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Abstract: In this article, we consider the global existence and stability issues of the nonlinear
Schrodinger equation with partial confinement. First, by establishing some new cross-invariant man-
ifolds and variational problems, a new sharp criterion of global existence is derived in the L?-critical
and L>-supercritical cases. Then, the existence of orbitally stable standing waves is obtained in the
L?*-subcritical and L?-critical cases by taking advantage of the profile decomposition technique. Our
work extends and complements some earlier results.
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1. Introduction

In the current paper, we investigate the global existence and stability issues of the following nonlin-
ear Schrodinger equation (NLS) with partial confinement

i, = —Au+ V(xX)u — [ul’'u, (t,x) €[0,T)xR", (L1)
u(0, x) = uy, x € RY, ’
where N > 2 represents the spatial dimension, 0 < T < oo, u(t,x) : [0,T) xR¥ - C,1 < p < x—fg and

V(x) = le xi2 (1 < k < N) denotes the partial confinement.

It is well-known that the model (1.1) with partial confinement emerges in various kinds of physical
environments, such as the propagation of a laser beam and plasma waves in the description of nonlin-
ear waves. For p = 3, Eq (1.1) is also used to describe the Bose-Einstein condensate (BEC) [1-3].
In the experiment by BEC [4], the condensation phenomenon is observed due to the presence of a
trapping potential, and the shape of external confining potential heavily influences the macroscopic
behavior. For this consideration, the external confinement is usually chosen to be harmonic, i.e.,
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V(x) = f\il cul.zxf, w; € R. In this manuscript, the model under consideration involves the simpli-
fied situation where w; = 1 for 1 <i<kandw;, =0fork+1<i<N.

The energy space corresponding to Eq (1.1) is denoted by

s = {u e HI(RN),f
]RN

1

k
*lulPdx < oo} (1.2)

=1
with the norm

k

1
lills = IVl g, + il g, + f D uPdx)?, forl<k<N.
RV 5

The energy functional associated to Eq (1.1) is written as

k
1 1
E@w) == f AVul> + > 2u)dx - —— f ul”*'dx, ueX. (1.3)
2 RN ; p + 1 RN

Our main goal of this manuscript is to derive the criterion of blow-up or global existence as well as
the orbital stability of standing waves to Eq (1.1).

We now review some earlier results on the above issues. Concerning the canonical NLS (i.e.,
V(x) = 0in Eq (1.1)), Weinstein [5] and Zhang [6] derived several sharp thresholds of global and blow-
up solutions for Eq (1.1) in the mass-critical and mass-supercritical cases using variational arguments,
respectively. In addition, Berestycki and Cazenave [7] and Weinstein [S] addressed the instability issue
of standing waves under the [*-critical case p = 1 + %, while the first work done by Cazenave and
Lions in [8] showed the orbital stability of normalized standing waves for the L2-subcritical situation
l<p<l+ % by utilizing concentration compactness theory. We refer the readers to [9—12] for more
studies on Eq (1.1) which removes the confined potential, i.e., V(x) = 0.

For NLS with complete harmonic confinement V(x) = Zf\il xl.z, 1.e., the case k = N, there is a
large number of literatures concerning the corresponding Cauchy problems on blow-up and stability
issues, see [13-20] for example. It is worth mentioning that Zhang [17] verified that the blow-up
solutions exist for some special initial values and studied the sharp stability threshold for the L*-
critical NLS using scaling techniques and some compactness arguments related to compact embed-
ding. Zhang [19], Shu and Zhang [20], Zhang and Ahmed [21] derived some sharp conditions for
finite time blow-up and global existence to NLS with L?-critical nonlinearity and L2-supercritical non-
linearity or with L2-supercritical nonlinearity respectively by constructing the cross-invariant sets and
using variational methods.

It is worth noting that when V(x) represents a trapping potential confined on partial directions in the
space, i.e., V(x) = f: 1 xi2 (1 <k < N), it leads to the fact that the embedding from X (see (1.2)) to L"
with r € [2, %) loses compactness, which makes a huge difference with the situation V(x) = |x*> on
the study of the stability and blow-up issues (see for example [13, 17]). Due to this reason, particular
interest and increasing attention have been received for the study on the criterion of global existence
versus blow-up and stability of normalized ground state to NLS or nonlinear Schrodinger system with
a partial confinement, see for instance [22—27]. In particular, Zhang [23] studied the optimal condition
of global existence to the L?-critical NLS and showed that there exist solutions blowing up at finite
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time for some special initial data via scaling approach. Based on the variational characterization of the
ground state of a canonical elliptic equation without potential and the refined compactness argument
established in [11], Pan and Zhang [28] derived a sharp threshold of blow-up versus global existence
and researched the mass concentration phenomena for NLS with mass-critical nonlinearity and partial
confinement in dimension N = 2. Recently, by employing the cross-constrained variational approach,
Wang and Zhang [29] derived the sharp criterion of global existence and blow-up for the NLS with a
special partial confinement V(x) = x3 for 1 + 7 < p < (11Vv_+22)+ and N > 2. It’s also worth to mention
that the researchers in [30] proved a sharp criterion of global existence to Eq (1.1) in dimension N = 3
by proposing some cross-invariant sets and using variational arguments. We are interested in extend-
ing the results of [30] to the case with space dimensions N > 2 and deriving a new criterion for sharp
global existence. With regard to the stability issues of the normalized standing waves, to overcome the
loss of compactness, Bellazzini et al. [25] used the concentration compactness argument to investigate
the existence of orbitally stable standing waves to Eq (1.1), including partial confinement in the L2-
supercritical case in dimension N = 3. Jia, Li and Luo [31] generalized the arguments in [25] to the
cubic coupled Schrodinger system with a partial confinement in dimension N = 3. In [32], the concen-
tration compactness principle was also applied to the study on the existence of stable standing waves
for the Lee-Huang-Yang corrected dipolar NLS with partial confinement. More recently, for the NLS
(1.1) with a partial confinement and inhomogeneous nonlinearity |x|™’|u|’~'u (0 < b < 2), the authors
in [33] showed the stability of normalized standing waves by utilizing the profile decomposition prin-
ciple in the L?-subcritical and L?-critical cases and by applying concentration compactness principle in
the L?-supercritical case. It is shown in [34] that there exist normalized standing waves for the mixed
dispersion NLS with a partial confinement and these solutions are orbitally stable, in which the main
ingredients of the proofs are the profile decomposition principle and the concentration-compactness
theory in H*(RV) N {u € L*(R"), fRN Sh 1 Plufdx < oo},

