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Abstract: Many pathogens spread via environmental transmission, without requiring host-to-host
direct contact. While models for environmental transmission exist, many are simply constructed
intuitively with structures analogous to standard models for direct transmission. As model insights are
generally sensitive to the underlying model assumptions, it is important that we are able understand
the details and consequences of these assumptions. We construct a simple network model for an
environmentally-transmitted pathogen and rigorously derive systems of ordinary differential equations
(ODEs) based on different assumptions. We explore two key assumptions, namely homogeneity
and independence, and demonstrate that relaxing these assumptions can lead to more accurate ODE
approximations. We compare these ODE models to a stochastic implementation of the network
model over a variety of parameters and network structures, demonstrating that with fewer restrictive
assumptions we are able to achieve higher accuracy in our approximations and highlighting more
precisely the errors produced by each assumption. We show that less restrictive assumptions lead to
more complicated systems of ODEs and the potential for unstable solutions. Due to the rigour of our
derivation, we are able to identify the reason behind these errors and propose potential resolutions.
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1. Introduction

Infectious diseases spread through a population via different modes of transmission, including direct
contact, sexual contact, vectorborne, airborne, and environment-to-host transmission. Many infectious
diseases that cause high morbidity and mortality are able to infect via environments such as surfaces,
soil or water without direct contact between hosts [1–5]. To explicitly address environmental exposure
pathways, models for environmentally-transmitted pathogens have taken an analogous approach to
their direct transmission predecessors, namely through the development and analysis of deterministic
ordinary differential equation (ODE) models [6–9] or stochastic individual-based models [10–12]. In
both cases, a key element of environmental transmission models is that the infectious state and the
pathogen population are explicitly modelled.

The majority of ODE models for environmental transmission are mean-field models in which both
the infected population and the pathogen population are assumed to be independent and
randomly-mixed. Given that environmental transmission problems depend on host population
structure, pathogen dynamics, and spatial scale of the modeled system, these assumptions are often
not appropriate [13–15]. Within the direct transmission literature, progress has been made in
resolving the issues with mean-field models [16], including pair approximations via moment
closure [17, 18], clustering of nodes with similar properties [19, 20] and quantifying approximation
errors [21, 22]. These same improvements have not yet reached the environmental transmission
literature, except for in some rare cases [23]. In this paper, we apply some of the existing approaches
for direct transmission to develop ODE models with less restrictive assumptions in the context of
environmentally transmitted infections.

In contrast to the mean-field models, individual-based models [24, 25] consider all individuals
within a system, explicitly modelling their local interactions, usually with stochastic features. While
this allows the independence and homogeneity assumptions to be completely relaxed, it does come
with some setbacks. Individual-based models are most commonly implemented via computational
simulation and can be quite resistant to mathematical analysis or sometimes even to experimental
numerical intuition [26, 27]. Further, large or detailed populations [28, 29] typically result in
individual-based models that are computationally expensive and sensitive to parameter changes and
initial conditions, further increasing the difficulty in analysis.

Individual-based network models have been used in the analysis of directly transmitted infections
for a number of purposes [30–36]. Using a network, we can describe a population of individuals,
uniquely describing individual characteristics and interactions between individuals—avoiding the
assumption of random mixing. Further, by constructing the network to be a continuous-time Markov
chain, it can be implemented as a stochastic simulation while also being used as a rigorous basis to
derive compartmental ODE models [18, 37–39]. Environmentally-transmitted pathogen dynamics
inherently depend on the environmental processes and spatial scale of the problem, all of which can
be taken into account in the network structure. These benefits make networks a suitable approach to
characterize transmission for environmentally-transmitted pathogens.

The primary goal of this work is to present a clear and rigorous derivation of systems of ODEs for
approximating the average infected population of a stochastic network model undergoing an
environmentally transmitted epidemic. Such a derivation has not been demonstrated for
environmentally transmitted infections and presents some unique situations not seen in the analogous
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direct transmission network. The specific epidemic dynamics of our network are inspired by
hospital-acquired infections, in which the nodes represent patients in hospital rooms and pathogen can
be transferred between rooms by healthcare workers [40, 41]. Despite this, the techniques used
throughout this paper can be applied broadly to other environmental transmission dynamics. In total,
we derive four different approximation models, using assumptions of statistical independence,
homogeneous mixing and moment closure [18, 37, 39, 42–46]. By assuming independence and
homogeneous mixing, our most restrictive set of assumptions, we derive a mean-field model (Model
A), a form frequently used in the environmental transmission modelling literature [6, 47, 48]. We
show that in deriving this model, almost all network structure is lost. Each of our other ODE models
(Models B–D) aim to improve upon Model A by enforcing less restrictive assumptions at the expense
of requiring a larger system of ODEs. By making fewer assumptions we attempt to minimize the error
between the ODE models and the true behaviour of the stochastic network model.

The secondary goal of the paper is to give a qualitative analysis of the accuracy of the approximation
models based on the assumptions implemented in each derivation. This is done by solving the systems
numerically and comparing the approximations to simulated realizations of our network model. We
show that by removing both the independence and homogeneity assumptions (Model D) the average
network behaviour can be approximated with much greater accuracy for some parameter choices, but
that unstable behaviour of the ODE model prevents this for other parameter choices. Finally, we
note our goal of determining the exact impact of each assumption is difficult as the validity of each
assumption is inherently tied to the chosen environmental transmission dynamics. We support our
claims primarily by considering a variety of parameter sets and network structures, and by observing
errors and improvements that are consistent with the expected consequences of the assumptions.

2. Defining the stochastic network model

2.1. Network description

Consider a network of N nodes with a set of edges defined by adjacency matrix G with entries
gi j = 0 if there is no edge and gi j = 1 if there is an edge between nodes i and j. Our network
is undirected, hence gi j = g ji for all nodes i and j, although results should hold regardless of this
condition. In the case where gi j = 1 we refer to nodes i and j as being adjacent. We will be considering
nodes that represent both a position in space and unique individuals. In practice, this is a suitable
way to represent patients in a hospital setting, with nodes representing beds or rooms, each of which
will only be occupied by exactly one patient at all times. As such, nodes have two components to
their states: infection state and pathogen state. The infection state of a node can be susceptible or
infected, representing the status of the individual associated with that node. The pathogen state of a
node represents the amount of pathogen in that location in space. The units of the pathogen state are
flexible (could be colony-forming units, number of parasites, proportion of space pathogen occupies
or a general hazard level [9, 49]) and will generally be based on the specific host-pathogen system,
application and access to data.

The system has 5 different events that allow the network nodes to change states: 1) susceptible
individuals can become infected by exposure to the pathogen on the same node; 2) infected individuals
can recover to the susceptible state; 3) infected individuals can shed the pathogen, increasing the
pathogen state on the same node; 4) pathogen can decay, decreasing the pathogen state; and 5) pathogen
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can move from one node to an adjacent node. These events, the rates at which they occur and their
exact changes to the network are given more precisely in Table 1. Note that some events require
interactions, either between nodes (movement) or between the pathogen and infection state of a single
node (infection, shedding), while other events can occur without an interaction (recovery, decay).

Events cause changes in the state of the system which can be measured on a number of levels. We
have already defined both infection state and pathogen state. It is also convenient to define the node
state that encompasses both of these two components. A given node will have its node state change if
the infection or pathogen state is changed by an event. We then define the network state as the union
of all node states. As such, the network state will change if any event occurs. We can use the events in
Table 1 to describe the transition rates from a given network state to any other possible state. As these
transitions depend only on the current network state, the network dynamics can be represented by a
continuous-time Markov chain (CTMC).

We define the random variables I(i) and P(i) such that they represent the infected state of node i
and the pathogen state at node i respectively. As such, we can write the probability of node i having
infection state X and pathogen state k as

Pr(I(i) = f (X) ∩ P(i) = k),

where the element X ∈ {S , I} represents the infection state, k ∈ {0, 1, 2, . . .} is the pathogen state and
f : {S , I} → {0, 1} is a function that transforms the state X into a numerical value such that

f (X) =
{

1, if X = I
0, if X = S .

Note that we also use the random variable S (i) where convenient. We define this variable such that
S (i) + I(i) = 1.

2.2. Measuring average behaviour

Ultimately our objective is to measure the average behaviour of the network model, specifically the
expected number of infected individuals and the average pathogen state of the network at all times.

Table 1. A list of the different events, the rate at which they occur, the required state of the
system and the resulting state after the event takes place. The notation (X, k)i denotes node i
having infection state X and pathogen state k. If an event neither requires nor changes either
the infection or pathogen state of a node, then we denote this with the * symbol. Movement
events can only occur if nodes i and j are adjacent.

