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Abstract: A stochastic SIRS system with Lévy process is formulated in this paper, and the model
incorporates the saturated incidence and vaccination strategies. Due to the introduction of Lévy jump,
the jump stochastic integral process is a discontinuous martingale. Then the Kunita’s inequality is used
to estimate the asymptotic pathwise of the solution for the proposed model, instead of Burkholder-
Davis-Gundy inequality which is suitable for continuous martingales. The basic reproduction number
R; of the system is also derived, and the sufficient conditions are provided for the persistence and
extinction of SIRS disease. In addition, the numerical simulations are carried out to illustrate the
theoretical results. Theoretical and numerical results both show that Lévy process can suppress the
outbreak of the disease.
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1. Introduction

The method of mathematical modelling has been an important way to study the spreading and con-
trolling of infectious disease. Since the pioneer work of Kermack and McKendrick [1], many deter-
ministic mathematical models have been proposed to help us understand the spreading and controlling
of infectious disease [2-5]. In [6], Lahrouz et al. put forward and analyzed a deterministic SIRS
model with general incidence and vaccination. The authors derived the basic reproduction number and
provided sufficient conditions for the persistence and extinction of disease. However, the model does
not consider the environmental fluctuations. Many researchers have demonstrated that environmental
fluctuation has largely affected the spreading of infectious disease [7, 8]. For human disease, due to
the nondeterminacy of person-to-person contacts, the growth and spreading of infectious disease are
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inherently random.

There are several ways to model the influence of environmental fluctuations by stochastic differen-
tial equations [9, 10]. One of the most important way is to consider system perturbation which arises
from the approach in [11]. On the basis of the work of Lahrouz et al. [6], the SIRS model incorporated
by system perturbation can be described by

dS(t) = (1= A —puS - B 4 5R(r))dr + S (17)dZ (1),

1+al(t)

dI() = (B89 — (u+ ¢+ HI)dr + I(7)dZy(0), (1.1)

1+al(t)

dR(5) = (vA = (u + O)R(®) + EI(1))dr + R(t™)dZx(2),

where the numbers of the susceptible, infectious and recovered individuals at time ¢ are represented
by S(#), I(t) and R(t), respectively. S(¢7), I(t") and R(¢") are the left limits of S(¢), I(¢) and R(%),
respectively. Z(t) = (Z,(t), Z,(t), Z,(¢)) 1s a 3-dimensional stochastic process which models the random
perturbation of the system. The parameters are all assumed to be positive. The biological meanings of
the parameters are summarised in the following Table 1.

Table 1. The biological meanings of each parameter in system (1).

Notation Biological meanings

The proportion of population that is vaccinated

The population influx into the susceptible component

The death rates of S, I, and R

The transmission coefficient between S and I

The rate of the recovered individuals losing immunity

The death rate due to the disease

The recovery rate of I

The parameter measuring the inhibitory or psychological effect

QMO OTHE >

When Z;(t) = 0, system (1.1) is reduced into a deterministic model irrespective of the effects of
environmental fluctuations. In fact, the spreading of disease is inevitably disturbed by environmen-
tal fluctuations. Usually, white noise [12, 13] is used to model the impact of environmental noise.
However, when there exist large occasionally environmental shocks, such as earthquakes and floods, a
stochastic model only with white noise cannot explain these discontinuous perturbations. Since Bao et
al. [14] firstly proposed that Lévy process should be suitable to describe large occasionally fluctuations,
some researchers use non-Gaussian Lévy jump noise to model these discontinuous phenomena [15,16].
For the sake of modelling the influence of environmental fluctuations, the form of Z;() is represented
by

t
Z(1) = 0:Bi(1) + f fm(Z)N(ds, dz), i=123, (1.2)
0 Jy
and Z;(¢) is a Lévy process and has the following Lévy-Khintchine representation

. . . t .
Blel /0 eA0A0) = exp(=(u, Aw)+1 | (€1~ i(u,n() = Dv(dz)),
R\O
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where u = (u;, up, u3) € R and Aisa3 x 3 diagonal matrix and its diagonal elements are /0.

