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Abstract: The existence and finite-time stability (FTS) of equilibrium point (EP) for a kind of inertial
neural networks (INNS) with varying-time delays is studied. Firstly, by adopting the degree theory
and the maximum-valued method, a sufficient condition in the existence of EP is attained. Then by
adopting the maximum-valued approach and the figure analysis approach, without adopting the matrix
measure theory, linear matrix inequality (LMI), and FTS theorems, a sufficient condition in the FTS of
EP for the discussed INNS is proposed.
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1. Introduction

In 1986, Babcock and Westervelt [1] first introduced an inertial term into neural networks (NNS).
Because the addition of inertial terms can generate complicated bifurcation behavior and chaos, the
dynamics of the INNS can become more complex when the neuron couplings contain an inertial nature.
By now, the dynamic properties of all kinds of INNS have been broadly explored and many results have
been achieved in the existence and stability of the EP [2—7], and synchronization [8—10].

So far, the existence and finite-time stability (FTS) of periodic solutions of NNS have been deeply
approached, see [11-26]. In [11], the problem of FTS of neutral Hopfield NNs with mixed delays
including infinite distributed delays was explored. Some specific results on the FTS of the NNS in the
form of linear matrix inequalities (LMLS) were derived by devising different kinds of controllers. In
[12], the impulsive effects of the FT'S of NNS with time-varying delays were considered. Several novel
criteria in the form of LMI in FTS of the networks were achieved by adopting Lyapunov-Krasovskill
functional and the average impulsive interval way. In [13], the FTS of fractional-order BAN NNS with
mixed time-varying delays was approached. The result in the existence-uniqueness and the FTS of
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the systems were attained by applying some inequalities. In [14], the FTS of complex-valued BAM
NNS with time delay was studied. Using a nonlinear matrix measure way, a condition in the existence-
uniqueness of the equilibrium point EP for the system was achieved. Then, a fixed-time stability
criterion of the EP was gained in terms of LMIS by the Lyapunov function method. In the article
[15], stability analysis for fractional-order NNS was addressed. By adopting the contracting mapping
principle, iteration way and inequality skills, the conditions in the existence-uniqueness, and FT'S of the
EP of the proposed networks were given. In [16], a general class of delayed memristive NNS system
described by a functional differential equation with discontinuous right-hand side was investigated.
By adopting the FTS theorem and the generalized Lyapunov functional method, several results were
given to assure the FTS of the networks. In [17], the FTS and fixed-time stability problem for a class
of BAM NNS were concerned. On the basis of FTS theorems, new conditions in the FTS for the
networks were derived. In [18], the FTS of Markovian jump NNS with partly unknown transition
probabilities was discussed. Via Lyapunov stability theory, two sufficient conditions were derived to
assure the finite-time stability of the networks. The existence and FTS conditions of EP for fractional-
order BAM NNS were discussed in [19]. Some sufficient conditions in the FTS for the networks
were gained by Bellman-Gronwall inequality and contraction mapping. The analysis for the FTS of a
kind of fractional-order complex-valued NNS was discussed in [20], adopting the Gronwall inequality,
Cauchy-Schiwartz inequality, some criteria in the FTS for the networks were gained. In [21], the
authors studied the fix-time stability problem of neutral-type NNS, by using the FTS theorems, some
simple conditions were attained to assure the FTS of the networks by using inequality skills. In the [22],
the issue of FTS of a kind of fractional-order Cohen-Grossberg BAM NNS was discussed, by applying
some inequality skills and contraction mapping principle, and some sufficient conditions were put
forward to assure the FTS of the networks. In [23], the authors researched a kind of fuzzy NNS of
fractional-order and proportional time delay, some sufficient criteria for the FTS of the networks were
attained by means of the FTS theorem, fractional calculus, and differential inequality skills. In [24],
FTS for fractional-order complex-valued memristive NNS with proportional delays was discussed, by
utilizing Holder inequality, Gronwall inequality and inequality skills, some criteria were attained to
assure the FTS of the discussed networks. In [25], a kind of delayed memristor-based fractional-order
NNS were studied, by utilizing the way of iteration, contracting mapping principle, and set-valued
mapping, a new condition in the existence-uniqueness and the FTS of the EP of the networks was
given. In article [22], because of the tangency or non-tangency of the periodic solutions to a certain
surface, some sufficient conditions were given to guarantee the global convergence in finite time about
the periodic solutions of the networks.

By now, the researchers have studied the existence-uniqueness of the EP of the NNS usually by
adopting the homeomorphism theorem [2, 3,27], the matrix measure approach [14], the contraction
mapping principle [15,19,22,23,25], the LMI approach [2,3,11,12, 14,27-29] and the degree theory
way [30]. At the same time, the researchers have studied the FT'S of NNS usually by adopting the FTS
theorems [13-19,21-25], the LMI [11, 12] and the inequality skills [19, 20, 24]. Hence, it is urgent
for us to find a new study method to research the FTS of NNS. Since the figure analysis method and
maximum-valued approach can greatly reduce the complexity of the proofs of the various finite-time
stability theorems, this inspires us to study the finite-time stability of EP for NNS by using the figure
analysis method and the maximum-valued approach.

For the NNS without the controllers, it is very difficult for us to achieve the sufficient conditions
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in the FTS. Hence, we would like to study the FT'S of NNS with the controllers by using the figure
analysis method and maximum-valued approach.

