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Abstract: Dengue is one of the most infectious diseases in the world. In Bangladesh, dengue occurs
nationally and has been endemic for more than a decade. Therefore, it is crucial that we model dengue
transmission in order to better understand how the illness behaves. This paper presents and analyzes a
novel fractional model for the dengue transmission utilizing the non-integer Caputo derivative (CD) and
are analysed using g-homotopy analysis transform method (q-HATM). By using the next generation
method, we derive the fundamental reproduction number R, and show the findings based on it. The
global stability of the endemic equilibrium (EE) and the disease-free equilibrium (DFE) is calculated
using the Lyapunov function. For the proposed fractional model, numerical simulations and dynamical
attitude are seen. Moreover, A sensitivity analysis of the model is performed to determine the relative
importance of the model parameters to the transmission.

Keywords: fractional model; g-Homotopy analysis method; stability analysis; basic reproduction
number; sensitivity analysis; numerical simulations

1. Introduction

Dengue is a debilitating viral infection spread by the bite of Aedes mosquitoes carrying any one of
the four dengue viral serotypes. It is common in urban and semi-urban areas of tropical and
subtropical climates around the world. These serotypes of the virus that can cause dengue are closely
related but antigenically distinct (DEN-1, DEN-2, DEN-3, DEN-4). While recovery from one virus
confers lifetime immunity against that virus, [1] notes that recovery from the other three viruses offers
no protection against infection. The majority of the world’s population, particularly those who live in
tropical and subtropical regions like Bangladesh, are at risk. About 390 million dengue infections are
estimated to occur annually, of which a quarter of the cases (67-136 million) will manifest
clinically [2], with the overall incidence of dengue having increased 30-fold over the past 50
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years [3]. In Asia, a severe dengue outbreak was reported in 1950 in the Philippines and Thailand [3],
and in 1964 Bangladesh experienced a dengue outbreak for the first time. Between 1964 and 1999,
sporadic cases and small outbreaks clinically suggestive of dengue occurred across the country but
were not officially reported, even though 5551 people were affected with 93 accounted fatalities [4].

Dengue Fever (DF) is marked by an onset of sudden high fever, severe headache, pain behind the
eyes, and pain in muscles and joints. Some may also have a rash and varying degrees of bleeding
from various parts of the body. Dengue has a wide spectrum of infection outcomes (asymptomatic to
symptomatic). Symptomatic illness can vary from DF to more serious dengue hemorrhagic
fever (DHF) [5, 6]. DHF is a more severe form, seen only in a small proportion of those infected.
DHF is a stereotypic illness characterized by 3 phases; the febrile phase with high continuous fever
usually lasting for less than 7 days; the critical phase lasting 1-2 days usually apparent when the fever
comes down, leading to shock if not detected and treated early; convalescence phase lasting 2—-5 days
with an improvement of appetite. Dengue Shock Syndrome (DSS) is a dangerous complication of
dengue infection and is associated with high mortality. Severe dengue occurs as a result of secondary
infection with a different virus serotype. Statistics show that Bangladesh reported its first case of
mosquito-borne virus infection in 2000, and about 100 people died of the disease from 2000 to 2003.

The first official outbreak of DF in Bangladesh was in 2000, and since then the number of
hospitalized patients have exceeded 3000 patients six times: 6232 in 2002, 3934 in 2004, 3162
in 2015, 6060 in 2016, 10,148 in 2018, and 1,00107 as of Nov 30, 2019, with estimated projections of
more than 1,12,000 cases by the end of 2019 (appendix) [4, 7, 8]. In parallel with the major epidemics
in 2018 and 2019’s outbreak, 26 deaths and 129 deaths, respectively, have been officially documented
by the government surveillance systems with a clear predominance of cases and fatalities during the
summer months (July to November), even if the death tally is likely to be much higher because of
actual under-reporting (appendix) [8,9].

In reality, Bangladesh is suffering from the pain of mosquitoes. On Saturday 15 October 2022,
A total of 1,916 people are admitted to different government and private hospitals in Dhaka and 799
outside Dhaka. A total of 23,592 patients were admitted to the hospital from January 1 to October 14
this year. Of them, 20,794 people left the hospital after recovering. The number of dengue patients
is increasing every day. The list of deaths is getting longer. So far this year, 83 people have died of
dengue. Of these, 28 this month. In two weeks of this month, 7,500 patients were admitted to the
hospital with the infection. Experts said pre-monsoon, post-monsoon, and monsoon surveillance are
being done every year to see the mosquito situation.

A month-wise patient admission analysis showed that 126 patients were admitted to the hospital in
January 2022, 20 in February, 20 in March, 23 in April, 163 in May, 737 in June, 1,571 in July,
and 3,521 in August. The highest number of dengue patients were admitted in September and 9,911
people were admitted, 34 people died. In 2019, 1,01,354 people were admitted to the hospital with
dengue. This is the highest number of patients admitted in a year in the country so far. That year, 164
people died. In 2018, 10,148 people were admitted to hospitals with dengue and 26 died. Although
dengue infection was not seen much during the corona epidemic in 2020, 28,429 people were infected
and 105 people died of dengue across the country in 2021 [10]. DF is the fastest-growing infectious
disease in the world, causing an average of more than 500,000 potentially fatal infections and
about 20,000 deaths each year. As of 17 November, 26,000 dengue cases were reported with 98
deaths [11]. So far, the case fatality rate seems higher in this outbreak (98/26,000) as compared
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to 2019 massive outbreak (179/101,354) (Table 1).

Table 1. Number of reported dengue cases by months and yearly data between 2012 and
2022.

Months 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021 2022

January 0 0 I5 0 13 92 26 38 199 32 126
February 0 0 7 0 3 58 7 18 45 9 20
March 0 0 2 2 17 36 19 17 27 13 20
April 0 0 0 6 38 73 29 58 25 3 23
May 0 4 8 10 70 134 52 193 10 43 163
June 16 44 9 28 254 267 295 1884 20 272 737

July 108 220 82 171 926 286 946 16253 23 2286 1571
August 138 353 80 765 1451 346 1796 53636 68 7698 3521
September 262 495 76 965 1544 430 3087 16856 47 7841 9911
October 90 363 63 869 1077 512 2406 8143 164 5458 21932
November 57 212 22 271 522 409 1192 4011 546 3567 3457
December 0 58 1175 145 126 293 1247 231 1207 -
Total cases 671 1749 375 3162 6060 2769 10148 101354 1405 28429 41481

Recently, fractional calculus has gained much interest from researchers. Because it has been
widely used in different fields of science, and engineering, and also in different real-world problems.
Several scholars have used different types of operator approaches and applied them to many linear and
non-linear diseases and complex models [12—16]. In this paper, the proposed dengue epidemic model
is derived using the Caputo fractional derivatives. In recent years, fractional-order calculus is found to
be more appealing in modeling for a real-world problem in comparison to a classical integer order as
it provides a tool for the description of memory effects and genetic properties of various materials.
Recent entomological studies revealed that mosquitoes did not feed randomly on human blood, but
they use their prior experience with human location and human defensiveness to select the host to
feed on [17]. Thus, in dengue transmission, a future state does depend on the history of the
transmission. Hence, the fractional-order differential equation is found to be the best approach to
model the transmission. The purpose of this study is to propose and study a more accurate
mathematical model of dengue transmission using the fractional-order derivative than those
previously presented in the literature [18-20].