In (1.2), defined on a complete probability space (2, ¥, P), B;(t) (i = 1,2, 3) are standard Brownian
motions are independent with B;(0) = 0. The intensities of the white noise is denoted by o; (i = 1, 2, 3).
N (dt,dz) := N(dt,dz) — v(dz)dr represents the compensated Poisson random measure, where N(dz, dz)
is the Poisson random measure and its characteristic measure is v(dz) which is finite Lévy measure.
The Lévy measure satisfies mein(lni(z)lz, v(dz) < oo (i = 1,2,3), see Theorem 1.2.14 in [16].
The effects of jumps is represented by n; : Y — R (i = 1,2, 3) which is supposed to be continuously
differentiable and bounded.

On the basis of the above discussion, the model (1.1) incorporated by linear system perturbation
can be described by

dS(®) = ((1 = vA - pS — B0 1 5R(1))dt + oS ()dBi (1) + [, m(2)S ()IN(dr, dz),

T+al(h)

di(t) = (BLY — (u+c+HI0))dt + 021 (H)dBot) + [, ma(I(EIN(t, d2), (1.3)

T+al(?)

dR() = (VA = (u + ORE) + EI(D))dt + o3R(OAB3 (1) + [, 13(@R(EIN(dt, dz).

The spreading and extinction of infectious disease are two important and interesting topics in the
control of infectious disease owing to their theoretical and practical meanings. The aim of the paper is
to study the extinction and persistence of stochastic model (1.3). In order to investigate the extinction
and persistence of stochastic model (1.3), it is required to estimate the solution of stochastic system
(1.3). Usually, for continuous martingales, Zhou and Zhang [17] have used Burkholder-Davis-Gundy
(BDG) inequality to prove the asymptotic pathwise estimation (see Lemmas 2.1-2.2 in [17]) of the
solution. However, in this paper, due to the introduction of Lévy jump, the jump stochastic integral
process is a discontinuous martingale. Therefore, the Kunita’s inequality which is suitable for discon-
tinuous martingales is used to estimate the asymptotic pathwise of the solution for the proposed model,
instead of BDG inequality.

This paper is organized as follow: In Section 2, the asymptotic pathwise of the solution is esti-
mated for stochastic model (1.3). In Section 3, sufficient conditions are provided for persistence and
extinction of stochastic model (1.3). In Section 4, the paper ends with some discussions and numerical
simulations.

2. Existence and uniqueness of the positive solution

For the jump diffusion coefficients of stochastic model (1.3), we suppose that
(H,) For each n > 0, there exists a constant L, > 0 such that fY |Hi(x,2)—Hi(y, 2)|*v(dz) < L|x—y|* (i =
1,2,3), where H,(x,2) = ni(2)S(t7), Hy(x,2) = 2 (2)1(t7), H3(x,2) = n3(x)R(¢7) with [x| V |y| < n;
(Hy) [, Ini(2) — In(1 + n,(2))v(dz) < oo for i(z) > —1 (i = 1,2,3).

Theorem 2.1. Assume (H;) and (H;) hold. Then the stochastic system (1.3) has a unique global
solution (S (1), I(t), R(1)) € R? for all > 0 and any given initial value (S (0), 1(0), R(0)) € R? a.s..

Proof. According to the assumption (Hj), the coeflicients of the model (1.3) satisfy local Lipschitz
conditions. By Theorem 2.1 of [14], for any ¢ € [0, 7.), there is a unique local solution (S (¢), I(¢), R(?)) €
R3 and 7, is the explosion time. To illustrate the solution is global, it is necessary to show that 7, = +o0
a.s.. Define the stopping time as

or max{S (), 1(t), R(t)} > m}

3=

T, = inf{t € [0,7,) : min{S (&), I(t), R(t)} <
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Set 7, = lim 7,, < 7, a.s.. It is sufficient to prove 7., = +o0 a.s.. If it does not hold, then there exist

m—00

constants 7 > 0 and € € (0, 1) such that
P(tr.<T)>e.
Consequently, for all m > m,, there is an integer m; such that P(r,, < T) > €. Define
V(S @), 1(t),R()=(S —b— bln%) +({—-1-Inl)+(R—-1-1nR),

e

where 0 < b < 5

. By Itd’s formula with Lévy jump process, we have
dV (S (@), I(t), R(t)) =LVdt + o1(S () — b)dB,(t) + 02 (1(¢) — 1)dB,(¢)
+03(R(1) — DB (1) + f [m2)S ()