This constitutes the purpose of the paper. In this paper, we discuss the existence and FTS of the EP
for the following INNS:

(0)
_a,pu;)(t) — Ypup(t) + Z CpgFq(ug(1)) + Z dpgFo(uq(t = 7(0))) + 1,
gq=1 g=1

(1.1)

in which, p = 1,2,--- ,n and n is the number of units in the neural network, u,(f) € R corresponds
to the state vector of the pth unit at time #; @, > 0,7y, > 0;¢,,,d,; € R are the first and second-order
connection weights of the neural network at time 7, 7(#) > 0 are the transmission delays, I, € R is the
external input, and F, : R — R is the activation function of signal transmission.

The initial values of the system (1.1) are

up(s) = ¢,(s),
wy(s) = Y (s), sel-p,0l, p=12,-,n, (1.2)

in which ¢, ¥, € C([—p,0], R), p = maxo<<ool{7(1)}.

In this article, firstly, by utilizing degree theory and the maximum-valued way, we study the exis-
tence of EP of the system (1.1), then we discuss the FTS of EP of the system (1.1) by devising the
novel controller, adopting the maximum-valued way and figure analysis way.

So, the contribution of the paper is reflected as follows: (1) The maximum-valued way is introduced
to study the existence of EP in our article; (2) The figure analysis way is cited to study the FTS of
EP; (3) Novel sufficient conditions in the existence and FTS of EP for the system (1.1) are gained by
adopting the figure analysis way and the maximum-valued way.

2. Preliminaries

In this article, we usually suppose that

(v1)
7 <1t <1
(v2) There exists positive constant L, such that for all u,v € R,
|Fy(u) — Fy()| < Lylu — v,
where |.| is the norm of R. The following notations will be used in proofs of the main Theorems:

k = max{-0.5¢,,0.5(£, — a,)},

ki = —0.5¢, +0.5L,,Z”: [lepl + [y |

1 — 7=
q=1
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ko = 0.5, = @,) +0.5 > Ly(lcg| + ldgyl) + 0.5 > [F,(O);

g=1 q=1

. |yl
ks =1-E—y, + k=& + O.SLPZ [legl + —2-].

ok
p -7

ko = & — @y +0.5 ) Ly(lepgl + ldygl) + 0.5 D IF,(0)].

g=1 q=1
Let (uy,u,--- ,u,)’ be a solution of system (1.1) with (1.2). Making variable transformation:
vy(t) = u’p(t) + &pup(t),€, > 0 1s a chosen constant, p = 1,2,--- ,n, then system (1.1) is changed

intofor p=1,2,--- ,n,

Lt;)(l‘) = _é:pup(t) + Vp(t)a

V(1) = =€, +vp = @pluy(D) + (£, — @,)v,(0) + éll dpgFq(uy(t = 7(1))) @.1)

+ 21 CpgFy(ug(D) + 1,
q:
with the initial values:

up(8) = (), vp(s) = ¥, (5) + &,8,(5), 5 € [-p, 0],

where p = 1,2,--- ,n.

Because the existence and the FTS of EP of system (1.1) are equivalent to the existence and FTS of
EP of system (2.1), consequently, we only require to show the existence and the FTS of EP of system
(2.1).

Lemma 2.1( [21]). Let G(2%,v) : [0, 1]xQ* — R” be a continuous homotopic mapping. If G(1*,v) = u
has no solutions in 0Q* ford* € [0, 1] and u € R?/G(A*,0Q"), where JQ* is the boundary of Q*, then
topological degree deg(G(A1*,v), Q*,u) of G(A%,v) is a constant which is independent of A*. Thus,
deg(G(0, v),Q2", u) = deg(G(1,v), Q*, u).

Lemma 2.2( [21]). Let G(v) : Q* — R” be a continuous mapping. If deg(G(v), Q*, u)

# 0, then there is at least a solution of G(v) = u in Q".

Lemma 2.3( [21]). Let Q* C R” be a non-nempty, bounded open set and g : R — R’ be an Q-

admissible map, i.e., g(u) # O for all u € 0Q*, then deg(g, Q") = >, signdetDg(u), where,
ueg~1(0)UQ*

detDg(u) denotes Jacobi-determinant of g(u) at point u, signDg(u) is the gyr(n)bol of Jacobi-determinant

of g(u) at point u.

Notation 1. It is very difficult to show the inequality of exponential type and logarithmic type. In

proving the inequality of exponential type and logarithmic type, the proving can be transformed into

the comparison of down and up between the two figures of the two functions.

Definition 2.1 The EP (1} (1), u3(1), - - - , u,, (), vi(1),v5(®), - , vi(6)" of system (2.1) is said to be finite-

time stable if there exists a time #; > 0 related to the inertial values of system (4.1) such that for each

solution (u;(£), up(t), -+ -, un(1), i (1), va(2), - - - , v ()" of system (4.1), we have lim,_,,, |u,(r) — u}, ()| =

0, limy, [v, (1) = vi,(D)] = 0.
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Lemma 2.4 (Figure analysis way) If m; < 0,m; > 0,m, > 0,my > 0, then there exists a point x, > 0
such that when x < xo, (m; + m€™¥) — max> > 0; x > xo, (m; + Mmae™) — mux* < 0.

