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Abstract: Two types of susceptible, exposed, infectious, vaccinated/recovered, susceptible (SEIVS)
epidemic models with saturation incidence and temporary immunity, driven by higher order white noise
and telegraph noise, are investigated. The key aim of this work is to explore and obtain the existence of
the unique ergodic stationary distribution for the above two models, which reveals whether the disease
will be prevalent and persistent under some noise intensity assumptions. We also use meticulous
numerical examples to validate the feasibility of the analytical findings. Finally, a brief biological
discussion shows that the intensities of noises play a significant role in the stationary distributions of
the two models.
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1. Introduction

Recent years have witnessed a rapid development in the understanding of the transmission
mechanism and the prevalence of diseases in mathematical epidemiology by compartmental
modeling. Common categories of compartmental epidemic models, such as SIS [1, 2], SIR [3-5],
SEIR [6-9] and some other types of epidemic models [10-13], have been extensively studied by
many researchers. Considering that using a vaccine to inhibit the spread of disease is an effective and
sustainable method, researchers try to explore the effect of the vaccination measure by introducing a
vaccinated (V) class into a mathematical model. Some clinical outcomes [14—16] have demonstrated
that vaccines only provide temporary immunity to the disease, i.e., a person who has received the
vaccination will once again be susceptible to the disease after the vaccine wears off. This contributes
significantly to improving our understanding of disease prevention and control. Thus, it is necessary
to investigate the SEIVS epidemic model (see [17, 18]). Recently, Wang et al. [19] put forward the
following SEIVS epidemic model with latency and temporary immunity described by a system of
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ordinary differential equations:

IPS®
dsS =[(1-pA—-uS - 1ﬁ+ T +0V]dt,
BIFS“
E = [1+elk—(/J+s+n)E]dt, (1.1)
dl = [eE — (u + 7)]]dt,
dV = [pA+tl+nE - (u+90)V]dt,

where 0 < p < 1,0 <k <2, @ >0, V stands for the vaccinated compartment and the recovered and all
parameters are positive. Parameter A is the recruitment rate, p stands for the fraction of the newborns
vaccinated, u represents the natural death rate, 8 measures the disease transmission coefficient, e refers
to the inhibitory effect, n7 depicts the recovery rate of E due to natural immunity, 1/6 means the average
time of immunity waning, 1/ represents the latent period and 1/t represents the mean infectious
period. In particular, if @« = k = p = 1 for the nonlinear incidence rate SI°S “/(1 + el*) in model (1.1),
then the regressive epidemic model with a saturated incidence rate becomes

IS
dS =[(1-pA—puS - 1’8+ 1 + oV]dt,
BIS
dE = [Tel — (u+e+n)E]ldt, (1.2)
dl = [eE — (u + 1)I]dt,
dV =[pA+1l+nE - (u+06)V]dt.

Similar to [19], the matrices F and V of model (1.2) respectively take the form F = (£;;)2«, and
V = (Vij)oxo Where £, =0, £, =850, £21 =0, £, =0, vy =pu+e+n, v, =0,vy =g,V =u+71
and Oy = (50,0,0,Vy) = (M,O,O LA ), so the basic reproduction number R, = p(FV™!) =

H(p+0) o
gBA((1-p)u+6) . . . . .
T et ats) of model (1.2), which determines whether an epidemic will develop. Moreover, the

corresponding dynamical results are summarized as follows:

o If R. < 1, the disease-free equilibrium Qy = (S, 0, 0, Vi) of model (1.2) is globally asymptotically
stable, which means that the disease cannot spread.

o If R. > 1, the endemic equilibrium Q. = (S., E., L., V.) of model (1.2) is globally asymptotically
stable, which means that the disease always remains in a population.

Figure 1. Left: the phase trajectories of S, I and V around (S, 0, V). Right: the phase
trajectories of S, / and V around (S ., L., V.).

