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Abstract: A nonempty subset D of vertices in a graph I' = (V, E) is said is an offensive alliance, if
every vertex v € d(D) satisfies p(v) > 05(v) + 1; the cardinality of a minimum offensive alliance of
I" is called the offensive alliance number a°(I') of I'. An offensive alliance D is called global, if every
v € V — D satisfies 6p(v) > 65(v) + 1; the cardinality of a minimum global offensive alliance of I
is called the global offensive alliance number y°(I') of I'. For a finite commutative ring with identity
R, T'(R) denotes the zero divisor graph of R. In this paper, we compute the offensive alliance (global,
independent, and independent global) numbers of I'(Z,), for some cases of n.

Keywords: Offensive alliance; global offensive alliance; alliance number; Zero divisor graph;
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1. Introduction

We consider a finite and simple graphs I' = (V, E) with vertices V and edge set E. The degree of a
vertex v € V is denoted by 6(v). For a nonempty subset D C V and a vertex v € V, Np(v) = {u € D :
u ~ v} is the set of neighbors of v in D, and the degree of v in D will be denoted by 6p(v) = |[Np(v)|.
D=V -Disthe complement of D in V, and the boundary of D C V, denoted by d(D), is defined as

aD) = || N5).
veD
An independent set in a graph I' is a subset D of the vertex set of I" such that no two vertices of D are
adjacent. The independence number of I', denoted by a(I), is defined as the cardinality of a maximum
independent set of I'.
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In 2004 P. Kristiansen et al. [1] studied alliances in graphs, and in their work, alliances of different
types were proposed and studied. Since then, alliances such as defensive alliances [2—4], offensive
alliances [5-7] and powerful alliances [8—10] have been studies. Alliance has been extensively stud-
ied since a couple of decades ago. Generalizations of these, called k-alliances, were introduced by
Shafique and Dutton [11]; and inspired by that research, other researchers have dedicated time to the
study of k-alliances [12—14]. It is known that problems of finding small defensive and offensive al-
liances are NP-complete [15-17]. We are interested in the study of the mathematical properties of
offensive (global, independent and independent global) alliances. Odile Favaron et al. [18] in 2004,
derived several bounds on the offensive alliance number and the strong offensive alliance number.
Recall that given a nonempty subset D C V, D is an offensive alliance of T" if it satisfies

op(v) = 65(v) + 1, Vv € d(D). (1.1)

The offensive alliance number a°(I') is the cardinality of a minimum offensive alliance. D is called a
global offensive alliance if it satisfies

Sp(v) > o5(v) + 1 Vv e D. (1.2)

The global offensive alliance number y°(I') is the cardinality of a minimum global offensive alliance.
We say that a (global) offensive alliance D is independent if D is an independent set. The independent
offensive alliance number is denoted by o/(I), and the independent global offensive alliance number
is denoted by y/(I').

Throughout this paper, R denotes a finite commutative ring with identity. The zero divisor graph
of R is the simple graph I'(R) with the vertex set being vertices set the proper zero-divisors of R, i.e.,
Z(R)" = Z(R) — {0}, and for different u,v € Z(R)" they are adjacent if and only if uv = 0. For any real
number ¢, [#] (resp., [ ¢]) denotes the ceiling of ¢, that is, the least integer greater than or equal to 7 (resp.,
the floor of ¢, that is the greatest integer less than or equal to 7).
Istvan Beck in 1988 introduced the concept of a ring associated graph. This idea establishes a con-
nection between graph theory and commutative rings [19]. In [20], Anderson and Livingston studied
the zero divisor graph with a slight modification. In [21], Muthana and Mamouni studied the global
defensive alliance number of the zero divisor graphs. In [22] Raul Judrez et al. introduced the global
offensive alliances of zero divisor graph. Later, Driss Bennis et al. in [23] generalized these results to
global defensive k-alliances. From now on, only Z, rings will be considered.

2. Preliminaries

In this section, we give an explanation of how the set of zero divisors is organized for each case of
n. Let p and ¢ be distinct prime numbers, and n, k and r are positive integers.