Proof. Setting F(x) = m; + mye™* — myx?, x > 0, thus lim,_,o+ F(x) = m; + my > 0,1im,_, o F1(x) =
—oo < (. Because of the continuation of F(x), then there is a point x, € (0, +00) such that F(xy) = 0.
Namely two figures of two functions f(x) = m; + mye™* and g(x) = myx* have a crossover point at
Xo. By the figure analysis way, we find that when x € (0, x¢), the figure of function f(x) is above the
image of g(x), while when x € (xq, +00), the figure of function f(x) is below the image of g(x). Then
it follows that when x < xo, m; + mye™* — myx* > 0; x > xo, m; + mye™* — myx*> < 0. This finishes the
proof of Lemma 2.2. The following Figure 1 is the figures of f(x) and g(x):

— m_X
- f(x)-ml+m2e 3

Figure 1. Curves of the f(x) and g(x).

3. Main results

Let R** be a 2n-dimensional Euclidean space, which is endowed with a norm |.|, where

n
(e, V)T = \ / S (il + i), u = (uy, uz, - -+ Uy, Vi, Vo, - -+, vy) € R¥, || denotes Euclidean norm in R.
p=1

Theorem 3.1. Let (v;) and (v,) hold. Furthermore suppose that
(v3)
0<é<ap &E-—a)+éE+y,—a,#0;

(v4)
ki < 0,k3 < 4kks.

Then system (2.1) has at least an EP.
Notation 1. (v3) implies
(vs)
k<0,ky > ks, ko > ke.
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(v4) and (vs) imply
(ve)
k2 < 0,k4 < 0,k6 < 0.

The Proof of Theorem 3.1.
Proof: Let (u*,v") € R" X R" be an EP of system (2.1), where u* = (uj,u5,- -+ ,u,), v = (v|,v5, -+ ,V}),
then the EP (u*, v*) satisfies the following equations:

* *
—fpup +v, = 0,

* * 2 * 31
(6 Yy = Ay + (€~ 0V, + D+ dp)Fy) + 1, = 0. G.D
q:
Inspired by (3.1), we let
Gur, up, -+ 5 U3 V1, V2, 00 5 V)
=&up + vy
=&y + vy
_‘fnun + Vy
— _(gf +Y1 - al)l/ll + (é:l - a’l)Vl + qgl(CIq + dlq)Fq(ul) + Il =0. (32)

—G+yv -+ (& — @) + Zl(Czq + dy ) Fy(us) + I
=

_(grzz + Y — @)Uy + (€ — )V + i (Cng + dng) Fy(uy) + 1,
q=1

Apparently, the solutions to (3.2) are the EP of system (2.1). We devise a mapping as follows:

* . .
H (ubuZa”' s Ups V1, V2,0 ’Vna/-l)

= UGy, Up, - Uy Ve, Ve, V) + (1 —u)[—&m Vi, =6ty + Vo, e, =€y

+Vn, _(§12 + Y1~ Cl’])l/tl + (fl - Q])Vl + Il’ R —(fi + Yn — a’n)un + (é‘:n - a’n)vn + In]’

where p € [0, 1] ia a parameter. Let u = (i1, us, -+ , Up, Vi, V2, , V), Q" = {u € R" X R" : |lu”|| < d},
2k, I

where d > —10.5n il IF,(0)] + il ]
q= p=

k3 —4ki ky

We will show that H*(uj,up, -+ Uy, vi,va, -+ , vy, 0). is a homotopic mapping. In order to
this end, we prove that H*(uj,us, -+ ,Up, Vi, V2, - Vi) # (0,0,---, 007, u € 0Q" U R If
H(uy, tn, -+ s Up, Vi, V2, V) = (0,0,---,0)7,u € 6Q" U R*, then the constant vector u with
|lu|| = d satisfies for p = 1,2,--- ,n,

=&Eu, +v, =0 3.3)

,U[ - (512; +Yp —apup +(§p —ap)vy + Z(Cpq +dpg) Fyluy) + Ip]
g=1
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+(1 = )| = & +7p = u, + (&, —a,)v, +1,| = 0. (3.4)

Then by (3.3) and (3.4), we get

IA

n

Z {u,,(—fpup +vp,) + vp,u[ - (512) + v, —apu, + (&, —ay)v, + Z(cpq +d, ) F,(uy)

p=1 g=1

+Ip] +vp(1 = /1)[ - (fzzv +Yp = apup +(§p —ap)vy + IP]}

n

Z {up(—.fpup +vp,) + vp[ - (flz, +yp—apu, + (& —ay)v, + 1, + ,u( Z(cpq +d,y)

p=1 q=1
XF(ug)) |}
q n
Z { - §pui + (& — ap)vf, +(1 - flz, =Yy +auv, +1,v, + v, Z(Icpql + |d )
p=1 q=1
X|F(ug)l}. (3.5)

By (v,), we get by applying inequality 2ab < a* + b,

[Vl Fq iyl

VpllFq(utg) = Fo(O)] + v, [1F4(0)]

Lylvpllug| + 1v,[|F4(0)]

0.5L,(u; + v3) + 0.5|F(O)|(v; + 1). (3.6)

IANIN IA

Substituting (3.6) into (3.5) gives

IA

0
< Y {6+ E -2+ (=& =y + @y, + Ly, + Y (Icpl + ldpg) X
1

p= g=1
[0.5L,(u;, + v3) + 0.5]F,(0)|(vy + 1)]