This paper is organized as follows: In Section 2, preliminaries and notations; Section 3 describes
the model formulation for the fractional-order derivative; Section 4 explains the existence and
uniqueness of a non-negative solution; Section 5, presents model equilibria and basic reproduction
number; Section 6, stability analysis of equilibrium (DFE and EE state) presents, where the Jacobian
matrix uses for disease-free and Lyapunov function uses for endemic equilibria; Section 7 basic
reproduction number is presented through sensitivity analysis by calculating relevant parameters;
Section 8, the numerical simulations; Section 9, the discussion and conclusion.
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2. Preliminary definitions

The study of derivatives and integrals of any real number, even those of complex order, can be done
very well using fractional calculus. Even though we use the CD in our proposed fractional dengue
model, there are some fundamental concepts concerning the CD that we must understand first. Other
relevant properties are listed below [21-25].

Definition 1( [25]) Suppose @ > 0 and f € L'([0, b], R) where [0, b] C R,. The fractional integral
of order « of function f in the sense of Riemann-Liouville is defined as follows:

1 !
Ig. f(x) = @ j; (x =0 f(n)dt,

where I'(-) is the classical gamma function defined by

I'a) = f x* e *dx.
0

The initial value problem for Caputo fractional differential equation is
e D u(t) = (1, u(0)), ulty) = up, 1o < t < T.

and the corresponding fractional Volterra integral Eq [26] is

u(t) = uy + m f (t— )" 1f(s u(s))ds. 2.1

Definition 2 [22] The Caputo fractional derivative of order a € (n — 1,n] of f(x) is defined as

1 t —a—1 p(n
DLf() = f (x =" f P 0y,
I'n-a) Jy
where n = [a] + 1 and [a] represent the largest integer that is less or equal to a.
Definition 3 [27] The Laplace transform of an n-th derivative operator is obtained as

n—1

LIf"®O) = S"LUf @} = ) " fP),

k=0

Similarly for @ € (n — 1, n] we obtain the Laplace transform of the Caputo fractional operator as

—

L{EDY = STLIN@DY — > ST IN®(g).
0

=

>~
Il

Definition 4 [23]. An entire function called Mittag-Leffler is defined in the form of power series as

i k

Z
Ea,ﬁ(Z) = nzz(; m,a’ > O,ﬁ > O,

and
k

- 4
E,1(Z)=E,(2) = Z m,ﬁ =
n=0
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The notion of convergence of mittag-Leffler function is fully discussed in [21].

Theorem 1 [28,29]. Let us consider a fractional non-autonomous system like (4) with x* say an
equilibrium point and X € R" a domain containing x* and let H : [0, c0) X X — R be a continuous and
differentiable function, such that

Vi(x) < H(t, x(2)) < Va(x) (2.2)

and

“D2(H(t, x(t)) < —V3(x), (2.3)

Va € (0,1) and all x € X, where V;(x), V,(x) and V3(x) are positive definite continuous functions of X,
then the equilibrium point of system (4) is uniformly asymtotically stable [30].

The Lyapunov function described above will be used to investigate the global stability of the
proposed fractional dengue model.

Lemma 1 [31]. For a continuous and differentiable function H(¢) € R, and « € (0, 1), then for any
time ¢ > f, we have

(04 % * H(t) H* (04 *
°D}|H(t)-H - H"In T ]s [I—H(t)]CDtH(I),H €R..

3. The model formulation

In this paper, we investigate the S,I,H,R;S I, human-mosquito fractional model, which
comprises of two distinct populations, including human populations and mosquito populations. Three
epidemiological states of humans are included in the proposed fractional-order dengue model: S ()
susceptible (individuals who can contract the virus), I,(¢) infected (individuals who can transmit the
virus to others), H,(t) hospitalized human (the compartment of people who are hospitalized after
infection), and R, (¢) recovered (individuals who have required immunity). Since N, is assumed to be
constant, N,(t) = S,(t) + L,(t) + Hy(t) + R,(¢). For the mosquito model, we only consider the
susceptible and infected mosquitoes, since the mosquito does not enter the recovery phase after being
infected due to its shortened lifespan. On the other hand, the mosquito population is divided into two
compartments, susceptible (S ,,), and infectious (/,,) with N,,(t) = S ,,(¢) + 1,,(¢), where a € (0, 1] is the
order of the fractional derivative. All model parameters are assumed to be non-negative. The
following Table 1 lists the parameters that are used in our model. The fractional derivatives use in
model (3.1) are all in the Caputo sense. So the model diagram of human-mosquito transmission
dynamics of the disease is given below in Figure 1:

PimBimlm(Sn/Nn)

Rn Mosquito

Figure 1. The flow chart of the considered dengue model.
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Now we present a fractional model with CD given by,

CDISH) = AL —gaBalsk —¥iS),
“DYHy(t) = uil, —(€F + v +y")H,,
CD?R;Z([) = TZIh + Uth - }/ZR;,,

DISu(t) = AL = GBI = VoS m,

Sl?l
D) = B — vl

With the following non-negative initial conditions

DI = $pBalny — Wi + T + YD,

S4#0)>0,71,0) >0, H,(0) > 0,R;,(0) > 0,5,,(0) >0,1,,(0) > 0,Vt € R,

(3.1)

(3.2)

where 0 < @ < 1 and €D? is the Caputo fractional derivative of order a. The size of the entire human
population and mosquito population is represented by the N, and N,, so that, N,(t) = S,(¢) + I,(¢) +
H,(t) + Ry(¢t) and N, (t) = S ,,(¢) + 1,,(t). The birth rate of human and mosquito populations are denoted
as A, and A, respectively. The natural death rate for humans and mosquitoes is described by the
parameters vy, and 7y,, and disease related death rate of human is denoted by ¢,. We assume that biting
rate for humans and mosquitoes are ¢, and ¢,,, respectively. S, is the transmission probability from
infected human to susceptible mosquito, 3,, is the transmission probability from infected mosquito to
susceptible human, 7, represents natural recovery rate of infected human, y;, is the rate of hospitalized
infected humans and v, is the recovery rate of hospitalized infected human.

The different parameters used in this fractional model with their values and references are given

below in Table 2:

Table 2. Description of parametric values for the dengue model of Bangladesh.
Parameter Interpretation Values Reference
Ay birth rate of human 2278130.05 Fitted
A, birth rate of mosquito 11874069.5 Fitted
o infected humans for the biting rate 0.68 Estimated
[ infected mosquitoes for the biting rate 0.50 Estimated
Vi natural death rate of human 0.0137 Fitted
YV natural death rate of mosquito 0.0238 [32,33]
B transmission probability from infected human to susceptible mosquito  0.0824 Fitted
B transmission probability from infected mosquito to susceptible human  0.1648 Assumed
T natural recovery rate of infected human 0.01 Fitted
on incubation period of human 0.2599 Estimated
Om incubation period of mosquito 0.1 Fitted
€, disease related death rate of human 0.0001452 Fitted
I rate of hospitalized infected human 0.1 Fitted
Uy recovery rate of hospitalized infected human 0.440 [34]

4. Fundamental solution procedure of q-HATM

In this section, we present the solution procedure of q-HATM [35] by using LT with g-HAM. Soon
after, it is employed by number of authors to evaluate the solution for numerous families of differential

Mathematical Biosciences and Engineering

Volume 20, Issue 6, 9891-9922.