In the real world, environmental noises are ubiquitous and may more and less affect the
transmission of epidemics. To reflect this fact, it is more realistic to research the corresponding

stochastic model by incorporating environmental noises into the deterministic model (1.2).
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Particularly, white noise and telephone noise are two common types of noises. On the one hand, many
scholars have done numerous significant studies by considering white noise and obtained rich
results [20-23]. For example, an insightful work of Mao et al. [20] clearly indicated that white noise
could effectively inhibit the explosion of a potential population. Note that Lu et al. [21] investigated
an SEIQV epidemic model by considering higher-order perturbation and proved the ergodic stationary
distribution (ESD) and the extinction, and they also discussed the equilibrium stability of the model.
Rajasekar et al. [22] derived sufficient conditions for the ESD and the extinction of a second-order
perturbed SIRS epidemic model with relapse and media impact. Along with the interesting idea of
higher-order white noise, we introduce it into model (1.2) and formulate a stochastic version:

1S
ds = [(1 - p)A —,US - 1ﬁ+ o] + 5V]dt + (o + O']zS)SdB](l),
1S
dE = [1ﬁ+—el — (u+e+nEldt + (021 + onE)EdB(1), (1.3)
dl = [SE - (]J + T)I]df + (031 + 0321)1dBs(1),
dv = [pA +71l+nFE — (u+ 5)V]dt + (041 + 0 V)VdB4(1),

where the initial values and all parameters are positive, B;(t) (i = 1,--- ,4) are independent standard
Brownians and 0'1.21 and 0'1‘22 represent their intensities.

On the other hand, the system may switch from an environmental regime to another when it is
affected by telegraph noise [24-26]. The switching is generally memoryless and the waiting time
for the next switch follows exponential distribution. Mathematically, this switching of environmental
regimes can be characterized by a continuous-time Markov chain (r(7)),»o with a finite state space
S ={1,2,..., N} and the generator matrix I' = (y;;)nxn, for A > 0,7y;; > 0:

SR § e
where y;; > 0 is the transition rate from state i to state j satisfying Z’,-V: 1Yij = Owheni # j (see [27,28]).
It is worthy of attention that a mass of epidemic models with both white noise and telegraph noise have
been studied [29-32]. For instance, Han and Zhao investigated an SIRS epidemic model influenced
by two types of noises and obtained the asymptotic stability of the disease-free equilibrium point of
the corresponding deterministic model [29]. Zhou et al. constructed an SEQIHR epidemic model with
media coverage and Markov switching, and obtained the extinction and the ESD [31]. Motivated by
these arguments, we further formulate a new stochastic version of model (1.2) with white noise and
Markov switching, as follows:

) Br()IS
dS_Kl_ﬂmmmu@»—MNmS—f:gﬁﬁi

+ [o11(r(@) + 012(r(1))S 1S d By (1),
[% = (u(r(0) + &(r(n) + r](r(t)))E]dt
+ [021(r(0)) + 022 (r() E1EdB, (1),
dl = [e(r()E — (u(r(1)) + T(r))I]dt + [o31(r(2)) + o32(r()I11dBs(2),
dv = [p(r())A(r(®)) + T(r()I + n(r()E — (u(r(t)) + 6(r(t)))V]dt

+ [041(r(@)) + c2(r())VIVdB4(1).

+6(r()V]dt

(1.4)
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As a continuation of the work previously studied by Wang et al. [19], we introduce white noise and
telegraph noise into the regression model (1.2) with saturation incidence and temporary immunity and
further propose two stochastic SEIVS models (models (1.3) and (1.4)) with high-order perturbation.
Furthermore, the primary contributions of this study aim to analyze the stationary distributions of
models (1.3) and (1.4), which are concerned with the stochastic statistical characteristic of the long-
term behaviors of the sample trajectories. To the best of our knowledge, the existence and uniqueness of
the stationary distributions of models (1.3) and (1.4) have not been investigated in any of the published
articles so far. We now provide a brief outline of the paper. First, we define some crucial mathematical
concepts and lemmas in Section 2. Section 3 focuses on the theoretical analysis results of models (1.3)
and (1.4) by using Has’minskii theory and Lyapunov functionals. Numerical examples are given in
Section 4. In the end, this paper’s conclusions and future directions are provided in Section 5.

2. Preliminaries

This section provides several useful preliminaries and lemmas that will be applied to the proof of the
dynamic behaviors of models (1.3) and (1.4). Define R} = {z € R"|z; > 0,1 < i < n}. For the Markov
chain r(#), assume that it is irreducible; then, there is a unique stationary distribution 7 = {7y, 75, ..., Ty}
which is determined by nl" = 0 and Zszl me = 1 (m > 0) for any k € S. For the bounded constant
sequence h(k), assign h= mings{h(k)} and h = maxcs{h(k)}. The Markov chain r(¢) is independent of
the Brownian motion B;(¢)(i = 1, 2, 3,4). The initial values and coefficients p(k), A(k), u(k), e(k), B(k),
o(k), e(k), n(k), T(k), o1 (k) and o (k) of model (1.4) are positive for any k € S.