Y

—bin(1 + n1(2)) + m()I(t") — In(1 + n2(2))
+13(DR() = In(1 + 13(2)IN(dt, d2),

where LV is the generating operator of stochastic system (1.3):

b S ST
LV:(1—§)[(1—V)A—,uS—1ﬁ+—aI+6R] 1——) [~ +c+ O+ P —
1 b 1 1
+(1—E)[vA—(y+5)R+g1]+§a§+§az+§(r3

+ f [m1(z) = bIn(1 + 71(2)) + 72(2) = In(1 + 72(2)) + 73(2) — In(1 + 773(2))]v(dz)
Y

b(1 —=v)A boR BS vA
S S 1+al R
&l bp b, 1, 1,

R T lxar T201739273593

+ f [71(2) = bIn(1 + 11(2)) + 172(z) = In(1 + 72(2)) + 173(2) = In(1 + 773(2))]v(dz).
Y

=A+ub+2u+c+éE+6—uS —

Applying the inequality 7;(z) — In(1 + 1,(z)) > O for r;(z) > —1 and assumption (H,), we obtain

b 1 1
LV <A+ub+2u+c+E+6+ Eo-f + 50'% + Eag + f[m(z) — bIn(1 + n,(z))
Y
+12(2) — In(1 + 172(2)) + n3(2) — In(1 + n3(2))]v(dz)
=K,

where K is a positive constant.
The remaining steps are similar to [8], so they are omitted. O

3. Asymptotic pathwise estimation of the stochastic solution

Firstly, we provide some preliminary results for the asymptotic pathwise estimation of the solution
of stochastic system (1.3).

Mathematical Biosciences and Engineering Volume 20, Issue 1, 1402-1419
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For continuous martingales, Zhou and Zhang [17] used BDG inequality to prove asymptotic path-
wise estimation of the solution. However, in this paper, for discontinuous martingales, Kunita’s in-
equality is needed to prove asymptotic pathwise estimation of the solution and it is different from the
BDG inequality for continuous martingales used by Zhou and Zhang [17].

Let us first state the Kunita inequality (Theorem 4.4.23 of [16]). Consider the stochastic integral for
jump process

Y(#) = f fH(s, 2)(N(ds,dz) — v(dz)ds), teR, 3.1
0 JY

of the predictable integrand (H(s, 2))sz)er, x¥-

Lemma 3.1. Assume that Y(t) is a semi-martingale represented by (3.1) [16]. Then there exists a
constant C,, > 0 such that for any p > 2,

E[sup [Y(s)I’] < Cp{E[(f le(s,z)|2dsv(dz))”/2] +E[f fIH(S,Z)I”dSV(dZ)]}
0 JY 0 JY

0<s<t
For convenience, denote

aV b=max{a,b}; aAb=min{a,b};
=otvaived A= f [0+ M)V 1:G) V 1@ — 1v(da).
Y

Now, let us state the results on the asymptotic pathwise estimation.

Theorem 3.1. Suppose (Hy)—(Hy) hold. If u — pT_IO'Z - %/1 > 0 for some p > 1, then

. SO+1(t)+ RO
lim =0
t—00 t
Moreover, S
1 R
im2? 20, i@ o0, imf2 o0, as.
t—oo [ t—oo t—oo f

Proof. The proof is enlightened by [18]. Let X(¢) = S(¢) + I(¢) + R(¢). Define
V(X)) =1+X),
where p > 0 is a constant to be determined later. It follows that

dV(X(8)) =LVdt + p(1 + X())’ [0S ()dB,(t) + 0, 1(t)dBy(¢) + o3R(t)dB3(1)]

— 3.2
+ f (1 +X() + m@S () + m@I() + n3()RE))” = (1 + X(7))"N(dz, dz), 2
Y

where

+p(p—1)

LV(X) <p(1 + X)" '[A = uS — (u + ) — uR] (1 + X)) 2(03S% + o3I + 03R?)