As far as we know, the orbitally stable standing waves to Eq (1.1) with partial confinement in the
L?-subcritical and L*-critical cases have not been investigated in the existing literatures. Inspired by
the literatures mentioned above, our main contribution of this work is to derive the sharp criterion of
global existence versus blow-up and the existence of stable standing waves to Eq (1.1) in the general
N-dimensional space.

To these aims, the main difficulty stems from the presence of partial confinement V(x) = le xl.z,
which causes the loss of scale invariance and the lack of compactness. We first derive a new sharp
criterion of global existence for Eq (1.1) with 1 + % <p< %—3 by establishing some new so-called
cross-constrained manifolds and variational problems (see (1.7) and (1.8)), which are different from
those in [30]. Then, the existence of orbitally stable standing waves is obtained in the L?-subcritical
and L’-critical cases 1 < p < 1 + %, by taking advantage of the profile decomposition technique to
overcome the loss of compactness. Our work extends some earlier results of [17,30] and complements
partial arguments of [25,33].

The first part of our paper is to consider the sharp criterion of global existence in the L?-critical and
L?*-supercritical cases 1 + % <p< %—3 by establishing some new so-called cross-invariant manifolds
and proposing cross-constrained minimization problems. Before stating our results, for u € X, we
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define three important functionals as follows

1 k 1
) = 3 fR N(IVu|2 + u)? + ; *|ul*)dx - FES fR ) lu|P*dx, (1.4)
Su) = f \Vul® + |ul’dx — f lul’*'dx, (1.5)
RN RN
N(p-1
Pu) = f \Vul*dx — Np-D f lulP*dx, (1.6)
RV 2(p + 1) RN
and set the following two minimizing problems by
dy = 1nf I(w), (1.7)
dy = 1n£1(u), (1.8)
where
M = {ueX\{0},Pu)=0,Su) <0},
B = {ueX\{0},Su) =0}
Let

d= min{dM,dB}, (19)

then from Lemmas 3.2 and 3.3, one can conclude that d > 0. Next define the following manifolds,

K={ueZ\{0},I(u) <d,S(u) <0, P(u) <0},

K. ={ueX\{0},I(w) <d,S(u) <0, Pu) > 0},

Ry ={ueX\{0},I(u) <d,Su) >0},
={uecX\{0},I(u) <d,S(u) <0},

which will be proved as invariant sets in Section 3.
The following two assertions are about the existence of global solution and blow-up to Eq (1.1) for
N+2

1+— p<m

Theorem 1.1. Suppose 1 + ~<p< N+2 and uy € K, U R, then the solution u(t, x) to Eq (1.1) exists
globally in time t € [0, c0).

Theorem 1.2. Suppose 1 + 2<p< %%’

u(t,x) to Eq (1.1) blows up mﬁmte time.

and assume uy € K with |xlug € L>(RN), then the solution

N+2

Remark 1.3. (i) From the definition of the invariant manifolds mentioned above, for 1 + 3 SP <5

we see that
{uex\{0},I(w)<d}=K,UR, UK,

which indicates the conclusion of Theorem 1.1 is sharp if |x|ug € L*(RM).
(ii) Notice that for 1 < p <1+ %, we can easily get the existence of global solution u(t, x) without any
constrains. For p = 1 + % and uy € X, the sharp threshold mass of blow-up versus global existence
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is given in [23]. In the case N > 2 and p = 1 + %, one can derive the mass-concentration property
of blow-up solutions and the dynamical properties of L*-minimal mass blow-up solutions, which have
been discussed in [28] in the L*-critical case with N = 2 and p = 3, in terms of scaling techniques, a
refined compactness argument and the variational characterization of the positive ground state solution
Q(x) to the critical elliptic equation

~AQ+Q-0vQ =0, xeR". (1.10)
(iii) When N = 3 and 1 + % <p< %—3 Wang and Zhang [30] obtained a sharp criterion of global

existence for Eq (1.1) by introducing some cross-invariant sets and variational problems. Our work,
which is motivated by [20], derives a new sharp condition of global existence to Eq (1.1) in the case
N>2and 1+ % <p< x—f; by proposing some new cross-invariant manifolds and cross-constrained
minimization problems, where the functionals in the constrained sets and variational problems we
define (see (1.5)—(1.8)) are different from those in [30]. Moreover, we improve the corresponding

results of [30] to space dimensions N > 2.

The second part of this work discusses the stability of normalized standing waves in the cases
l<p<1l+ % by taking advantage of the profile decomposition principle. Here, a solution u(#, x) to Eq
(1.1), possessing the special form u(z, x) = €"“*¢(x), is said to be a standing wave, where w € R stands
for a frequency and ¢ € X \ {0} is a solution to the following elliptic equation

~Ap + wp + V(xX)p — |’ = 0.