9897

equations exemplifying diverse phenomena including economic growth, biological models, human
disease, chaotic behaviour, chemical reaction, optics, fluid mechanics and others [35-37] and further
derived some fascinating consequences in comparison of other modified and classical algorithms.

Here, to present the procedure of -HATM we hire the following differential equation of fractional
order

CD?v(x, D+ Rv(x,t) + Nv(x, 1) = f(x,1), “4.1)
with the initial condition
v(x,0) = g(x), (4.2)
where CD;’v(x, 1) denotes the CD of v(x,t). On employing LT on Eq (4.1), we obtain
glx) 1 3
Lv(x,t)] — —= + —L[Rv(x,1)] + LINv(x,)] — L[f(x,1)] = 0. 4.3)
) s

For ¢(x, t; g), N is contracted as follows

1
NIg(x,t;9)] = L{p(x, t; q)] — g(x)s + ;L[Rsb(x, ;@)1 + LIN(x, 1;¢)] — LLf(x, D)]. (4.4)

where g € [0, %]. Then, we present homotopy with the embedding parameter q and non-zero
auxiliary parameter by HAM as

(1 = n@)L{¢(x,t; q) — vo(x, )] = hgN[p(x, 1; @], (4.5)

where L is signifying LT. Forg = 0 and g = %, the following conditions satisfies

1
¢(x,1;0) = vo(x, 1), p(x, 15 =) = v(x, ). (4.6)
n
With the help of Taylor theorem, we have
d(x,1;,q) = vo(x, 1) + Z Vi(x, g™, 4.7)
m=1
where
1 10"p(x, t;
S LACICILT ) 4.8)
m! ogm 40

After differentiating Eq (4.7) m-times with q and multiplying by ”—ll, and substituting g = 0, one can
get

L[Vm(x’ t) - kmvm—l(X, t)] = hRm(‘_/m—l)’ (49)

where the vectors are defined as
Vi = vo(X, 1), Vi(X, 1), ..., Vi (X, 1), (4.10)
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Eq (4.9) reduces after employing inverse LT to

vm(x, t) = kmvm—l(xa t) + hL_l[Rm(‘_)m—l)]’ (41 1)
where
1
Rm(‘_}m—l) = L[Vm—l(x, l)] + S_QL[Rvm—l + Hm—l] (1 - ;) (&‘:C) _L[f( t)] ’ (412)
and
{0, m<1
k, = 4.13)
n, m>1

Here, H,, is homotopy polynomial and presented as

6’7‘[ , ;
Hy =3 [M] (X, 159) = o + g1 + Gy + ... (4.14)
m! oq 4=0

By using Eqgs (4.11) and (4.12), we get

VX, D) = (ki + TV (6, ) — (1 = %)L‘ [g(x) + —L[f( )]

1
+hL™! [S—QL[Rvm_l +H,_1|. 4.15)

The series solution by projected algorithm is defined as
V06 1) = V(6,1 + ) Vi, 1), (4.16)
m=1

5. q-HATM solution for considered model

Here, we evaluate the solutions for model (3.1) with different parameters. Consider the system of
the equation describing the fractional-order S 1, H,R},S ,,1,, epidemic model of dengue disease

W AVIONE — Bl == YiSu
CD?Ih(t) = ¢nﬁa mN, (/Jh + Th + YZ)Ih’
“DIHy(t) = uil,— (e + v} +y)H,,
CDORY(H) = Ih iy Hh ~ ViR,

DS = ¢Z = YmS ms
DLy (1) = ¢Z Ih - le

(5.1)

With the following initial conditions

S»(0) >0,71,(0) > 0, H,(0) > 0,R,(0) > 0,5,,(0) >0, 1,(0) > 0,

Taking LT on Eq (5.1) and then using the initial conditions, we get
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L[S40)] - l(sho) - LA ¢mﬁm

__VhS] 0,

L[L,(1)] - —(Iho) — —L[¢,Bdn— — Wy + 1 +¥iDI] =
L[H,(1)] - _(Hho) - —(,L[#fflh - (6;(,Z + Uy +y)H,] =0,
IS f (5.2)
L[Rh(l)] - E(Rho) - S_O‘ [ Ih + U(hHh =Y Rh] O
1 1 o
L[Sm(t)] - ;(Smo) - FL[AZ - ¢ZﬁZIhN_m - 7mSm] =0,
1 Sw o
L[1,(1)] - ;(lmo) - 7L[¢ZﬁZIhN—m ~ Y] = 0.
Now, the non-linear operator N presented as:
1 1
N'[x1(t; p), mat; p), m3(t; p), ma(t; p), 7ws(t; p), me(t; p)] = Lim(t; p)] — ;(S ho) = “
LA}, — ¢5,8,7s(t; p) 1( p) —¥ymt;p)] =0
1 1
N?[m(t; p), ma(t; p), m3(t; p), ma(t; p), 7s(t; p), me(t; p)] = Llma(t; p)] — ;(Iho) s
Ll Bmstt: Ve i+ 7+ ot ),
1 1
N°[m1(t; p), ma(t; p), m3(t; p), ma(t; p), 7s(t; p), me(t; p)] = Llns(t; p)] — E(Hho) alors
L{ugmy(t; p) = (€, + vy + y,)ms(t; p)], 5.3

N[ri(t; p), ma(t; p), m3(t; p), walt; p), 7s(t; p), 7e(t; p)] =
Lltimo(t; p) + U3t p) — vima(t; p)] = 0
N°[m(t; p), ma(t; p), w3(t; p), ma(t; p), 7s(t; p), mo(t; p)] =

LIAY — 2B (t: p) 5(’ P)

— yoms(t; p)l,

NO[rs(t; p), ma(t; p), 75(t; p), ma(t; p), 7s(t; p), m6(t; p)] =
L{¢;B,mo(t; p) 5( P) — yame(t; p)].