[ =056 +0.5(, - @,V — 056, + 0.5, — @)V} + (1= & =y, + ap)uyv,
p=1

#Lpvy + > (lepgl + 1dpgD[0.5Ly e +v2) + 0.51F (0], + 1)]

q=1
n

D kG +2) = 0.56,18 + 0.5(6, = ap)V] + (1= £ =7, + @)y, + Ly, + D (leyl
p=1 gq=1

+Hp D[0.SLy(1; +v7) + OSIF, O] + )]
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= > K2+ V) + kil + kav) + ks, + Ly, +0.5 ) IF, )]}
p=1 q=1

Let H(up, v,) = ki, + kaupv, + kovo + Ly, p = 1,2, n,up, v, € (=00, 00).
Solving the following equation group of u,, and v,
Ay 2kyu, + k3v, =0,
— L = ksuy, + 2kyv, + 1, = 0,
we get the unique local extreme point of H(u,,v,),

o 2k, ks,
Vv, = —_—, u = ———.
PR Ak T ik, — K2

Because k; < 0,43 — 4kik, < 0, then

H(up,vp)
k3 2 4k1k2 - k% 5
= kl[l/tp + 2—klvp] + [4—](]] » + IPVP
< Ly,
From (3.8), one has
2k, I?
H(Mg, Vg) < %
k5 — 4kiky

Because k; < 0,k; — 4k1k, < 0, then

H(uy,,v,) <0, lim H(u,,v,) <0,

up(t)——00,v,()—>—00 up(t)—00,v,—00
lim  H(u,,v,) <0, lim H(u,,v,) < 0.
Up—>—00,Vp—>00 up(t)—00,yp——00
By (3.9) and (3.10), we have
2
2k11p

_ 0.0
H(up,v,) < max{H(u,, vy} = Hu,,v,) < m

Substituting (3.11) into (3.7) yields

n n n 2k112
2 2 P
0 < kZ(UP + Vp) + OSI’IZ |Fq(0)| + Z kz_—4klkz
p=1 g=1 p=1"73
n n 2k112
= kd+0.5 F,0)+ Y ——2X—
nz;| 4(0) ;kg_%kz

< 0.

(3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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This leads to a contradiction. So, H*(uy, uz, -+ , Uy, Vi, V2, , vy, 1) # 0, when u = (uy, u,,
e Uy V1, Vo, V)T € 0QF U R, € [0, 1]. Via Lemma 2.1, it follows that
dIGuy,uz, -+ Uy Vi V2, 5V, Q5,(0,0---,0)7]
= d[H (i, ta, Uy, Vi, V2, 5V, 1),Q7,(0,0,---,0)7]
= d[H (i, ta, Uy, Vi, V2, 40y, 0),Q%,(0,0,---,0)7]
= deg( — &y + v, =ty + o, —Esus + v, o —Elty + Ve, —(E] + Y1 — @)y +

E =i+ D, =+ Ya— @ity + (& — @)vy + 1, 2, 0,0, ,0))

& 1 0 0 00 0O 0 0 0
0 0 =& 1 00 0O 0 0 0
0 0 0 0 00 64 10 0
o 0o 0o 000 0 0 & 1
"m0 000 0O 0 0 0
0 0 rn m 00 0O 0 0 0
0 0 0 0 00 -+ ry my 0 O
0 0 0 000 :-- 0 0 1 m
) T
= D[ [&m,—rp) %0, (3.13)
p=1

where r), = —(512, +v,—ay),m, =&, —a,,p=1,2,--- ,n. According to Lemma 2.2, system (3.2), i.e.,
system (2.1) has at least one EP. The proof of Theorem 3.1 is complete.

4.. Finite-time stability of equilibrium solution

The INNS with controllers can be described as

u;(t) = =&pup(t) + v, (1) + wy (1)

V;;(t) = _[512; + Yp — a’p]up(t) + (fp - a’p)vp(t) + Zl dquq(uq(t - T(t))) (4 1)
q= .

+i%fwﬁm+g+um
Z

where, w,(1), [,(7) are the controllers and the parameters are the same as those in system (2.1), where,
the controllers are devised as

‘I/V]J(l) = ﬁ’
(1) = @ + MRS+ Fo(0), 1,y(0) # 0 (4.2)

[,(t) =0,r,(r) =0,
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where 7,(?) is defined in Theorem 4.1, [; > 0,/, < 0,/3 > 0 are constants.

Theorem 4.1. Let (v{) — (v3) in Theorem 3.1 hold. Furthermore assume that

(h1)
k] < 0, k% < 4k6k4;

(h2)
2k, + 2k6ﬁ > ka(a +ﬁ)

Then system (2.1) has a unique EP which is finite-time stable under the controllers (4.2).

Notation 2. (h;) and (v;) — (v3) imply (v4) holds. Since the EP of system (2.1) can be finite-time stable,
then system (2.1) only has a unique EP.

Proof: By Notations 1 and 2, the conditions in Theorem 3.1 are satisfied. = According
to Theorem 3.1, system (2.1) has at least an EP, say (u},uj,---,u,vi,v5,---,vi)'.  Let
(w1 (1), ur (1), -+, ty (1), V1 (£), V2 (1), - - - , v, ()T is a arbitrary solution of system (4.1). Now we will show
that the EP of (2.1) can be finite-time stable under the controllers (4.2). From Notation 2, we show the
unique EP of system (2.1) is finite-time stable.