Case l.Ifn = pk, one can divide the zero divisors into k — 1 sets. These sets are:
Sy = {spi : ged(s, pk_i) =1},

forie{l1,2,---,k—1}. Each vertex of §  is adjacent to every vertex of S
IS il = (p — 1)p*~~!. For more details, see [24].

pi» wheni+ j > k. Moreover,
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Case 2. If n = p*q’, where p and ¢ are distinct primes, and k and r are positive integers, the zero
divisors set can be separated into three families as follows:

S, ={sp': ged(s, p'q") = 1},
Sy =1{sq’: ged(s, ptqg™) = 1},
S pig = {sp'q’ : ged(s, p*iq") = 1},

forie{1,2,---,k}, je{l,2,---,r}, and it is not possible to have i = k and j = r simultaneously.

In [25] we have the following result.
Lemma 1. Let p and q be distinct prime numbers, and k and r are positive integers

1. 1§ 4| = g ' (p-1)(g-1), forie{l,--- ,k—1}and IS x| = g '(g-1.

21841 =p g (p-1)(g—-1), forie{l,--- ,r—1}and|S .| = p*'(p-1).

318 pigil = Pty (p—1)(g-1), forie {1,--- ,k—1}and j€{1,--- ,r—1}. IS pegil = g (g-1),
and |S iy | = pk‘i‘l(p - 1.

3. The offensive alliance number for I'(Z,)

In this section, we calculate the offensive alliance number of a zero divisor graph over the ring Z,,
for n = p*, n = pfq with p* < ¢, and n = pg* with p < g, where p and g are distinct prime numbers,
and k£ > 2 is an integer number.

Theorem 2. Let p and q be distinct prime numbers such that p* < q, where k > 2 is an integer. Then,

Fo
@*(T(Zy,)) = V’ . |+ 1.

k-1
Proof. Consider D C V, the set defined by D = US UX, with X C S, such that |X| = [p lJ P2,

i=1

Observe that |D| = L%J + 1, and (D) = US »i- To verify that D is an offensive alliance, take

i=1
k-1

vedD). Ifve USP,-, then 6p(v) > p — 1, and 65(v) = 0. On the other hand, if v € § x, we get
i=1
op(v) = |_ J + 1 while 65(v) = [ ] In any case, v satisfies the offensive alliance condition, and

hence @’(T'(Z,,)) < [p 1J +1.

We claim that any offensive alliance A with |A| < [ J + 1 is such that § x C d(A). Indeed, if there
isavertexv € S andv ¢ d(A), thenv € A, orv € (V A) — 0(A). We proceed by cases: If v € A,
we get two subcases. If there is a vertex u € §, such that u € d(A), it should satisfy the offensive

alliance condition, yielding |A| > lq;zlJ + 1; and if §, does not contain vertices of d(A), then §, C A,
yielding |A| > p*~!(p — 1) + 1. In both cases, we get a contradiction. Now, if v € (V — A) — d(A), then
k

AC U S i, and S -1, € 0(A), yielding |A| > |_q” J + 1, a contradiction.

i=1
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Finally, taking v € § ,+ C d(A), we get 5,(v) > |25 | + 1, which implies |4 > | 2| + 1. Therefore,
" TZyp) = |55+ 1. O
Theorem 3. Let p be a prime number and k > 2 is an integer. Then,

k-1

p2 —1 ifkisodd,

YTz = {pé{z—l} if kis even.

Proof. Let k > 2 be an integer. Now, we analyze the following two cases. First, suppose k is odd, and
k-1 4 _

let D = U S i, with [D| = pk%l — 1. Notice that D = US » 18 an independent set and that any v € D is
i=ktl i=1

adjacent to every element of S ,x-1, yielding 6p(v) > p — 1 and 65(v) = 0, that is, D is a global offensive

alliance, and y*(I'(Z,x)) < pk;21 - 1.