1
Lln(t; p)] — ;(Rho) T

1

1 1

Lins(t; Pl = ~(Smo) =
1 1

Lim @ p)] = () =

By applying the considered method and for H(#) = 1, the n-th order deformation equation is

presented as
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LIS, (D) =k, Sy, (O] = BBy ,[Sh,_,» In,,» H, pRh

Smn I’I_mn l])

L[1,, (1) = knIy, (D] = B(Bo,u[S ), Iy, Hp, s R v D)),
L[Hy,(t) — k,Hy, (D] = i(B3,[S s, In, ,» Hh,,_laRhn_] ; Smn_]a L, 1), (5.4)
L[Rll,,(t) - knRhn,](t)] = h(B4,n[Sl’Ln,17 I_/’l,,,la Hh,l,l’Rh,, 19 S s _m,,_|])’ .
L[Sm,,(t) - anm,l,l(t)] = h(BS,n[Shn,pI_hn,thn 15 R S _mn 1])5
L[Imn(t) - knlmn—l(t)] = h(BGan[Shn—l’I_hn—l’th 1’ - I’Smn I’I_mn l])'
where
_ - _ _ _ - k, 1 1
Bl,n[S/’l,,,laIh,,,lath,l’Rhn,pSmn,laImn,l] = L[Shn,l(t)] - (1 - _)_(Sho) - S_a/
. S
A ¢mﬂmzlmn 1_,F_yhsh1]]
o k, 1
Bou[Sh, > Inys Hy s Riys Sy I ] = LU, (D] = (1 = _)_(lho) =
n—1
L[¢ Il Z Imn 1- IV - (llh + Th + yg)lhn—]]
i=0
L k, 1
Bs,u[Sh,_> Ins Hy s Ry s Sy I ] = LIH,,_ (D] = (1 = ;)E(Hho) i
L[lehnfl - (Elfll + UZ + ’yZ)thfl]’ (5_5)
o _ k, 1 1
BuulSh . In, s Hi s Ri s Sneys Iy ] = LIR, (D] — (1 - ;)E(Rho) =
L[T;’lx]hnfl + UZthfl - ’)/ZRhnfl]’
o k, 1 1
Bsu[Sh,_> Inys Hyo s Ry s Sy Iy ] = LIS, (D] = (1 - ;)E(Smo) i
n—1
LIA® — 28 S 1, 20 o8 )
[ m ¢hﬁh ; ]Il*l*l Nm 7m nfl]
o k, 1 1
Bﬁ,n[Shn_thn_],Hh,,_1’Rh,,_]’Sm,,_]7Imn_|] = L[Im,,_](t)] - (1 - _)_(Imo) - _11
- S .
L[¢/’lﬁ/’llhn 1- IN_ - ’ymlmn l:I
Now using inverse LT on Eq (5.4), we get
Shn(t) k Shn l(t) + hL l(Bl }’l[ hy— I’Ihn I’th ]’Rhn 1° Smn 12 Smy— ]])
L, (1) = kD, (1) + RL™ (B[S, Ih, . Hi, I»Rh S oL )
th(t) = k Hh (t) + hL 1(B3n[ n I’Ih I’th 1’ _mn 1]) (5 6)
Ry, (1) = kyRy,  (8) + AL B[S, In s Hi, 1,Rh,, > S oL ), '
Sm/1(t) - k Smn l(t) + hL 1(B5 }’l[ hy— I’Ihn I’th ]’ hp—1 Smn 1° _mn—l])’
Imn(t) k Im l(t) + hL l(B6n[ n 19111,,,15th 1° n I’S’nn 1° n—l])'
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Using the initial conditions and the above system, we have

hr®
Sn@) =[A; - ' pi\)
/’l]( ) [ ¢mﬂm 0 N ’Yh ho]l—-(a + 1)
ht*
Ih1(t) [¢mﬁm mo xr N (ﬂh + Th + )/h)lho] (a, + 1)’
a @ a o hit”
Hy, () = [ 1n, — (g, + v, + Yh)Hho]m’
hir®
Ry, (t) = [ty 1y, + vy Hpyy — )’ZRho] @t D)’
Sm () =[N, —¢,8,1 *S mo | hi”
my - ¢h hoN = YVmO my F(cx+ 1)’
hir®
I, (t) = 1 Y Lo | ——,
1( ) ¢hﬁ ho N Ym O]F(a’ + 1)
fit® Sh h2t2a
S, () =A + (VEAY — a@Rey m_O_ 2<1S
hz() hr(a + 1) (/}/h h 7h¢ 0 Nh )/h ho)r(2 + 1)
o xalnoSm an2a var o TnoTmeS 1S m o oS mln
- (¢m,3m¢hﬁhAh NONO - ¢2 ,32 o h% — P ¢h:8h:8 X[—NLO
I? S h3t3a
_aaaAa/ 2(12&(1’”0 0+a/a Slm
¢W118myh ¢ ﬁ N )/h¢mﬁ§1 hotmg r(3 1)
I (0) =GB T 2 — Byl A — 8 )l
hy ¢wﬁm ¢ ho X7 N ¢7m mo ¢mﬁm mo Ty N yh ho F(?) + 1)
2t2(l
(/’lh +7 h + Yh)[(¢(l m)Im Iho Z+ TZ + h)] r(z + 1)
Hy,, () =[085 Lo N — Wy (e + Ty + Y, — (& + Uy + VDM Ik,
h2t201
+ (g, + v, + Hyl=———,
(6 + v + %) wI e+ 1)

Ry, (1) =[7,0,81, moF =Ty + T+ Yy + Uy Iy — vy (€ + Uy + Vi) Hig = Vi Ty,

h2t2a
— VUi Hiy + V3 Rigl o,
0 “TQa+ 1)
a 2 2«
S, ( A“——“A“—”Iﬂ— S ) ————— — '
2() mr( ) Ym( m ¢hﬁh ho Nm 7m O)F(2a+ ) ¢hﬁh¢mﬁm o N
Sm o
)I (A% - ¢Z Zlhoﬁ - ymSMO) h3l‘3“
- + +
Wi+ 7+ i) b N, TGa+ 1)
2 2«
L, (1) = = yo (A, — vl S ) ————— + .
2() )/m( ¢hﬁh ho N Ym O)F(2a+ 1) (¢hﬁ ¢m[8m 0 N
@ Na (04 (04 104 o @ Na S h3t3a
= 0B, Wy + T, + Vi), — 64,8, g —— N = Yo o) m]m-
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We can get the rest of the term in a similar way. The q-HATM series solution for the FBM equation
considered in Eq (5.1) is given by

= 1
Su(t) = 81, (0) + Z Sn|~] -
o0 1 n
(1) = I, (1) + Zl 1,0~ .
(o] 1 n
Hy(0) = (1) + ) Hy, (0[] .
=l Ry (5.7)
Riy(f) = Ry, (1) + Z; R[] .
o0 1 n
) = S () + ;Smnm —.
N Y
L) = Ly (1) + ;Imnu) -

5.1. Boundedness of the solutions

In this section the total population is denoted as
Ny(1) = S p(0) + 1n(2) + Hp(2) + R(7)
and the total mosquito population is denoted as
N, (t) = S,,() + L, (2).
The linearity of the Caputo operator in the above two different populations becomes,

CDINL(1) = DS (t) + D1 (1) + CDYHy(t) + “DRy(1),
= A}, — 6 Hu(t) = v, Ni(0), (5.8)
< A =y Ny(0).
and
CDINu() = “D{S (1) + D1, (1),
< AL = YuNi(D).

We apply the Laplace transform method [27] to solve the Gronwall’s inequality in (5.8) and (5.9)
with initial condition N(#y) > 0

(5.9)

L{§ DI N,y (0) + YiNu(0)} < L{AG),
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and
L{§ D N,y () + ¥ Nau(D} < LIAL.

