigenvalues
of (2.11). Give the next standard notations:

(i) For0 <i<2L -1, (Ey, 1, 21/(8,(1;)T;)) is an isolated singular point.
(i) T = Cl{(y,7,0Q) € X> x R* x R* : y is the nontrivial Q-periodic solution of (4.9)} is a closed
subset of X?> x R* x R*.
(iii) For0 <i < 2L -1, C{(E;, 1, Q;) is the connected component of (E;, 7;, Q;) in T

(iv) Forinteger 0 < k < n[loaﬂ);] K, -1, let Z’;J ={r € X:Sr) =0 forinteger 0 < n < M}.
nelo,

We are ready to present a conclusion on the global Hopf branches by a similar manner in [30,

Theorem 4.12].
Theorem 4.6. Assume Ry > 1, min{d,,d>} > x and (A|)—(As3) hold. Then we have the following
resullts.

(i) The global Hopf branch C,(E», T;, Q;) is bounded for t; € 2’;1 withk > 1and i€ [0,2L — 1].

(ii) Forany T € (mkin Z’;,, m/flx 2'1‘1,), model (1.4) possesses at least one periodic solution.
(iii) For 7;, € X, 1, € X2 with i, iy € [0,2L — 1] and ki, k, € [0, max K, — 1], we have

nelo,

Cil(EZa Tis Qil) N Ciz(E29 Tiys Qiz) = 0 l.fkl * k2'
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5. Numerical simulation

To verify obtained theoretical results, the numerical simulation is presented in this part. We choose
the fear effect function as g(K, u,) = e X2 and let

Q=(02n),d=d=1,r=8u;=01,a=02,p=1,7y =03, = 02,c = 0.1.

Figure 1 shows the existence and stability of Ey, E; and E,, and Hopf bifurcation curve of model
(1.4) in K — 7 plane. Above the line 7 = 7,,,, E> does not exist, E; is globally asymptotically stable
and E, is unstable; Below the line 7 = 1,,,, there exist three constant steady states Ey, E; and E,. In
the region which is bounded by 7 = 7., and 2mu] +u;(rg,, (K, u;) — p) = 0, no Hopf bifurcation occurs
and E; is stable. In the region which is bounded by 7 = 7y and 7 = 74, there exist periodic solutions
through Hopf bifurcation bifurcating at E,

E5 does not exist, Ey is unstable, F; is globally
asymptotically stable

10
T = Tmazx
8 E, is stable, Ey and E; are unstable
- 2muy + u(rg,, (K,uz) —p) =0

Ey and E,; are unstable. E, is stable, and the
4 | periodic solution does not exist

Hopf bifurcation curve 7y

Ey, E and E5 are unstable
PA  and the periodic solution
exists

Hopf bifurcation curve 7

1 1.5 2 2.5 3
K

Figure 1. Basic dynamics of model (1.4) in different regions with K — 7 plane.

Fix K = 1.07, then by simple calculation, we have 7,,,, = 9.944, 7y = 0.85, 7y = 3.55, Jp =
[0,5.25], J; =[0,3.05], J, = O for n > 2, sup 88 > () and sup S‘l) < 0. Thus, all Hopf bifurcation values

TeJy TeJ]
To and 7, are the all zeros of S ’(‘)(T) for integer k > 0. We summarize the dynamics of model (1.4) as

follows.

(i) For T € [T4x, 00), we obtain E; is globally asymptotically stable and E is unstable, see Figure
2(a).
(i) For T € (0, 79) U (11, Thmax), We obtain E; is locally asymptotically stable, and two constant steady
state Ey and E; are unstable, as shown in Figure 2(b).
(iii) For T € (19, 71), we obtain E(, E; and E, are unstable, a periodic solution bifurcates from E,, as
shown in Figure 2(c). Further, a Hopf bifurcation occurs at £, when 7 = 7, and ;.
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Figure 2. (a) 7 = 10 > 7,,,, E; is globally asymptotically stable. (b) 7 = 0.5 € (0, 1), E; is
locally asymptotically stable. (c¢) 7 = 2 € (79, 71), a homogeneous periodic solution emerges.
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Figure 3. The graphs of S*(7) with integers 0 <n <3 and 0 < k < 4.
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Next, we explore the global Hopf branches by choosing Q = (0, 47r) and

di=1,do=1,r=10,4;=5a=04,p=1,9=005u =475c=25K=04 (5.1

As shown in Figure 3, we collect all zeros of Sfl(‘r) for nonnegative n, k in set B; withi = 0, 1, 2, 3,
namely,
By ={0.06, 1.88,3.86,6.14,9.54,11.8, 13.36, 13.8, 13.98, 14.04},
B, =1{0.08,1.96,4.04,6.56,12.36, 13.01, 13.25, 13.35},
B, ={0.15,2.31,4.96,10.16, 10.85,11.07}, Bz = {0.39,6.45}.

From Theorem 4.3, E, is locally asymptotically stable when 7 € (0, 0.06) U (14.04, 7,,,..) and unsta-
ble when 7 € (0.06, 14.04), at least one periodic solution emerges for 7 € (0.06, 14.04). Moreover, a
spatially homogeneous periodic solution bifurcates from 7 € B, see Figure 4(a); a spatially nonhomo-
geneous periodic solution bifurcates from 7 € By U B, U B3, see Figure 4(b).

Space x 0 0 Time t Space x 0 0

(a)

Space x 0 0 Time t Space x 0 o Time t

(b)

Figure 4. (a) 7 = 1.88 € By, the bifurcating periodic solution is spatially homogeneous. (b)
T = 2.68 € (14, Ts), the bifurcating periodic solution is spatially nonhomogeneous.
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u,(x)

Space x 0 o Time t Space x 0 o Time t

(a) When 7 = 1.03, the periodic solution is stable and spatially nonhomogeneous.

12

u,(x.t)

Space x 0 o

Time t

u1(x,t)

5
Space x 0 o

Time t Space x 0o Time t

(c) When 7 = 16, the positive constant steady state is locally asymptotically stable.

Figure 5. For the nonlocal model (1.3) with G defined in (5.2), delay 7 induces different
dynamics.

In model (1.3), the kernel function takes form as G = ¢™" f(x — y) by reasonable assumptions and
our theoretical results are derived by choosing f(x — y) as Dirac-delta function. Next, we choose
e~ 2P

/= 1, e 2Py’

(5.2)
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Here, f is the truncated normal distribution. Clearly, fQ f(x—=ydy = 1. Let Q = (0,4r) and
the parameter values chosen according to (5.1). As shown in Figure 5, when v = 1.03, a stable
nonhomogeneous periodic solution emerges; when 7 = 1.5, a homogeneous periodic solution emerges;
when 7 = 16, the positive constant steady state is stable. Numerical simulation suggests nonlocal
interaction can produce more complex dynamics.

6. Summary

We formulate an age-structured predator-prey model with fear effect. For Ry < 1, the global asymp-
totic stability for predator-free constant steady state is proved via Lyapunov-LaSalle invariance prin-
ciple. For Ry > 1, we prove the nonexistence of spatially nonhomogeneous steady states and ex-
clude steady state bifurcation. Finally, we carry out Hopf bifurcation analyses and prove global Hopf
branches are bounded.

Our theoretical results are obtained by choosing a special kernel function in model (1.3). However,
in numerical results, we explore rich dynamics when the nonlocal interaction is incorporated into the
delayed term. The theoretical results concerning the nonlocal model are left as an open problem.
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