+ f(l + X[ +m(2) vV m2(2) V 13(2))” — 1]v(dz)
Y

1, 1 2 A
<p(L+ X2 [u-2om? - — X+ (A =+ DX + A + =),
P P

P
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Setp=pu—5to? - %/l. It follows from p = pu — Z10% - 54> 0 that
) 2 2 A
LVX) <p(1 + X)' ™ {-pX"+ (A + —A—w)X+ A+ —}.
p p

For any « € R, direct calculation yields that

de" V(X (1)) =L[e“V(X(1))]dt + e p(1 + X(£))' ' [01S ()dB,(t) + 0, 1(t)dBy(t)

+ o3R(AB3(1)] + € f {1+ X)) +m@S @) + m(I(1)

Y
+ 13(2)R())’ = (1 + X())PIN(dr, dz).

Integrating from O to ¢, we have

(1 + X@®)” =(1 + X(0))? + f [k (1 + X(5))” + e LV(X(s))]ds + f e p(1 + X(5)P™!
0 0

[071S (5)dB(s) + 021(s)dBy(s) + o3R(s)dB3(s)] + f e f {1+ X(s7)
0 ¥

+M@S (57) + M@I(s7) + 3 (DR(s))” = (1 + X(s7))P}N(ds, dz).

Taking expectations of (3.5) leads to

E[(1 + X(0)"] = (1 + X(0))” + E{f [ke® (1 + X(s5))" + e LV(X(s))]ds}.
0

According to the inequality (3.3), for any x < pp, we have
ke''(1 + X)) + "LV (X(¥))

<ke(1 + X))’ + pe(1 + X)) *[-pX>(t) + (A + %A — WX+ A+ g]

=pe'(1 + X(1))"*[—(p — %)Xz(t) +(A+ l%/l —u+ %K)X(t) +A+

<pe“H,

where

2 2
O<H:=1+sup(l+X) 2 =(p- X2+ A+ A-pu+ Zx+ A+
p p p

XeR,

Therefore, for any « € (0, pp), according to (3.6) and (3.7), we obtain

E[“(1 + X(1))"] <1 + X(0))" + pr e’ds
0

H
—(1 + X(0))” + 22,
K
Consequently,
H
lim sup E[(1 + X(0))"] < 22,
>0 K

A+«
—]
p

A+«
—] < oo.
14

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)
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which indicates that we have M > 0O such that
E[(Q+X®)1<M, t>0. (3.8)

For k = 1,2,... and sufficiently small 6 > 0, by (3.2) and (3.3) that

(1+X®)) - (1 +XK0) <p | (1+X(s)*[-pX>(s) + (A + %/l —)X(s) + A + %]ds

ko
t

+p | (1+X(5)"" (018 ()dBi(s) + 02 1(5)dBs(s) + 73R(5)dBs(s))
kO

+ fk f [(1+X(s7) + (S (s7) + n2(2)I(s7)
0JY
+13(2)R(s))” = (1 + X(s7)PIN(ds, dz), ¢ > k6.

Direct calculation yields that

!
2
sup (1 + X0 <A +Xk)Y +p sup | | (1+X()"[—pX>(s) + (A + =1 — )X(s)
ko<t<(k+1)0 ko<t<(k+1)0 Jko p
/1 !
+ A+ —]ds|+p sup | (1 + X())” (1S (5)dB;(s) + 021(5)dBy(5)
V4 ko<t<(k+1)0  Jko

+03R(s5)dBs3(s)) |+ sup | fk f[(l +X() +m@S () +m()I(s)
6 JY

kO<t<(k+1)0
+ 13(DR())? = (1 + X(s7))"IN(ds, dz) | .

Taking expectations of the above inequality, it follows that

E[ sup (1+X®)1<E[Q+XKkO)]+1L+L+1
kO<t<(k+1)6

<M+ +L+ 1,

where

! 2 1
I, = pE{ sup | f(l + X)P 2 [—pX? + (A + =4 — )X + A+ =]dsl);
ko<t<(k+1)6 Jko p p

L =pE{ sup | f(l + X()"™ (018 (5)dB)(s) + 021(5)dBs(5) + 03 R(5)dBs3(5)) | };
ko<i<(k+1)0 Jko

I =E{ sup | f f[(l +X(s7) + @S () + mI(s7) + n3@R(s)) — (1 + X(s7)"IN(ds, d2) | }.
k0 JY

ko<t<(k+1)6
Now let us estimate /1, I; and I5. It is easy to see that there exists ¢;; > 0 and ¢;, > 0 such that
- p(1+X)P2X*<0;

