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Abstract: Virus assembly from structural protein monomers to virus shells is a key step of virus
replication. Some drug targets were found in this process. It consists of two steps. Virus structural
protein monomers firstly polymerize to building blocks, then these building blocks assemble into virus
shells. So, these building block synthesis reactions in the first step are fundamental for virus assembly.
Typically, virus building blocks are made up of less than six monomers. They are of five types,
including dimer, trimer, tetramer, pentamer and hexamer. In this work, we develop five synthesis
reaction dynamical models for these five types, respectively. Then, we prove the existence and
uniqueness of the positive equilibrium solution for these dynamical models one by one. Subsequently,
we also analyze the stability of the equilibrium states, respectively. We got the function of monomer
and dimer concentrations for dimer building blocks in the equilibrium state. We also got the function
of all intermediate polymers and monomers for trimer, tetramer, pentamer and hexamer building blocks
in the equilibrium state, respectively. Based on our analysis, dimer building blocks in the equilibrium
state will decrease as the ratio of the off-rate constant to the on-rate constant increases. Trimer building
blocks in the equilibrium state will decrease with the increasing ratio of the off-rate constant to the on-
rate constant of trimers. These results may provide further insight into the virus-building block
synthesis dynamic property in vitro.
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1. Introduction

A virus is a small collection of genetic materials, either DNA or RNA, which replicates only
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inside living host cells of an organism. They infect all life forms, from animals and plants to
microorganisms. As a host cell is infected, it is often forced to rapidly produce large batches of virus
copies. Often, they kill the host cell in the replication process, and cause damage to the host organism.
Some viruses can be carried by blood-sucking insects. Some viruses, including influenza viruses,
chickenpox and smallpox, spread in the air by coughing and sneezing [1,2]. As is known to us all, the
novel coronavirus (SARS-CoV-2) is a super virus, which has spread around the world [3]. Therefore,
many researchers have tried to understand the replication mechanism of viruses to combat the
spreading of viruses.

Virus assembly is a necessary step of virus replication. It usually consists of two processes. The
first process is that structural proteins polymerize to building blocks. Then these building blocks
assemble into virus shells. The first process is the basis and essential precondition of the second process.
The aim of the first process is to form building blocks. These building blocks are often low polymers
with no more than six monomers. For example, dimers are the building blocks of Moloney murine
leukemia virus capsid [4]. SARS-CoV-2 spike proteins are trimers [5]. The building blocks of Mavirus
are the trimeric major capsid protein [6]. The building blocks of the Hepatitis B virus capsid protein
are tetramers [7]. Pentamers are the building blocks of picornavirus [7]. Hexamers are the main
building blocks for HIV-1 immature capsid [8,9]. Hexamers and pentamers are the fundamental
building blocks of the Rous sarcoma virus capsid [10].

Many biologists and pharmacists focus on the synthesis reactions of virus building blocks. A general
approach to design 2D arrays was presented to study modular self-assembly of biomolecules by using
de novo carried pseudosymmetric protein building blocks [11]. Wang and Hou [12] analyzed drug
candidate building blocks to study designing drug-like compounds. Christiansen et al. [6] studied the
dynamic mechanism of dissociation and re-association of the trimeric capsid building blocks. Rong
and Ying [13] used building blocks to construct a functional spherical artificial virus, and mimicked
the intricate morphology and the intracellular transformation of spherical viruses. Chen et al. [14]
found that Zika virus induced metabolic alterations may provide building blocks for lipid droplet
biogenesis and intracellular membrane rearrangements to support its replication.

However, there is not a system study on polymerization dynamic analysis of all kinds of building
blocks. So, in this work, we will focus on synthesis reactions in vitro for all kinds of building blocks,
including dimers, trimers, tetramer, pentamer and hexamer. Rate equations for these synthesis reactions
will be developed. Then we will prove the existence and uniqueness of the positive equilibrium
solution of these rate equations. Dynamic analysis of them will be carry on one by one. These results
will be helpful to guide future experiments and improve the understanding of the synthesis reactions
of building blocks in vitro.

2. Materials and methods
2.1. Dimer building block synthesis reaction
We consider that dimers are the building blocks of virus assembly in vitro. A dimer is polymerized

by two monomers with a reaction on-rate constant. At the same time, a dimer is dissociated into two
monomers with a reaction off-rate constant. Their chemical reaction is as follows.

k+
L SN
M+MTM2,
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where M is the monomer, M, is the dimer, £'is the on-rate constant, k" >0, k is the off-rate

constant, k >0.
Based on the mass conservation law and mass action law [15,16], we obtain the following rate
equation system for the above chemical reaction in vitro.

