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1. Introduction

In this paper, we study the Cauchy problem for the nonlinear Schrodinger equation

{ia,u + Au+ ug (lu?) =0, (1.1)

u(0) = up € H'(R?),

where u(t,x) : Rx R*> — C, g; € C'(R,R,) is a positive real function satisfying g;(0) = 0, and

Iz]
¢ = z1(P). G@) = fo o(s)ds.

We assume g(u) satisfies the following conditions:

(i) g € C' and g(0) = g'(0) = 0.
(H) (i1) g(u) is monotone, and is convex for u > 0, concave for u < 0.
(i) (p + 1)G(u) < ug(u), lug(un)| < y|Gu)|, where2 < p+1 <y < oo.

Recently, the qualitative research on the nonlinear fourth-order Schrodinger equations has been
widely performed, and the corresponding results have greatly developed the mathematical theory of
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Schrodinger equations (see for instance [1-3] and the references therein). Here we restrict our attention
to the nonlinear second-order Schrédinger equations. Monomial semilinear Schrodinger equation

iOu+Au+pulf'u=0, p>1, u: (-T*, T")xR? = C (1.2)

is called defocusing if © = —1 and focusing if 4 = 1. The solutions of (1.2) satisfy conservation of
mass

1
M (u(0) = S0z,

and Hamiltonian 5
. 2 H 1
Hp(u(t)) = ||Vu(t)||L2(Rd) - m jl;l |u(ta x)|p+ dx.

For d = 2, when p > 1 the Cauchy problem for nonlinear Schrodinger equation (1.2) is energy
subcritical [4]. As is well known, the problems with exponential nonlinear terms have lots of
applications, for instance the self-trapped laser beams in plasma [5]. Cazenave [6] considered the
Cauchy problem for the Schrodinger equation

iOu+Au+Fu)=0, teR, xeR?
u(0, x) = up(x), x €R?,

with the decreasing exponential nonlinear term F (1), and showed global well-posedness and scattering.
Generally, the problems with increasing exponential nonlinear terms are more complicated because
there are no a priori L*-estimates on the nonlinear terms. Furthermore, in view of its relationship with
the critical Moser-Trudinger inequality, the two-dimensional case is interesting (see [7, 8]). For the
higher-dimensional case, we refer the readers to [3,9-13] and the references therein.

Later on, Colliander et al. [14] considered the Cauchy problem for the Schrodinger equation

i0u + Au = u(e™’ — 1), teR, xeR2,
u(0) = up € H'(R?).

They obtained global well-posedness under the situation that the initial data u satisfies

1 2
2 4 2
H(uo) = [IVuoll 2 gz + —lle 7OF — 1 — dauoll g2y < 1

and an instability when H(uy) > 1. Saanouni [4] used the Strichartz estimate and some embedding
inequalities to get the global existence result of the Cauchy problem for semilinear Schrodinger
equation

iOu + Au+ug(u>) =0, teR, x € R?,

u(0) = ug € H'(R?),

in the subcritical case

81(0) = g1(0) =0,
Ya >0, AC, > 0 s.t. |g(s)| < Cae‘”z, s €R,
(D-2)G(r) >0 and (D -2)*G(r) >0, Vr>0.
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In critical case

81(0) = g1(0) = 0,
|llim G (u)/uG;(u) =0,

o > 0.t lim G (e ™ ™ = {0if k > ko, oo if k < ko},

de>0st(D-4-6)G(r)=0 and (D-2)(D-4-2)G(r) >0, Vr>0,

he got the blow-up result for the above equation under some assumptions. However, the sharp
conditions for global existence and blow-up of solutions of the problem is still unsolved. In the
present paper, we aim to consider this by the concavity arguments and the potential well theory (see
for instance [3,9-13, 15-23] and the references therein).

The outline of our paper is as follows. In Section 2, we show a few propositions and lemmas.
Moreover, we introduce some functionals and invariant manifolds. In Section 3, we provide a sharp
condition for global existence and blow-up of solutions of problem (1.1).