Now, observe that any global offensive alliance A, with |A| < |D|, is contained in D. Indeed, if v €

— ktl
D — A implies that v € A the global offensive alliance condition will be satisfied yielding |A| > {%‘1|,

which is a contradiction. Thus, the said alliance does not exist. Hence, y°(I'(Z)) = p% - 1.

k-1
Now, suppose k is even, and let D C V be the set given by D = U S,UX, withX C§ )

i=k
i=5+1

« and
2

k k
Xl =(p - 1)p§‘1 - {%‘1| Notice that |[D| = {%‘ﬂ We affirm that D is a global offensive alliance.
L1

In effect, with an analysis similar to the odd case, we ensure that vertices of U S i satisfy the global
i=1

k k
—xmm%m:PHkm%M:VHLJTm&

2 2

offensive alliance condition. If v € § §
4

op(v) = o5(v) + 1,

k
p2-1
— |-
k-1

Observe that any global offensive alliance A, with |A| < |D|, U S, € A. Indeed, if there is v €

i=k
i=5+1

that is, D is a global offensive alliance and y*(I'(Z)) <

k=1 _ k.,
U S i such that v € A, the global offensive alliance condition will be satisfied yielding |A| > {p = 21_1 w,

i—k
i=5+1

k
which is a contradiction. Thus, the said alliance does not exist. Hence, y*(I'(Zx)) = P 22_1 w

Corollary 4. Let p be a prime number and k > 2 is an integer. Then,
(Z,p) =¥ TZ,p)).
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Proof. First, note that the set D considered in the last proof turns out to be an offensive alliance, and
thus *(T(Z,)) < p'7 — 1.

Now, suppose that A is an offensive alliance contained in D, with |A| < |D|. Then, v € d(A) for each
vertex v € § jx-1, and this implies |A| > L k_;_l > |D|, which is a contradiction. Consequently, A contains
elements of D. Moreover, |A| < |D| implies that there exists a vertex v € D — A, that is v € d(A),

since v the global offensive alliance condition will be satisfied, we have d,(v) > 67(v) + 1, getting
k+1

A > {L“l > p'T — 1, which is not possible. Hence, a®(I(Z)) = p'7 — 1.

2
The proof for even k is analogous. O

Theorem 5. Let p and q be distinct prime numbers such that p* < q, and k > 2 is an integer. Then,

YT (Zy,) = p-1.

k-1 k

Proof. Let D = U S yigUS 4, and note that |D| = p*— 1. Observe that D= U S, is an independent set
i=1 i=1

and that each v € D is adjacent to every element of § and |S 1.l = (p — 1) 2 1. Thus, 6p(v) > 1,

and 05(v) = 0, which implies

pk—]q,

op(v) = 65(v) + 1,

that is, D is a global offensive alliance, and y°(I'(Z ) < pr—1.

Now, ObSCI’Vek _t?at any global offensive alliance A, with |[A| < |D]|, is contained in D. Indeed, if there is

avertex v € U S pig U S, such that v € A, it should satisfy the global offensive alliance condition. If
k=1 -

Vv E U S pig» then |A| > [%_IJ +1;andif v € §,, we have |A| > q;zl + % + 2. In both cases, we get a

contlr:aldiction. Hence, y*(I(Z,,)) = p* - 1. m]

Theorem 6. Let p < g be prime numbers and k > 2 is an integer. Then,

T if kis odd
yar@m=4 LTk
(p—Dq2" +q2 -1 ifkiseven.
k-1 k
Proof. First, suppose k is odd, and let D = U S pg U U S,. Then |D| = pq% — 1. Observe that

j—k+1 j—k+1
=% =%
k=1 k=1
2 2

D= Spi Ul |S4US, is an independent set and that each v € D is adjacent to every element of

—_
—

i= i=

k=1 k=1

2 2
S pgr or S k. By cases: If v € U S pg U U S 4, note that v is adjacent to every element of S ,«-1, and

i=1 i=1
IS pg-1l = (g = 1) = 2. Thus, 6p(v) > (¢ — 1), and 65(v) = 0, which implies

op(v) = o5(v) + 1.
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if v € §, is adjacent to every element S 4, then 6p(v) = (p — 1), and 65(v) = 0. Thus,
op(v) = o5(v) + 1,

that is, D is a global offensive alliance, and y°(I'(Z,x)) < pq% - 1.
Now, observe that any global offensive alliance E, with |E| < |D|, is contained in D. Indeed, if there is

k-1 k
avertex v € U S pgi U U S 4 such thatv € E, it should satisfy the global offensive alliance condition.
=&l =kl
k-1

ktl k k=1
Ifve U S ,4i» then |E| > %_ﬂ; and if v € U S, we have |E| > %ﬂ’_z) + 2. In both cases,
=kl =kl
we get a contradiction. Thus, there is v € D such that v ¢ E is adjacent to every element of § . and
Pq

op(v) < pq% — 2, while 6z(v) > q%(q — 1), yielding
S <pq? —2<q7 (q-1) <50 + 1,
which implies that E is not a global offensive alliance. Hence y*(I'(Z,)) = pq% - 1.
k-1 k