A L R LA 1)

where [M] and [M,] are the concentrations of M and M,, respectively.
We consider that the above synthesis reaction takes place in vitro. Monomers with concentration
C,,(C, >0) are added to the vitro for only one time, and no dimers are added. So, the initial condition

1s as follows.
[M]=C,,[M,]=0.

As the synthesis reaction takes place, two monomers are polymerized to a dimer. So, the
concentration of dimers is equivalent to the concentration of monomers with twice their own
concentration. Moreover, no monomers and no dimers will be added after the synthesis reaction takes
place. So, the constrain condition is as follows.

AM, M ]=C,.

Theorem 1. The positive equilibrium point of dimer building block synthesis reaction System (1)

exists and is unique.

Proof of Theorem 1. Let diM]

=0 for Eq (1), we get

2k M7 +2k; [M,]=0. (2)
We can get the following equation from Eq (2).

[M2]=’,§—1_[M12. 3)

Substitute the above Eq (3) to the constrain condition, we get
k'
2k_’[M] HM]-C,=0.
1

The positive equilibrium point of monomer is as follows.

—1+‘/1+8C0%
[M]= - )

1 I

ki
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Add the Eq (4) to the Eq (3), we get

2
(—1+‘/1+8q}fj
M, — (5)
’ 164

Therefore, based on the theorem [17], the positive equilibrium point of dimer building block
synthesis reaction system (1) exists and is unique.

Remark 1. The above theorem indicates that the proposed model (1) can reflect the following
biological fact: dimer building block synthesis reaction can achieve an equilibrium state and the
equilibrium state is unique in vitro.

Theorem 2. The dimer building block synthesis reaction system (1) is stable.

Proof of Theorem 2. We can get the following equation by substituting the constrain condition
to Eq (1).

% = 2k [MT -k [M]+k C,. (6)

Let F(IM])=-2k/[MT -k [M]+k C,, F'(M])=-4k'[M]-k <O.

Therefore, based on the theorem [17], the dimer building block synthesis reaction systems (1) is stable.

Remark 2. Small changes for the initial concentrations of monomers and dimers do not affect the
concentrations of monomers and dimers in the equilibrium state.

Theorem 3. As k_l+ increases, [M | will increase in the equilibrium state, but [M,] will decrease.
1

k
Proof of Theorem 3. Let K = k—1+, we can get the following equation based on Eq (4)
1

—k + (k) +8kTKC, 1
Y " ! 11 % =—(—K+«/K2+8KC )
] Ak’ 4 0

1

d[M] l[—n K +4C, J 1{—\/K2+8KCO+K+4COJ‘

dK 4 JK>+8KC, | 4 JK? +8KC,
For
2 2 2
K+4C,  [(K+4C,) |K*+8C,K +16C; o1

\/K2+8KCO K*+8KC, K*+8C,K

dM

g>0.

dK

Therefore, as k—ilncreases, [M ]wﬂl increase in the equilibrium state.
1
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Because [M,]= % - %[M] , [M,]will decrease.

Remark 3. This theorem reveals that dimer building blocks in the equilibrium state will decrease
as the ratio of the off-rate constant to the on-rate constant increases.

2.2. Trimer building block synthesis reactions

We consider that trimers are the building blocks of virus assembly in vitro. Two monomers are
polymerized to a dimer with a reaction on-rate constant. At the same time, a dimer is dissociated into
two monomers with a reaction off-rate constant. A monomer and a dimer are polymerized into a trimer
with a reaction on-rate constant. At the same time, a trimer is dissociated to a monomer and a dimer
with a reaction off-rate constant. Their synthesis reactions are as follows.

k+
—_1] N
M+M==M,,

k+
—_\
M, +M==M,,

where M, is the protein with i monomers, £ is the on-rate constant, £ >0, k is the off-rate

constant, k; >0.

The concentration of monomers will decrease for they polymerize to dimers. Moreover, they will
also decrease for they polymerize to trimers with dimers. Based on the mass conservation law and
mass action law [15,16], we get

am] . .
——= =2k [MT -k [M][M,].
dt

At the same time, the concentration of monomers will increase for dimers dissociate to
monomers and trimers also dissociate to monomers. Based on the mass conservation law and mass
action law [15,16], we get the total change rate of monomers as follows.

d[M] _ _
7 =2k MY —k[M][M,]+ 2k [M,]+k,[M,].