Devise a Lyapunov function as follows:

M(t) = M\(t) + M (1),

where

Mi(H) = 0.5 Z (€2 +v20)
p=1

and

ef,(s)ds,

My(t) = % Zn] Zn: |dqp|Lpf t

!
p=1 g=1 t=7(0)

where e,(1) = up (1) — u,, r,(t) = vy (1) — v,

Then we have via (4.1) and (v,),

dM, (1)
dt

n

= Z {ep(t)[_é:pep(t) + rp(t) + Wp(t)] + rp(t)( - ('512; + Yo — ap)ep(t) + (é:p - a’p)rp(t) +

p=1

D dpglF gt = (1) = Fyup)1+ D cpgl Fyluy ) = Fo)] + 1,(0))}
q=1 q=1

n

D6+ Bep®) + (1 =7, + @, = ED)ey(Dry(0) + (&, = @I (®) + D ldpglry(0)

p:l q:]

IA

Xqu(uq(t - T(t))) - Fq(u*)| + Z |cpq||rp(t)”Fq(uq(t)) - Fq(u;)l + arp(t) + lll2e12t
g=1
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215t + Fy(0)r,(1)}

D= &ed ) + Bep() + (1 =7, + @y = E)ey(Ovy() + (&, = ap)ri(t) + D ldygllry (1)
g=1

p=1

IA

XLgley(t — (1)) + Z lcpgllrp (DI Lgle ()] + ar,(t) + [F (0)llr, ()] + 11 1ye" — 213t}.

q=1

4.3)
Applying 2ab < a® + b*, we have
D gl LylryDlleg(t = () < 0.5 > ldyglLy[r(0) + €3t = T@)], 4.4)
g=1 gq=1
IF(0)lv,(D)] < 0.5|F,(0)|(vi(t) + 1) (4.5)
and
D lepglLglry@lleg D] < 0.5 ) epglLy[r(@) + e2()]. (4.6)
g=1 q=1
Substituting (4.4)—(4.6) into (4.3) gives
dM, (1)
dt
< >[4 +05 ) Legl|eh® +Beyd) + (1 =y, + @, = EDep(0)ry(t) +
p=1 q=1
ary(0) + £, = @, +0.5 3" Lyllcygl + ldpgD|r2(0) + 0.5 3" ldgy Lyt = 7(1))].
q=1 q=1
4.7)
At the same time, we have
dM,(1)
dt
0.5 \ \ 2 2 ’
= = Z; Z; ldyplLy|€n(t) = (2 = Te)[1 = 7 ()]
p=l ¢=
0.5 v v 5 ) .
S D IPN AORTAGEOV ]
p=1 g=1
0. n n n n
= DY Moy ()= 0.5 > dylLyed(t = 7(1)). (4.8)
p=1 g=1 p=1 g=1
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By (4.7) and (4.8), we have
dM(1)

dt
< Z {k4e,2,(t) + Bey(t) + kze (D, (1) + kerp (1) + ary(t) + [ e — 213z}. (4.9)
p=1

Let H(e (1), (1)) = kaer (1) + Bep(t) + kae,(Ory(1) + ker (1) + arp(t), p = 1,2,- -+ ,n,e,,r, € (=00, 00).
Solving the following equation group of e, (¢) and r,(f)

dep()
9 :
Hep DO — e (1) + 2ker,y (1) + @ = 0,

Orp(t)

we get the unique local extreme point of H(e, (), r,(t)) as follows:

eo _ 2k6ﬂ - k3CZ ro _ 2](40’ - k3ﬂ
P2 —dkeky " IR — dkoky

. K2
It is clear that because of k4 < 0, k¢ + ﬁ <0,

H(ep (1), 1p(1))
k &
= kale,(r) - 32r]z§t)]z + [ks + ﬁ]rga) + ar,(t) + Be,(?)
< ary(t) + Be, (). (4.10)

From (4.10), one has due to (h,)

—ks(a +,8) + 2k + 2k6ﬁ <

H(, ) <
prop k;f — dkeky

0. 4.11)

k2
Because of k4 < 0, kg + ﬁ < 0, then

lim H(e,(1),r,(1) <0, lim H(e,(1),r,(1) <0,

ep(t)——00,r,(t)——00 p(t)—00,rp(t)—00

ep(t)_)_lior’lrlp(z)_m H(ep(1),rp(1)) <0, ep(t)_)i{gl(t)_)_w H(ep(1), r,(1)) < 0. (4.12)
By (4.11) and (4.12), one has
H(ep(1), rp(1))
< maX{H(eg’ rg)’ H(OO’ OO)’ H(OO7 —OO), H(_OO’ 00)7 H(_OO’ _OO)}
< 0. (4.13)
Substituting (4.13) into (4.9) gives

dM(t)

< n(l e = 2051). (4.14)
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Integrating (4.14) over [0, ¢] gives

0< M@ < MO)+n(le” -1, — )
M(0) — nly + nle” — I
< M(0) + nle? — ;% (4.15)

Since U(0) > 0,1; > 0,1, < 0,13 > 0, via figure method in Lemma 2.4, it follows that there exists a
point #; such that when ¢ > 1,

U0) + nle? — > < 0. (4.16)

Substituting (4.16) into (4.15) yields

lim M*(¢) = 0.