To research the orbital stability of normalized standing waves, applying the ideas of [8], we take
into account the constrained minimization problem below

m(c) = ¢ieI§£) E(p), (1.11)

where
S(c) ={p € Z: llell2@ry = ¢}, forc>0.

For the L?-subcritical case 1 < p < 1 + %, or in the L*-critical situation p = 1 + % and 0 <

¢ < ||Qll2®v), one can deduce from Gagliardo-Nirenberg inequality that E(¢) (see (1.3)) is bounded
from below on S (¢), where Q(x) is the ground state solution to Eq (1.10). In addition, we know from
Theorem 4.2 that the constrained variational problem (1.11) is attained. In what follows, we denote the
set of whole minimizers to (1.11) by

M. ={p €S(c) : E(p) = m(c)}.
Let’s now review the definition on orbital stability of standing waves.

Definition 1.4. The set A is said to be orbitally stable if for any given € > 0, there exists 6 > 0 such
that for any initial data u fulfilling

inf [lup — ¢lls < 6,

peA

then the corresponding solution u(t, x) to Eq (1.1) satisfies

inf ||u(t, x) — ¢|ls < &, for¥Yt> 0.
peA
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The last result is concerned with the orbital stability of normalized standing waves to Eq (1.1) in
the L2-subcritical and L?-critical cases.

Theorem 1.5. Suppose thatc > 0if1 < p <1+ % or0 < c <||Qll@y) if p = 1 + 5, where Q(x) is the
ground state solution to Eq (1.10). Then, M. # @, and is orbitally stable.

Remark 1.6. (i) To demonstrate the existence of orbitally stable standing waves for NLS with partial
confinement V(x) = Zi‘ 1 X2 (1 < k < N), the main challenge comes from the lack of compactness. With
regard to NLS with complete harmomc potential V(x) = ZN | x Zhang [17] used the key fact that
the embedding ¥ < L’ with r € [2, 2 N 2) is compact to glve the sharp stability threshold of standing
waves with prescribed mass for Eq (1.1) when p = 1 + —. Whereas, regardzng the NLS with partial
confinement, it’s worth to note that the embedding ¥ — L’ with r € [2, 2 = 2) loses compactness, the
method used by [17] is not suitable to obtain the stable standing waves to Eq (1.1). In [33], to overcome
the main difficulty, Liu, He and Feng showed the orbital stability of normalized standing waves to the
NLS with an inhomogeneous nonlinearity |x|™°\ulP~'u and partial confinement for 0 < b < 2 by taking
advantage of the profile decomposition principle in the L*-subcritical and L*-critical cases, and by
applying concentration compactness theory for the mass-supercritical case.

(ii) In this work, we survey only the existence of stable standing waves in the cases 1 < p < 1 + % by
profile decomposition theory, which is an improvement to [17] and a complement to [25,33]. As far as
the authors know, there are few literatures researching the stable standing waves to NLS with partial
confinement in terms of the profile decomposition technique, except for [33,34]. When N =3 and k = 2
in Eq (1.1), Bellazzini et al. [25] obtained the orbital stability of normalized standing waves to Eq (1.1)
in the L*-supercritical and H'-subcritical cases by utilizing concentration compactness principle and
variational methods. In the general N-dimensional space, considering Eq (1.1) with L*-supercritical
nonlinearity, we can apply the ideas of [25, 33] to verify the stability of normalized standing waves.
(iii) The papers [5, 7] have addressed the instability of standing waves to Eq (1.1) without confinement
forp=1+ %. Our result (Theorem 1.5) reveals the stabilizing effect to the standing waves played by
partial confinement V(x) = Zf: ] x.2 (I <k <N).

Throughout this article, for the sake of convenience, we use the abbreviation f -dx to replace fRN -dx
and denote || - [|Lrgy) (1 < p < N +2) by || - |, and utilize C to represent a positive constant which may
vary from line to line.

Our article is structured as follows. In Section 2, some preliminaries are presented, including several
significant lemmas. In Section 3, the sharp criterion of global existence versus blow-up is established
and the proofs to Theorems 1.1 and 1.2 are given. In Section 4, we address the orbital stability of
normalized standing waves and prove Theorem 1.5. In the last section, the conclusions are given.

2. Preliminaries

In order to survey the global existence versus blow-up and the stability issues to standing waves,
one requires the well-posedness to Eq (1.1). Based on [22] and [9], in the following we introduce the
local well-posedness to problem (1.1).

Proposition 2.1. ( [9,22]) Suppose uy € Xand 1 < p < x—f% Then, there exist T = T(||luplls) and a

unique solution u(t, x) € C([0,T),X) to Eq (1.1). Assume that the solution u(t, x) is well-defined on the
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maximal interval [0,T). If T < oo, then lirrTl ||u(t, x)|lz = oo (blow-up). Moreover, for any t € [0,T), the
—

following conservation laws of mass and energy hold
llu(t, V> = lluoll,  E(u(t, x)) = E(uo). (2.1)

Remark 2.2. Inthecasel < p <1+ ]%, using Lemma 2.4 and Young’s inequality, it is not hard to verify
the existence of global solution for Eq (1.1). For the L*-critical case p = 1 + %, the solution to Eq (1.1)
with mass strictly less than ||Q||, is global. On the other hand, if the mass of initial data ||upll> = ||Qll2,
then finite time blow-up solutions exist, see [23]. Furthermore, in the case 1 + % <p< %, using
the local well-posedness theory to Eq (1.1), one can show the existence of global solution for initial
data small enough, but for some large data, it is possible that the explosion of solutions happens at

finite time.