Lemma 2.1. [33] For any x > 0, one has
w3 1 2 e 4 3 2 1 2
Hx=>x- E)(x +1); (@Gi)x" > (Zx - Z)(x +1).

Let X(#) be a regular time-homogeneous Markov process in R” described by the following stochastic
differential equation

dX(t) = AXO)dt + ) gi(X(1)dB().
=1

The diffusion matrix of the Markov process X(7) is given by
AG) = (my(0), mij(x) = )" gh(0)gh0). 2.1)
(=1

Lemma 2.2. [34] The Markov process X(t) admits a unique ESD n(-) if there exists an open domain
{ C R" with the regular boundary h such that

(H,): for all x € ¢, the diffusion matrix A(x) is strictly positive definite;

(Ho): for any R™ \ £, LU is negative, where U is a nonnegative C-function.

Suppose that the diffusion process (X(¢), r(¢)) satisfies the following equation

{ dX(1) = LX), r(0)dr + GX(0), r(0)dB(1), 2.2)

X(0) = x¢,7(0) = ry.
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Assign f5(-,1) : R"x S — R"and G(-,-) : R" X S — R"™" such that G(x, k)G (x,k) = (d;j(x, k)).
Define the operator L related to (2.2) as below

OH(x,k 0*H(x, k
LH(x, k)—Zle( Pt 22%( o ZWH(X 0.

i i,j=1

where H(x, k) is twice continuously differentiable with respect to x.

Lemma 2.3. [34] System (2.2) admits a unique ESD if the following assumptions hold:
(1) yij > 0 for any i # j;
(i1) For each k € S, the matrix P(x, k) = (Pij(x, k)) is symmetric satisfying

QIEP < (P(x, k)E,€) < 9 |7, £ € R,

with some constant ¢ € (0, 1];
(ii1) There exists a twice continuously differentiable function H(-, k) : D° X S — R such that

LH(x,k) < —w, for some w > 0,

where D¢ is the complement of a bounded open subset D € R" with a smooth boundary. Moreover,
there exists a unique stationary density n(-,-) for any Borel measurable function ¢(-,-) : R" XS — R
such that

Do lste Rl k) < +e,

kes VR
which means that

P( lim — ! f c(X(s),r(s))ds = Z fRn s(x, b)r(dx, k)) =1.

keS

In what follows, two lemmas are exhibited to prove the existence and uniqueness of global positive
solutions for models (1.3) and (1.4), respectively.

Lemma 2.4. For any initial data X(0) = (S(0), E(0), 1(0), V(0)) € R? and t € [0, +o0), model (1.3)
admits a unique global positive solution X(t) = (S (t), E(1), I(1), V(1)) a.s.

Proof. Define a C2-function W;: Rt - R, for0 <a < I:

S(l a Ll a

‘Wl(X(t))—(——1—1nS)+(E——1—1nE)+(——1—1nI)+(K—1—an) (2.3)

Utilizing It6’s formula, we get
Bl
1+el
1 2 ra+2 a+1 2 a
- =1 -a)o5nE" = (1 —a)oronE” —(u+e+n+ 5(1 —a)o;y)E