With the same method, we can get the change rates of dimers and trimers. So, the rate equation

system for the above chemical reactions in vitro is as follows.

‘d[f—] = 20 TMT ~ I [MIIM, ]+ 2k M, ]+l [M ]
%:kﬂmz ey [M]=k M, ]= kS [M[M, ] ?
%:k;[M][Mz]—k{[Ma]

where [M,] are the concentration of M.

We consider that the above synthesis reaction takes place in vitro. Monomers with concentration
C,,(C, >0) are added to the vitro for only one time, and no dimers and no trimers are added. So, the

initial condition is as follows.
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[M]=C,,[M,]=0,[M,]=0. 8)

As the synthesis reaction takes place, two monomers are polymerized to a dimer. So, the
concentration of dimers is equivalent to the concentration of monomers with twice their own
concentration. Similarly, the concentration of trimers is equivalent to the concentration of monomers
with treble their own concentration. Moreover, no monomers, no dimers and no trimers will be added
after the synthesis reaction takes place. So, the constraint condition is as follows.

[M]+2[M,]+3[M,]=C,. )

Theorem 4. The positive equilibrium point of trimer building block synthesis reaction system (7)
exists and is unique.

d|M.
Proof of Theorem 4. Let %ZO, i=1,2,3 forsystem (7), we get
t

20 [M = ky [M1[M, ]+ 2k [M, ]+ k; [M,]=0
kr[M]z+kz_[M3]_k1_[M2]_k;[M][M2]:O (10)
Kk IM][M,]—-k,[M,]=0

Add the third equation to the second equation in Eq (10), we get

[M,]= = [M] (a1

Substitute the above equation to the third equation, we get
k+ k+ k+

[M3]_k2 [M][M,]= ek —[MT. (12)

Substitute [M,] and [M,] to the constraint condition (9), then we get

ky k'

[M]+2k1 [MT +3k i L[MT =
ky K K o -
3Ek1_[M] +2k1_[M] HM]-C,=0.
Let
LTI S
S(M]) = 3k k_[M]+2kl_[M] HM]-GC,.
When [M]=0,
f(0)=-C,<0
When [M]=C,,
f(Cy)= 3k+k'+(C)+2 L(C,)’+C,-C,>0.
ky k k;
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Moreover,
: ky K a K
f(M])=9—=—[M]+4—[M]+1>0, for [M]e[0,C,].
k2 kl kl
Therefore, there is a unique positive point [M*] e (O, CO) to satisfy f ([M *]) =0.
Substitute [M*] to Eqs (11) and (12), we can get the positive values [M,*] and [M,*].
Therefore, based on the theorem [17], the positive equilibrium point of trimer building block

synthesis reaction System (7) exists and is unique.
Theorem 5. The trimer building block synthesis reaction system (7) is locally asymptotic stable.

Proof of Theorem 5. We can get [M 3]=§(C0 —[M]-2[M 2]) from the constraint condition (9).

Then we substitute it to the first two equations of System (7) and get

d[M N . _ k,
AL - 2 M MM, 1+ 20 M1+ (G, ~TM1-20M,)
. (13)
dIMy] o ke
T_kl [M] +?(Co [M] Z[Mz]) kl [Mz] kz[M][Mz]
The characteristic equation of the above equations is as follows
ATk M, 1= 20 ke -2
3 3 <o (14)

e A N O I B

We get the following equation by using the symbolic computational toolbox of Matlab software.
A +bAi+c=0. (15)
where
b=(4k +k)[M]+k [M,]+k +k,,
=6kl [MT +4kk; [M]+3k kI [M,]+k k.

Obviously, >0, ¢>0.
When 5> —4c¢>0,

When b*—4c¢<0,

~b+~b* -4
Aff-

The real parts of 4, are all negative.

Therefore, based on the theorem [17], the trimer building block synthesis reaction system (7) is
locally asymptotic stable.
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Theorem 6. As —= increases, [M,] will decrease in the equilibrium state.
2

Proof of Theorem 6. From Eq (12), we get

M= (k—k—J (M1,

k' kS
Let
K = %,Kz = %
From Eq (12), we get
[M]=(KK,)" [M,]"

Substitute the above equation to Eq (11), we get
[Mz] = Klesz [M3 ]2/3-

Substitute [M] and [M,] to the constrain condition (9), then

KIIBK;/} [M3 ]1/3 + 2K1—1/3K22/3 [M3 ]2/3 + 3[M3] — CO .