In this paper, we use || - ||z to stand for the norm of H'(R?) and || - || of L2(R?). For simplicity,

hereafter, we will denote f -dx by f ..
RZ

2. Preliminaries

Regarding problem (1.1), we define the energy space in the course of nature by
fIXIZIMI2 < 00}

(u,v) = f(VuV\_/ + uv),

where ¥ denotes the conjugate function of v.

H:= {u e H'(R?

with the inner product

Proposition 2.1 ( [24]). Let ¢ € H. Then the Cauchy problem (1.1) has a unique solution
u € C(0,T); H), where T < oo is the maximal existence time of the solution. Moreover, we have
alternative: T = oo, or T < oo and

}i_)rITlllully1 = co.

1 1
M(t)=§f|u|2= Efluol2 2.1)

1
E() = 5 f (|Vu|2 - 2G(u)) = E£(0).
Lemma 2.2 ( [20]). Let g(u) satisfy (H). Then

The solution u satisfies

and

u(ug'(u) — g(w) 2 0,

and the equality holds only for u = 0.
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From [24] we have the following lemma.

Lemma 2.3. Let u be the solution of the problem (1.1) with uy € H. For J(t) := f|x|2|u|2, we have

J%ﬂzstwm?wmng+ﬂxmy

Next, for ¢ € H, we define

1
P =5 [ (96 + 1P - 26(0)

and
K@:IWWHWHMWW
When ¢ is the solution of problem (1.1) with ¢y € H, there holds
P(p) = P(go).
Now we consider a constrained variational problem

d= ;2{4 P(p),

where
M ={p e H\{0} | I(p) = 0}.
Lemma 24. If o € M, thend > 0.

Proof. By (H), (2.2) and (2.3), we have

[ (7 +168) = [ ielston

1
P@) =5 [ (19f + 6P - 26(0)

and

1
=§fwmw—mw>

1 2
zij(mgm»?ﬁjwmmﬁ
> 0.

Furthermore, combining with (2.6) and (2.5), we can obtain d > 0.

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

O

Lemma 2.5. Let ¢ € H. Put ¢,(x) = Ap(x) for 1 > 0, then there exists a unique constant u > 0
(depending on ¢) such that 1(¢,) = 0, I(¢;) > 0 for any 0 < A < yu, and I(¢,) < 0 for any 1 > p.

Furthermore, P(p,) > P(g,) for any 1 > 0.
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Proof. From (2.2) and (2.3), we have

1
I(py) =A* f (IVt,DI2 + |l — ‘y‘g(lﬂwl))
and

P(py) =%2 f (IVel? +lgl*) - f G(A¢).
It is easy to see that there exists a unique constant ¢ > 0 (depending on ¢) such that /(¢,) = 0,
I(g) >0, 0< A<y,
and

1(90/1) <0, 4 > Uu.

Combining

d
P = A (py),

d? Y 4 d
@P(‘Pﬂ) =-A"1(py) + 4 al(%)

1 ,
= IVull® + Jlul* = 3 f g (Au)
and Lemma 2.2, we get
Au(Aug’' (Au) — g(Au)) > 0. 2.7

Integrating (2.7) with respect to x in R? and dividing its both sides by A2, we derive

1 1 2.2 7
Z\fg;ug(/lu)<ﬁfs;/lug(/lu),

1(90#) =0,

which, together with

yields
2

d
@P(QO,{) <0.

Hence
P(p,) =2 P(gy), 1>0.

Theorem 2.6. Define
V = {p € H|P(p) < d,I(¢) < 0},

then V is an invariant manifold of (1.1), that is, if uy € V, then the solution u of problem (1.1) also
satisfiesu € V forallt € [0, T).
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Proof. By Proposition 2.1, problem (1.1) admits a unique solution u € C([0,T); H) with T < co. As
(2.4) shows
P(u) = P(up), 1€[0,7),

we conclude that P(uy) < d implies P(u) < d forall ¢ € [0, 7).
Next, we demonstrate I(u#) < O for all ¢ € [0, T'). If it is not true, then from the continuity of 7 (u(r))
in ¢, there exists a t; € [0, T) such that I(u(¢;)) = 0. By (2.2), (2.3) and

P(u(ty)) > 0,

we have u(t;) # 0. If it is not true, then P(u(#;)) = 0, which contradicts P(u(z;)) > 0. From (2.5) we
get P(u(t1)) > d. This contradicts P(u) < d for all ¢t € [0, T). Therefore, I(u) < O forall ¢ € [0, T), i.e.,
ueViorallt € [0,T). So V is an invariant manifold of problem (1.1). |

By the same arguments as Theorem 2.6, we have the following theorem.