Event Rate Current State Resulting State
Infection kβ (S , k)i (I, k)i

Recovery γ (I, *)i (S , *)i

Shedding κ (I, k)i (I, k + 1)i

Decay kδ (*, k)i (*, k − 1)i

Movement kµ (*, k)i, (*, l) j (*, k − 1)i, (*, l + 1) j
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Ideally we would use the exact system, but in almost all cases it is impractical to deal with directly due
to its size and complexity. Here, we outline the difficulties in obtaining an exact value for the expected
number of infected individuals and outline two possible approaches for approximating and estimating
this quantity. Namely, we will look at the exact system, the simulated system and the approximate
system. The relationships between these systems and the network are presented in Figure 1.

2.2.1. Exact system

We begin by considering the exact system, given by each box in Figure 1 that begins with “Exact”.
Theoretically, the expected node populations can be obtained via the Kolmogorov equations (known in
some fields as the Master equations) from the CTMC.

First, we define the following notation for the probability of a node being infected and in pathogen
state k

ρi{Xk} = ρi,i{X, Pk} = Pr(I(i) = f (X) ∩ P(i) = k),

where X ∈ {S , I} represents the infection state and k ∈ {0, 1, 2, . . .} is the pathogen state. Using this
notation, we may also write the probability of a node being infected regardless of its pathogen state,
ρi{I} or the probability of a node being in pathogen state k regardless of its infection state, ρi{Pk}. We
can also denote more complex states, for example node i being susceptible and in pathogen state k
while node j is in pathogen state l regardless of its infection state, ρi, j{S k, Pl} = ρi,i, j{S , Pk, Pl}.

In order to set up our CTMC, we define ρ(t) the network state vector. Each entry of ρ gives the
probability of being in its corresponding network state at time t, that is, each entry is the probability of
a given configuration of the entire network. As the network dynamics can be represented by a CTMC,
there exists a Q matrix such that the exact probability distribution of each network state is given by

ρ̇(t) = Qρ(t), ρ(0) = ρ0, (2.1)

for some initial condition ρ0 [50]. The system of differential equations given by Eq (2.1) are the
Kolmogorov forward equations. The entries of Q are the transition rates between pairs of network
state. As transition rates are independent of the current time, the entries of Q will be constant. This
equation gives us a fundamental starting point for describing the average behaviour of the system,
however writing the explicit components of Q is unnecessary. We will briefly address this again as we
begin to derive the system in Section 3.

If we can solve the system of differential Eq (2.1) simultaneously, we obtain the exact probabilities
of being in each network state. From this we can extract the node states and the infection and pathogen
states of each node. The number of equations in this system is given by

(no. of infection states × no. of pathogen states)N ,

where N is the number of nodes in the system. This system is unwieldy even with very few pathogen
states and very few nodes. As such, it is not practical to solve the system using the Kolomogorov
forward equations (Eq (2.1)) directly.

It should also be noted that the number of pathogen states is technically unbounded, meaning that ρ
is an infinite vector and Q is an infinite matrix. While this could cause some issues for our derivation,
we note that so long as the pathogen decay rate δ is non-zero, the expected value of the pathogen will
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Exact random
variable probability

ρi{I}, ρi{S }, ρi{Pk},

ρi{Ik}, ρi, j{Pk, Pl}, . . .

Exact expected node
population

E[I(i)], E[S (i)], E[P(i)],
E[S (i)P(i)], . . .

Exact expected total
population

E[I], E[S], E[P],
E[SP], E[P2], . . .

Estimated average
node population

C[I(i)], C[P(i)]

Estimated average
total population

C[I], C[P]

Model C/D
node population

R[I(i)],R[P(i)],
R[I(i)P(i)],R[(P(i))2]

Model D
total population

R[I],R[P],
R[IP],R[P2]

Model C
total population

R[I∗],R[P∗],
R[I∗P∗],R[P∗2]

Model A/B random
variable probability

ri{I}, ri{S }, ri{Pk}

Model A/B node
population

R[I(i)],R[P(i)]

Model B total
population

R[I],R[P]

Model A total
population

R[I∗],R[P∗]

simulated
realizations

sum node
occupancies

expected
values

sum node
populations

closure
approximation

sum approx
populations

homogeneity
assumption

independence
assumption

expected
values

sum approx
populations

homogeneity
assumption

Figure 1. A visualization of the relationship of different systems corresponding to the
network. Each box represents a different way of describing the network’s population,
including terminology and notation used in each case. Every approximation starts from
our most general and informative system, describing the exact probability of each random
variable in the system (top left). Following any arrow will reduce the size of the system,
reducing the complexity of the system at the expense of information. In some cases, this
means that we are unable to describe specific node behaviour but are still able to accurately
describe the population behaviour, while in other cases we are making approximations and
fundamentally changing the structure and dynamics of the original system. All notation
presented here is precisely defined in Section 2.2.
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have an upper bound. As we will eventually rewrite our systems in terms of expected values, this
boundedness will ensure that there are no issues with our derivation.

We can consider a system of reduced size by instead considering expectations. The following
equations give the expected number of infected individuals at node i and the expected pathogen state
at node i

E[I(i)] =
∑

X∈{S ,I}

f (X)ρi{X} = ρi{I}, E[P(i)] =
∞∑

k=0

kρi{Pk}. (2.2)

If we derive differential equations for these variables and solve them, they give us the exact average
node occupancies. Similarly, if we sum these expressions over all nodes, we obtain the expected
average populations over the network

E[I] =
N∑

i=1

E[I(i)], E[P] =
1
N

N∑
i=1

E[P(i)], (2.3)

where I is a random variable for the number of infected individuals in the network, and P is a random
variable for the average pathogen state per node across the network.

Unfortunately, in most cases we either cannot derive exact rate of change equations or we are unable
to form a closed system without increasing the number of variables to the point where it is impractical
to solve. Instead, there are two common approaches to obtain the expected populations: 1) simulating
the system and averaging over many realizations, or 2) developing approximating equations based on
the exact equations.

2.2.2. Simulated system

The simulated system is given in each box in Figure 1 that begins with “Estimated”. As the network
model is a CTMC, we can simulate the process via the Gillespie algorithm [51,52] using the following
steps:

1) calculate the total rate λ, by summing the rates of all possible events that can occur from the
current state,

2) generate a time step that is exponentially distributed with parameter 1/λ,
3) randomly select an event to implement, proportional to the rate at which each event can occur,
4) implement the event and the time step and repeat the process.

Each event that can occur contributes to the total rate λ. Specifically, λ is the sum of the non-diagonal
elements of the column of Q corresponding to the current state. The requirements for each event can
be observed in Table 1.

At each point in time, we average over the set of simulated realizations in order to obtain the
estimated average node occupancies C[I(i)] and C[P(i)] at that time. Similarly, we sum over each node
to obtain the estimated average population C[I] and C[P]. The larger the number of realizations, the
more accurate each of these estimates become.

Unfortunately, simulating many realizations is computationally expensive. Depending on the
choice of parameters, the number of required realizations and the structure of the network, it can take
hours or days to obtain the estimates. A practical alternative to resolve these issues is using
approximate systems.
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2.2.3. Approximate systems

The primary issue with the exact equations is that they cannot be reduced except for a few special
cases. To make these equations manageable, it is common to make approximations that reduce the
size of the system, albeit at the expense of accuracy. The different approximate systems, each under
different assumptions, are given by each box in Figure 1 that begins with “Model”. Our goal here is to
highlight the assumptions of each model, which may give us necessary insight when interpreting the
results of our models.

We define a new set of variables ri{*} to denote the approximate probabilities, with each variable
being the approximation of its exact system counterpart ρi{*}. The new set of variables is defined
to have both the same initial condition and structure as the exact system, but with a assumption that
reduces the total number of variables in the system [38, 39, 42]. For example, the approximate system
might use

Pr(I(i) = f (X) ∩ P(i) = k) ≈ Pr(I(i) = f (X))Pr(P(i) = k),

so where a variable such as ρi{Ik} exists in the exact system, it would be replaced by ri{I}ri{Pk} in the
approximate system. The implementation of this approximation yields a system of differential
equations in which the node states are no longer considered explicitly, with all terms being reduced to
the probability of an infection or a pathogen state, resulting in a much smaller system of differential
equations. However, such an independence assumption implies that the covariance of the random
variables I(i) and P(i) is zero. Despite the unrealistic nature of this assumption, it is frequently
implicitly used, particularly in mathematical epidemiology in the context of
Susceptible-Infected-Recovered (SIR) compartmental models.

Even upon making this assumption, the system of differential equations is still unbounded as the
pathogen state is unbounded, meaning the system cannot be solved directly. To reduce the system
further, we rewrite it in terms of approximate expected values, R[*]. We define the following
approximate expected values such that they are analogous to the expected values of the exact
system (2.2).

R[I(i)] = ri{I}, R[P(i)] =
∞∑

k=0

kri{Pk}. (2.4)

We will also see cases where applying independence assumptions to the probabilities does not allow
us to derive equation for the approximate expected values. In these cases, we can write a system of
differential equation for the expected value of the exact system and implement a different
approximation known as moment closure [18, 37, 43]. In doing so, assumptions are made about the
distribution of the random variables, allowing us to rewrite the system in terms of lower order
moments. We will discuss this in more detail in Section 4.