Take the derivative of both sides for X, , we get

1 1 aM,] , 4

§K11/3K2_2/3 [M3]1/3+§K11/3K;/3 [M3 ]—2/3 1—1/3K2—l/3 [M3 ]2/3 +

2

iK;1/3K22/3 [M3 ]71/3 a[M3] +3 6[M3]

3 oK, =~ 0K,

=0.

—;K11/3K22/3[M3]1/3 _§K11/3K21/3 [M3]2/3
= <0.
aKz ;KIMK;B [M3 ]—2/3 +:K11/3K22/3[M3 ]71/3 +3

k, . : . ey
Therefore, as —= increases, [M,] will decrease in the equilibrium state.
2

Remark 4. Trimer building blocks in the equilibrium state will decrease with the increasing ratio

of the off-rate constant to the on-rate constant of trimers.

2.3. Tetramer building block synthesis reactions

We consider that tetramers are the building blocks of virus assembly in vitro. Their synthesis

reactions are as follows.

M+M==M,,
1
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.+ M —2—

2+ N 5 3
N

M3+M*k; M,.

The concentration of monomers decreases because they polymerize to dimers and they
polymerize to trimers with dimers. Moreover, it also decreases because they polymerize to tetramers
with trimers. Based on the mass conservation law and mass action law [15,16], we get

d[M]

" =2k [MT ~ K [M][M,]- k] [M][M,].

At the same time, the concentration of monomers will increase for dimers dissociate to monomers
and trimers dissociate to monomers. Moreover, the concentration of monomers will also increase for
tetramers dissociate to monomers. Based on the mass conservation law and mass action law [15,16],
we get the total change rate of monomers as follows.

d[é\t/l] =2k [MT -k [M[M,]— ki [M[M]+ 2k [M,]+k; [M,]+k;[M,].

With the same method, we can get the change rates of dimers, trimers and tetramers. So, the rate
equation system for the above chemical reactions in vitro is as follows.

%:—21{[M]2—kQ[M][Mz]—kJ[M][Ms]+2k1_[M2]+k’; (M ]+ ks TM,]
d[M, ] =k [MT +k,[M,]-k [M,]-k; [M][M,]

[dt3] =k, [M[M,]+k;[M,]-k, [M,]-k[M][M,]
%;@[M][MJ—&[MA

We consider that the above synthesis reaction takes place in vitro. Monomers with concentration
C,,(C, >0) are added to the vitro for only one time, and no dimers, no trimers and no tetramers are

added. So, the initial condition is as follows.

[M]:COa[Mz]:Oa[M3]:Oa[M4]:O- (17)

As the synthesis reaction takes place, two monomers are polymerized to a dimer. So, the
concentration of dimers is equivalent to the concentration of monomers with twice their own
concentration. Similarly, the concentration of trimers is equivalent to the concentration of monomers
with treble their own concentration, and the concentration of tetramers is equivalent to the
concentration of monomers with quadruple their own concentration. Moreover, no monomers, no
dimers and no trimers will be added after the synthesis reaction takes place. So, the constraint
condition is as follows.

[M]+2[M2]+3[M3]+4[M4]=Co- (18)

Theorem 7. The positive equilibrium point of tetramer building block synthesis reaction
equations (16) exists and is unique.

Mathematical Biosciences and Engineering Volume 20, Issue 2, 4082—4102.
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d|M,
Proof of Theorem 7. Let %=O, i=1,2,3,4 for system (16), we get
t

_2k1+[M]2 _k;[M][Mz]_k;[M][M3]+2k1_[M2]+kz_[M3]+k3_[M4]:0
lir[M]z +k;[M3]_kf[Mz]_szr[M][Mz]:O

+ - - + (1 9)
ky [M]IM 1+ ks [M 1=k, [M]= ks [M][M;]=0
K TMIM, ]~ k; [M,1=0
From the fourth equation of Eq (19) we get
ks
[M4]=k—_[M][M3]- (20)
3
Add the fourth equation to the third equation, we get
_K
[M;]=—=[M][M,]. 21
k,
Add the fourth and the third equations to the second equation, we get
k1+ 2
[M,]=—[MT]". (22)
kl
Substitute Eq (22) to Eq (21), we get
k' kS
M,J=L-=2[MT. 23
[M;] Kk [M] (23)
Substitute Eq (23) to Eq (20), we get
k! kS kg
M, =223 171 24
[M,] kl‘k;k;[ ] (24)

Substitute [M 2] , [M 3] and [M 4] to the constraint condition (18), then we get

M1+ 2 p 3 Sy gl b e,
kl kl k2 kl kZ k3
Let

k' k; okt k' kS k'
M) =423 M +3-L2[MT +2--[MT +[M]-C,.
S(M]) k;k;k;[ ] kfk;[ ] k{[ I +[M]-C,

When [M]=0,
£(0)<0.