Theorem 2.7. Define
W := {¢ € H|P(¢) < d,I(p) > 0} U {O}.

Then W is an invariant manifold of problem (1.1).
3. Sharp conditions

Theorem 3.1. If uy € W, then the solution u of problem (1.1) globally exists on t € [0, o).

Proof. Theorem 2.7 shows that the solution u of problem (1.1) satisfies u € W for all ¢ € [0, T'). Hence
P(u) < d and I(u) > 0. By (H), (2.2) and (2.3), we get

[3-577) ot v

:%f(|Vu|2+|u|2)_]%(I(u)+f|u|g(|u|))

1 2 2
<5 f (qul + |ul —2G(u))<d,

which gives

1

Therefore, by Proposition 2.1, (3.1) shows that u globally exists.
Let uy = 0. Thanks to (2.1), we get u = 0, which shows that u is the trivial solution of problem
(1.1). The proof of Theorem 3.1 is completed. |

[ 1y < 22 G.1)

By the similar arguments in [10], we have the following lemma.

Lemma 3.2. Let ¢ € H and p > 0 satisfy 1(p,) = 0. Suppose that yu < 1, then

1
P(p) — P(p,) 2 51(90)-

Mathematical Biosciences and Engineering Volume 20, Issue 2, 3721-3730.



3727

Theorem 3.3. If uy € V, then the solution u of problem (1.1) blows up in finite time.

Proof. Suppose that T = co. Since uy € V, we conclude from Theorem 2.6 that u € V, i.e., I(u) < O for
all r € [0, 00). Thus
I(u) <0, Pu) <d, te]0,o0).

d’ 2012 2
@flxl |14 SS([(u)—fluol ) 3.2)

I(u,) = 0.
From I(u) < 0 and Lemma 2.5 we obtain u < 1. Note that

From Lemma 2.3 we get

Let u > 0 satisfy

P(u,) >d, P(u) = P(uy).
From Lemma 3.2 we have
I(u) <2 (P(ug) — d) < O. (3.3)

Let
0 =2(d - P(up))

and ¢ > 0 be a constant independent of ¢. From (3.2) and (3.3) we obtain
d2
J'(t) = 7 f x| ul*dx

<85 - 8f|u0|2dx
=—cy <0, te€]0,00),
where ¢y > 0 is a constant. Furthermore, we get
J'(t) < —cot + J'(0), te€]0,00).
Hence there exists a fo > 0 such that J'(¢) < J'(0) < 0 for all ¢ € (¢y, o0), and so
J(@) < J'(to)(t — o) + J(tp), 1€ (ty, ). (3.4)

Since I(up) < 0 implies J(0) > 0, we conclude from (3.4) that there exists a 77 > 0O such that J(r) > 0
forall r € [0,T) and
lim J(#) = 0. 3.5)

t—T

From (3.5) and
lluol* = lleall® < [IVull 7 (2),

it follows that

lim ||Vu|| = co.
t—T,

This contradicts 7 = oco. Thus
lim ||u = 00,
p ” ”Hl

O
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4. Conclusions

It is clear that
{fue HP(w) <d}=WuUV, wnV =g¢.

Thus, by means of the location of the initial data, Theorems 3.1 and 3.3 provide a sharp condition for
global existence and blow-up of solutions of problem (1.1), i.e., uyp € W vs uy € V.

The fractional Schrodinger equations may have a lot of interesting phenomena like the fractional
version of other partial differential equations explored in [25,26], hence we shall focus on these models
to investigate the corresponding sharp conditions.
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