1 1
LW, = —5(1 — @), S = (1 = @) 1018 — (u + + 5(1 - a)o)S*

1
- 51 =@l = (1 = @oyosl™ =+ T+ 2(1 = a3

1
— ~(1 =)o, V" = (1 — @)ooV — (u+6 + il a)o;,)V*

2
£ (1= A + VX Ly B o sy T2 T
p KA T A 2
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2 0_2
2 2 2 2
S 1 1 1 (o o
1’8+eI(E1a——)+7]+T+6+0'210'22E+7E2 221
1 0-2 24 0%1
+8E(Il — )+0'310'321+ 71 >
L s gany Tig o 1
< 2(1 a)0'125 + > S +O'110'125+ 2 +((1 p)A+5V)(S1“ S)
1 o S
- 5(1 — a)o5, E“? + £E2+0'210'22E+ 7 'B—(E1 — - E)+4,u+s
2
o o
_ E(1 — Q)0+ 2P+ o303l + % +eE(—— — —) + 7]+T+5+[—3 2.4)
1 2 a2 | T ot ! 16 '
- 5(1 —a)o,V 2 —2y? +0'410'42V+7 +(pA+TI+17E)(Vl — - ‘—/)
<—1(1 a)o?,892 + 1252+0' S+O-—%1+((1— YA + 6V)C
<=3 12 5 11012 2 p 1
o2 o2 A
—5(1—a)O'nga+2+£E2+0'210'22E+%+18—C2+4,U+8
e
2
o o
- 5(1 Cl)0'3zla+2 23212+0'3]0'321+ %+8EC3+7]+T+6+’[—3
e
PR yerr Ty Lo V+U—‘2”+( A + 71 + nE)C
2 0 > 410742 2 p TL+n 4
=yi(S,E,1,V),

1 1 1 1 1 1 1 1
c=m{ -5} emm{pmgf el 1) el

1 o C
f8)==301- a)o 1,8 + %52 + (372 +011012)S; (2.5)
we can obtain
’ 1 2 a+1 2 ﬁC2
()= —5(1 —a)op(a+2)S + 0,8 + — + 011012, (2.6)
and |
f1(8) = =51 - a)oi,(a+2)(a+ 1S+ o, 2.7
Let f”(S) =0, we get
So =4 271 (2.8)
"N -a)o@+2)a+ DS '
When § < Sy, we have f(S) > 0; then, f'(S) is monotonically increasing While § > §, we have
f7(S) < 0; then, f'(S) is monotonically decreasing. Obviously, '(0) = 22 + o101, > 0, so we can

obtain that f"(S) has a maximum value f'(S¢) > 0.

Also, when § — +oo, f/(§) — —oo which means that there must exist S, such that f'(S;) = 0.
Similarly, f’(S) > 0 when § € (0,S5); then, f(S) is monotonically increasing and f’'(S) < 0 when
S € (81, +00); then, f(S) is monotonically decreasing. Since f(S) is a continuous function, f(S) has a
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guaranteed upper-bound which is positive. The same analysis can be applied to E, I and V. Then we
obtain
sup  »i(S,E,I,V) =P < +co. (2.9)
(S,E.LV)eR]
Thus P; is a positive constant. Hence we can obtain LW, < P;. The remaining proof is analogous to
that of Theorem 2.1 in [35]; hence, we skip the details.

Lemma 2.5. For any initial data (X(0),r(0)) € R? x S, model (1.4) has a unique positive solution
X@®,r@®))ont>0a.s.

Proof. Define Wy(S,E,I,V,k) : R* xS — R:

W, = ((5'115 +012) —lnS) N ((5'21E+5'22)Q —lnE)
L9 P (2.10)
1 0 0 .
+((0'31 + G32) _1n1)+((0'41V+0'42) —an),
o o
where o € (0, 1) is a constant and k € S. Note that
lim inf W,(S,E,1,V,k) = +00, (2.11)

n—+00,(S,E,ILV,K)ERI\G,)xS

where G, = (£,n) X (£,n) x (1,n) x (1, n). It is easy to see that ‘W, has a minimal value Wy inR: X S;
then, we consider a function WZ(S ,E,1,V, k), as follows:

Wg(S,E,I,V,k):(WZ(S,E,I,V,k)—WO. (2.12)
By using It6’s formula, we have
— kKIS kI
LW, = 611(61) + 6108 )ﬁ”[(l - i(];)s)A(k) — u(k)S - % + 5(1;)v] +k1:%£k)l
+ 62 (6m + FnEN! % ~ Euk) + £(k) + n(];?ﬂg_ Sl
+ 631(631 + 63D e(k)E — (u(k) + T(k))l] - % + 4ﬂ(k)5(k)

+ G (Far + G V) [p(k)A(k) + ()] + (k) E — (u(k) + 6(k))V] -V

1- 52 k) + k)S 2S2 1

( Q)O'l(lfol-]”( 312 0;;22 ) ) + —(O 11(k) +0 12(k)S)2 + S(k)

1- (32 g k + 0 ](EZE2 1
- ( Q) 22(152121( 322 E)iz—i ) ) + '2 (0 21(k) +0 zz(k)E)z + Tl(k)