If we can solve the system of differential equations for R[I(i)] and R[P(i)], then we can calculate
the approximate expected population over the whole network. Specifically, this is done by writing
approximate expected values for our population random variables which are analogous to the expected
values of the exact system (Eq (2.3))

R[I] =
N∑

i=1

R[I(i)], R[P] =
1
N

N∑
i=1

R[P(i)]. (2.5)
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In cases where the system of differential equations for R[I(i)] and R[P(i)] can be obtained, we still
require a differential equation for each node. Not only is the system difficult to analyse directly, but it
is computationally expensive if the number of nodes is large. Ideally, we would obtain a closed system
of differential equations for R[I] and R[P], however in general this is impossible without making one
more assumption.

To further simplify the system of differential equations, we make an assumption of homogeneity
among nodes. This assumption is also commonly referred to as “homogeneous mixing” or a “well-
mixed” assumption. Assuming homogeneity spreads the population equally among all nodes, meaning
that if only one node was infected in the network, the system would instead consider all nodes as being
1/Nth infected. To represent this change, we stop considering the population random variables I and
P, and instead consider the two analogous homogeneous population random variables I∗ and P∗, for
which I(i) = I( j) and P(i) = P( j) respectively, for all nodes i, j. These new random variables will leave
all nodes indistinguishable from one another using the definitions

I∗ := NI(i), P∗ := P(i), (2.6)

for all nodes i. This results in the following equations for the approximate expected values

R[I∗] = NR[I(i)], R[P∗] = R[P(i)].

The homogeneity assumption removes most aspects of the network structure from the approximation.
In networks with differing numbers of edges connected to each node, the movement rate would usually
differ between nodes. As the model is no longer able to distinguish between nodes, we replace the
movement rate µwith the average movement rate among all nodes. We call this the adjusted movement
rate µ∗, which is given by the equation

µ∗ =
µ

N

N∑
i=1

N∑
j=1
j,i

gi j. (2.7)

Noting that
∑∑

gi j is simply the number of non-zero entries of G, we can see that the network’s
structure has been reduced to the number of edges in the network.

Just as with the simulated system, this approximation approach has a number of consequences. The
primary trade-off here is the error introduced by the approximation versus the computational expense.
The simplest system we will show in our work, Model A, is the most commonly used model in the
literature and has little computational expense, but is often an extremely inaccurate approximation
to the exact system. As approximations use less restrictive assumptions, the computational expense
increases and more complex systems arise that are more difficult to solve analytically. Further, the
assumptions used can have unpredictable consequences. Qualitatively we know that assumptions of
independence generally cause models to overestimate the number of infected individuals [39], however
it is difficult, if not impossible, to predict the error produced without simulating the system. We discuss
these ideas with more concrete examples after we derive our models below.

For the remainder of this paper, we will derive approximate systems that aim to adequately
approximate the expected occupancy for populations at a node or over the network. We will consider
two approximations that use an independence assumption (Models A,B), while the other two systems
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bypass this and require a moment closure approximation (Models C, D). Similarly, only one of the
two systems in each case apply a homogeneity assumption (Models A, C), while the other two
systems calculate the approximate populations for each node and use summations to obtain the
approximate population over the network (Models B, D). This will result in four different models
overall. Once derived these models will be compared to each other and to the estimated average
population calculated via the simulated system. This will allow us to better discuss the nature of the
assumptions and their consequences.

3. Independence system

We derive differential equations that calculate the number of infected nodes in the network at any
given time. We have a secondary objective of tracking the value of the pathogen. As our primary
objective is the number of infected nodes, we first consider the exact change in the probability of an
arbitrary node i being in an infected state

dρi{I}
dt
= β

∞∑
k=0

kρi{S k} − γρi{I}. (3.1)

These equations can be obtained rigorously from Eq (2.1) by summing over all states that included
the ith node being infected [50], however it is generally not feasible to do this directly. Instead we
intuitively construct these equations by considering the events that change the infectious state of a
node: a node can leave an infected state via a recovery event, or a node can enter an infected state
via an infection event. In the case of recovery, the event occurs at rate γ and requires a node to be
in an infected state (resulting in the second term). In the case of infection, the event occurs at rate β
per pathogen state, that is βk, and requires a node to be in a susceptible state and in pathogen state k
(resulting in the first term).

Equation (3.1) cannot be solved without knowledge of ρi{S k} and how it changes over time. We
refer to ρi{S k} as a “second order” term, as it refers to two properties: the infection state of node i and
the pathogen state of node i. In contrast, we refer to ρi{I} as a ‘first order’ term, as it refers to only a
single property, namely the infection state of node i. We make a simple approximation by considering
only first order terms. To bypass this second order term, we apply the following approximation

Pr(I(i) = f (X) ∩ P(i) = k) ≈ Pr(I(i) = f (X))Pr(P(i) = k), (3.2)

splitting it into the product of two first order terms. This expression assumes independence between
the infection state and pathogen state of a given node. Such an assumption is only valid if there is no
covariance between the two random variables.

To formalise this approximation, we describe a new system that represents our approximation to the
true solution, under the specified set of assumptions. We define r such that it corresponds to ρ; the ith
entry of r is an approximation for the ith entry in ρ (r j{*} is an approximation for ρ j{*}, for all nodes
j). We then define an approximate system with the following properties:

r(0) = ρ(0),
ṙ(t) = Qr(t),
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ri{Xk} := ri{X}ri{Pk},

for all nodes i, j and all pathogen states k. These properties describe the approximate system as being
identical to the exact system in terms of initial condition and structure, while defining some variables
differently to express the desired approximation. This approximation corresponds to Eq (3.2).

Using this new approximate system, we can write the approximate equation that is analogous to
Eq (3.1):

dri{I}
dt
= βri{S }

∞∑
k=0

kri{Pk} − γri{I},

= β
(
1 − ri{I}

) ∞∑
k=0

kri{Pk} − γri{I}, (3.3)

noting that ρi{S } + ρi{I} = 1 is a property of the exact system, and the corresponding property ri{S } +
ri{I} = 1 continues to hold for the approximate system.

In order to solve Eq (3.3), we also require a differential equation for the term ri{Pk}. The derivation,
explained below, results in the following exact equation:

dρi{Pk}

dt
= κ
(
ρi{Ik−1} − ρi{Ik}

)
+ δ
(
(k + 1)ρi{Pk+1} − kρi{Pk}

)
+ µ

N∑
j=1
j,i

gi j

∞∑
l=0

(
l
(
ρi, j{Pk−1, Pl} − ρi, j{Pk, Pl}

)
+ (k + 1)ρi, j{Pk+1, Pl} − kρi, j{Pk, Pl}

)
, (3.4)

noting that at the pathogen state boundary k = 0, we will obtain slightly different equations
(specifically, terms that would be k = −1 are removed).

Equation (3.4) can be derived using the same approach as Eq (3.1), by intuitively considering
possible changes to the pathogen state based on each event in the network. The shedding event occurs
at rate κ and can either enter pathogen state k from state k − 1, or leave pathogen state k to state k + 1,
so long as the node is in an infected state. The decay event occurs at rate δ per pathogen state and can
either enter pathogen state k from state k + 1 (at rate δ(k + 1)) or leave pathogen state k to state k − 1
(at rate δk). Similarly, the movement event can cause a node to enter or leave pathogen state k,
however there are four ways for this to happen. The four movement terms in order are: 1) node i
entering pathogen state k after receiving from an adjacent node, 2) node i leaving pathogen state k
after receiving from an adjacent node, 3) node i entering pathogen state k after giving to an adjacent
node, and 4) node i leaving pathogen state k after giving to an adjacent node. The summations
correspond to looking over all pathogen states and over all nodes (but only including adjacent nodes,
that is gi j = 1). Following similar logic we can write the rate of change equation for the probability of
any given state (or sub-state) of the system. For the remainder of our derivations, we will be stating
exact equations such as Eqs (3.1) and (3.4) without further discussion.

In order to rewrite Eq (3.4) using only first order terms, we need to reduce the second order terms
of the form ρi, j{Pk, Pl}. While in general we can do this using an approximation, our specific system
dynamics cause these terms to naturally break down later when calculating expected values. As such,
it is sufficient for our purposes to rewrite Eq (3.4) using the approximate system defined above

dri{Pk}

dt
= κri{I}

(
ri{Pk−1} − ri{Pk}

)
+ δ
(
(k + 1)ri{Pk+1} − kri{Pk}

)
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+ µ

N∑
j=1
j,i

gi j

∞∑
l=0

(
l
(
ri, j{Pk−1, Pl} − ri, j{Pk, Pl}

)
+ (k + 1)ri, j{Pk+1, Pl} − kri, j{Pk, Pl}

)
. (3.5)

We now rewrite these approximate probability equations in terms of approximate expected values.
We use Eq (2.4) along with the total probability equations (namely ρi{S }+ρi{I} = 1 and

∑
k ρi{Pk} = 1)

to rewrite Eq (3.3) as

dR[I(i)]
dt

= β
(
1 − R[I(i)]

)
R[P(i)] − γR[I(i)]. (3.6)

For Eq (3.5), we must first multiply the equation by k (corresponding to the pathogen state) and then
sum over all pathogen states. Doing this yields

dR[P(i)]
dt

= κR[I(i)] − δR[P(i)] + µ
N∑

j=1
j,i

gi, j

[
R[P( j)] − R[P(i)]

]
. (3.7)

This approximate system has initial conditions

R[I(i)](0) = ρi{I}(0), R[P(i)](0) =
∞∑

k=0

kρi{Pk}(0)

Equations (3.6) and (3.7) (with the given initial conditions) can be solved to give the approximate
expected node populations.