The linearity property of the Laplace transform gives

L{G DI Ny(D} + ¥y LINW(D)} < L{A}),

n—1 @
S LN} — kZO: SN 1) + ViLIN(D) < (5.10)
A 1 gake
LIN(1)) < Z o)

S(S“+yh) Y

and

L{SD"N ()} + YLLIN,.(D} < L{A%),

A
N, = S sek1n® —’”
(No0)) kZ w (10) + YnLANW(D} < (5.11)

-1 ak]

LINu(0)} < S(Sa”m Z

k=0

(k)(l‘o)

Splitting (5.10) and (5.11) to partial fraction gives the following:

(k)
2V, (),
= S+

|

1 <
=Aj|lc-< N, (10).
”(S 51+’h) kz

ar

ga-l n-1 ga—k-1
)£

1
LIN,(1)} < AY (§ “Sery
h

and

ga-1 n-1 g a—k-1
WD) <AL= - ® (1),
{Nm(D)} ’"(S S“+y“) So e m ()
m k=0 m
1 1 1 O |
=N, |=—-= — |+ ~NB(1)
(S Sl"‘%) k=0 St +§'Z

Therefore
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9904

. n=0 a)n 1k:O ( )nn:O (512)
1 ~Y ow 1 =
= AZ E - HZ:(; San}i—l ] + . nZl Sk+l San-khk+1 (k)( 0)

and

" " (5.13)
(L)), SN L ) e
= Am (§ - S(ln+1 )_'— Z Sk+1 S(Il’l+k+1 m (to),
n=0 k=0 n=0

using the inverse Laplace transform of (5.12) and (5.13), we have

n—

1 o
1
§ a\n ar(k) -1

k=0 n=0

Na(t) < APL™ [ ] A“Z( yoy'L! [SW]

and

n—

D 1
" 0 2 A N L [S(mm]]

k=0 n=0

Nu(f) < AL [ ] Z( Yoy L [Sanﬂ

According to Laplace formula,

" m! I'm+1)
L[t ]: §m+l = §m+l ’
or
e
Sm+l I'm+1)
Thus
0 fon n—1 oo © an+k
Ny(@®) S A=Ay Y (=)' =——— + =Yi)"Ny X () 5
w(1) < A h ;( Vi) Tan+ 1) £ nzz(;( Vi)' N, (O)F(a/n +k+1)
( y ta)n n—1 oo rx )"
Nt<Aa_Aa + kN(k)t.
W) < Ay F(cm+1) konZF(an+k+1) i (0)
and
0 g n—1 oo " an+k
No()) < A = ALY (=)' ————— + 2N X (t0) p——— .
(=751 O (=) k nr(k
NmtsA“—A“ R AEAR =N (10).
(1) m F(cm+1) k: ,,Z:(;F(an+k+1) m(O)

Substituting the Mittag-Leffler function we get,
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n—1
Ni(®) < AL = E(=Y5t)] + D Bt (<75t IN () 1o}t (5.14)
k=0
and
n—1
Na(t) < AT = B (=¥t + D Bkt (<7t NS (1) (5.15)
k=0

where E{(—y;1%),E 1 (=y;t%), and E(—=y,1),Ep 1 (—y,,1") are the series of Mittag-LefHer function (as
in definition 4), so we say that the solution to the model is bounded. Thus,

n—1
{(Shm, 1(0), Hy(0), Ri(®)) € R = S 3(0), 1), Hy(0), Ru(t) < AL = Ex(=y5t)] + > Exaa(=yit N (o) b
k=0

(5.16)
and

n—1

{(Sm(t)’ L) € R S ,(1), L() < Ap, [1 = Ey(=ypt)] + Ek+1(_7;(:1ta)N(k)(tO)tk} : (5.17)

k=0

5.2. Uniqueness of the solution

In this section we will prove the uniqueness of (3.1). Consider the system (3.1) written as
SDYx(t) = F(t,x), x(0) = xo, (5.18)

F(t,x) = Ax + g(x) + b,
X = X(t) = (Sh(t)’ Ih(t)7 Hh(t)’ Rh(t))T » b= (Ah’ 0,0, O)T’

Vi 0 0 0 03Bl 5t
|0 -y 0 0 _| #BnIn
A=| e eyt 0 , g(x() = AT (5.19)
0 7 i 0

Theorem 2. System (5.18) satisfies Lipschitz continuity
Proof. Since

|F(t, x) — F(t, x")| = |A(x(1)) — A(X" (1)) + g(x(1)) — g(x" (D)
< (Al + Dllx(t) = x* @I, (5.20)
I1F (2, x(1)) = F(t, x* (D) < Lllx(#) — x*@Il, L = [|All + 1 < o0.
It is clear that F is continuous and bounded function. Using Picard-Lindelof theorem [29] we
establish the following theorem.
Theorem 3. Let0) < @ < 1,71 = [0,h"] CRand J = |x(¢) — x(0)] < kandlet f : IXJ —> R
be continuous bounded function, that is AM > 0 such that |f(¢, x)] < M, Since f satisfies Lipschitz
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conditions. If Lk < M, then there exists a unique x € C*[0, 4*] that holds for the initial value problem
(5.18). Where h* = minh, (L&0ya ),

Proof. Suppose T = x € C[0,h"] : ||x(f) — x(0)|| < k, Since T C R and its closed set, then T is
complete metric space. The continuous system (5.18) can be transformed to equivalent equations as;

6D [ Dy x(1)] = §D; £(t, X)),

1 t
0= 30) = s [ =0 tn e (521)

ﬂﬂ—m+Frlfu—ﬂ“V&ﬂﬂMT

Equation (5.21) is equivalent to Volterra integral equation that solves (5.18). Define an operator F
inT

Flx](t) = xo + L f (t- T)"_1 f(r, x(1))dT. (5.22)
I'(a) Jo

Now we need to proof that (5.22) satisfies the hypothesis of contradiction mapping principle. First
toshow F : T — T,

1 !
IF[x(D)] — x(0)] = ‘m f (t =) f(z, x(1))dT

f (r = 0N f(x, x(1))ldT

F( )
< — _ (l’—lMd
<Fm%£0 R ‘ (5.23)
—_ M la
T T+ 1)
M "
:Ha+DM)
M kL(@+1)
“Ta+l) M

Or, x(0) — k < F[x](¢) < x(0) + k,Vt € [0, h*]. Hence the operator F maps T onto itself. Secondly, to
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show that T is a contradiction, we have

1 !
|F[x](t) — F[x"](0)] = ‘@ f (t =0 [f(7, x(7)) = f(7, x"(7)ldT
0

< % fo (6 =" |f (. x(0)) — f(r, X' (D)) dr

s% f (t - 7Y Ll - 'l

——|lx - xllf(t ) 'dr
Iﬂ( ) (5.24)
L g H@ o,
= ——x = Xl —=—=1
(@) Ta+1)
o
= —|x—x
)
L
< _ k h* (04
“Ta+D 1)le x7I(h7)
L kD(a+1)
S ——lx - x{l——7—.
[(a+1) M
Since by hypothesis %‘ < 1, then T is a contradiction and has a unique fixed point. Thus,

system (5.18) has a unique solution in Q. O

Theorem 4. The closed set Q = {(x1, X5, x3,X3) € R* : 0 < xj+ X3+ x3+x4 < M},0 < x5+ x5 < M)
is a positive invariant set for the proposed fractional order system (3.1).