-1

As a result,

lim Juy (1) = (0] = 0, lim vy (1) = v, ()}, p= 1,2, ,n.

The accomplishes the proof of theorem 4.1.

Claim 1. So far, the researchers usually apply the FTS theorems to studying the FTS of EP for NNS.
In this article, the maximum valued approach and the figure analysis method are cited to study the FTS
of EP for the discussed NNS.

Claim 2. The way used in this paper can be used to study the stability of neural networks [7,31,32].
Claim 3. In this paper, the settling time 7 is given from the (4.15) by using figure way, which also
depends on the initial values. Thus, the setting time 7 is obtained by the complicated computation.

S. Numerical examples

Example 1. Consider system (4.1) with the controllers (4.2), where p,q = 1,2, F (u,(t)) =
0.04|u, (D), &, = 4,7, = 1,a, = 254,¢c,, = d,y = =5,7(t) = 1.5+ 0.5sint,7'(t) < v = 05,1, =
473, = -1 < 0, = -1 < 0,l; = 5 = 1, = —1. Then In Theorem 4.1, the equilibrium point
(i, uz,vi,vy) = (1,1,4,4),&,(6, — a,) +§127 +v,—a, =-1+#0,L, = 025k = -0.125 < O,kg =
121, kykg = 150, k% < 4kgk,. Hence, the requirements in Theorem 4.1 are satisfied. Via Theorem 4.1,
the EP of system 4.1 is finite-time stable under the controllers (4.2). The study approach, the results
and the controllers devised on the FTS of the system (4.1) are all different from those in the existing
articles [11-27, 30], so our results cannot be tested with those in [11-27,30]. The curves of variables
u (1), uy (1), vi(t), vo(t) are shown in the following Figure 2.
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u,
v,0|
u,0] |
v,

u . v

0 : 2 3 4 5

t
Figure 2. Curves of the u(t),u,(1), vi (), v2(?), i.e., the figure of the FTS of the EP of system
(4.1) with the controllers (4.2).

Example 2. Consider system (4.1) with the controllers (4.2), where p,q = 1,2, F (u,(t)) =
2u, () + 1,§€, = S5y, = 2,a, = 36,c,y = dp, = -1,7(t) = -1 + 0.6cost,T'(t) <

™ = 06,I, = 500, = -1 < 0,8 = -9 < 0,l; = Iz = 1,,, = —1. Then In
Theorem 4.1, equilibrium point is (u},u5,vi,v;) = (0.7960,0.7998,3.9798,3.9989), and

&, —ap) + ‘fz +y,—a, = -164 # 0,L, = 2,ky = =05 < 0,k3 — dkeks = -257 < 0.
Hence, the requirements in Theorem 4.1 are satisfied. By Theorem 4.1, the EP of system 4.1 is
finite-time stable under the controllers (4.2). The study approach, the results and the controllers
devised on the FTS of the system (4.1) are all different with those in the existing articles [11-27,30],
so our results cannot be tested with those in [11-27,30]. The curves of variables u;(?), u>(t), vi(¢), v2(t)
are shown in the following Figure 3.

u,®
v,
u,®
v,

e
N

ui(t), vi(t)

-5

. . . . . . . . .
0 0.5 1 15 2 25 3 3.5 4 4.5 5
t

Figure 3. Curves of the u(t),u,(t), vi(t), v2(?), i.e., the figure of the FTS of the EP of system
(4.1) with the controllers (4.2).
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6. Conclusions

Firstly, the existence of EP for the INNS was discussed by applying the degree theory and
maximum-valued way. Then, the condition in the FTS of the networks is proposed by applying the
maximum-valued way and the figure analysis way. Our study way and results extend the research
fields of FTS for the NNS. In the future, we study the fixed-time stability of EP of neural networks.

Acknowledgments

Project supported by the Science and technology project of Jiangxi education department
(No0:GJJ212607; No:GJJ191116; No:GJJ202602)

Conflict of interest

The authors declare that there is no conflict of interest.

References

1. K. L. Babcock, R. M. Westervelt, Stability and dynamics of simple electronic neural networks
with added inertia, Phys. D, 23 (1986), 464—469. https://doi.org/10.1016/0167-2789(86)90152-1

2. Z. Q. Zhang, Z. Y. Quan, Global exponential stability via inequality technique for in-
ertial BAM neural networks with time delays, Neurocomputing, 151 (2015), 1316-1326.
https://doi.org/10.1016/j.neucom.2014.10.072

3. S. H. Yu, Z. Q. Zhang, Z. Y. Quan, New global exponential stability conditions for inertial
Cohen-Grossberg neural networks with time delays, Neurocomputing, 151 (2015), 1446—-1454.
https://doi.org/10.1016/j.neucom.2014.10.043

4. N.Cui, H.J. Jiang, C. Hu, A. Abdurahman, Global asymptotic and robust stability of inertial neural
networks with proportional delays, Neurocomputing, 272 (2018), 326-333. https://doi.org/10.10-
16/j.neucom.2017.07.001

5. W.Zhang, T. W. Huang, X. He, C. D. Li, Global exponential stability of inertial memristor-based
neural networks with time-varying delays and impulses, Neural Networks, 95 (2017), 102-109.
https://doi.org/10.1016/j.neunet.2017.03.012