Recall that our goal is to obtain expected values for the number of infected nodes I and the average
pathogen state over all nodes P. Upon solving Eqs (3.6) and (3.7) we can approximate the expectation
of these random variables via Eq (2.5).

Unfortunately, due to the non-linear term in Eq (3.6), namely R[I(i)]R[P(i)], we can make no
simplifications to this expression without making further assumptions. As such, we implement a
homogeneity assumption, which will remove almost all spatial components from the model,
considering both infected individuals and pathogen to be ‘well-mixed’ throughout the network.
Making this assumption allows us to derive the most common compartmental model used for
environmentally-transmitted pathogens from the system of Eqs (3.6) and (3.7) [6, 8, 47, 48].

We use the homogeneous random variables I∗ andP∗ as defined by Eq (2.6), allowing us to simplify
Eqs (3.6) and (3.7). Under the homogeneity assumption, we arrive at the following system

dR[I∗]
dt

= β
(
N − R[I∗]

)
R[P∗] − γR[I∗], (3.8)

dR[P∗]
dt

=
κ

N
R[I∗] − δR[P∗]. (3.9)

Notice that the movement parameter µ has completely disappeared from this system. This can be
explained by carefully considering the homogeneity assumption. Under the assumption of
homogeneity, the infected individuals and pathogen should be equally spread throughout the system.
This means that for any two adjacent nodes, the amount of pathogen on each will always be equal,
hence the net change in pathogen population caused by a movement event will be zero.
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To complete our model, we must also apply this assumption to the initial conditions. The initial
conditions are

R[I∗](0) =
N∑

i=1

R[I(i)](0), R[P∗](0) =
1
N

N∑
i=1

R[P(i)](0).

This ensures the same initial population in both the heterogeneous and homogeneous models, while
removing spatial information.

We considered two different models that arise from this derivation. The first model (Model A) is
a system of two Eqs (3.8) and (3.9). Due to the small size of the system, there are many ways in
which the system can be analysed, however the homogeneity assumption means that the model does
not retain any concept of the network structure. The second model (Model B) is made up of Eqs (3.6)
and (3.7) and contains 2N equations (two per node). This system is more difficult to analyse but can be
solved numerically with little computational expense. Since this system does not use the homogeneity
assumption, it maintains some spatial aspects of the network, losing some spatial information via the
independence assumption. Both models are summarised in Appendix A.

4. Moment closure system

In order to develop approximations with more relaxed assumptions, we begin the derivation again,
this time without making the independence assumption between the infection and pathogen states of
each node. As such, we retain terms of the form ρi{S k} and ρi{Ik}. We begin by writing the differential
equation for the probability of a node being infected and in pathogen state k

dρi{Ik}

dt
= βkρi{S k} − γρi{Ik} + κ

(
ρi{Ik−1} − ρi{Ik}

)
+ δ
(
(k + 1)ρi{Ik+1} − kρi{Ik}

)
+ µ

N∑
j=1
j,i

gi, j

∞∑
l=0

(
l
(
ρi, j{Ik−1, Pl} − ρi, j{Ik, Pl}

)
+ (k + 1)ρi, j{Ik+1, Pl} − kρi, j{Ik, Pl}

)
. (4.1)

Solving the system of Eqs (3.4) and (4.1) will allow us to approximate the expected populations of
infected individuals and pathogen, however there are still three terms with forms whose values are
not immediately known, namely ρi{S k}, ρi, j{Pk, Pl} and ρi, j{Ik, Pl}. The term ρi{S k} can be calculated
directly from Eqs (3.4) and (4.1) via the marginal probability equation ρi{S k} + ρi{Ik} = ρi{Pk}.

The other two terms, ρi, j{Pk, Pl} and ρi, j{Ik, Pl}, require a choice to be made. We could choose to
approximate both terms via a spatial independence assumption between nodes

ρi, j{Pk, Pl} ≈ ri{Pk}r j{Pl}, and ρi, j{Ik, Pl} ≈ ri{Ik}r j{Pl}.

While this model would still use an independence assumption, it would only be applied between
pathogen states of adjacent nodes and not between the infection state and pathogen state of each
individual node. For our purposes, we would prefer to try to model the dependence of all second order
terms, which should include adjacent pathogen states.

Alternatively, we could derive a differential equation for ρi, j{Pk, Pl} (as it is a second order term)
while applying a higher-order approximation to ρi, j{Ik, Pl} (as it is a third order term). In this case,
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it is typical to approximate with either a pair approximation or triple correlation term, given by the
following equations respectively

ρi, j{Ik, Pl} ≈
ri{Ik}ri, j{Pk, Pl}

ri{Pk}
, or ρi, j{Ik, Pl} ≈

ri{Ik}ri, j{Pk, Pl}ri, j{I, Pl}

ri{I}ri{Pk}r j{Pl}
.

While either of these terms would result in a closed system of equations, neither allow us to write our
system of differential equations in terms of expectations, leaving us with a countably infinite system of
differential equations. While there are potential resolutions to the size of the system, we would prefer
our solution in terms of expectations for comparison with Models A and B.

Instead of the above approaches, we can sum over the exact equations, Eqs (3.4) and (4.1), in
order to write differential equations for the expected values of the exact system. Just as before, the
movement terms in Eq (3.4) simplify to first order terms when we calculate expected values. Similarly,
the terms in Eq (4.1) when summed, simplify to first and second order terms. Therefore, we can write
the exact equation for the rate of change of our expected value terms without having to first construct
an approximate system.

First, we take Eq (4.1) and sum over all pathogen states, resulting in the following expressions

dE[I(i)]
dt

= βE[S (i)P(i)] − γE[I(i)]. (4.2)

While in the previous example the term E[S (i)P(i)] never appeared due to the independence assumption
between infection and pathogen states, here we maintain this term. As such, we require a rate of change
equation for E[S (i)P(i)]. We note that E[S (i)P(i)] = E[P(i)]−E[I(i)P(i)], terms that we can calculate from
Eqs (3.4) and (4.1) respectively.

Due to the nature of Eq (3.4), we obtain the same equation for the rate of change of E[P(i)] as in the
previous example

dE[P(i)]
dt

= κE[I(i)] − δE[P(i)] + µ
N∑

j=1
j,i

gi, j

(
E[P( j)] − E[P(i)]

)
. (4.3)

To write the differential equation for E[I(i)P(i)], we require the following expected values

E[I(i)P(i)] =
∞∑

k=0

kρi{Ik}, E[I(i)(P(i))2] =
∞∑

k=0

k2ρi{Ik}.

The rate of change equation for E[I(i)P(i)] is then obtained by multiplying Eq (4.1) by k and summing
over all pathogen states k, resulting in

dE[I(i)P(i)]
dt

= βE[S (i)(P(i))2] − γE[I(i)P(i)] + κE[I(i)] − δE[I(i)P(i)]

+ µ

N∑
j=1
j,i

gi, j

(
E[P( j)]E[I(i)] − E[I(i)P(i)]

)
. (4.4)
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Unfortunately, in constructing the differential equation for E[I(i)P(i)] we have introduced a new
term, namely the infection term E[S (i)P(i)2

]. An expected value made up of the product of n random
variables is referred to as an nth order moment. Hence, while all other terms in the system can be
written as first and second order moments, this new term is a third order moment. If we were to write a
differential equation for this term, it would require information about a fourth order moment, with nth
order moments generally depending on the (n+1)th order moment. Continuing this process indefinitely
increases the size of the system. Instead, we can make a new approximation using a technique known
as moment closure [18, 37, 43].

First, we look at a simple case of moment closure that was implicitly used in the previous section
by comparing Eq (4.2) to Eq (3.6). There is a difference here in the infection term, based on whether
or not the independence assumption is applied (Eq (3.2)). This point is demonstrated by a small
rearrangement of the term E[S (i)P(i)]. We define µS = E[S (i)] and µP = E[P(i)] and then consider the
following

E[S (i)P(i)] = E[(S (i) − µS + µS )(P(i) − µP + µP)]
= E[(S (i) − µS )(P(i) − µP)] + E[µS (P(i) − µP)] + E[µP(S (i) − µS )] + E[µSµP]
= Cov(S (i), P(i)) + 0 + 0 + E[S (i)]E[P(i)]
= Cov(S (i), P(i)) + E[S (i)]E[P(i)].