Proof. To prove that the system of Eq (3.1) has a non-negative solution, the system of Eq (3.1)
implies

SDYShls,m0 = AT >0,

SDilj—0 = ¢mﬁm w20,
SDYHply,—0 = il >0,
ng’Rthh:o = 7wl +vH, 20,
CD Smlsm_() = Aa >0,

$DMLul,=0 = ¢BrL" >

Thus, the fractional system (3.1) has non-negative solutions. In the end, from the first four equations

of the fractional system (3.1), we obtain OCD?(xl + X2+ x3 + x4) < AY — v, (X1 + X2 + x3 + x4). Solving
the above inequality, we obtain

(5.25)

(1’ AZ
—a (l( Yht ) +— a
i Yh
so by the asymptotic behavior of Mittag-Leffler function [25], we obtain (x1(¢)+x2(1)+x3(¢)+x4(2)) <

=~ M,. Taking the same steps for the last two equations of system (3.1), we get

(x1(1) + x2() + x3(2) + x4(1)) < (xl(()) + x2(0) + x3(0) + x4(0) -

A(Y
711

a

x5(1) + x6(t) < My, M =

m

Hence, the closed set € is a positive invariant region for the fractional-order dengue model (3.1). O
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6. Model equilibria and basic reproduction number

By getting the model equilibria from the fractional dengue model (3.1) we obtain and by setting
D’S, =°Dl, =“D'H, = “D'R;, = “D’S,, = D1, = 0.

So from some algebraic solution of (3.1) we get,

Ay = EnBulnyt = ViSh =
Grfinyt = (i + T+ VDL =
il — (e + v + YO H,
TZIh + UZHh - ’)/ZRh

A, _¢Z Zlhfv_;, ~YmSm =
BB~ Vil = 0.

N

(6.1)

o O O o O

The fractional dengue model (3.1) obtain the following two equilibrium points: (1) The DFE for
the model (3.1) is given by,
Ay AL
Ey=1—.0,0,0,—=,0].
Vi Yin

(2) The EE for the model (3.1) is given by,
E*=(S,.I,,H,.R,.,S,,.1,).

where A2 TS o Tl + viH;
. _ h . 2 h . _ M1y R = i YRt
h =™ _x a’h =« * a’ " th T _a a a’ th T @ ’
T 7 Hy T, 17, €, TV, 7, Vh
a * *
S* _ Am I* _ TmSm
I T Y ALY S
where, 7, = v and 7;, = T Observe that S}, I}, H;, R;, S, I, are positive if and only

h
if [ BB BS 1S m — NplNp vy + 750 +y5 ] > 0. Calculate the reproduction number of the fractional

model (3.1) by using the method of next generation matrix and the basic reproduction number present
in [38]. Let us define a vector, X = [, Hy,, I,,]*, And

Sondnt | W + 7+ YD
f= 0 cv=| (€ + v+ yOH, — 10, | (6.2)
GBI | Vol
0 0 guBuzt ] (e + 79+ ) 0 0
F = 0 0 0 , V= —s (e +vy +yy) 0 [. (6.3)
SBr 0 0| 0 0 Vo

Thus the basic reproduction number of the model (3.1) is
B3 GBS 1S m
NNy (s + 78 +98)
It is easy to prove that S}, I}, H;, R}, S, I, and R* > 0 if and only if Ry > 1.

Ro=p(FV) =

m> “m?>
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7. Stability analysis

7.1. Analysis of DFE

Simplifying the stability of the DFE, Suppose DFE is Ey = (Su, Iny> Hug» Rigs S mgs Imy) =
( %, 0,0,0, %, 0) and the Jacobian matrix of the system in (3.1) can be written as

—y; 0 0 0 0 —¢2p ]
0 —(u+79+y) 0 0 0 Pl
|0 My —(e +vy +y,) O 0 0
J(Eo) = 0 T vy —yy 0 0 (7.1)
0~ 0 0 - 0
0 By 0 0 B

Now calculating the Jacobian matrix J at DFE point E, and solved det(J — AI), we obtain, P;(x) =
A+ YDA+ € + VY +yD)(A+y2)(A* + A1+ B), Where A = uf + 77 + ¥ + y% and

@ 14 1 @ 4@ R aSm
B =y, + 7, +7,) — ¢h¢mﬁhﬁmN

LRSS
NV Nu(yy + 7 + )
=¥ (W + T + 7)) [1 = Rol.

= Vultly + 75 + v |1 -

It is easy to proof that if Ry < 1, then A > 0 and B > 0. This polynomial 2> + A1 + B have two
roots with negative real parts. Thats why, Ej is locally stable because the real parts of six eigenvalues
of the matrix J(E)) are all negative. Therefore, overall we can tell the DFE is stable when B > 0 and
DFE is unstable when B < 0. The following theorem is presented for the global stability of the disease
free equilibrium case Ej.

Theorem 5. The fractional dengue model given by (3.1) for the arbitrary fractional order a € (0, 1],
with Ry < 1, is globally asymtotically stable.

Proof. The following Lyapunov function is considered for the proof of the global stability of the
dengue fractional model (3.1):

S H Sm
G(l) =m (Sh - 52 - SglOgS—g)+172[h+173 (Hh - H,? - H,?logH—Z) Hh+174 (Sm - 521 - S?,llOgS—o)+7]5[m,
h h m

where 7; > 0 for i= 1,2,3,4, are arbitrary constants to be determined later. We consider the result
described in sect. 2 and taking the time derivative of G(t), we obtain
0 0 0

’ S H Sm (04 (04
“DIG'(1) =m (1 - S—h) DS, +m DI, + 13 (1 - Fh) “DYH) + 14 (1 - S_) “D}S,, + 15D,
h h m

Considering the fractional system (3.1), we obtain
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CD?G@)=n1(1
T2
T3
+ 14

+ 715

Si\[ ve
- S_ Ah ¢mﬁm ylzsh
h
¢mﬁm m (l'lh + Th + 7/2)[/1]
- ;) T = (6 + o + Y] 12)
h
521 03 @ o Sm @
1- E) Am - ¢h18hlh]\7m - ymsm]
V¢“B“I Sm e
_ P h hN = Ymdm| -

Using the values of $ and S9, at the DFE and simplifying we obtain

02

LSS,

“DYG(t
(1) = 5

h )/m

where ny = m = ¥y, 4 =

0)2

OB

— Yy + 7+ ¥ (1 - RY)

ns = ¢,B;. Thus, CDYG(1) is negative for Ry < 1. So it follows from the

established results and those given by theorem 1 in [24,39] that the fractional dengue model is globally
asymptotically stable at the DFE case E|.

7.2. Analysis of EE

We prove the global stability results for the fractional model (3.1). Firstly we have the following
results for the model (3.1) at the constant state:

* ¢af a/I* ¢;Iﬁa,S I*
aS*’Aa _ (YS , a _ h ,
¢m18m mN* yh h m Nm m> Ym N;I;;
(HZ-FTZ-'-’)/};)I _¢mﬁm mN*’(Eh +Uh +72)H /Jhl

Now showing the global stability of the model (3.1) in the following theorem.
Theorem 6. If Ry > 1, then the fractional dengue model (3.1) at E* is globally asymptotically

stable.