6. D. Q. Ouyang, J. Shao, C. Hu, Stability property of impulsive inertial neural networks with
unbounded time delay and saturating actuators, Neural Comput. Appl., 32 (2020), 6571-6580.
https://link.springer.com/article/10.1007/s00521-019-04115-x

7. G. D. Zhang, Z. G. Zeng, Exponential stability for a class of memristive neu-
ral networks with mixed time-varying delays, Appl. Math.Comput., 321 (2018),544-554.
https://doi.org/10.1016/j.amc.2017.11.022

8. Z.Q.Zhang, J. D. Cao, Novel finite-time synchronization criteria for inertial neural networks with
time delays via integral inequality method, /IEEE Trans. Neural Networks Learn. Syst., 30 (2019),
1476-1485. https://doi.org/10.1109/TNNLS.2018.2868800

Mathematical Biosciences and Engineering Volume 20, Issue 2, 3379-3395.


http://dx.doi.org/https://doi.org/10.1016/0167-2789(86)90152-1
http://dx.doi.org/https://doi.org/10.1016/j.neucom.2014.10.072
http://dx.doi.org/https://doi.org/10.1016/j.neucom.2014.10.043
http://dx.doi.org/https://doi.org/10.10-16/j.neucom.2017.07.001
http://dx.doi.org/https://doi.org/10.10-16/j.neucom.2017.07.001
http://dx.doi.org/https://doi.org/10.1016/j.neunet.2017.03.012
http://dx.doi.org/https://link.springer.com/article/10.1007/s00521-019-04115-x
http://dx.doi.org/https://doi.org/10.1016/j.amc.2017.11.022
http://dx.doi.org/https://doi.org/10.1109/TNNLS.2018.2868800

3394

0.

10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Z. Q. Zhang, J. D. Cao, Finite-time synchronization for fuzzy inertial neural net-
works by maximum value approach, [EEE Trans. Fuzzy Syst., 30 (2022), 1436-1446.
https://doi.org/10.1109/TFUZZ.2021.3059953

Z. Q. Zhang, M. Chen, A. L. Li, Further study on finite-time synchronization for de-
layed inertial neural networks via inequality skills, Neurocomputing, 373 (2020), 15-23.
https://doi.org/10.1016/j.neucom.2019.09.034

C. Aouiti, F. Miaadi, Finite-time stability of neutral Hopfield neural networks with mixed delays,
Neural Process. Lett., 48 (2018), 1645-1669. https://doi.org/10.1007/s11063-018-9791-y

J. Tan, C. D. Li, Finite-time stability of neural networks with impulse effect and time-varying
delay, Neural Process. Lett., 46 (2017), 29-39. https://doi.org/10.1007/s11063-016-9570-6

Z.Y. Yang, J. Zhang, Y. Q. Niu, Finite-time stability of fractional-order bidirectional associative
memory neural networks with mixed time-varying delays, J. Appl. Comput., 63 (2020), 501-522.
https://doi.org/10.1007/s12190-020-01327-6

Z.Y. Zhang, X. P. Liu, R. N. Guo, C. Lin, Finite-time stability for delayed complex-valued BAM
neural networks, Neural Process. Lett., 48 (2018), 179—193. https://doi.org/10.1007/s11063-017-
9710-7

X. J. Yang, Q. K. Song, Y. R. Liu, Z. J. Zhao, Finite-time stability analysis
of fractional-order neural networks with delay, Neurocomputing, 152 (2015), 19-26.
https://doi.org/10.1016/j.neucom.2014.11.023

Z. W. Cai, L. H. Huang, Finite-time stability of delayed memristive neural networks: discontinu-
ous state-feedback and adaptive control approach, IEEE Trans. Neural Networks Learn. Syst.,29
(2018), 856—868. https://doi.org/10.1109/TNNLS.2017.2651023

C. Aouiti, X. D. Li, F. Miaadi, A new LMI approach to finite-time and fixed time stability of high-
order class of BAM neural networks with time-varying delays, Neural Process. Lett.,50 (2019),
815-838. https://doi.org/10.1007/s11063-018-9939-9

X. Xing, D. Y. Yao, Q. Lu, X. C. Li, Finite-time stability of Markovian jump neural net-
works with partly unknown transition probabilities, Neurocomputing, 159 (2015), 282-287.
https://doi.org/10.1016/j.neucom.2015.01.033

Y. Q. Ke, Finite-time stability of fractional order BAM neural networks with time delay, J. Discrete
Math. Sci. Cryptography, 20 (2017), 681-693. https://doi.org/10.1080/09720529.2017.1339435

X. S. Ding, J. D. Cao, X. Zhao, F. E. Alsaadi, Finite-time stability of fractional-order
complex-valued neural networks with time delays, Neural Processing Lett., 46 (2017), 561-580.
https://doi.org/10.1007/s11063-017-9604-8

M. W. Zheng, L. X. Li, H. P. Peng, J. H. Xiao, Y. X. Yang, H. Zhao, Finite-time stability analysis
for neutral-type neural networks with hybird time-varying delays without using Lyapunov method,
Neurocomputing, 238 (2017), 67-75. https://doi.org/10.1016/j.cnsns.2017.11.025

C. Rajivganthi, S. Lakshmanan, P. Muthukumar, Finite-time stability analysis for fractional-order
Cohen-Grossberg BAM neural networks with time delays, Neural Comput. Appl., 29 (2018),1309-
1320. https://link.springer.com/article/10.1007/s00521-016-2641-9