A central moment is the expectation of the product of the difference between random variables and their
means. For a single random variable, the second central moment is variance, the third is skewness, etc..
For a pair of random variables, the covariance is the second central moment. To apply moment closure,
we make an assumption about the distribution of the random variables, allowing us to allocate a value
to the central moment.

When considering exact values, E[S (i)P(i)] and E[S (i)]E[P(i)] differ only by the central moment
Cov(S (i), P(i)). In the previous section, we assumed independence between the random variables S (i)

and P(i) for all nodes i. When two random variables are independent, their covariance is zero, hence
the independence assumption in the previous section implicitly lead to the following moment closure
approximation

R[S (i)P(i)] := R[S (i)]R[P(i)].

Setting Cov(S (i), P(i)) = 0 is the simplest example of moment closure. Using moment closure allows
for higher order moments to be neglected or expressed in terms of lower order moments of random
variables in a system. As a result, we need only consider a finite number of moments, hence resulting
in systems whose solution can be calculated.

We can use moment closure to remove all third order moments by first rewriting them in terms of
their central moments. Consider the following

E[S (i)(P(i))2]
= E[(S (i) − µS + µS )(P(i) − µP + µP)2]
= E[(S (i) − µS )(P(i) − µP)2] + 2E[P(i)]E[S (i)P(i)] + E[S (i)]E[(P(i))2] − 2E[S (i)]E[P(i)]2.

By setting the third order central moment to zero, we assume that the distributions of S (i) (and hence
I(i)) and P(i) are a multivariate normal distribution [44]. We can then define an approximate system
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equivalent to the exact system in terms of structure and initial condition, with the following
approximation applied

R[S (i)(P(i))2] := 2R[P(i)]R[S (i)P(i)] + R[S (i)]R[(P(i))2] − 2R[S (i)]R[P(i)]2.

We will see in Section 5 that there are some issues with this choice of closure approximation. Far
more sophisticate closure approximations could be applied at this point, although they are typically
more difficult to motivate and derive. For the purposes of this paper, in which the clarity of the
derivation is the primary goal, we choose to use the naive closure approximation via a multivariate
normal distribution and discuss the consequences of this assumption in Section 5. In Section 6 we
show two alternative expressions for the closure approximation that can yield improved
approximations that could be implemented by replacing the relevant infected term in our models.

The approximation for Eq (4.4) in which the multivariate normal closure approximation has been
applied is

dR[I(i)P(i)]
dt

= β
(
2R[P(i)]R[S (i)P(i)] + R[S (i)]R[(P(i))2] − 2R[S (i)]R[P(i)]2

)
− γR[I(i)P(i)]

+ κR[I(i)] − δR[I(i)P(i)] + µ
N∑

j=1
j,i

gi, j

(
R[P( j)]R[I(i)] − R[I(i)P(i)]

)
. (4.5)

This system still requires a rate of change equation of one final term, namely R[(P(i))2]. In order to
obtain the rate of change equation for this term, we take Eq (3.4) and multiply by k2 before summing
over all pathogen states. The resulting equation is

dR[(P(i))2]
dt

= κ
(
2R[I(i)P(i)] + R[I(i)]

)
− δ
(
2R[(P(i))2] − R[P(i)]

)
+ µ

N∑
j=1
j,i

gi j

( (
2R[P(i)]R[P( j)] + R[P( j)]

)
−
(
2R[(P(i))2] − R[P(i)]

) )
. (4.6)

From this point we can solve the system. Any terms R[S (i)] are rewritten as 1−R[I(i)] and then we need
only numerically solve Eqs (4.5) and (4.6), along with the analogous approximations of Eqs (4.2) and
(4.3) for each node i.

Once again, we cannot make further reductions to the approximate system without making an
assumption of homogeneity. We define random variables I∗ and P∗ as in the previous section, along
with the random variable S∗ = N − I∗.

Applying the homogeneous random variables to each equation in our approximate system yields

dR[I∗]
dt

= βR[S∗P∗] − γR[I∗], (4.7)

dR[I∗P∗]
dt

= β
(
2R[P∗]R[S∗P∗] + R[S∗]R[(P∗)2] − 2R[S∗]R[P∗]2

)
− γR[I∗P∗]

+ κR[I∗] − δR[I∗P∗] + µ∗
(
R[P∗]R[I∗] − R[I∗P∗]

)
, (4.8)

dR[P∗]
dt

=
κ

N
R[I∗] − δR[P∗], (4.9)

Mathematical Biosciences and Engineering Volume 20, Issue 2, 1637–1673.



1653

dR[(P∗)2]
dt

=
κ

N

(
2R[I∗P∗] + R[I∗]

)
− δ
(
2R[(P∗)2] − R[P∗]

)
+ 2µ∗

(
R[P∗]2 − R[(P∗)2]

)
, (4.10)

recalling that µ∗ is the adjusted movement rate given by Eq (2.7).
Just as in the previous section, we consider two models based on this derivation. Equations (4.7),

(4.8), (4.9) and (4.10) (Model C) give a system of four equations. A system of this size can be analysed,
but like Model A it suffers from the restrictions of the homogeneity assumption. Model C maintains
some understanding of the network structure, as is apparent by the presence of movement terms in the
equations. Equations (4.2), (4.3), (4.5) and (4.6) (Model D) is a system of 4N equations. This is the
most complicated model of those we consider, however it also comes with the fewest assumptions. We
summarise Models C and D in Appendix A.

5. Numerical comparisons

Having derived Models A–D, we now wish to assess the performance of each model. The
assessment considers both the accuracy of the model compared to the expected population of the
exact system, as well as the number of differential equation in the model, a key factor in determining
the computational expense of solving the system. When assessing the accuracy, expected population
of the exact system cannot be calculated directly. As such, we estimate the value using the estimated
average population calculated via 200 realizations.

The primary difficulty in assessing the performance of the models is the large number of changes
that can be made to the system. In particular, the choice of parameters, the network structure and the
choice of initial conditions can all impact the performance of the models. Below we present a summary
of our findings via Figures 3–5 in which we explore the models while considering the above changes.
We remind the reader that the goal of this paper is the derivation of the models, hence our exploration
of the models is primarily qualitative.

5.1. Model recap

Before comparing our models, we quickly recap the assumptions applied to each model as
summarised in Table 2. Models A and B are derived under an independence assumption between the
pathogen state and the infection state of each node. Models C and D bypass this independence
assumption, but as a result require the use of a moment closure assumption, assuming that for each
node, the pair of random variables I(i) and P(i) are multivariate normally distributed. Models A and C
are derived under the homogeneity assumption, meaning that all nodes are indistinguishable, while
Models B and D are heterogeneous, fully taking into account the structure of the network and
individual properties of each node.

Model A enforces the most restrictive set of assumptions, while Model D enforces the most
relaxed set of assumptions. Therefore, we expect to observe Models B–D outperforming Model A in
every scenario. With Model D having the most relaxed assumptions, we expect it to be the closest
approximation to the exact system and hence outperform Models A–C. The purpose of this analysis is
to test the models’ performance with respect to each other, to observe the magnitude of improvement
that comes from less restrictive assumptions and to test the accuracy of the models relative the
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Table 2. Summary of assumptions applied to each model.

Homogeneous Heterogeneous
I∗, P∗ I, P

Independence
ρi{Ik} ≈ ρi{I}ρi{Pk} Model A Model B
Moment closure
[(S (i) − µS (i))(P(i) − µP(i))2] = 0 Model C Model D

estimated averages population.

5.2. Parameter choices and network structures

In order to compare the approximations of our models to the simulated network, we require choices
of both parameter sets and network structures. We will explore the models over two parameter sets
(see Table 3) and over a variety of networks (see Figure 2), all established below.

Parameter set 1 was chosen to have similar scales of shedding and decay rates, κ and δ, resulting
in a low level of pathogen being present in the network at any given time, hence less potential for it
to spread. As fewer pathogen units are present, we have a higher infection rate β and lower recovery
rate γ (relative to parameter set 2) to ensure that the infection does not die out. Parameter set 2 has
a much larger shedding rate κ than decay rate δ, resulting in the potential for pathogen to survive for
relatively long times, hence allowing it more time to travel between nodes. As there is significantly
more pathogen in the system, we considered a lowered infection rate β and a heightened recovery rate
γ (relative to parameter set 1) while still maintaining a reasonable population. For each parameter
set, we also explore two different movement rates µ to observe the impact of spreading the pathogen
through the system at different speeds. The exact values of each parameter set can be seen in Table 3.

For our network structure, we will be considering four different networks, each with N = 20 nodes.
Network 1 is randomly constructed such that each node has an average of five edges per node. This
is achieved by randomly allocating 5N/2 edges between nodes. There is also a secondary condition
that the network must be connected (from one node we can reach any other node by via some set of
edges). The other networks are constructed to consider extreme cases. Network 2 is fully-connected,
with edges between each pair of nodes (gi j = 1 for all i , j). Network 3 is a chain, with nodes in a

Table 3. Parameter values used for the different rates in the network. We consider two
different parameter choices: Set 1 and Set 2. For each parameter set, we consider two
different movement rates.