When [M]=C

0°

Mathematical Biosciences and Engineering Volume 20, Issue 2, 4082—4102.
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f(C)=4 LS C)+ Lo C, + 2k C;+C,-C,>0.
k1 k ks k1 k, k;
Moreover,
k' ky K k' kS k'
16 MP+9—L22[MTJ +4—[M] +1>0.
S(M])= kkk,[ ] k(k;[ ] kf[ ]

Therefore, there is a unique positive point [M *]e(0,C,) to satisfy f ([M *]) =0.
Substitute [M *] to Egs (22)~(24), we can get the positive values [M, *], [M,*] and [M,*].
Therefore, based on the theorem [17], the positive equilibrium point of tetramer building block

synthesis reaction system (16) exists and is unique.
Theorem 8. The tetramer building block synthesis reaction system (16) is locally asymptotic stable.

Proof of Theorem 8. We can get [M 4]Z%(C0 —[M1-2[M,]-3[M,]) from the constraint

condition (18). Then we substitute it to the first three equations of system (16) and get

ML ok DT KTV, = MM T+ 20 T T+ M )+
Lk, -tm-21m,1-3m,))
o 4 (25)
M) IMT 4 1 01~ K TV, - KM,
d
L] MM, 4k (€~ M- 20M,1-30M )~k T MM
The characteristic equation of the above equations is as follows
AR M- KM, ]~k M, ]—%—/1 KM+ 2k —% KM+ h; —%
2 M- KM, ] kK [M]-A i ~0. (26)
BV CD-KIM KMk () —2 kK M)

We get the following equation by using the symbolic computational toolbox of MATLAB software.
A +al’ +bAl+c=0, (27)

where
a=k +k; +ky +4k" [M]+k; [M]+k [M,]+k [M]+k [M,],
b=kiky +kik; +hyks +6k'k; [M] + 4k ki [M] + ki [M] +
4k ky [M )+ 3k ky [M, )+ ki ky [M ]+ 4k ks [M ]+ k ki [M ]+
koks [M ]+ kks [M, ]+ 20,k TML 1+ 2k k) [M[M, ]+ ks e [M][M],
¢ =kiksky + 6k ki ks [M ]+ 8k ik [M] + 4k ks ks [M ]+
3k k ky [M, ]+ 4k by [M, ]+ 4k ky kg [M ][ M, ].

Mathematical Biosciences and Engineering Volume 20, Issue 2, 4082—4102.



4093

The Routh-Hurwitz matrix [18] is as follows

cll C12 0

r=| 2 0 (28)
¢ 0
Cy

¢, =1,

¢, =b,

¢, =a,

¢y =C

We compute the positive or negative signs of the first column elements in the Routh-Hurwitz
matrix (28) by using the symbolic computational toolbox of MATLAB software. For their
expression is too complex, we only show their signs as follows.

¢, >0,

¢, >0,

¢y = >0, (29)

Cy = >0.

Based on the Routh-Hurwitz rule [18], the real parts of all eigenvalues are all negative.
Therefore, based on the theorem [17], the tetramer building block synthesis reaction system (16)
is locally asymptotic stable.

2.4. Pentamer building block synthesis reactions

We consider that pentamers are the building blocks of virus assembly in vitro. Their synthesis
reactions are as follows.

k+
— N N
M+MTM2,
k+
— 0 N\
M, +M==M,,
k+
—3 N\
My+M==M,,

k+
—_—d N
M, +M==M;.

The concentration of monomers will decrease for they polymerize to dimers and they polymerize
to trimers with dimers. Moreover, they will also decrease for they polymerize to tetramers with trimers

Mathematical Biosciences and Engineering Volume 20, Issue 2, 4082—4102.
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and they polymerize to pentamers with tetramers. Based on the mass conservation law and mass action
law [15,16], we get

d[é\t/l] = 2k [MV =k MM, |-k [M[M,]-k;[M][M,].