Mathematical Biosciences and Engineering Volume 20, Issue 2, 3379-3395.


http://dx.doi.org/https://doi.org/10.1109/TFUZZ.2021.3059953
http://dx.doi.org/https://doi.org/10.1016/j.neucom.2019.09.034
http://dx.doi.org/https://doi.org/10.1007/s11063-018-9791-y
http://dx.doi.org/https://doi.org/10.1007/s11063-016-9570-6
http://dx.doi.org/https://doi.org/10.1007/s12190-020-01327-6
http://dx.doi.org/https://doi.org/10.1007/s11063-017-9710-7
http://dx.doi.org/https://doi.org/10.1007/s11063-017-9710-7
http://dx.doi.org/https://doi.org/10.1016/j.neucom.2014.11.023
http://dx.doi.org/https://doi.org/10.1109/TNNLS.2017.2651023
http://dx.doi.org/https://doi.org/10.1007/s11063-018-9939-9
http://dx.doi.org/https://doi.org/10.1016/j.neucom.2015.01.033
http://dx.doi.org/https://doi.org/10.1080/09720529.2017.1339435
http://dx.doi.org/https://doi.org/10.1007/s11063-017-9604-8
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2017.11.025
http://dx.doi.org/https://link.springer.com/article/10.1007/s00521-016-2641-9

3395

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

S. Tyagi, S. C. Martha, Finite-time stability for a class of fractional-order fuzzy
neural networks with proportional delay, Fuzzy Sets Syst., 381 (2020), 68-77.
https://doi.org/10.1016/j.fss.2019.04.010

S. Ali, G. Narayanan, Z. Orman, V. Shekher, S. Arik, Finite-time stability analysis of fractional-
order complex-valued memristive neural networks with proportional delays, Neural Process. Lett.,
51 (2020),407-426. https://doi.org/10.1007/s11063-019-10097-7

C. Y. Chen, S. Zhu, Y. C. Wei, Finite-time stability of delayed memristor-based
fractional-order neural networks, [EEE Trans. Cybern., 50 (2020),1607-1616.
https://doi.org/10.1109/TCYB.2018.2876901

X. Y. Chen, L. H. Huang, Z. Y. Guo, Finite time stability of periodic solution for Hop-
field neural networks with discontinuous activation, Neurocomputing, 103 (2013), 43-49.
https://doi.org/10.1016/j.neucom.2012.08.026

Z. Q. Zhang, D. L. Hao, Global asymptotic stability for complex-valued neural networks with
time-varying delays via new Lyapunov functionals and complex-valued inequalities, Neural Pro-
cess. Lett., 48 (2018),995-1017. https://doi.org/10.1007/s11063-017-9757-5

Z. Q. Zhang, J. D. Cao, D. M. Zhou, Novel finite-time Novel LMI-based condition on
global asymptotic stability for a class of Cohen-Grossberg BAM networks with extended
activation functions, IEEE Trans. Neural Networks Learn. Syst., 25 (2014), 1161-1172.
https://doi.org/10.1109/TNNLS.2018.2868800

Z. Q. Zhang, W. B. Liu, D. M. Zhou, Global asymptotic stability to a generalized Cohen-
Grossberg BAM neural networks of neutral type delays, Neural Networks, 25 (2012), 94-105.
https://doi.org/10.1016/j.neunet.2011.07.006

Z. Q. Zhang, Y. Yang, Y. S. Huang, Global exponential stability of interval general BAM neu-
ral networks with reaction-diffusion terms and multiple time-varying delays, Neural Networks,
(2011), 457-465. https://doi.org/10.1016/j.am1.2006.01.005

Y. X. Wang, Z. Y. Guo, T. W. Huang, S. P. Wen, Event-based sliding-mode synchronization of de-

layed memristive neural networks via continuous-periodic sampling algorithm, Appl. Math. Com-
put., 83 (2020), 125379. https://doi.org/10.1016/j.amc.2020.125379

Y. X. Wang, Y. T. Cao, Z. Y. Guo, S. P. Wen, Passivity and passification of memristive re-
current neural networks with multiproportional delays and impulse, Appl. Math. Comput., 369
(2020),124838. https://doi.org/10.1016/j.amc.2019.124838

©2023 the Author(s), licensee AIMS Press. This
i1s an open access article distributed under the

% AIMS Press

terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Mathematical Biosciences and Engineering Volume 20, Issue 2, 3379-3395.


http://dx.doi.org/https://doi.org/10.1016/j.fss.2019.04.010
http://dx.doi.org/https://doi.org/10.1007/s11063-019-10097-7
http://dx.doi.org/https://doi.org/10.1109/TCYB.2018.2876901
http://dx.doi.org/https://doi.org/10.1016/j.neucom.2012.08.026
http://dx.doi.org/https://doi.org/10.1007/s11063-017-9757-5
http://dx.doi.org/https://doi.org/10.1109/TNNLS.2018.2868800
http://dx.doi.org/https://doi.org/10.1016/j.neunet.2011.07.006
http://dx.doi.org/https://doi.org/10.1016/j.aml.2006.01.005
http://dx.doi.org/https://doi.org/10.1016/j.amc.2020.125379
http://dx.doi.org/https://doi.org/10.1016/j.amc.2019.124838
http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Main results
	Finite-time stability of equilibrium solution
	Numerical examples
	Conclusions