Finally, note that for even k the proof is analogous to the odd case, taking D = U S pgi U U Sy . O
-k

i=3 i:§+l
4. The independent offensive alliance number for I'(Z,)

In this section we give closed formulas for the independent offensive alliance number of I'(Z,) for
the cases of n = p*, p*q with p* < g and pg* with p < q.

Theorem 7. Let p be a prime number and k > 2 is an integer. Then,

) k—l_l
al(r(zpk)):{p . }

Proof. Let D C §, be an independent set, with |[D| = |-” k_l_l-l_ Notice that d(D) = S -1 and that

2
v € (D) satisfies 6p(v) = [£57 ] and 65(v) = | 25| - 1. Thus,

2

op(v) = o5(v) + 1,

which implies that D is an independent offensive alliance and that Qi(F(Zpk)) < [p kle_l .

Now, suppose k is even and observe that any independent offensive alliance A, with |A| < |D], is
5-1 k-1

contained in U S ,i. Indeed, if there is v € S, such that v € A, then there exists u € § ,

i=1 i:%

¢ and
2

u € 0(A). Hence, 04(u) = 1, and 65(u) = p§ — 3, a contradiction. The situation is analogous if k is
odd. Finally, we have § »1 C d(A). Thus, any vertex should satisfy the independent offensive alliance
condition, that is, 54(v) > [” C -| which is a contradiction. Hence, &/(I(Z ) = [” C -| m]

2 2
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Theorem 8. Let p and q be distinct prime numbers such that p* < g, and k > 2 is an integer. Then,

k _
p + 1.

@' (D(Zy,)) = {

Proof. Consider D C §,, with |[D| = [#J + 1, and observe that it is an independent set. Notice that
Jd(D) = S ,x, and that every v € (D) satisfies 6p(v) = LLZ_]J + 1, and 6p5(u) = [#J — 1. Thus,

op(v) > o5(v) + 1,

which implies that D is an independent offensive alliance, and a”(I'(Z,,)) < [#J + 1.

Now, suppose k is even, and p > 2, or kK > 2. Observe that any independent offensive alliance A, with
5-1 k k-1
2

|A| < |D|, is contained in U S pig US,. Indeed, if there is a vertex v € U Sy U U S pig such that
i=1 i=1 ik

=2

k
v € A, then we proceed by cases: If v € U S i, then S 1, € G(A), and each vertex should satisfy

i=1

q

k-1
J + 1, a contradiction. If v € U S pig» then there
k

qp*'-1
2

the offensive alliance condition, yielding |A| > |_
=3

isu € Sp% C Ad(A) such that 64(u) = 1, while 67(u) = p§ —2,for p > 2 or k > 2. In this case, the

independent offensive alliance does not exist. If p = 2 = k, we have two cases: The alliance consists

of vertices in § ,; and v € S, yielding 64(u) = 1 and 67(u) = O for u € § 41 and yielding 64(u) = 2

and 67(u) = 1 for u € § . If the alliance consists of vertices in §,, we have § « = d(A), yielding

0a(u) = 2 and o5(u) = 1 for u € A(A). The situation is analogous if k is odd. On the other hand,

observe that § ,» C d(A). Thus, u € S « satisfies 64(u) > [%J + 1, which is a contradiction. Therefore,
A T(Zp,) = | 5]+ 1. o

Lemma9. InZ,,, if p>2and p < q, then

pq*s

k k—1
1Sg12 DTIS g1+ IS gl + 1.
i=2 i=1

k k=1
Proof. By Lemma 1, we have ZISqu =(p- 1)[6/"2 - 1] + p—1and Z'SW"I = ¢! — 1, which
i=2 i=1
implies
K k=1
DUSl+ D IS gl =4+ (p - D - 1. 4.1)
i=2 i=1

Mathematical Biosciences and Engineering Volume 20, Issue 7, 12118-12129.
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We also have
IS,/ = ¢ *(p-D(g-1)
= (p-Dg""' = (p—-Dg*?