1 — )62 k bD?I? 1
ey e S (IRt
YY) 2172
a Q)U‘”(U‘”(k) +5)‘;2_ik)v) A %«m(k) + (V) + 6(K)

p(k)A(k)(+ T(k)] +nE _ e(kE

| v % I 5
—ﬂszﬂw (A+6V)+4u+'§+;(0'11+0'125)
_(1-05%° o IS o]

22 2+ x X 2
E¢ + +&+0+ (02 +0nE
2 211+e1 e 2( 2 k)
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(1 _Q)é-ggg 240 A % 4 1 X X 2
-] +0'§1(8E)+T+§(0'3] +0'321)

(1 _Q)‘Afizg 2+ A0 (v X |~ ~ 1o X 2
- TV ¢+ 65, (PA+TI+HE) +0 + 5(041 + FpV)

~2+0
< _msﬁp +

¢

I, C .
< 50'1252 + (0 1dn+ 0'515)5

2

. &2+9 " 2.13

_ &E%Q + —OnE* + (500 + 05,8 + 6 E ( )
(1 - 0)G23° 12

_L 9% e 55'32[2 +(F3103 + 09, DI
(-0’

2
= yZ(S’ E’ I’ V)’

1 v
V2+Q + 56’42‘/2 + ((,7\'?15 +T40p)V + A4

where

Similar to the proof of the upper-bound P, of y,(S, E, I, V) (see (2.5)—(2.9)), we can obtain a positive
constant P, such that

A:=6A+05PA+4+E++T+5+

| TR

sup (S, E, 1, V) = Py < +oo. (2.14)
(S.E,LV)eR}

As a result, we can get LW, < P,. The remaining proof is nearly identical to those in Theorem 2.1
of [36] and is omitted.

3. Main results

In this section, by using the Has’minskii theory [34] and a Lyapunov functional, we shall prove the
existence of the unique ESD for models (1.3) and (1.4), respectively.

Theorem 3.1. If

2

-
R = (1 - p)ABe (ﬂ + T 2T = pAayons + 2401 - p)ZAzafz)
o2 a2\
X (,u +e+n+ % +23 - p)2A20'§2)(,u +7+ %)] > 1,

then for any initial data X(0) € R?, model (1.3) admits a unique ESD.

Proof. We only need to verify that each assumption in Lemma 2.2 holds when Theorem 3.1 is valid.
In what follows, we divide this proof into the following two steps.
Step 1 (Positive definiteness of diffusion matrix). According to model (1.3), we have

A(S,E,1,V) = diag((o1) + 0128 )2 S?, (021 + 00nE)’ E?, (031 + 03D’ I, (041 + 02 V)*V?).
Obviously, A(S, E, I, V) is positive definite. Therefore, the assumption () in Lemma 2.2 holds.
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Step 2 (Construction of a non negative C>-function). It is worth mentioning that the crucial part
of this step is to construct a suitable non negative Lyapunov function so that the assumption (/) holds.
For convenience, we first define the following g-stochastic critical value R(g) corresponding to R;:

o? (1 - p)Ac o 3|(1 = p)? Aoy
R(a) = (1 - »A ( 5 noe o, 12)
-1
o3 . —p)zAsz%z)( ffé)
LT B R SEIR |
(,u+s+17+ 5 + 1-a7 U+T+ 5

where g € (0, 1) is a sufficiently small constant. Thus, it is easy to derive that

é{(l)fl)Ro(q) = hm 1 Ry(q) =

When R > 1, it follows from the continuity of Rj(g) that there exists an adequately small g such that
Ry(q) > l To do so, we define

Uy =Up +Up, 3.1
where
2
l'S-l-biq
Uy =-D;InS, U12:Dlzu,
i=1 q

and Dy, a; and b; (i = 1,2) will be given later. According to model (1.3), we calculate

(1-p)A+6V 1 ol o
LU11 = —D1+ + Dl 1 f_ o] + Dl(% + 71252 + 0'110'125) + D1/J, (32)
and
2
1S ai(1 -
LUp =D ) [ai(S +b)" (1= p)A — S - % +6V) - ﬁ(a“ + 0125)252]

i=1 i
<D o a;((1 = p)A+6V) a(l - q)b’f”ai(%)“ a)(1 - Q)bg+10'110'12(,f—2)3
} IZ b AE (5 + 17
<D Zzl ai((1=p)A+6V) a;(1- Q)b(fﬂo’%z(:—])‘l ~ a(1 - q)b3+1011012(§—2)3]
= A2+ 22+ D