2
A+ 22—+ X)X <1+ X);
p

Pl
(A + )1 +X)P? <ep(l +X)P,
P
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then we have

Iy <cE{ sup | (1 + X)Pdsl}
ko<t<(k+1)o Jko

(k+1)8
SclE{f (1 + X)’ds}
k

0
<cOE{ sup (1+X)"},
k<1< (k+1)8

where ¢; = p(cy; + ¢12) is a positive constant. By using BDG inequality, it follows that

(k+1)6
L < V32pE{( f (1 + X" V(o282 + 021 +0'3R2)ds) }
< o0 prE(( sup  (1+ X))}
ko<t<(k+1)0
= czeépaE{ sup (1 +X)"},

kO<t<(k+1)6

where ¢, is positive constant. Since N (dt, dz) := N(dt, dz) — v(dz)dt, then,

(k+1)6
I <E{ | f f [(1+ X(57) + m@S(s) + m@I(s™) + R — (1 + X)) INds, d2) | )
(k+1)0
+E{| f [(1+ X(57) 4+ M@S () + m@I(s™) + m@ROY = (14 X(s7)1dsv(dz) |}
(k+1)9
2E(| f [(1+ X(s7) 4+ mE@S () + @I(s™) + @R — (14 X(s7) Idsv(dz) |}

<20E[ sup (1+ X)”]f | (1 +mi(2) vV (2) vV 3(2))" = 1] v(d2).
Y

ko<t<(k+1)8

Therefore, it follows that

E[ sup (1+X(0)']<E[(1 + X(kO))’] +{c16 + 20> po + 29f | (1 +m(2) V)V n2)°
ko<r<(k+1)0 ¥ 3.9

—1|v(d}E[ sup (1+X(@®)"].
ko<t<(k+1)é

Moreover, it is easy to see that we can choose 6 > 0 small enough such that
1 1
16 + 207 po + 29f | (1 +m@) V@) V@) —1]1vdz) < 7
Y

It follows from (3.8) and (3.9) that

E[ sup (1+X(1)"] <2E[(1+ X(k0))"] <2M. (3.10)
ko<r<(k+1)0

Mathematical Biosciences and Engineering Volume 20, Issue 1, 1402-1419
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Set arbitrary € > 0. For all k£ > 1, applying Chebyshev’s inequality yields

E[ sup (1+X(1)]

ko<t<(k+1)0
P{ su 1+ X)) > (kO)'*€) <
{kests(lgrl)é)( ()) ( ) } (ke)HE

2M
< -
(kO)!+<

By Borel-Cantelli Lemma ( [19]),

sup (1 + X)) < (ko) (3.11)
ko<t<(k+1)0 )

holds for all but finitely many k. Then, there exists ko(w) such that whenever k > k, then

p
In( +X®)" _ (1+eolnkd e, €>0, kO<r<(k+1).
Int In(k0)

Therefore, we have

In(1 + X(2))”

1+e€ a.s..
—o0 nt

Letting € — 0 yields
P
pln(l + X(1)) <1

lim su ,  d.S..
t—o00 lnt
For p > 1,
InX(z In(1 + X(z 1
lim sup nx() < limsupu < -, a.s.,
t—oo t—oo lnt p

1e., forany b € (0,1 - ;17), we can find a finite random time 7'(w) such that

InX(r) < (119 +Db)Int, t>T(w).

It implies
1
X(t £
lim sup X0 < limsup pt =0.
t—o0 t—o0
Thus, we get
X(t S+ 1(t)+ R(¢
lim X2 _ jj 2O HO RO _, (3.12)
t—oo  f t—oo t
The positivity of the solution and the equality (3.12) imply
t I(t R(t
lim & =0, lim Q =0, lim Q =0, a.s..
f—oo  t t—oo  f t—oo  f
]

Mathematical Biosciences and Engineering Volume 20, Issue 1, 1402-1419
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In the following, Kunita’s inequality is used to estimate the asymptotic pathwise of the jump
stochastic integral process instead of BDG inequality.