Next, based on Cazenave [9], we give the virial identity for the Cauchy problem (1.1), which is of
great importance in the analysis of blow-up behaviors to the solutions.

Proposition 2.3. Assume uy € X and u(t,x) is the corresponding solution to problem (1.1) in
C([0,T);X). Let |xlug € L*(RY) and take T'(t) = f |x|?|u(t, x)|*dx, then we get that

k
A4N(p-1)
| 4 — v, 2 2 2 _ f p+l1 .
0) 8f<| ul ;x,mndx = [ e

i
Now, we recall some useful lemmas.

Lemma 2.4. ( [5]) Let 1 < p < %2, then for all u € H'(RY), we have the following sharp Gagliardo-
Nirenberg inequality

N(p-1) p+1  N(p-1)
f lulP ' dx < Con( f IVulldx) "7 ( f ufdx)= "7 .
. . .. 4 N+2 -3 . ..
In particular, in the mass-critical case p = 1 + 5, Coy = T+||Q(x)||2N, where Q(x) is the positive

ground state solution to Eq (1.10).

Lemma 2.5. ( [25]) For 1 <k <N, let

k
Ao = inf Vw|?dx + f 2lw|?d
0 f|w|2dx:1( f [Vw|~dx ;% lw|“dx)

and
k

Ay = inf  ( f \VulPdx,dx, - - dox + f > FuPdxidxs - dxy).
Jok lulPdxidxy--dxe=1 JRk RF 45
Then, we have Ay = Ay.
To investigate the compactness of any minimizing sequence to (1.11), we introduce the correspond-
ing profile decomposition of a bounded sequence in X, which is slightly different from [11].
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Lemma 2.6. Suppose 1 <k <N,1<p<1+ % and let {u,} be a bounded sequence in . Then, there

exist a subsequence of {u,} (still denoted by {u,}), a family {xn ", of sequences in RN* and a sequence
{Uf} >, in X satisfying

(l)for eachm # j, |xI' — xf;l — 400, as n — oo;

(ii) for each | > 1 and x € RN, we have

/
U,(x) = ZTX/' U/ (x) + rfl,

n

j=1
with limsup,_,, [Ir}]l, = 0 as [ — oo for any q € [2, ¥53), where 7,U'(x) = U/(xy, -+ , x;,
Xerl = V1ot s Xy — Yn—i) for x = (x1,-++ ,xy) € RV and y = (y1,- -+ , yy—) € RN%. In addition,
1
luall3 = Z NU7115 + NIF115 + o(1), (2.2)
J=1
l
f V()| |*dx = Z f V(0)|U’Pdx + f V(olr Pdx + o(1), (2.3)
=1
1
Vil = D IV + V715 + o(D), (2.4)
j=1
)
IIunII’;ﬂ = Z flTngfV’“dx + ||ri||§j} +o(1), (2.5)
J=1

where o(1) = 0,(1) > 0 as n — oo.
3. Sharp criterion of global existence

In this section, the authors propose several new cross-constrained variational problems and invariant
sets associated with problem (1.1) to discuss the sharp criterion of global existence.

N+2

Proposition 3.1. If 1 +4 < P <35

then M is not empty.

Proof. According to [35], there is u € X \ {0} such that u is a nontrivial solution for Eq (1.10). Testing
Eq (1.10) against u and integrating over R", we see that S (z) = 0. Furthermore, multiplying Eq (1.10)
by x - Vu, one has the following PohoZaev identity

N N
1f|u|p+ldx—5f|u|2dx:(). (3.1)

Combining (3.1) with S(u) = 0, we have P(u) = 0. Put v = vu(t, x) for v > 1, then combining
2
S(u) = 0 and P(u) = 0, one can infer that S(v) < 0 and P(v) < 0. Taking v(¢, x) = A7 Tv(¢, Ax) for
A >0, from (1.5) and (1.6), we obtain

2+2p Np+N )
POY = A fIVI ——I "*dx,
2(p+ 1D

1
- (N - 2)f|Vu|2dx toy
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S(v/l) _ /12+2

p—Np+N 4-Np+N
f [VV]> = P dx + A7 f Iv[>dx.

Owing to P(v) < 0, we deduce that there is Ay > 1 satisfying P(v"*) = 0. Besides, according to the
fact S(v) < 0 and Ay > 1, we know that S (v!) < 0. Thus v € M, which means M # @.

N+2

Lemma 3.2. Let 1 + + < p < 22,

then dy > 0.

Proof. Take u € M, it’s clear that u # 0. Since P(u) = 0, one has

I(u)—(E—N( 1)) f IVulPdx + = f lulPdx + = f Zx lul*dx. (3.2)

We prove the assertion in two situations: the mass-critical case p = 1 + % and the mass-supercritical
case | + 3 < p < 2.

We first consider the case p = 1 + %. In the current situation, we claim that dy;, > 0. Suppose
dy = 0, then we conclude from (1.7) that there exists a sequence {u,}”, € M satisfying I(u,) — O,
S(u,) <0and P(u,) =0asn — oo. (3.2) leads to

f V(x)lu,dx — 0, f lu,[*dx — 0, asn — oo, (3.3)
duetop =1+ %. Applying Lemma 2.4, we obtain

flunl”“dx < CGN(f|Vun|2dx)(f|un|2dx)§]-

This, together with S (u,) < 0, implies

fIVbtnI2 + uyPdx < CGN(fqunlde)(fIunlde)’ZV-

Nevertheless, when 7 is sufficiently large, from (3.3) we have

fIVbtnI2 + uyPdx > CGN(f|Vun|2dx)(f|un|2dx)12v

which is a contradiction. Therefore, dy; > 0 when p =1 + %.
Now, let us handle the L?-supercritical case 1 + % <p< % It follows from S (#) < 0 and the
continuous embedding H'(RY) — LP*!(RY) that

f IVul* + |uldx < f ulP*'dx < C( f Vul + |uPdx)™> .