At the same time, the concentration of monomers will increase for dimers dissociate to monomers
and trimers dissociate to monomers. Moreover, the concentration of monomers will also increase for
tetramers dissociate to monomers and pentamers dissociate to monomers. Based on the mass
conservation law and mass action law [15,16], we get the total change rate of monomers as follows.

d[M]

= 2k MV =k [M][M, -k [M[M,]-k;[M][M,]+2k [M,]+

ky [M ]+ by [M, ]+ Ky [M 5]

With the same method, we can get the change rates of dimers, trimers, tetramers and pentamers.
So, the rate equation system for the above chemical reactions in vitro is as follows.

%2_21{;[1\412 —k IM1IM, -k [M1[M,]— kMM, ]+ 2k [M,]+
Ky M)+ K M)+ K M)
%: K IMT + K [M, ]~k M, -k TM M, ]
d[gfﬂ = IS [M[M, )+ k; [M,]—k; [M,] -k [M][M,] .
%: K IMIIM 1+ b TM 1 ks TM, 1 - K TMIM, ]
d[gs] = K IMIIM, 1= kM

The initial condition is
(M]=C,,[M,]=0,[M,]=0,[M,]=0,[M]=0. 31
The constraint condition is
[(M]+2[M,]+3[M,]+4[M,]+5[M,]=C,. (32)

Theorem 9. The positive equilibrium point of pentamer building block synthesis reaction
equations (30) exists and is unique.

d|M.
Proof of Theorem 9. Let %ZO, i=1,2,3,4,5 for System (30), we get

=2k IMT —k; [M1[M, ] -k [MIIM, ] -k TM M ]+ 2k [M, ]+
key [My ]+ ks [M ]+ by [M51=0
(33)
[M,]+k; [M,] =k, [M;] -k [M][M;]=0
[M]+k, [M]— ki [M ] -k, [M][M,]=0

Mathematical Biosciences and Engineering Volume 20, Issue 2, 4082—4102.
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From the fifth equation of Eq (33) we get

Add the fifth equation to the fourth equation of Eq (33), we get
k+
[M, ]—k—[M 1[M;].

3

Add the fifth and the fourth equations to the third equation, we get

[M;]=—=[M][M,].

Add the fifth, the fourth and the third equations to the second equation, we get

Ko
[MZ]_kf [M].

Substitute Eq (37) to Eq (36), we get
k' kS

[M3]:k_(E[M] :

Substitute Eq (38) to Eq (35), we get

k' Ky
[M,]= ke k[ I'

Substitute Eq (39) to Eq (34), we get

(Mo 22 M T,

Substitute [M,], [M,], [M,] and [M,] to the constraint condition (32), then we get

WH%&N ZZWJ ZZZWJ fffg[]
Let
k+ k+ ki k] k+ k+ ki k+ k+
FMD =53 M+ T 3 T éwﬁﬂqu.
When [M]=0,
1(0)<0.
When [M]=C,,

(34)

(35)

(36)

(37)

(38)

(39)

(40)

Mathematical Biosciences and Engineering Volume 20, Issue 2, 4082—4102.
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f(C)= sk ky ks Ky —“C+ 4k ky Ky C)+ 3k L2 c3+2k1 C;+C,-C,>0.
kK, k k; k& k; ko k; ki
Moreover,
(M) = 20k k. ks kﬁ[ M1+ ek ks [M]3+9k—[k—{[M]2+4k+[M] +1>0.
k K, k k, kK, k ki k; k;

Therefore, there is a unique positive point [M *] € (0, CO) to satisfy f ([M *]) =0.

Substitute [M *] to Eqs (37)—(40) , we can get the positive values [M, *], [M,*], [M,*]
and [M s *] .

Therefore, based on the theorem [17], the positive equilibrium point of pentamer building block

synthesis reaction system (30) exists and is unique.
Theorem 10. The pentamer building block synthesis reaction system (30) is locally asymptotic stable.