Event Parameter Units Set 1 Set 2
Infection β 1/(pathogen × time) 0.2 0.05
Recovery γ 1/time 0.1 0.5
Shedding κ pathogen/(infected × time) 5 50
Decay δ 1/(time) 1 0.5
Movement µ 1/(edge × time) 0.5, 0.1
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Figure 2. Visualizations of Networks 1–4 (from left to right) using N = 7 nodes. This
representation of Network 1 has approximately three edges per node, rather than the five
used in our comparisons.

line and edges between successive nodes (gi j = 1 iff |i − j| = 1). Network 4 has all nodes exclusively
adjacent to a central node (gi j = 1 iff i = 1, j , 1). A visual representation of each network is shown
in Figure 2.

The presented parameters were not chosen to be physically meaningful or to represent any specific
environmental pathogen, but instead were chosen because they effectively encompass the interesting
behaviours we observed from the system. The presented network structures were primarily chosen to
compare varying degrees of connectedness, however even the extreme cases can be relevant in practice.
For instance, our initial motivation of patients in hospital rooms could be represented by Network 4
in which the central node represents an asymptomatic doctor or nurse who is shedding pathogen and
consistently visiting patient rooms.

We note that throughout our research we considered numerous different networks including
networks with a greater number of nodes, random networks with varying edge densities, and other
extreme cases similar to Networks 2–4. We also observed numerous parameter sets, in particular
focusing on how the movement rate changed the results. The parameter sets and network structures
chosen demonstrate all of the meaningfully different behaviours we observed in the system
throughout our analysis.

5.3. Simulated system details

Before getting into our comparison, we address some of the details that are necessary to ensure
the success of the simulated system. Realizations of the CTMC are implemented using the algorithm
described in Section 2.2.2. We average our results over 200 realizations, in order to ensure that the
estimated average population accurately represents the expected population of the exact system. In
Appendix B, Figures A2–A4 show heat-maps of the results of the 200 realization, demonstrating the
distribution of the samples.

The other important detail of the simulated system is the choice of initial condition. We have run our
model with no initially infected individuals, one node containing 30 pathogen units and no pathogen
on any other nodes. That is

R[I(i)](0) = 0, for i = 1, 2, . . . ,N,
R[P(1)](0) = 30,
R[P(i)](0) = 0, for i = 2, 3, . . . ,N.
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The primary importance of the initial condition is to avoid extinction events which can cause
discrepancies when comparing systems based on whether they treat the population as discrete or
continuous. When the population is zero in a simulated realization, there is the potential for the
pandemic to end if the pathogen is unable to infect an individual before it all decays. However, due to
the continuous nature of expectations used in the model, the expectation of a fraction of an individual
can prevent extinction from occurring. As such, we wish to avoid initial conditions that would cause
the population to die out early (for instance, starting with a single infected individual).
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Figure 3. Comparison between Models A–D (colored lines) and the estimated average
population over 200 realizations (black line) for ‘higher’ movement rate µ = 0.5 over a
random network with 20 nodes (Network 1 in Section 5.2). Parameter Sets 1 and 2 are
shown on the left and right respectively (see Table 3) with infected populations shown in
upper plots and pathogen populations shown in the lower plots. We observe that the more
restrictive assumptions produce a greater error between the estimated average population and
each model, with Model D giving a relatively accurate approximation.
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5.4. Results and discussion

5.4.1. Parameter choices

We begin by observing the effects of changing the parameters with a fixed network structure (namely
Network 1). We will first consider Figure 3, in which we compare the models and simulated realizations
where the movement rate is higher, specifically µ = 0.5, and then consider Figure 4, in which the
comparison is made with a lower movement rate, specifically µ = 0.1.

In Figure 3 we observe exactly what we had anticipated. Model D is the closest approximation to
the estimated average population, vastly outperforming Model A. For every choice of parameters we
considered, we observed this same outcome of Model D outperforming Model A, so long as the
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Figure 4. Comparison between Models A–D (colored lines) and the estimated average
population over 200 realizations (black line) for “lower” movement rate µ = 0.1 over a
random network with 20 nodes (Network 1 in Section 5.2). Parameter Sets 1 and 2 are
shown on the left and right respectively (see Table 3) with infected populations shown in
upper plots and pathogen populations shown in the lower plots. We observe divergent,
non-physical behaviour from Models C and D, while Models A and B are stable but give
extremely inaccurate approximations.
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movement rate µ is ‘sufficiently high’ (this movement rate caveat will be discussed below when
considering Figure 4).

We also observe Models B and C performing somewhere in between Models A and D. Note that
for parameter set 1, Model B briefly outperforms Model C before moving back into the expected
hierarchy. This observation is not too surprising as it is not immediately clear that our independence
assumption compared to our moment closure assumption is a more drastic restriction than the
homogeneous assumption compared to the heterogeneous assumption (see Table 2).

The other observation between the two parameter sets in Figure 3 is that there is a visible difference
in the long term populations predicted by the models in parameter set 1, but not in parameter set 2.
While not shown here, we observed that the distinction between the long term predicted populations
for parameter set 1 disappeared when the movement rate µ became sufficiently large. In general, we
saw that for any choice of parameters, if the movement rate is increased sufficiently all models will
yield the same long term result. This tells us that, after a sufficiently long time t and as the movement
rate µ → ∞ while the other parameters remain fixed, the error in both the homogeneity assumption
and the independence/moment closure assumptions will become zero.

This result is intuitive for the homogeneous mixing assumption, as when the movement rate is
sufficiently large, relative to the other network events, the pathogen is able to uniformly distribute
throughout the domain in-between each non-movement event. This means that the probability of each
pathogen state on any given node is equal which also results in the probability of any given
susceptible node becoming infected is equal, and overall the behaviour of all nodes in the system
becoming identical. The disappearance of the statistical independence error is somewhat less
intuitive, and in general appears to only be true of the long-term behaviour, and not the transient
period between the initial condition and the equilibrium solution. One implication of the
independence assumption being true is that there is zero covariance between the pathogen state and
the infected state of a node. We could argue that this error disappears because, upon reaching
equilibrium, a given node will continue changing between a susceptible and infected state, while the
pathogen state will remain the same due to the relatively high movement rate of the pathogen.

In Figure 4 we observe that both Models C and D are having stability issues, yielding physically
unreasonable results. By running the models over numerous movement rates, we observed that the
instability occurs for µ < 0.13 for parameter set 1 and µ < 0.44 for parameter set 2. For all parameter
sets that we tested, if the movement rate becomes ‘sufficiently low’ then we observe this unstable
behaviour in Models C and D. Given that this issue only occurs for Models C and D, we conclude
that the issue arises due to the moment closure approximation. We consider this issue further when
considering different network structures below.

In circumstances where Models C and D show divergent behaviour we observed the transient
behaviour of Models A and B to be extremely inaccurate approximations to the estimated average
population. In fact, we will show in Section 5.4.4 that the unstable behaviour of Models C and D will
only occur when Models A and B are extremely inaccurate approximations.

From our observations, Model D appears to be a relatively accurate approximation for the estimated
average population in cases where it remains stable. In cases where the movement rate is sufficiently
high relative to the other system dynamics, all the models give the same predictions with Models A
and C being the most efficient (see Section 5.4.3). In cases where the movement rate is sufficiently low
relative to the other system dynamics, Models C and D show divergent behaviour and Models A and B
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are extremely inaccurate approximations.

5.4.2. Network structures

Next we consider observing the effects of changing the network structure with a fixed parameter set
(namely parameter set 1 with µ = 0.1). This comparison is shown in Figure 5 using the four different
networks established in Section 5.2. The impact on the accuracy and stability of the models across
different networks is relatively independent of the choice of parameter set (beyond what has already
been discussed in Section 5.4.1) hence only one parameter set is considered here.

Network 1 in Figure 5 was already considered in Section 5.4.1 but is useful here as a baseline for
our extreme network structures. The fully-connected Network 2 yields the best approximations, with
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Figure 5. Comparison between infected populations for Models A–D (colored lines) and
the estimated average population over 200 realizations (black line) for parameter set 1 with
µ = 0.1 (see Table 3) over four different network structures (see Section 5.2). Networks with
more edges between nodes increase the movement rate of pathogen through the network,
and hence produce more accurate and stable results. The corresponding figures for pathogen
population is shown in Appendix B, Figure A1.
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Models C and D demonstrating stable behaviour and Model D being an extremely accurate
approximation to the estimated average population. Further, every model gives its most accurate
approximation for this network. There are two clear reasons for improved approximations when
considering Network 2. The first is that the network is closer to satisfying the homogeneous
assumption, as all nodes are connected to each other. The second is that the movement rate (despite
being fixed at µ = 0.1) is artificially increased. The movement rate is defined per edge, hence for a
pathogen unit on a node with M edges, the true movement rate is Mµ. We have already seen that an
increase movement rate results in stable behaviour of these models.