Theorem 3.2. Assume (Hy)—(Hy) hold. If there exists some p > 2 such that y — ‘%10'2 - ;1)/1 > 0,
then

o b Em@SEONs ) m@I)Nds )

b b

1—o0 t t—o00 l»
[ L m@RGsHNs, d2)

lim ; =0, a.s..

t—o00

Proof. Denote

X, (t) = f f m(2)S (s)N(ds,dz),  Xa(r) = f f m(2)I(s7)N(ds, dz),
0 Y 0 Y
Xs(t) = fo fY 13(2)R(s")N(ds, dz).

By Kunita’s inequality, there exists C,, > 0 for any p > 2 such that

E[sup |X,(s)"] SCpE[(ﬁ flm(z)S(s‘)Fv(dz)ds)'ﬁ]+C,,E[f0 flm(Z)S(S_)IPV(dZ)dS]
Y Y

0<s<t

=Cp( f n1(2)v(d2))* El( f 1S (5)/2ds)?] + C( f 1, (2)v(d2)E[ f S (s)I"ds]
Y 0 Y 0

<Cpt( fY nf(z)V(dz))gE[Sup IS(HI’T+ CptM Ynf(z)V(dz),

0<s<t

where the inequality (3.8) has been used in the last inequality. By the above inequality and (3.10), then

E[ sup [X;(0)I"] <C,2M((k + 1)6)*( f T(v(d2)? + C,M(k + 1)0 f 7 (2)v(dz).
Y Y

kO<t<(k+1)6

Let € > 0 be arbitrary. Then, by Doob’s martingale inequality,

Plw: sup X, > (k6)'*<+?)
kO<t<(k+1)0

E[ sup [X;()]
kO<r<(k+1)0

(k9)1+e+§
2MC,((k + 1)§)* f ) » MC,(k+1)8 f )
d)N)? + ———— do).
< (k0)1+e+g ( v nl(Z)V( Z)) + (k9)1+6+g . 771 (u)V( Z)

By Borel-Cantelli Lemma ( [19]),

sup  IXi(0F < (kO)'"*E as.
ko<t<(k+1)0

Mathematical Biosciences and Engineering Volume 20, Issue 1, 1402-1419
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holds for all but finitely many k. Therefore, there exists a positive ky(w) such that for all k > k,, we
have

S

InX; 0P (1 + e+ 5)nko
< =l+e+ 72, 0, kB<t<(k+1)6.
mr - In(k6) Ty €7 e+ b

Therefore, we obtain

) InX;] 1 1+e€
lim sup <=+ .
Letting € — 0, we have
In|X, (¢ 1 1
lim su nix, (0 <—+—- p>2
t—o0 Int 2 p
Similar to the proof of Theorem 3.1, it follows that
X,(1) 7
lim sup = <lim sup =0.
t—o0 t—o00
Together with lim inf m > 0, this yields
t—o0
X
i KO
t—o0 t
We also obtain
Xo(t Xx(t
lim 2;() =0, lim # =0, a.s.
—o00 t—o00

O

Theorem 3.3. Assume (Hy)—(Hjy) hold. If there exists some p > 1 such that u — pT_IO'Z - ]—1)/1 > 0,
then

' ¢ (\dB "I(s)dB "R(s)dB
‘m j(; (s)dB1(s) -0, lim M =0, lim M =0, a.s..

t—00 t t—o0 t t—o0

The proof is omitted here because it is similar to that of Lemma 2.2 in [18].
4. Threshold behaviour

When Z;(r) = 0 (i = 1,2,3), the stochastic system (1.3) is reduced into a deterministic system
investigated by Lahrouz et al. [6]. In [6], the basic reproduction number Ry is derived represented by

NG

Ro= i+ omtcro
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The purpose of this paper is to provide sufficient conditions for the persistence and extinction of
disease for stochastic model (1.3). Define

1 op

Ry=Ro- (2 [ n20= 1 + e,

In the following, we will show that R completely determines the persistence and extinction of the
disease. Throughout this section, always assume

(H3) fY [In(1 + 7:(2))]*v(dz) < co.

For convenience, denote (x(¢)) = % fot x(s)ds.