Proof of Theorem 10. We can get [M5]=é(CO—[M]—2[M2]—3[M3]—4[M4]) from the

constraint condition (32). Then we substitute it to the first four equations of System (30) and get

MY _ o [T~k MM, 1~ K MM, 1~ S TM M, 1+ 24 [M, ]+
kz[M3]+k3[M4]+k4é(co_[M]_z[M2]_3[M3]_4[M4])

d[gﬂ =k MY +k, [M;]-k [M,] -k [M][M,] @

d[if] I [MIM )+ k5 [M, ]k [M]— ki [M[M,]

AL UMM, 4k €, M- 2000,1- 3000, - 40, D - K T, - K MM,

The characteristic equation of the above equations is computed by using the symbolic
computational toolbox of MATLAB software. Moreover, the Routh-Hurwitz matrix is also got by
using the symbolic computational toolbox of MATLAB software. For characteristic equation and
Routh-Hurwitz matrix are all too complex, we do not show them here. Then the first column elements
of the Routh-Hurwitz matrix are all positive by using the symbolic computational toolbox of
MATLAB software. Based on the Routh-Hurwitz rule [18], the real parts of all eigenvalues of the
characteristic equation are all negative. Therefore, based on the theorem [17], the pentamer building
block synthesis reaction system (30) is locally asymptotic stable.

2.5. Hexamer building block synthesis reactions

We consider that hexamers are the building blocks of virus assembly in vitro. Their synthesis
reactions are as follows.

k+
M+M—I{;M2,
1
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M2+M%M3,
M3+M—Z+f—\M4,
M4+M#M5,
M5+M%M6.

The concentration of monomers will decrease for they polymerize to dimers and they polymerize
to trimers with dimers. They will also decrease for they polymerize to tetramers with trimers. Moreover,
they will decrease for they polymerize to pentamers with tetramers and they polymerize to hexamers
with pentamers. Based on the mass conservation law and mass action law [15,16], we get

d[;\tl] = 2k MY =k MM, -k MM, =k MM, -k [MI[M,].

At the same time, the concentration of monomers will increase for dimers dissociate to monomers
and trimers dissociate to monomers. The concentration of monomers will also increase for tetramers
dissociate to monomers. Moreover, the concentration of monomers will increase for pentamers
dissociate to monomers and hexamers dissociate to monomers. Based on the mass conservation law
and mass action law [15,16], we get the total change rate of monomers as follows.

d[cf] = 2k [MT =k IMIM, 1=k TM 1M ] = & IM 1M, ] ks [M 1M 1+ 24, [M, ]+

key [M ]+ by (M, ]+ Koy [M 5]+ ks [M g ]

With the same method, we can get the change rates of dimers, trimers, tetramers, pentamers and
hexamers. So, the rate equation system for the above chemical reactions in vitro is as follows.

%am[w—k;[M][Mz]—k;[M][Msl—kI (MM, 1= ks TMIM ]+
2T [M )+ kg (M) + ey [M ]+ K, [M ]+ k. [M,]

d[i‘;z] K MY + k(M- k M, ]~k MM, ]

AL VARV AR S TSRV I T (32

d[i‘lf4] — I [M M, ]+ k; [M] -k, [M, ]~ k; [M1[M,]

d[Zs] = kMM, )+ K [M ] =k TM ]~ kS TM 1M

d[Zﬁ] — K IM M, )~ M, ]

The initial condition is

[M] = Co:[Mz]:Oa[Ms]:0:[M4]:O’[M5] :0’[M6] =0.
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The constraint condition is

[M]+2[M, ]+ 3 M, ]+ 4 M, ]+ 5[M;]+6[M(]=C,. (43)

Theorem 11. The positive equilibrium point of hexamer building block synthesis reaction
equation (42) exists and is unique.

d|M.
Proof of Theorem 11. Let %ZO, i=1,2,3,4,5,6 forsystem (42), we get
t

=2k [MT =k IM 1M, 1=k IM 1M, ] = K IMIM, ] = kS TM M ]+ 2k (M ]+
I [M )+ k(M )+, [M]+k[M,]=0
K IMY +k, (M- k [M,] -k [M1[M,]=0
key IM][M ]+ ki [M ]k, [M ] =k [M][M;]=0 (44)
ks IMAIM ]+ ke, [M 1=k [M, ] -k, [M][M,]=0
ki [IMOIM ]+ ks [M ] =k [M ] -k [M][M]=0
ks [M[M]—ks[M]=0

From the sixth equation of Eq (44) we get

[MJ=—=[M][M;]. (45)

[M]= [M][M4]- (46)

Add the sixth and the fifth equations to the fourth equation of Eq (44), we get

M, ]—Z—[M][M ! @47)

3

Add the sixth, the fifth and the fourth equations to the third equation, we get

[M;]=—=[M][M,]. (48)

Add the sixth, the fifth, the fourth and the third equations to the second equation, we get

[Mz]{—'[M]Z. (49)