_ +2 2 1
b, i a(l = p)A+oV) ai(l = bl o3 — 5 (3.3)
I b4 4

i=1 1

ax (1 - (])bgHO'uO'lz(b% -1
-o| |
2 +2
p [l =pALen) - b %] 3DuSTan(l — @b,
b} q 16 16
D [az((l - DA + 5V) a(1 - q)bg+10'110'12] Dyax(1 = @)b50r 110128
1 - - .
b, ! 4 2

2
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Let us choose

8 2 _ s (=pA 5 (1-pA

= ——Fg = ——"—""2> s -5 ~_
T30 - T (bt ! A-qa2, (1 - )01

and then (3.3) can be simplified as

1 - A / 1 — p)2A%20%, D,02%,S?
LU, < 2D, \/( Pl) 011012 + 2D+ ( (1p) - 2 M 212
1 i lq (3.4)

2
4D6Vo] D,6Vo? o’
+ 2 = Tt I - 121 T — DiononsS;
3(1=q)3(—-p)3As (1 -¢g)2(1-p)A2

combining this with (3.1) and (3.2) we get

1-p)A D (5V0'% 0'% D\pI
LU, < 2D, (= p)ATT + 1 - 1 121 -+ 18 —Dyo10128
l-g¢ (1-¢):(1 —p):Azs  l+el
2
1 — p)2A20? 4D\6Vo} D02%,5?
+2D13( p) 212+ 12 2 _ 1071 + Dy
(1 —q)2 3(1=q)3(1 = p)iA: 2
o o D,(0V+(1-pA
+D1(0’110’125 +%+%S2)— 1( ( p) ) (35)
1 1
1—p)A D\6Volo? D\BI oy
< 2D, (1-p) 0'110'12+ 11 11 12l Dyt 1B +D1i
I-g (1-)(1 - p)iA} L+el 2
2
LoD, 5[(1 = p)?A202, N 4D\ 6V, _ D6V +(d -pA)
(1-¢g)? 3(1-¢q)3(1 - p)3As S
Similarly, let
Uy, = Uy + Uy, 3.6)
where (E + )
+
Usi = =Dy InE, Uy = Dy(diS + dy——0),
q
D, and d; (i = 1,2, 3) will be given later. Applying It6’s formula, one has
BIS o3 0y,
LU, = —-Dy——— + D)(— + —=FE" + E)+ Dy(u+e+n), 3.7
21 2E(1+el) 2( > 3 02100E) 2 +e+1) (3.7)
and
1S 1S
LU, = Dydy(E + d3)‘1‘1[’8— ~(u+e+ n)E] + Dyd, [(1 —p)A —uS — A +6V
1 +el 1 +el

e
_ Dyd)(1 — g)(o51 + 0'22E)2E2
2E +d;)*
BIS  Dady(1 - q)di”
1+el 2(% + 1)2-a
BIS  Dady(1—q)dl™
T+el 2 +1y

< Dy(dod?™" — dy) 02, E* + Dydi (1 — p)A +6V)

< Dy(drd?™ — dy) 02, E* + Dydi (1 — p)A +6V)
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BIS  Dydy(1 - )dZ”
1+el A(LR+1) 22(

IS Dado(l - 0% (3 E, 1
B 2dr(1 - q) 0'22[( )__]+Dzdl((1—p)A+5V) (3.8)

< Dy(dod?™" — dy) ) + Dodi (1 — p)A +6V)

< Dy(dpdi™ — dy)

1 +el 4 4 ds 4 )
I 3Dydy(1 — @)dictE*  Dady(1 — q)di™ o2
_ DQ(dzd;I_l —dl) ﬁ S _ 2 2( Q) 22 + 2 2( q) 22
1 +el 16 16
+ Dyd (1 — p)A + 6V).
Assign
_ 8 1-pA
b= dd], dy = =2 LD (3.9)
3(1 = g)d; (1 -¢q)os,