-

Thus, we derive
f IVul® + |u)’dx > C > 0. (3.4)

Keeping in mind that 1 + =< p< N +2 and combining (3.2) with (3.4), one has
I(u) >C >0, foranyue M,

which means dy; > 0 for 1 + < p < ¥2. Thus we claim that dy, > 0 for 1 + 3 < p < T2,

l\)l\)
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Lemma 3.3. Suppose 1 + £ < p < %—3 then the set B is nonempty and dg > 0.

Proof. According to [35], the set B is nonempty. By S (1) = 0, one can discover

k
1 1 1
I(M):(E—m) f |Vu|2+|u|2dx+§ f ;xizlulzdx. (3.5)

Asserting Sobolev embedding inequality into S (#) = 0, we get

2 2 2 2 5\
[Vul” + ul"dx < C( | |Vul” + |ul*dx) . (3.6)

For 1 + % <p< %—f% and u # 0, one is able to infer from (3.5) that

f(IVulz +|uP)dx > C > 0.

Thus, when 1 + § < p < 22, it follows from (1.8) and (3.5)—(3.6) that dp > 0.

Next we shall show that K, K., R, and R_ are all invariant sets related to Eq (1.1).

Theorem 3.4. Assume 1 + % <p< Ilz—fg then K, K., R, and R_ are all invariant sets of Eq (1.1). That
is, if ug € K, Ky, R, or R_, then the solution u(t, x) to Eq (1.1) also fulfils u(t, x) € K, K., R, or R_ for

Vtelo,T).

Proof. In the first, we demonstrate that the set K is an invariant manifold. Suppose uy € K and u(t, x)
is the unique solution to Eq (1.1). We infer from (2.1) that

I(u) = I(up), for arbitraryt € [0,T). (3.7)

Owing to I(up) < d, we have I(u) < d for arbitrary ¢t € [0, T).

Now we turn to show S (u#) < O for arbitrary ¢ € [0, T). If otherwise, using the continuity of S («) in
t, one can find 7y € [0, T') satisfying S (u(ty, -)) = 0. From (3.7), we obtain u(ty, -) # 0. Combining (1.8)
and (1.9), we know that I(u(ty,-)) > d. Obviously, it’s contradictory to the fact I(u(t,-)) < d for any
te[0,T). Thus S(u) <Oforallt e [0, 7).

Subsequently, for ¢ € [0,T), we claim that P(u) < 0. If P(u) < O is false, since the functional
S (u) is continuous, we could seek out ¢’ € [0, T) fulfilling P(u(?, -)) = 0. Since we have demonstrated
Su(,-)) <0, we conclude from P(u(t’,-)) = 0 that u(#’, -) € M. Thus, by utilizing (1.7) and (1.9), one
has I(u(t',-)) > dy > d. This causes a contradiction because I(u(?',-)) < d for every t € [0,T). Thus
P(u) <O whent € [0,T). Hence we have u(t, x) € K for arbitrary ¢ € [0, T).

By using similar method as the above process, one can also infer that the manifolds K, R, and R_
are all invariant sets.

Based on the conclusions we have proved, it is sufficient to show Theorems 1.1 and 1.2.
Proof of Theorem 1.1. We first study the case uy € R,. According to Proposition 2.1 and Theorem
3.4, the initial-value problem (1.1) possesses a unique solution u(t, x) € R, for arbitrary ¢t € [0,7).
Then, for all ¢ € [0, T), we have I(u) < d and S (1) > 0. This implies

k
2(p + 1
f (Val? + P + )" FluP)dx < 2wty
i=1 p-1
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From Proposition 2.1, one can know that the solution u(z, x) is global in time ¢ € [0, 00).
Next we discuss the case uy € K,. In the light of Proposition 2.1 and Theorem 3.4, the unique
solution u(t, x) € K, for t € [0, T). Hence one has I(#) < d and P(u) > 0, which yields

2 2 2
(E_N( 1))f|Vu| dx + = flul dx + = folul dx <d. (3.8)

In what follows, we shall give out the proof on the global existence of solution in two situations.
One is the L2-critical case, the other one is the L2-supercritical case.
We first discuss the L?-critical case p = 1 + %. By (3.8), we get

1 1 (<
5 f uPdx+ f > FuPdx < d. (3.9)
i=1

Set ul(t, x) = A u(t, x), then (1.6) gives us that

Pu') = A7 f |Vu|2dx—— f ulP*'dx.

Since P(u) > 0, then one can find 0 < A, < 1 satisfying P(u*) = 0. Putting (1.4) and (1.6) together,
we obtain

4(N+1) k
Iu) = = f AT+ AL Zx$|u|2)dx.

Thus, from (3.9), one has that

4(N+1)

I(u™) < A, ¥ d. (3.10)

For S (u'), only two possibilities exist. One case is S (u*) < 0, and the remaining one is S (u*) > 0.
For the case S (u'*) < 0, since P(u'*) = 0, together (1.7) with (1.9), one can show that

IW") > dy >d > ).