(p—1)—times (p—1)—times
k-1 k-1 k=2 k=2
= q +...+q -|q +...+q
(p—2)—ti(mes (p—)Z)—times (42)
— qk—l +q(qk—2 +H.+qk—2)_(qk—2 +.“+qk—2)_qk—2
= ¢+ @-Dp-2¢"7 -4
= ¢ +(q-2(p-2q">.
O
Theorem 10. Let p < g be prime numbers and k > 2 is an integer. Then,
k-1 ;
: q if p=2,
&' T(Z,p)) = { -1y
b Po— ifp>2.
Proof. First, suppose p > 2. Lemma 9 ensures the existence of D C S, with |D| = £ qk;_l , which is an

k71—1

independent set. Note that d(D) = § 1 and that every vertex v € d(D) satisfies 65(v) = qu -1,

and 6p(v) = @. Thus,

op(v) = 65(v) + 1,

qu—l_l
2 .

which implies that D is an independent offensive alliance, and ai(F(quk)) <
k

Now, observe that any independent offensive alliance A, with |[A| < |D|, is contained in U S

i=1
k-1

Indeed, if there is a vertex v € U S pg U S, such that v € A, then S » C d(A), and each vertex should
i=1

satisfy the independent offensive alliance condition yielding |A| > qkz—_l, a contradiction. Analogously,

an independent offensive alliance of minimal cardinality cannot contain elements of S ,. Note also that

S pg1 € 0(A) and that any vertex should satisfy the independent offensive alliance condition yielding

k=1_ . . . . :
Sa(v) > H L which is a contradiction. Hence, &' (T(Zpp)) = &

k71—1
2

k k-1
Now, suppose p = 2, and consider D = U S 4. Observe that |D| = ¢*~! and (D) = U S, US,. It

i=1 i=1
is not difficult to verify that D is an independent set. To show that D is an offensive alliance note, that

for every vertex v € d(D), we have
op(v) = op(v) + 1.

Hence, &'(I(Z,4)) < ¢*~'. Finally, the proof of the other inequality is analogous to the case p > 2. O
In [25] we have the following result.

Lemma 11. Let p be a prime number and let k > 2 be an integer. Then,

1. Ifk =2, then a(I'(Zx)) = 1.

Mathematical Biosciences and Engineering Volume 20, Issue 7, 12118-12129.
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2. If k is an odd integer that is greater than two, then we have
A[(Zy) = p'T0 D,

3. If k is an even integer that is greater than two, then we have
aC(Zyp) = p' = p* + 1.

Let p be a prime number and & is an even integer, with p > 3 or k > 4. By the previous lemma,
L
2
a(l'(Zx) = prt - p§ + 1. Observe that I = U S, U {u} is the only independent set of maximal
i=1
cardinality, where u € S o4 Consider J C I and notice that for every v € (S o4 u) C J, we have

o7(v) = pg — 2, while 6;(v) = 0. Therefore, there are no independent global offensive alliances in
these graphs. Observe that for p = 2 and k = 2, the graph of Z, consists of just one vertex. Therefore

Y(IT(Zp) = 1.
Theorem 12. Let p be a prime number and k > 3 is an odd integer. Then,

7"(F(Zpk)) — pk—l _ p%
E L _
e U S and observe that D] = p* - p'T. Notice that D = U S i, and |D| = pT - 1.

i=1 ktl
2

Moreover, for every vertex v € D, we have op(v) = p% —-2,and op(v) > (p—1) p%

. Thus
op(v) > op(v) + 1.

Hence, ¥/ (I'(Z)) < p*' - .