Proof. We suppose the following Lyapunov function:

@ pa *Sl*n * % Sh
L(t) :¢hﬁhlhﬁ Sh_Sh_SHIOgﬁ + 1, -
m h

*

S
+ ¢Wlﬁﬂ’l mN*

Sm
[( —S;—S;logs—*)+(lm—l;‘1—lfnlog

* * Ih * - Hh
Ih—lhlogF + Hh—Hh—thogF
h h

)

m

(7.3)

The derivative of L(t) with the application of the lemma 1 given in sec. 2 yields
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St St I H
DL =g -2 |1 = L)Des, + 1 - LD, + (1 - L |“D?H,
N;, Sy I, H, a4

+ &l 21€DeS,, + (1 - 2|°D, |
N* S I

m m

From the fractional dengue model (3.1), we can consider the following way:

C na a pa S* S* 17 I a a
DiL(t) =¢), hIhN 1-== S, = Bl = ViSh GpBdn~ — Wy + T + Vi) I

(1 - —)(p I, — (e +v, +v;,)Hy)

I;:l (03 (Z S

By direct calculation, we get the following:

S* S;kn a o R Sm o3
+ ¢mﬂm mN* Sm Am - ¢h hIhN_m - ymlm

(7.5)

S S* S
1-=2)pes, =1 - L) (A - 92821, —= — S

S* S* @ Q* @ pa Sh «
= tﬁm mN* ’}/hSh _¢mﬁmlmﬁh _thh

Sy S:I, | TN,)

2
(S i=S;) CSi(y S SuluN; Il

+

I\, I
(1—5) Dil, = (1——)[%/3,” (uhwwz‘)lh]

g Si(, I_h_ShlmN;1;+Sh1mN;
"N NS SN

(1 ) D!H), = ( ) — (e + vy, + ;) Hyl

( - )cuzzh W1

H, L,H, |
(1= )
Hh IhHh Ih
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%)

I %

Sm\cpe
(=52 orses (

(e

UJU)

I * 3

5 |

QU Sm @
(¢hﬁ;z hN* + S —¢hﬁhIhN— —VmSm)

m

o ( S*)? S Sy SwuN, I,N,
= _ym + ¢h h h * - - % I + *
S m N, Sw NuSupli  LiNg)
1 (7.7)
(1 _ ]m)CD(Y] = ( )((PhﬁZIh— — ’yf:l[m)
o S
T ¢h:3hlh_ ¢h:8h hN*
ago) m SthN;;I;; N S mInN,,
= 0P hN* I, NJSIL, SLNAL)
Using the above expressions (7.6) and (7.7) in Eq (7.5), we obtain
VBLSLLSy(, Sy S 0St ISt St S,
CD?L(I): Vi h o 2h Ok Py Yy, by _Om _Sm
N; Sn S N, Sm Sh
GOBBSISulilh (S _ L _Hy_Su L SNl -
(N;)? Sw In Hy Sn L, NSLIL :

LH, S LN, 1,N; LN;
- - + + :
FHy, NSLEL, NiIi o Nl

m

From Eq (7.8), we get the following result,

S S*
p_2n_ S <0,(2- n_Sn) o
Sy S S

and, in the same way, if

S Sh_ G Hy Su L SibaNih BHp SabNiL Ny LN
e — - + + <
Sw L, Hy S, L, NSLIEL TH, NSLIL, NI Nl

m

then *D?L(r) < 0, So it observes that, at the EE point E*, the fractional dengue model is globally
asymptotically stable at E*, when Ry > 1.

8. Sensitivity analysis

Sensitivity analysis helps us to identify parameters that have a big impact on the disease
transmission. Such information is important not only for experimental design but also for data
assimilation and reduction to complex nonlinear models [40]. This provides a good strategy to
prevent and restrain the disease. The disease will be controlled and mitigated if we can change the
value of parameters by the control strategies. Usually, in the epidemiological model, the analysis is
used to discover parameters that have greatest influence on the basic reproduction number R, and
should be targeted by the control strategies. The sensitivity indices of the R, are determined to allow
us to measure which parameter has the greatest influence on the changes of R, and, hence, the greatest
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effect in determining whether the disease can be eliminated in the population. The normalized
forward sensitivity index of a variable (R,) with respect to a parameter is the ratio of the relative
change in the variable (R)) to the relative change in the parameter. The systematic description of the
sensitivity analysis of the different parameters in R, for the model is:

SR = d&i
0 df Ro
So the basic reproduction number is,
P GBS nSm
Nth117% (/,LZ + TZ + ’YZ)

Ro=p(FV =

It is easy to verify that
dRO ﬂ _ ¢h¢mﬁhﬁm7m (/Jh + 7T, + )’h) _

dén Ro Vb buBibBm (n +Tn +v1) b>0
dRo b _ SnbuBibBnYmin + Th + 1) _
Adm Ro  Yn®n@umPBuBm(tn + T + ¥n)
dRo By _ GnuBibBuyYmn +Th + 1) _ |
dBu Ro  onPuBrBuYm(n + T + V1)
dRo B _ BByt + Tn + y) _
dBm Ro  Pu@umBuBumYm(tn + Tn + ¥n)
ARo Y _ OuPnBibBnYm it + Th + Y1) _ 1<0

Aym Ry OubuBiBuyA Wy + Th +¥n)

dRopn _ M,
duy Ry (Un + T +Yn)
dRoTh Th

-— =<0
dt, Ry (Up + T + Y1)

dR

_Oﬁ - _L <0

dyn Ro (Hn + Th +¥n)
Using the parameter values from Table 2, the sensitivity indices of R, with respect to the parameters
are given in Table 3.

Table 3. Sensitivity indices of R, to the model parameters

Parameter Sensitivity indices

bn 1

Om 1

B 1

B 1

YV -1

Vi -0.11075182
T —-0.08084074
U, —-0.80840744
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We can conclude from Table 3 that the sensitivity indices are sign-related and, R, is more sensitive
to the following parameters (¢;,,., B, B) increasing order and a corresponding decrease in Ry as the
following parameters (uy, vi, ¥Ym» Tn) have a negative impact on R, that means an increase in these
parameters will reduce Ry, while (¢, ¢, Br, Bm) has a positive impact, and reducing the value of
these parameters will reduce R,. After the above analytical results, we now perform an Ry sensitivity
analysis to find exact ways to choose the various parameters in Ry. The following can be inferred from
the sensitive analysis:

(1). If can reduce the value of the transmission rates S, 5,,, and biting rate ¢y, ¢,, could be effective
control measures to stop the spread of the dengue virus.

(2). If can increase the natural death rate of mosquitoes v,, and natural recovery rate of infected
humans 7, so that it will not affect other susceptible individuals.