1

Substitute Eq (49) to Eq (48), we get

[M, =12 [MT. (50)
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Substitute Eq (50) to Eq (47), we get

k' ky Ky
(M) = M T (51)
) kl k2 k3

Substitute Eq (51) to Eq (46), we get

=i s Ky (52)

[MJ=--2 2= M (53)

Substitute [Mz], [M3], [M 4], [MS] and [M 6] to the constraint condition (43), then we get

T AT L Ve LR DY LI W DY S L L VR R L VA Lo
k s k& k kK, kK, k& k K k
Let
k+ k+ k+ k+ k+ k+ k+ k+ k+ k+ k+ k+
S = k_F?Fk_-[M]G 5k k &, k‘[ ! 4k k; k‘[ I'+
1 2 3 4 5
35 oy 2B -,
kl kZ kl
When[ ]=O,
1(0)<0.
When [M]=C,,
fep=eile B bk co SR B AR o e by
Kk kK, K k& k K kK, k;
3k k2 C'g 2kl C2+C C > 0.
Kk k-
Moreover,
k+ k+ k+ k+ kr k+ k+ k+ k+ k+ k+ k+
M) =302 "25MT +20 M1 +16 MT +
S (M = kkkkk[] kkkk[] kkk[]
k+ kr

k2 [MT + kl [M] +1>0.

1 2 1

Therefore, there is a unique positive point [M *] €(0,C,) to satisfy f ([M *]) =0.
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Substitute [M *] to Eqs (49)~(53) , we can get the positive values [M,*], [M,*], [M,*],
[M,*] and [M*].
Therefore, based on the theorem [17], the positive equilibrium point of hexamer building block

synthesis reaction system (44) exists and is unique.
Theorem 12. The hexamer building block synthesis reaction system (42) is locally asymptotic stable.

Proof of Theorem 12. We can get [M6]=é(CO —[M]-2[M,]-3[M,]-4M,]-5[M,]) from

the constraint condition (43). Then we substitute it to the first five equations of system (42) and get

%: Dk M =k MM, =k IM M) =k IMM = kS IM M)+ 2k [M,]+
kz—[M3]+k;[M4]+k;[M5]+k;%(CO—[M]—Z[Mz]—3[M3]—4[M4]—5[M5])
d[i‘l’f] =K IMT +k[M,]—k [M,] -k [M1[M, ]
%WJ[M][MZ]H@[M4]—k2[M3]—k§[M][M3] 54
%: K IMIM, )+ b (M~ ks (M1~ kS IMIM, ]
%ZH[M][MJH@_%(CO —[M]-2[M,]-3[M,]-4[M,]-5[M]) -
ki [M )=k [M][M]

The characteristic equation of the above equations is computed by using the symbolic
computational toolbox of MATLAB software. Moreover, the Routh-Hurwitz matrix is also got by
using the symbolic computational toolbox of MATLAB software. For characteristic equation and
Routh-Hurwitz matrix are all too complex, we do not show them here. Then the first column elements
of the Routh- Hurwitz matrix are all positive by using the symbolic computational toolbox of
MATLAB software. Based on the Routh- Hurwitz rule [18], the real parts of all eigenvalues of the
characteristic equation are all negative. Therefore, based on the theorem [17], the hexamer building
block synthesis reaction system (42) is locally asymptotic stable.

3. Results and conclusions

Virus assembly is a necessary step of virus replication. It consists of two processes. The first
process is that monomers polymerize to building blocks, and the second process is that building blocks
polymerize into virus shells. In this work, the first process is studied. In an ordinary way, a building
block consists of less than six monomers. That is, building block types include dimer, trimer, tetramer,
pentamer and hexamer. We comprehensively consider all five types of building block synthesis
reactions in vitro, in which one monomer is polymerized in each chemical reaction for the synthesis
process of the building block. The corresponding rate equation systems are obtained. Then we prove
that the positive equilibrium point of each building block synthesis reaction equation system exists and
is unique. Furthermore, we prove that all building block synthesis reaction systems are locally
asymptotic stable. We get the function of monomer and dimer concentrations for dimer building blocks
in the equilibrium state. We also got the function of all polymers and monomers for trimer, tetramer,
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pentamer and hexamer building blocks in the equilibrium state, respectively. Based on our analysis,
dimer building blocks in the equilibrium state will decrease as the ratio of the off-rate constant to the
on-rate constant increases. Trimer building blocks in the equilibrium state will decrease with the
increasing ratio of the off-rate constant to the on-rate constant of trimers. These results can provide
further insight into the virus-building block synthesis dynamic property in vitro.
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