While Network 2 is somewhat ideal for approximating, we also want to consider extreme cases that
are the worst case for approximating. Both Networks 3 and 4 have approximately the same number of
edges (one per node) but different structures. In these cases, the small number of edges means that the
true movement rate is much less than in the random network case. As such, the unstable behaviour of
Models C and D in these cases is unsurprising.

We also note the drastic difference given by Model B in Networks 3 and 4, which can be
understood by the difference in their network structures. In Network 3, for a pathogen unit to move
from node 1 to node 20 would require it to move along the chain through all other nodes. In
Network 4, pathogen at node 1 can immediately move to any other node. As a consequence of these
structures, pathogen takes longer to spread through Network 3, hence slowing the infection rate in this
network, while pathogen can move to all nodes immediately in Network 4, hence speeding up the
infection rate. This difference is only recognized by the heterogeneous models, Models B and D, as
they recognize the distinction between populations on nodes (although this is not visible for Model D
due to the instability). Similarly, Model C cannot identify the structure due to the homogeneity
assumption, but gives different results based on the number of network edges. As such, Model C gives
almost identical results when calculating an approximation for the populations of Networks 3 and 4,
despite their structural differences. Finally, Model A does not take into account any network structure,
including the number of edges. As such, it gives identical results for all four networks.

5.4.3. Computational expense

Having considered the accuracy of each of our Models, we will briefly comment on the efficiency
for which the solutions to each system of ODEs can be calculated. Table 4 shows the number of ODEs
in each model and the time taken to compute the solution curve for each model as we increase the
number of nodes in the system.

For the solution curves generated for the presented networks with N = 20 nodes, we do not observe
any meaningful difference in computation times. However, the impact of the number of equations in
Models B and D becomes evident as the number of nodes in the network is increased. We see that by
the time we are considering a network with N = 500, Model B takes approximately 80 times longer
to compute, and Model D take approximately 430 times longer. Further, we can observe that a linear
increase in N results in a non-linear increase in the computation time, meaning that for larger networks,
it will become unviable to compute approximations using Models B and D.

Since Model C has a fixed number of equations, and when stable is able to outperform Model A,
it becomes the most viable approximation when the number of nodes becomes extremely large. If the
number of nodes is not too large then was should still use Model D for our approximations as it yields
the most consistently accurate results.
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Table 4. This table shows the mean time (in seconds) taken to compute the solution of
each model for networks with N nodes. Each solution was computed ten times to obtain
a reasonable approximation of the computation time. Times are based on parameter set
1, movement rate µ = 0.1 and randomly generated networks with N nodes, although we
found similar values regardless of the parameter set and network structure. Note that since
the number of equations in Models A and C do not depend on the number of nodes in the
network, they maintain the same computation time.

Time to compute soln (s)
No. of Eqs N = 20 N = 100 N = 500

Model A 2 0.03 0.03 0.03
Model B 2N 0.04 0.2 2.3
Model C 4 0.03 0.03 0.03
Model D 4N 0.05 0.4 12.8

5.4.4. Issues with the closure approximation

The most important conclusions to be drawn from the above figures and discussion is that Models
C and D are the most practical and accurate approximations for the expected population of the exact
system that we have at our disposal, so long as the models are stable. We aim now to gain a further
understanding of the unstable nature of Models C and D. To do this, we consider the moment closure
assumption and the distributions of I(i) and P(i).

Our moment closure assumption is that I(i) and P(i) are multivariate normally distributed random
variables (for each node i). There are a number of reasons that this assumption is extremely inaccurate.
Considering the possible values of the random variable I(i) and that individuals can only be infected or
susceptible, there is no way that any sort of normal distribution would be a suitable approximation.

In contrast to I(i), the random variable P(i) can take on a variety of integer values, giving it potential
to be approximated by a binomial distribution and hence a normal distribution. However, this too has
an issue when we consider the absorbing zero state of the system, that is when the network contains no
infected individuals and no pathogen. Given our initial condition, it is not infrequent that the infection
simply dies out before secondary infections occur. As such, the distribution of P(i) is generally bimodal,
with a set of values that form a peak that could be approximated by a normal distribution and a second
peak given by all the zero values resulting from the absorbing state.

These issues prevent the moment closure approximation from being sufficiently accurate, and
although there are a number of potential resolutions, they each come with their own difficulties. If we
restructure the model, preventing the zero state from occurring (by say setting all rates into the zero
state to zero), then we would resolve the primary issue with the distribution of P(i) [53–55].
Unfortunately, we would still have our issue with the random variable I(i). Given that I(i) is a random
variable with two outputs (susceptible or infected), it is most likely represented by some
hypergeometric distribution. We could attempt a closure approximation by combining a multivariate
hypergeometric and normal pair of random variables (for I(i) and P(i) respectively), however finding
the moment-generating function for this distribution would be extremely difficult or even impossible,
as it is not guaranteed that the moment-generating function exists.
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There is another potential resolution in which we apply the moment closure approximation later in
the derivation upon reaching the population random variables I and P. If we prevent the zero state
issue, then both of these distributions independently are likely to appear as approximately normally
distributed. However, at this point, we have already applied the homogeneity assumption, which as
discussed earlier in the context of Model C, is likely to prevent accurate approximations. Further, while
the distributions of each random variable may appear as normal when observed separately, we expect
relatively strong correlation between the number of infected individuals and the pathogen count in the
network. Therefore, even if we resolved all of these issues, there’s no guarantee that the approximation
would become substantially more accurate.

To finish our discussion, we discuss the behaviours for low movement rates in the context of the
moment closure approximation. Consider the following expectation that is approximated by the
moment closure assumption

E[S (i)(P(i))2] = E[(S (i) − µS )(P(i) − µP)2] + 2E[P(i)]E[S (i)P(i)]
+ E[S (i)]E[(P(i))2] − 2E[S (i)]E[P(i)]2.

In particular, we take an interest in the following terms

2E[P(i)]E[S (i)P(i)] − 2E[S (i)]E[P(i)]2 = 2E[P(i)]
(
E[S (i)P(i)] − E[S (i)]E[P(i)]

)
.

The term in brackets here is precisely the difference in the infection term between the true solution and
Model B. Based on the difference between the average simulated estimate and Model B in Figure 4,
we observe that there is a consistent result that

E[S (i)P(i)] < E[S (i)]E[P(i)].

Most importantly, this difference becomes greater as the movement rate µ decreases, observable by the
increasing distance between the average simulated estimate and Model B. Therefore, we expect that
the following is generally true

E[(S (i) − µS )(P(i) − µP)2] > 0,

and that this prevents the infection term, specifically E[S (i)(P(i))2], from becoming negative. When
we set the third order central moment to zero via the moment closure approximation, the new term
R[S (i)P(i)2

] now has the potential to become negative, particularly when µ is small. In cases where
R[S (i)P(i)2

] becomes negative, we obtain a variety of physically unreasonable results (as seen in Figures
4 and 5). To resolve this issue, we could instead consider a different form of closure approximation,
for instance

E[S (i)(P(i))2] ≈
R[S (i)P(i)]R[(P(i))2]

R[P(i)]
,

or something proportional to this [17, 38]. This approximation term is always positive, preventing the
negativity issue above. Although it may look somewhat different to the approximation terms used in
our current approximation, an assumption of independence applied to both approximations will reduce
to the same expression. The exact derivation of such a term is somewhat more complicated, hence we
leave this for future work.
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6. Conclusions

Development of more detailed ODE models and understanding of the underlying assumptions are
necessary steps if we wish to draw meaningful conclusions when modeling the spread of infections.
This is particularly important when considering environmentally-transmitted diseases, due to the
significance of spatial structures inherently present in the physical system. Our approaches
demonstrate how techniques used in the direct-transmission literature can be applied to
environmentally-transmitted pathogens, specifically assumptions of independence and higher order
moment closure approximations. Using these techniques has allowed us to rigorously present the
derivation of a system of ODEs whose structure mirrors the compartmental ODEs frequently used to
model environmental transmission in mathematical epidemiology, and to present other potential
candidate models that may yield improved results.

A primary difficulty moving from directly-transmitted infections to environmentally-transmitted
pathogens is the representation of the pathogen population. By clearly describing the dynamics of
the individual-based network model, we have demonstrated that approximate systems of differential
equations can be rigorously constructed, yielding the corresponding rate of infection term and the
pathogen growth term. This also fundamentally relied on a clear definition of pathogen units and their
interactions with susceptible and infected individuals.