9. Numerical simulations

In this section, we carry out numerical simulations for system (3.1) by using Euler’s algorithm
method [41]. To have a numerical scheme, we write the model (3.1) in the following form:

“Dg(1) =G (t,g(t)),a € (0,11, € [0,T],g(0) = 0,0 < T < o0, 9.1

where g = (x1, X2, X3, X4, X5, Xg) € Ri, G(t, g(1)) is used for a continuous real valued vector function,
which additionally satisfies the Lipschitz condition and g stands for initial state vector. Taking Caputo
integral on both sides of (7.1) we get

1

8(t) = go + =—— f (1= D*'G(A, g()dA. 9.2)
I(@) Jo

To formulate an iterative scheme, we consider a uniform grid on [0,T] with & = %O is the step size

and m € N. Thus, Eq (7.2) gets the structure as follows after making use of the Euler method

{ Guet = 80+ s T (n = j+ 1) = (= )G, 8(1). 03

n=0,1,2,...,m.

Thus, utilizing the above scheme (7.3), we deduced the following iterative formulae for the
corresponding classes of the model (3.1).

We used the above approximation for the solution of our fractional system. In Figures (2) to (5),
we demonstrate the dynamics of susceptible human (S ,), infected human (/,), hospitalized human
(Hp), recovered human (R;,), dead human (D)), new cases of human, reported dengue cases of human,
cumulative dengue cases of human, susceptible human with different biting rates, infected human with
different biting rates, susceptible mosquitoes (S ,,), infected mosquitoes (/,,), and infected mosquitoes
(with different biting rates b = 0.45,0.50, 0.68 with the variation of fractional order @ = (.75, integer
order and actual values. We noticed that the variation of fractional order has a great influence on the
infection level of dengue in both populations. In other words, it can highly reduce the level of DF in
the community. We demonstrated the effect of the biting rate ¢, of the mosquitoes on the dynamics
of dengue and observed that the peak of infection can be greatly decreased by decreasing the biting
rate ¢,. The mosquito biting and its generation further can be decreased by spraying or wasting the
standing water around the home or inside the home, which has a great influence on the population of
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mosquitoes that end up biting humans. Using bed nets, avoid to visit areas prone to mosquitoes, using
mosquito repellent, and covering legs and arms by wearing long sleeves and long pants are useful to
prevent biting of mosquitoes. These scenarios predict that the infection can be controlled and prevented
by decreasing the index of memory and biting rate of vectors in the community. In this model, we use
the real data of Bangladesh from (2012-2022) [42].

First, we simulate different values of fractional order a with fixed values of the model parameters.
In this work, the dengue cases data of 11 years (2012-2022) are used with different parametric values
for the numerical simulations based on a case study of Bangladesh cited from the literature; some
are fitted, some are estimated and some are referred. We use the total population of Bangladesh,
N, = 166303494 [43]. The life expectancy in Bangladesh for the year 2022 is 72.87, so we estimate
vn = 1/72.87 per year. The parameter A, is estimated from A,/y, = 166303494, and assumed that
this is to be the limiting population in the disease absence, so A, = 2278130.05 per year. For the
initial values of the model variables, we use the total initial population N,(0) = 166303494, so that
N,(0) = §,(0) + I,(0) + H,(0) + R,(0) and N,,(0) = §,,(0) + 1,,(0), The initial conditions are assumed
as §,(0) = 5000, 1,(0) = 1000, H,(0) = 500, R,(0) = 100, S,,(0) = 100000, 7,,(0) = 80000 and the
parameter values are taken from the literature as given in Table 1. As illustrated in Figures 2 to 8, a
smaller fractional order reduces the peak significantly and flattens the progression curve. The dengue
cases reported in Bangladesh are shown in the following Figures and the solution obtained by the Euler
algorithm method is presented in Figure 2 to 8 for different values of @. The number of infected human
real data and simulated results will reach the highest level in eight months for @ = 0.75,1. These
scenarios predict that the infection can be controlled and prevented by decreasing the index of memory
and biting rate of vectors in the community. Fig 6 and 8 describe the behavior of the solutions showing
the dynamics of susceptible human, infected human and infected mosquito population for the biting
rates 0.45 and 0.68 respectively.

ha’
S hper :SO+mfozo((p—k+1)“—(p—k)“)(A“ & B ) ),
h(l
°f,  =1Iy+ k+1)* - k + 7, + Vi)
hp = 1o T+t 1) X o((p - )*=(p—k* )(¢mﬁm : — (i + T, + Y, )
‘Hy,., = Hy + T+l XZ_ (p—k+ D" =(p—k" (I — (e + vy +vi)Hy),
@ 9.4)
‘Rp,., = Ro + Ta+1) XX _(p—k+ 1) =(p=k)") (51 + Uy Hy — vy Ry,
@ S
c — p _ a AN a _ gapay M«
Smb+l - XO + F(Cl’ + 1) X Zk:o((l? k + 1) (P k) )(Am ¢hﬁhIth ’}/mSm) ’
I, =Yy+ " XX (p—=k+1)*=(p-k"|¢?pY] S—m— a7
Mpy1 — 0 I—*(a+ 1) k=0 p p ¢/’L h th ym mJ-
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Figure 2. Numerical simulation of (a) Susceptible humans S ,(#) (b) Infected human 7,(¢) for
different values of @ and actual values with time (yearly).
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Figure 3. Numerical simulation of (a) Hospitalized human H,,(¢) (b) Recovered human R;(¢)
for different values of @ and actual values with time (yearly).
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Figure 4. Numerical simulation of (a) Death human D,(¢) for integer and fractional values
of a and actual values (yearly) (b) New cases of human for integer and fractional values of «

and actual values (monthly).
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Figure 5. Numerical simulation of (a) Reported dengue cases of human (b) Cumulative
dengue cases of (2012-2022) with time (monthly) for integer and fractional values of @ and
actual values.
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Figure 6. Numerical simulation of (a) Suspected human S ,(¢) (b) Infected human 7,(¢) for
different biting rates b = 0.45,0.50, 0.68.
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Figure 7. Numerical simulation of (a) Suspected mosquitoes S ,,(¢) (b) Infected mosquitoes
L,,(t) for different values of @ and actual values (yearly).
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10. Discussion and conclusions

The objective of this work is to understand, analyze and find the solution to the fractional
epidemiological models. In this paper, we analyze a new fractional epidemic model for the
transmission of dengue infection with a non-integer derivatives and are analysed using q-HATM. The
existence of the solutions of the model is investigated by solving the fractional Grownwall’s
inequality using the Laplace transform approach. The positivity and boundedness of unique solutions
are investigated. The basic reproduction number of the system is calculated by the next-generation
method. We establish two equilibrium solutions, disease-free and endemic are obtained. Both local
and global stability of the equilibria is investigated to depend on the magnitude of the basic
reproduction ratio. Sensitivity analysis of Ry is carried out to know the contribution of input factors in
the results of Ry, and observed that ¢,, ¢,, Bn, B are the most critical parameters that highly
contribute to the control and subsequent spread of dengue infection. We showed that the dengue
infection is uniformly persistent in the system for Ry > 1. Numerical simulations are carried out and
dynamics of the populations are shown to vary for different values of @. We obtain feasible results for
the dynamics of dengue infection with the variation of memory index @ and suggest that the index of
memory has a dominant influence on the system. We conclude that the fractional-order model can
explore the dengue epidemic disease transmission model rather than the integer-order derivative
models. We can suggest that fractional-order (index of memory) @ and biting rate for humans and
mosquitoes ¢, ¢,, can remarkably control and greatly decrease the level of disease in society.
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