Theorem 4.1. Suppose (Hy)—(H3) hold. If R} < 1 and there exists some p > 2 such that p— pT_IO'Z -

LA >0, then
p
) _Au+6+py) B ) _ VA
}gg(S ) = W, }gg(l(t)) =0, tlgg(R(l)) = m, a.s.,
i.e., the disease will die out a.s..
Proof. From stochastic model (1.3),
0
diS @) + I(1)) + —dR(t)
u+
vAo
=1 -v)A+ ,U—+5 —uS () — (g—'ué +u+o)l(t) + oS (H)dB(t) + 0, 1(t)dB,(1)
f m(2)S (F)N(dt, dz) + f m()I()N(dt, dz)
Y Y
S —
o R(t")N(dt, dz).
+ﬂ+5fyns(z) (N1, d2)
Integrating the above equality from O to ¢ and dividing both sides by 7,
vAS
(I =A+———-w(S®) - ( K +p+ eXI(@) =¥ (0), (4.1)
u+o +0
where
S -S0O) I)-10 0 R(t)-R@O
Wi =200 T010), 0 KO-K )—ﬂfS( )dBl(s)——fI(s)de(s)
t t U+0 t t
g3 0

- —T R(S)st(S)——f fm(Z)S(S )N(ds, dz)——f fﬂz(Z)I(S )N(ds, dz)

t

—;m f f m(DR(sIN(ds, dz).
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Similarly, for the first equation of system (1.3),
SO +al(t)) - S (1)

= (1= DA = (s (1) ~ BT 4 6(R()
1
— (1 =wA =@+ Bxsay + LBy 1+ sy
a al+al
= ¥, (1),

where

w = S5O 7 f S(s)dBy(s) - - f f m(2)S (sIN(ds, do).
t t 0 t 0 ¥

For the third equation in system (1.3), we obtain

VA = (u+ 6)R(D) + &I(1)) = ¥3(0),

Yi() = M—QIR(S)ng(S)—lf fﬂ3(Z)R(S_)N(ds,dz).
t t Jo tJo Jv

where

According to Theorem 3.1-3.3, then
IimY¥;(r) =0, limW%Y,(# =0, limW¥s@#) =0.
t—00 t—oo t—0oo

By Itd’s formula with jump process,

BS o3
dinf(f) ={-"— — (u+ ¢+ - = - f [12(z) — In(1 + 7,(2))]v(dz)}ds
Y

+ 02dBs(2) + fln(l + nz(z))ﬁ(dt, dz).
Y

It follows that

Inl(¢) — InI(0 S 2
nl(t) — Inl( ):< B >_(ﬂ+c+§)_%_f[772(z)—ln(1 + 172(2))]v(dz)
Y

t 1+al

+ 05 B, + lf fln(l + Uz(z))ﬁ(ds, dz).

Substituting (4.1)—(4.3) into (4.5) leads to

Inf() _In10)  BA(I = vu+3) ) B & utc &
PR + i1 0) Ww+tc+é) a[(u+a)(y+5+ p )+'u+5]<1(1)>
2
a0 - PPy ¢ - 2 f [12(2) — In(1 + () 1v(d2)
,Ll + 6 2 Y
v, 20 1 f f In(1 + 12(2))N(ds, dz)
t tJo Jy
<+ c+EOR - 1) +a¥an) - £ Py + #afé‘l’3(t) t o, Zt(t)

+1f fln(1+'72(z))ﬁ(ds,dz)+w_
tJo Jy :

4.2)

4.3)

4.4)

4.5)

(4.6)
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Besides, define

!
M (1) :=ffln(1+nz(Z))N(ds,dz)~
0 Jy
By assumption (H3), we obtain

f’ d{M, M)(s)
0

_ e
(1 + 5)? ds = 1+1 fy(ln(l +12(2)))"v(dz) < +oo.

Law of large numbers (Theorem 1 of [20]) yields that

. M, (1)
im

1—00 t

=0, a.s..

Employing the law of large number yields hm B 2(’) = 0, a.s.. This with (4.4) and (4.7) yields

® Su+c+&Ry-1), as.

lim sup

t—00

Then

limI(r) =0, a.s..

t—00

Moreover, from (4.1), (4.3) and (4.4) we obtain
A +6+ puv)

~ _ ~ _ A
tll)rg(S (1) = W, tll)rg(R(t)) = Py a.s..