Now, observe that any independent global offensive alliance A, with |[A| < |D|, is contained in D.
k-1

Indeed, if there is a vertex v € U S, such that v € A, then any vertex u € §

j—k+1
=%

the global offensive alliance condition, yielding 64(u) = 1 and 6(u) > pkal — 1. Thus, there isv € D
such that v ¢ A, and 64(v) > p — 1, while d4(v) = 0, which implies that A is not an independent global
offensive alliance. Therefore y'(I'(Z+)) = p*~! — . o

5t C A should satisfy

Theorem 13. Let p and q be distinct prime numbers such that p* < q and k > 2 is an integer. Then,

3 ifk=2 andp =2,
YT Zy)) =4 (g— D@ = pT)+pt—p*  if k>4 and even,
gt = p Y+ pl(p - 1) if kis odd.

Proof. First, suppose p = 2, and k = 2. Let D = §,, U S, with |[D| = 3. It is not difficult to verify
that D is an independent set, so we just show that D is a global offensive alliance. Note that every
vertex v € D = S, U S, satisfies 6p(v) > 1 and op(v) = 0. Thus yi(F(Zpkq)) < 3. Now, observe that
any independent global offensive alliance A, with |[A| < |D|, is contained in D. Indeed, if there is a
vertex v € §, U S, such that v € A, then any vertex v € S5, C A satisfies the global offensive alliance
condition, yielding |A| > ¢, a contradiction. Thus, there is v € D such thatv ¢ A. If v € S,,, then

Mathematical Biosciences and Engineering Volume 20, Issue 7, 12118-12129.
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04(v) = 0 while 67(v) = 2(g — 1); and if v € §;, then 6,(v) = 0 while 63 (v) = g — 1. In both cases, the
global offensive alliance condition is not satisfied. Hence, y (F(Zp ) =
,_1 /»
Next, suppose that k > 4 is an even integer, and let D = U S igU U S,US,, with D] = (g- D(pt! -
i=1 i=1

p%) + pk— p?. We may note that D is an independent set, so we just show that D is a global offensive
k=1

alliance. Let v € D and proceed by cases: If v € US pig» then 65(v) = (g - 1)p% - p§ — 2, while

’_i
k-1

Sp(V) > (g—(p-Dp'T;Ifve U S i, then 65(v) = p% — 1, and 6p(v) = p3(p — 1). If v € S i, then
i=5+1

op(v) = p§ — 1, while 6p(v) = pg(pg —1). In any case, the condition 6p(v) > 05(v) + 1 is satisfied, that

is, Y(T(Zpy)) < (g = DPF" = p'F) + ph = pb.

Now, notice that any global offensive alliance A, with |A| < |D]|, is contained in D. Indeed, suppose
k-1 k-1

that there is a vertex v € USP igU U S i such thatv € A. By cases: If v € USP ig» then for any vertex

1—2 l—2+l 1—5

C A we have d4(u) = 1, while 64(u) = pf -2. Ifve Sp§+f, withl <i < %, and v € A, then

UueES «
pf
S, CA,forj= 1,...,% + 1. Otherwise, if u € Spgﬂ. and u ¢ A, then 6g(u) = 0 < 65(u) + 1, which is
Lti

not possible. Thus U S ,i C A, yielding |A| > (¢ — D(p*" - p272) + p* — p*! a contradiction. Now,
=1

if there is v € D — A, then 64(v) > p — 1, while 6,(v) = 0, which implies that A is not an independent

global offensive alliance. Hence, Y/ (I'(Z,,)) = (g — 1)(p*~" — P+ pk - pt.

k=1

2
Finally, we may observe that for odd & the proof is analogous to the even case, taking D = U S pig U
i=1

=~

SpiUSq. O

-

1

1

5. Conclusion

Since a couple of decades ago, when alliances in graphs were introduced for the first time [1], a lot
of researchers have focused on studying various parameters of different types of alliances in graphs.
In this paper, we computed the number of offensive alliances (global, independent and independent
global) of the zero-divisor graph of the ring Z,, for n = p*, n = p*q, with p* < ¢, and n = pqgt, with
p < g, where p and ¢ are distinct prime numbers, and k > 2 is an integer number. Among the open
problems raised by our results, the following are of particular interest.

1. Generalize these results for offensive (defensive, powerful) k-alliances of the zero-divisor graph
of the ring Z,.

2. Explore upper offensive (defensive) alliances on these graphs.

3. Since offensive alliances can be used to model real-world situations, it is worthwhile to find algo-
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rithms (which could even be non-polynomial for some values of k) together with some heuristics
that allow the making of some implementations.
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