Detailed derivations of the approximate models and their comparison to simulated realizations of
the network model allowed us to qualitatively measure the consequences of different assumptions.
Comparisons over a variety of network structures and parameter sets demonstrated that, in the absence
of unstable behaviour, models that relaxed the assumptions of independence and spatial homogeneity
yielded more accurate approximations over the average behaviour of the individual-based network
model. In these stable cases, the presence of a basic independence assumption (Models A and B)
caused large errors in the approximations, while the homogeneity assumption (Models A and C) caused
errors that were substantial for some parameter sets. Model D, in which the heterogeneity of the system
was modeled and the moment closure approximation was applied to third order terms, was able to
outperform the other models in cases where the solution was stable, but at the expense of a larger
system of differential equations. These results align with our expectations and the use of these types of
approximations in the existing direct-transmission literature.

The improved approximations given by Model D are limited to cases where the behaviour of the
solution remains stable. Slow movement rates, which in our case were due to both the choice of
movement rate parameter µ and the sparsity of the network, caused the infection rate to become
negative, resulting in physically unreasonable solutions when using Models C and D. We showed that
this was a consequence of the choice of a multivariate moment closure and also argued that this would
only occur when Models A and B were also yielding inaccurate approximations. It should be noted
that more appropriate moment closure approximations can both prevent this unstable behaviour and
further improve the accuracy given by Model D. For instance,

E[S (i)(P(i))2] ≈
R[S (i)P(i)]R[(P(i))2]

R[P(i)]
or E[S (i)(P(i))2] ≈

R[S (i)P(i)]2R[(P(i))2]
R[S (i)]R[P(i)]2 ,

although both are more difficult to motivate than the multivariate moment closure approximation
presented. Our use of the multivariate normal distribution as the moment closure approximation better
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aligns with our goals of presenting a clear derivation of our ODE models and the potential pitfalls of
applying different approximations.
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Appendix A: Summary of ODE models: Models A–D

Model A is given by Eqs (3.8) and (3.9), resulting in a system of 2 equations. These equations and
the relevant initial conditions are as follows

dR[I∗]
dt

= β
(
N − R[I∗]

)
R[P∗] − γR[I∗], R[I∗](0) =

N∑
i=1

ρi{I}(0),

dR[P∗]
dt

=
κ

N
R[I∗] − δR[P∗], R[P∗](0) =

1
N

N∑
i=1

∞∑
k=0

kρi{Pk}(0),

where R[I∗] and R[P∗] are approximations for E[I] and E[P] respectively.

Model B is given by Eqs (3.6) and (3.7), resulting in a system of 2N equations. These equations
and the relevant initial conditions are as follows

dR[I(i)]
dt

= β
(
1 − R[I(i)]

)
R[P(i)] − γR[I(i)], R[I(i)](0) = ρi{I}(0),

dR[P(i)]
dt

= κR[I(i)] − δR[P(i)] + µ
N∑

j=1
j,i

gi, j

(
R[P( j)] − R[P(i)]

)
, R[P(i)](0) =

∞∑
k=0

kρi{Pk}(0),

for all nodes i = 1, 2, . . . ,N. Upon solving, we calculate R[I] =
∑

i R[I(i)] and R[P] =
∑

i R[P(i)]/N as
approximations for E[I] and E[P] respectively.

Model C is given by Eqs (4.7)–(4.10), resulting in a system of 4 equations. These equations and
the relevant initial conditions are as follows.

dR[I∗]
dt

= βR[S∗P∗] − γR[I∗],

dR[I∗P∗]
dt

= β
(
2R[P∗]R[S∗P∗] + R[S∗]R[(P∗)2] − 2R[S∗]R[P∗]2

)
− γR[I∗P∗]

+ κR[I∗] − δR[I∗P∗] + µ∗
(
R[P∗]R[I∗] − R[I∗P∗]

)
,

dR[P∗]
dt

=
κ

N
R[I∗] − δR[P∗],

dR[(P)∗2]
dt

=
κ

N

(
2R[I∗P∗] + R[I∗]

)
− δ
(
2R[(P∗)2] − R[P∗]

)
+ 2µ∗

(
R[P∗]2 − R[(P∗)2]

)
,

R[I∗](0) =
N∑

i=1

ρi{I}(0), R[I∗P∗](0) =
1
N

 N∑
i=1

ρi{I}

  N∑
i=1

∞∑
k=0

kρi{Pk}(0)

 ,
R[P∗](0) =

1
N

N∑
i=1

∞∑
k=0

kρi{Pk}(0), R[(P∗)2](0) =
1

N2

N∑
i=1

∞∑
k=0

k2ρi{Pk}(0),

where R[I∗] and R[P∗] are approximations for E[I] and E[P], respectively.
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Model D is given by equations (4.2), (4.3), (4.5) and (4.6), resulting in a system of 4N equations.
These equations and the relevant initial conditions are as follows

dR[I(i)]
dt

= βR[S (i)P(i)] − γR[I(i)],

dR[I(i)P(i)]
dt

= β
(
2R[P(i)]R[S (i)P(i)] + R[S (i)]R[(P(i))2] − 2R[S (i)]R[P(i)]2

)
− γR[I(i)P(i)]

+ κR[I(i)] − δR[I(i)P(i)] + µ
N∑

j=1
j,i

gi, j

(
R[P( j)]R[I(i)] − R[I(i)P(i)]

)
,

dR[P(i)]
dt

= κR[I(i)] − δR[P(i)] + µ
N∑

j=1
j,i

gi, j

[
R[P( j)] − R[P(i)]

]
,

dR[(P(i))2]
dt

= κ
(
2R[I(i)P(i)] + R[I(i)]

)
− δ
(
2R[(P(i))2] − R[P(i)]

)
+ µ

N∑
j=1
j,i

gi j

( (
2R[P(i)]R[P( j)] + R[P( j)]

)
−
(
2R[(P(i))2] − R[P(i)]

) )
,

R[I(i)](0) = ρi{I}(0), R[I(i)P(i)](0) = ρi{I}
∞∑

k=0

kρi{Pk}(0),

R[P(i)](0) =
∞∑

k=0

kρi{Pk}(0), R[(P(i))2](0) =
∞∑

k=0

k2ρi{Pk}(0),

for all nodes i = 1, 2, . . . ,N. Upon solving, we calculate R[I] =
∑

i R[I(i)] and R[P] =
∑

i R[P(i)]/N as
approximations for E[I] and E[P] respectively.

Appendix B: Extra Figures

Below are some extra figures to supplement some of those given in Section 5. Figure A1
corresponds directly to Figure 5, showing the pathogen populations corresponding to the infected
populations. We observe that the dynamics of the pathogen act almost identically to the dynamics of
the infected individuals, giving little further insight.

Figures A2–A4 show the spread of the data generated by the simulated realizations of the stochastic
network which allowed for the calculation of the estimated average population. These figures show
that the average behaviour is typically a good indicator of the behaviour of the system, but show that
in some cases there can be high levels of variance.

Mathematical Biosciences and Engineering Volume 20, Issue 2, 1637–1673.



1670

0 10 20 30 40 50 60

Time

0

1

2

3

4

5

P
at

ho
ge

n 
pe

r 
no

de

Network 1

Simulation
Model A
Model B
Model C
Model D

0 10 20 30 40 50 60

Time

0

1

2

3

4

5

P
at

ho
ge

n 
pe

r 
no

de

Network 2

0 10 20 30 40 50 60

Time

0

1

2

3

4

5

P
at

ho
ge

n 
pe

r 
no

de

Network 3

0 10 20 30 40 50 60

Time

0

1

2

3

4

5

P
at

ho
ge

n 
pe

r 
no

de

Network 4

Figure A1. Comparison between pathogen populations for Models A - D (colored lines)
and the estimated average population over 200 realizations (black line) for parameter set 1
with µ = 0.1 (see Table 3) over four different network structures (see Section 5.2). The
corresponding figures for infected population is shown in Figure 5.
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Parameter Set 2, Network 1
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Figure A2. Heat-maps showing the spread of the data collected from the 200 realizations
used to show the simulated average seen in Figure 3. Each plot corresponds directly to the
respective plot in Figure 3, using the ‘higher’ movement rate µ = 0.5. At a given coordinate,
the yellow regions indicate that a high number of simulations had that population at that time.
The black dashed line shows the estimated average population over the 200 realizations.
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Parameter Set 2, Network 1
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Figure A3. Heat-maps showing the spread of the data collected from the 200 realizations
used to show the simulated average seen in Figure 4. Each plot corresponds directly to the
respective plot in Figure 4, using the ‘lower’ movement rate µ = 0.1. At a given coordinate,
the yellow regions indicate that a high number of simulations had that population at that time.
The black dashed line shows the estimated average population over the 200 realizations.
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Parameter Set 1, Network 1
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Parameter Set 1, Network 2
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Parameter Set 1, Network 3
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Parameter Set 1, Network 4
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Figure A4. Heat-maps showing the spread of the data collected from the 200 realizations
used to show the simulated average seen in Figure 5. Each plot corresponds directly to the
respective plot in Figure 5, observing the behaviour of parameter set 1 with ‘lower’ movement
rate µ = 0.1 over four different network structures (see Section 5.2). At a given coordinate,
the yellow regions indicate that a high number of simulations had that population at that time.
The black dashed line shows the estimated average population over the 200 realizations.
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