then, (3.8) can be written as

2
(1= A 4DV D,0%,E?
LU» < 2D, | AT 2007n _ D20nE (3.10)
(I=aF  31-gia-pial 2

which, together with (3.6) and (3.7), leads to

2
LU, < 2D+ (1 - p)Aai, N 4D25V0'§2 _ _DyBIS
TN a9 3(1 - ¢)f (1_p)3A3 (1 +elE

o2 o2 D,o2 E?
+ Do+ £+ 1) + Dy(0aonE + 2 4 —2 %) - 227
2, 2 2 (3.11)
oD, (1 - p)Aai, . 4D26Va-§2 _ DypIS
T 3(1 - )il _p)3A3 (1 +eE
D20'21
+D2(/J+8+7])+D20'210'22E+ >
Assign
U; = Us1 + Usy, (3.12)
where ; 5
+
Usi = —=DsInl, Us, = D3— (073 + o3o])? + D3O-310-321+ ¢ 1’81
q MH+T M+T
Ds and 6, will be given later. Applying It6’s formula, one can obtain that
eE o o-§2 )
LU31 = —D3T+D3( > —=] +O'310'32[)+D3(]J+T). (313)
Combining (3.12) and (3.13), one has
DisE  D360,02,(1 — g) (031 + 03] 1? o3, 03
LU = — 318 _ Dsbhaiy( 6])2( 31+ 03l) + DGl + 7 . 23212)
D
+ %( eE — (u+ D)) + D36 1032(031 + 03T (E — (u + 7)])
+D3(/1+T)+( 1'8)8E—(6+D1,B)I
u+T
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< D30'310'328E D38E D3010_§2(1 - q)O'gllz D3O-§1 D30-§212
B U+t 1 2 2 2

g-1 e+ DS _
+ D30103, 03eE + (u+71)D3 + n cE — (e + D 1p)I.
T

Let 6, = 1/(1 — g)o5,; then,
DseE D303, (D D +D
Ly, < 2oFE D3 (DaomTne | Dsowe Voo p e (PP e erDipr. (3.14)
1 2 u+T (1 -q)o3 U+t
Assign
Uy, =U, + U, + Us. (315)
Adding (3.5), (3.11) and (3.14), one can get
Di(1-p)A D,BIS DseE DoV DBl
LU, < — 11-pA  DBIS  Dse (A yen- 2OV, 1B + Dy
S (1+e)E 1 , S 1+el
1-p)A 4D6Vo: o
+2D, (I-p) 0‘110'12+ 12 121 1+D1—11—D1,81+1
1-q 3(1-g)i(1 - p)iAs 2
1 1
1 — p)2A20? D6Vo? o? o2
+2D]\3/( P) — + C 0T p, 2 Dyt e+)
(1-¢) (1-¢)2(1 - p)2A2 2
1 - p)2A2? 4DVl o
+2D \ ( p) 22 2 22 + D3% + Dy0 21000 E

2 2 2 1.1
(1-9) 3(1 = ¢)5(1 — p)3As3
(D30'310'328 D3one (€+D1,3)8)E+D +7)
3
I O TR ,
D\6Vo; o}, 4D,6V o,
+

< —4+/D;D,D5(1 — p)ABe +

(I=¢)2(1-p)2Az 31 -¢q)i(l - p)A3 (3.16)
Dseos; gle+Dp) ele+ DiP)
+ FE D20'210'22+ + +
(I =g u+T u+T

0_2 1_ A 1_ 2A20_2
+D1(ﬂ+i+2 (= phouo 0= PrATT, 212)+1
2 l-gq (I-9)
2
o2 5[(1 = p)?A2o2 4D,5Vo?
+D2(,u+8+77+%+2\/ a=ap 22)+ —
q 3(1=¢q)3(1 - p)3As

2

034
+ D3(/.l + 7+ 7)

=—(Ry(@) -1 + E(D20'210'22 +

D3o31038 N Dseos) N gle + Dlﬁ))
, ,U+IT 1 (I = gq)o3; /12+T
4D6Vo), D,6Vo; o}, 4D,6V o5,

+ 2 ot 1 [ 2 L1
31 =g =-p)As  (A-g)2(1-p)rA> 31 -g)i(l - p)As

where
o} 1-pA 1 - pPRA202,\2
Dlz(l—p)AﬁS (,U+J+2 ( p) 0-110-12+23 ( p) 12)
2 l1-¢ (1-¢9)7?