Then we have

4 _AW+D k _2N_
(1- Aﬁﬂfwuﬁdx FA—a )foizlulzdx -4 szz)fmﬁdx <0. G.11)
i=1
Thus, from (3.9) and (3.11), one has
k
f (IVul* + Z x7|ul* + |uf*)dx < C. (3.12)
i=1

For S (u*) > 0, it follows from (3.10) that

4N+1)

1
I(w! )——S(u <A, ",
p+
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which implies

—_ 1 _ 2N (N+1) 4(N+1)
P o f RIVul + ufdx + /1 we2 f Zx ufdx < T ™2 d.
2p+ 1) .

Therefore,
k
f IVul + |ul® + Z CluPdx < C. (3.13)

Thus, for p =1 + , (3.12) and (3.13) imply that the solution u(#, x) is uniformly bounded in X for
allr € [0,T). Accordmg to Propos1t10n 2.1, we derive the global existence of u(¢, x) in time ¢ € [0, o).
We now argue the case 1 + <p <5 N +2 . It is easy to see from (3.8) that

f Vul + Z Clu? + |ufdx < C.
i=1
N+2

Therefore, for 1 + % < p < 55, on account of Proposition 2.1, it suffices to show that the solution
u(t, x) to Eq (1.1) ex1sts globally for ¢ € [0, o).

Proof of Theorem 1.2. Suppose uy € K and |x|uy € L>(R"), and assume u(, x) is a solution to Eq
(1.1). Then combining Proposition 2.1 with Theorem 3.4, one could derive that the solution u(t, x) € K
and |x|u(z, x) € L*(RY) when ¢ € [0, 7). It follows from the virial identity (see Proposition 2.3) and
(1.6) that

I'(t) < 8P(u(t,-)), fortel0,T). (3.14)

Thus, for 0 <t < T, u fulfils that S («) < 0 and P(u) < 0. For u > 0, we take u* = ,u%u(,ux), then
2 2 -p) 2 +1
Sy =pur | |Vul"dx + u s lu|°dx — | |ul’"'dx,
5sp N(p - l)f |
Py = pur | |Vuldx - ——= Pldx.
) =p flulx 2+l |ul”" dx

Owing to 1 + % <p< %*g and P(u) < 0, then there must exist u, > 1 fulfilling P(u**) = 0, and
Pw') <0forl <pu<pu,. Whenl < u < pu,, dueto S(u) <0, S(«) may have the following two cases:

1) S") <O0for 1 <pu < w.;

(ii) There is 1 < @ < p, satisfying S (u’) = 0

Concerning the first situation (i), we have P(#**) = 0 and S (#**) < O, then u** € M. Based on (1.7)
and (1.9), we discover

IW") > dy > d > I(u).

Furthermore, one has

I(w) — 1)

1
E(l_ "“)fqu|2dx+ —(1—p "”)fo lul*dx

_3(p-1)
+ (1— ! )flulzdx,

"“ ) f [Vuldx.
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Due to the fact 1, > 1 and 1 + % < p < 322, we derive
1 1
I(w) — I(u*) > E[P(u) - P(u)] = EP(M). (3.15)

For the case (ii), we have u’ € B. Thus, we deduce from (3.15) and (1.9) that
1w’y > dg > d.
And so, we could get
I(u) - 1) > %[P(u) - P(u’)] > %P(u). (3.16)
Since I(u*) > d, I(u’) > d, combining (3.15) with (3.16), we conclude
P(u) < 2[1(u) —d]. (3.17)
From (3.14), (3.17), (2.1) and u, € K, one has the following estimate
() < 8P(u) < 16[I(up) — d] < 0.
Hence there exists 0 < 7' < oo satisfying I'(T") = 0. Then using Lemma 4.2 in [17], one obtains
lim [Jully = oo,

which indicates the solution u(#, x) to Eq (1.1) must blow up in finite time.
4. Orbital stability of standing waves

This part is concerned with the orbital stability of normalized standing waves of Eq (1.1) in the
L?*-subcritical and L>-critical cases, in which the proof to Theorem 1.5 is given. To go further, let us
first introduce the non-vanishing conclusion as below.

Lemmad.l. Let1 <k<Nand1 <p <1+ %. Assume u,, is a minimizing sequence of (1.11), then
there must exist 6 > 0 meeting

n—oo

lim inf f lu )P dx > 6. 4.1)

Proof. Assume by contradiction that there is a subsequence u,, fulfilling

lim f |, (0)I”* dx = 0.
]/

This, together with the definition of m(c), deduces that

m(c) = lim E(u,,)
]—)OO ;

1 u 1

= timl; [ (Va4 2= oy [ i
1 k

— : _ 2 2 2

= tim 3 [0V + Dl P

k
1
lim  inf f (Vo P+ Dl Pyl 4.2)
i=1

oo flu,,jlzd)c:c2 2

\%
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Taking v, = L%, then (4.2) can be rewritten as

C2 d
m(c) = lim E(u,)) > lim inf — Vv, > + v, Pdx
©=lmE,) = lm inf f (19, Z} )
A
> 7002, (4.3)

where the last inequality according to Lemma 2.5. Furthermore, in view of the argument that the em-
bedding H = {v € H'(R), f Y K2vPdx < o} < LA(R¥) is compact by Lemma 2.5, then there exists
some 7 € H'(R¥) with [, |[r[dx = 1 such that A, is achieved. Let ¢ € H'(RY ™) satisfy [ , [y?dx = ¢?
and set

ua(x) = 7(xp, - XYa(Xeer, 5 XD,
where ¥, (X1, ,XN) = /lNT_kw(/lka,--- ,Axy). Then for any 4 > 0, we can deduce u, € S(c),
combining this fact and Lemma 2.5, we see that