Now, sufficient condition for the persistence of the disease is provided.

Theorem 4.2. Suppose (Hy)—(H3) hold. If R} > 1 and there exists some p > 2 such that p— =~
LA >0, then
)4
) 1 VAo W+c+ER;—1)
m(S ) = (1= MA + 20 - Ly HD v
r o al(u+ (5 + 1) + £
+c+ER -1
lim(7(1)) = — 5)( WD
s al(u+ )5 + 10 + £
A +c+ R -1
lim(R() = 2=+ 3 - w — X - I
I—e0 M+ HFOoal(u+ )(Ws + )+N+5]

i.e., the disease will persist a.s..

Proof. According to (4.6), we have

lnI(t) sy é & u+c &0
=H+c+ Ry -1 —allu+ a)('u iy )+ 0t 6]<I(t)> +¥(@),

4.7)

(4.8)
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where

au +'B‘I’1(t)+ ad ‘1’3(t)+0'232(t)+1f fln(l+n2(z))ﬁ(ds,dz)+lnl(0),
p+o 4 tJo Jy t

Theorem 3.1-3.3, the law of large number, (4.4) and (4.7) yield that lim W(¢#) = 0. It follows from
—00
Lemma 2 of Liu and Wang [21] that

Y(2) := a'P(1) —

(H+c+HR 1)
al(u+8)(5 + 29y + £

im{7(0)) =

Meanwhile, from (4.1) and (4.4) we obtain

hm(S (1) = —((1 - VA + ) - —( a + u + ¢) im{I(1)).
uou+ 0 t—00
Consequently, it follows that
s _ ]
lim(S (1) = ~((1 - v)A + e oLy L
e H Wt al(u+ 55 + 9+ £

By virtue of (4.3), we have

& W+c+ER;—1)

+ B £ pee
B0 pHoal(u+ )G+ 5 ey 4 &

im(R(9)) = Ry
u+o

5. Conclusions

In the paper, we analyze the asymptotic behaviour of a stochastic SIRS system with Lévy process.
Due to the introduction of Lévy jump, the jump stochastic integral process is a discontinuous martin-
gale. Thus the Kunita’s inequality is used to estimate the asymptotic pathwise of solution for stochastic
system (1.3). On this basis, the basic reproduction number for stochastic system (1.3) is defined:

. BA(-vu+e 1 o
O p(u+6)(u+c+&) ,u+c+é—‘( 2 +f[772(2) In(1 + 12(2))]v(dz)).

If Ry < 1 and some other conditions hold, the disease will die out. If Rj > 1 and some other
conditions hold, the disease will persist. By comparing R, = %, it is easy to see that R) < Ry.
This indicates that Lévy noise can suppress the outbreak of infectious disease.

Next, let us make numerical simulations to verify the theoretical results. The initial value is given
by (S(0), 1(0), R(0)) = (80, 8, 5). The parameters v, A, u, 5, a, 9, ¢ and & are chosen as 0.7346, 6, 0.04,
0.02, 1, 0.005, 0.01 and 0.8, respectively. By calculation, we can obtain Ry = 1.1023. This implies that
the disease will persist when the system does not have environmental perturbation.

To consider the effect of Lévy process in the spreading of disease, the values of o, are both taken

as 0.4. We first choose 1, as 0.08. By calculating the value of R}, we get the value is 1.0046. It follows

Mathematical Biosciences and Engineering Volume 20, Issue 1, 1402-1419
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from Theorem 4.2 that the disease will persist. The simulated result is shown in Figure 1(a). Then we
choose 17, as 0.2. The value of R} is 0.9874 in this case. By Theorem 4.1, the disease will die out. The
simulation result is presented in Figure 1(b). From Figure 1, it can be seen that the larger jump noise
induces the extinction of disease, i.e., the Lévy noise suppress the outbreak of infectious disease while
the corresponding deterministic model is persist.

15 T T T T T 15

10 il 10

I(t)
I(t)

LA A S LA A S

0 0
0 50 100 150 200 250 300 0 50 100 150 200 250 300

t t

(a) Persistence of I(t) with 7, = 0.08 (b) Extinction of I(t) with 1, = 0.2

Figure 1. The paths of the infected for two different values of 7,.
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