1 k 1
5 f |Vu4|2+;xl~2|u,1|2dx)— T f [P dx

1
Il + 12 - flu,llp”dx, (44)
p+1

E(uy)

where

1

Il = 5 fluﬂlzdx
1
= —(czf IV o T - ’xk)lzdxl coodx,
2 RE
* /12 f k lek+1"'XN—k¢/1|2dxk+l T de),
RNk

and

| =

k
fz xizlu,llzdx
i=1

2 k
¢ 2 2
= EfklE XiT(x, X, o0, x| "dxy - dxg,
R =

which implies that (4.4) can be written as
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1
E(u,) = 5(62 f Va1, cxlPdxy - dxy + 22 f IV s alPd Xy - - - dxy)
R

RN-k
¢ S 2 2
+—f|2xﬂ(xl,Xz,---,xk)| dxy -+~ dx;
2 Jw 45

1

- ) + 1 |T(.X'], RS xk)|p+1|lr///l(xk+l, T, xN)|p+1dx
Ao
= f IV xyWald Xy - - dxy + 702
RN—k
1
- f lr(xr, = X e, -+ xn)IP dx
p + 1 RN
A2 Ao
= 3| IV g Wl 1 - - - dxy + 7&
RN~
WN=b(p=1)
/l 2 p+1 p+1
- |T(x13 T, xk)' |¢/(Xk+1, Y xN)| dx
p + 1 RN
Ao 5
< —c,
2

where the last inequality bases on the fact 1 < p <1 + 5 < 1+ 5= when taking 4 > 0 sufficiently
small. Moreover, since u, € S(c) for A > 0 sufficiently srnall one has

m(c) < E(uy) < %cz

which contradicts with (4.3). Thus (4.1) holds.

Then, we deal with problem (1.11) by utilizing the profile decomposition theory of a bounded
sequence in X (see Lemma 2.6).

Theorem 4.2. Letc >0ifl <p <1+ % orO<c<|Qlifp=1+ %, where Q(x) is the ground state
solution to Eq (1.10). Then there must exist u € S (c) satisfying m(c) = E(u).

Proof. We first demonstrate that the variational problem (1.11) is well-defined, and any minimizing
sequence for (1.11) is bounded in £. By Lemma 2.4 and (1.3), one has the following estimate

k
1 1 1
Euw = §||Vu||§+§fzxi2|u|2dx—ﬁf|u|p+1dx

1 ) 2 g \HEHNG-D
> I~ Con( f VuPdx) f uPdx)

where ||u||22 = |IVull3 + fozl x?|u’dx. For the case 1 < p < 1 + +, using Young’s inequality, one has
that for any 0 < & < 1, there is a positive constant C(g, Cgy, c) fulfilling

N(p-1)

N(p-1)
Conllully ™ (flulzch)2 T < elullf + Cle, Cons 0),
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which implies
1
E) + C(e, Con.0) 2 (5 - )lull;. (4.5)

Forp=1+ % and 0 < ¢ < ||Q|]z, applying Lemma 2.4 again, one derives from (1.3) that

4
1 1IVul By
Ew) 2 Slulf-5———
o1y

4

2
||Q||2 cv Ik =< e
2||Q||2

Thus, the energy functional E(u) possesses a finite lower bound and the constrained minimization
problem (1.11) is well-defined. In addition, it is clear that each minimizing sequence to (1.11) is
bounded in X from (4.5) and (4.6).

Second, we argue that there only exists one term U’ # 0 in (4.7) with the aid of profile decompo-
sition technique in X. Let {u,} >, be a minimizing sequence, using Lemma 2.6, then one gets

(4.6)

/

u,(x) = Z T U(x) + 7, 4.7)
=1
with limsup, _, ||rfl||q — Qas/— cowheng € [2, %). It follows from (4.7) and (2.2)—(2.5) that
E(u,) = Z E(T U’) + E(rfl) +0(l), asn — oo and |l — oo. 4.8)
=1

Lett Ujj(x) AT /Uf(x) with 4; = , for every T /Uf(l < j <), we deduce

IUf||

ey Ullh =,

and
j 1 . ip 1 J el
E(Tx,’;UA,-) = EHVTX-,QUA]-”Z + = V(x)lijUﬂ_l dx— —_— |TX£U/IJ_| dx
-1
= GE@ U)) - f It U1 dx,
which means that _
O E@ U A -1 .
Et U)= —5——+ -~ f [t U1 dx. (4.9)
Xn /lJ p + 1 Xn

Similarly, we get the estimate of E (rfl) as below

rl 2 T
£l = ! ”2”2E(” RO Te” 77 f rl* dx + o(1)
C ryli2
rl 2
Vall e rfl)+0(1). (4.10)
c Il
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Due to [Ir, /U’ 1, = =57 l, = ¢, one has

lIralla

E(r, UJ ) = m(c), and E(

r ) > m(c).

I lII
It follows from (4.8)—(4.10) that

L E(r,U)) 1”1—1
Ew) > Y (— f [t U7 dx)

s
1AL
+ szE(” T rg)+o(1)
> m(C)ZIIUf||2+1nf ; (th U )
|| l||2
m(e) + o(1). @.11)

By the convergence of Y32, |U 7112, there must exist j, > 1 such that

c

Joy|2 = T > 1 . = f = —
U5 = sup{llU’ll, j = 1} and ljlef/b A, Uil

Letn — coand [ — oo in (4.11), applying Lemma 4.1, then one gets

m(c) = m(c) + 6(( =1,

IIUJOII

which yields
U, = .

Thus, combining (2.2), we have ||[U”||, = ¢, and there only exists one term U” # 0 in (4.7).
Therefore, (4.7) can be rewritten as

() = T i U (x) + 1 ().

Moreover, note that [[u,|l, = [[UP|l,+|r,ll+0,(1), and [lu,|l» = [IU|l, = ¢, one has lim, e |7, =
which means r, — 0 in L>(R"). This, together with Lemma 2.4, deduces that lim,,_,, ||r,,||qul =0 for

g € (1,2%2) Then we get
f|r,,|"+1dx - 0.

» N-2
By the lower semi-continuity, one has
liminf E(r,) > 0,

n—oo

and
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IA

lim inf E(7 _j, U”)

n—oo

liminf E(7 J U’) + liminf E(r,)

n—oo

IA

lim inf(E(t j, U") + E(r,))

liminf E(u,) = m(c).

Besides, for n > 1, we infer from ||t U%||, = ||[U”||, = ¢ that E(t>U’*) > m(c). Thus,

liminf E(r) U”™) = m(c).

n—oo

Next, we claim that the sequence {x)} is bounded. Let us argue by contradiction and suppose that
up to a subsequence, |x}°| — oo as n — oo. For convenience, let U/ be continuous and compactly
supported. Thus, one has

flr{ch“I””dx — 0, asn — oo.

This implies that
S 1 .
liminf E(r U”) = §||Uj°||z = m(c).

n—oo

Furthermore, by the definition of E(U/°) we infer that

1

EU") +
™) p+1

f U P dx = m(c),

which means E(U%) < m(c). This contradicts to E(U”) > m(c) since [|U”||3 = c¢. Thus, the bounded-
ness of the sequence {xP} C RN is proved, and we could suppose that, up to a subsequence, X0 — xio
inR¥*asn — co.

Up to now, we can rewrite (4.7) as

Un(X) = UP(x) + 7n(),
where U/ (x) = T o U’°(x) and 7,(x) = T o U'o(x) — T o U’ (x) + r,(x). Since |[u,|l, = [U”||, = c, then
7 —0inY and 7, — 0in L*(RY).

Thus, we have _
E(u,) = E(U”) + E(7y) + 0,(1).

Applying the lower semi-continuity to norm, together with lim,_,. f [ralP'dx = 0, we know
liminf, . E(7,;) > 0. Thus, it follows from |||} = ¢ that

m(c) = liminf Ew,) > liminf(E(U”) + E(7))

\%

E(U”) + liminf E(7})
E(l7j°) > m(c),

\%

which indicates that E (ﬁ 70y = m(c). Thus the proof is completed.
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We now show that the standing waves to Eq (1.1) are orbitally stable with the help of Theorem 4.2.
Proof of Theorem 1.5. According to Remark 2.2, we are aware the existence of unique global solution
u(t, x) to Eq (1.1) under the assumptions. We prove this conclusion by contradiction. Suppose that there
exists a sequence {ug,} . , satisfying

. 1
inf |lup, — ¢lls < —, 4.12)
peM n

c

and assume there exist a time sequence {7}, and a positive constant & such that the solution sequence
{u, (2}, to Eq (1.1) fulfils
inf |lu,(1,) — ¢lls = &o. (4.13)
pEM,

Next we show that there is v € M, satisfying
lim ||ug,, — Vl|ls = 0. (4.14)

In fact, from (4.12), we can find a sequence {v,}, | C M. such that

2
lleto.n — Vills < P 4.15)

Since {v,};”, € M., then {v,} is a minimizing sequence to (1.11). In addition, applying the assertion
in Theorem 4.2, one can conclude that there exists v € M, fulfilling

lim [y, =iy = 0. (4.16)
Thus, (4.14) follows immediately from (4.15) and (4.16). Then we have
Tim [, 3 = V113 = €, lim E(uo,,) = E@) = m(o).
In addition, we deduce from (2.1) that
lim [l (1)1 = %, lim EGu,(6,)) = E0) = m(c).

Cltn(n)
”Mn(tn)llz >

Moreover, thanks to Theorem 4.2, one knows that {u,(z,)}:2, is bounded in X. Taking u, =
one has ||u,|l, = ¢ and

2 p+1
E "l/’t = n n ” ]7+1d
@) = Sl - p+1|| n(n)”pﬂ [ e iax
= —ZE(LL (l' )) + ! ( Cp+l )fl (l )|p+1dx
”Mn(l‘n)H% e p+1 ||un(tn)||§ ||un(tn)||§+l Up\ly

which yields that
lim E(u,) = E(uy(t,)) = m(c).

Therefore, u, also becomes a minimizing sequence to (1.11). Then by Theorem 4.2, one can find
an element v € M, such that
u, —>vinXx.
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Then, one has
u, — u,(t,) > 0inX.

It is clear that
u,(t,) »>vinx,

which is contradictory to (4.13). Thus the conclusion holds true.
5. Conclusions

In this paper, we investigate the sharp global existence of solutions and the stability of standing
waves for the NLS with partial confinement. More precisely, for 1 + % <p< % via constructing
some novel cross-invariant manifolds and variational problems, we derive a novel sharp criterion for
global existence. That is, the solution u(t, x) for Eq (1.1) exists globally in time ¢ € [0, co) if the initial
data uy € K, U R,, while the solution u(t, x) blows up in finite time if uy € K and |xjuy € L*(R™).
In addition, we utilize the profile decomposition technique to overcome the lack of compactness and
show the existence and stability of normalized standing waves for 1 < p < 1+ ¢ or p = 1 + ¢ with

lluoll> < 11Qll2, where Q(x) is the ground state to the critical elliptic equation (1.10).
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