-1

b

2 2422 2

05, ;[(1 = p)?A 0'22)( 0'31)

Xlu+e+n+ — +24|—— = u+7+—=
(“ EHNT I T e NI
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o2 1-pAoc o 1—p2A20'2
Dz—(l—P)Aﬁé‘ (u-}-—“+2\/( 1) 11 12+23—( (1 ) )2 12)
72 f 24202 \2 72 -1
21 3 (1 F) 22)( 31)
= N e u+T L
X((l+8+77+ + (1 )2 + + ,

o 1-p)A 1 - pPA20?
D5 = (1 - p)ABe (,u+¢+2 (d=p) Tnge o d-pyatoy, 12)
2 l-q (1-¢)

2 2A252 2 \2

071 s|(1=p) 022)( 031)

) N, Tl I il 231
x(p+s+n+ >+ \/ =7 pATH

_ (o +0osS)! + (021 + onE)! 4 (031 + 0320)1 4 (o +04V)

q q q q
utilizing 1t6’s formula, we get

-1

Define

5 ; (3.17)

BIS
1+el

o
+ (s + 0'42V)q_1(PA +7l+nE - (u+ 5)V) - %(1 —q)(oq + opV)IV?

BIS

g
+ 0(0 + O-ZZE)q_I(Tel —(u+e+ I])E) - %(1 — )0 + O'QZE)qEz (3.18)

2
o
+ 0303 + 0'321)q_1(8E —(u+ T)I) - %(1 — q)(o31 + o3 D)1

1- 1- 1- 1-
< Lbgpgen Lty L dpgnpe g
+ ol ol = P A+ 0l Tp(pA + 71 + nE) + 03 0nBS T + o8 o6

2
o
LUs = opp(oqy + Ulzs)q_l((l —Pp)A—uS - + 5V) - %(1 — q)(oy) + 0 28)1S?

1
+ ol 016V

Let _
U=MU;—InS —InI-InV + Us, (3.19)

where the positive number M is large enough to satisfy —M(Rj(q) — 1) + Cs < -2 and Cs will be
established later. Since U(S, E, I, V) is a continuous function, it follows that

lim U(S,E,I,V) = +oo,
9—+00,(S,E,I,V)ER \ Wy

where Wy = (5,9) X (5,9) X (3,9) X (5,9) and ¢ > 1 is a sufficiently large integer.
Now, we consider the following nonnegative C>-function:

UGS,E,1,V)=U - U,, (3.20)

where U, is the minimal value of U. Consequently, we have

D D +D
LU < -M(Ry(¢) - 1) + ME(D20'210'22 4 3InTR8 3603 | &le 1ﬁ))

s HtT (1 —q)os H+T
M( 4D16V0'3§2 Dldvo-ljlo-liz 4D25VO—;2 )
. +
31-g)i(1-pial  (1-@i-piad 331 -gid-pyial

B ;qO'SZS‘HZ + 5(0'11 +012S) +0'31_10-22'81S +3pu+TH0
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1 _ ov
_ qu_ngquz + 5(0'31 +opl)? + ol "o (pA + 7l + nE) — ?
- _ _ E 1-pA
- Tqaglﬂ” + o ol - pA + ooV - ‘97 - (Tp (3.21)
1-¢g B pA 1l nE

2 1 -1
- — =gyt ¢ 5(0'41 +onV)Y +ollopeE+= - — - — -

2 e V. V. V'
Assign a suitable compact subset as follows:
1 1 1
W.={(S,E,LV)eR! :e<S <—,e<E< —,62<I<—2,62<V<—2},
€ € € €
where 0 < € < 1 is a suitably small constant to satisfy the following inequalities:
1-pA
Sy Y (3.22)
€
1 - q q+2 —q—2
I o, € +J < -1, (3.23)
D +D D
ME(DzUlezz + 3T 508 + st ) 38032 )+ Cs < -1, (3.24)
H+T u+T (1 -g)os
1 -
¢ y Q)O_g;&g_q_z +J< -1, (3.25)
g
—+J< -1, (3.26)
€
1-
—— et e < (3.27)
n
——+J <1, (3.28)
€
1 -
R P (3.29)

and the constants J and Cs are given explicitly in (3.30) and (3.31), respectively. We split R? \ W, into
the following eight regions:

—_—

W, ={(S,E,I,V)eR}:S <€}, W,={S,E,ILV)eR}:S >},

—iT

W ={S,E,LV)eR} :E<e€}), Wy;={S,E,ILV)eR}:E> -},

m

1
=
1
Wy ={(S,E,LV)eR, : V< E,E>¢€), Wy={S,E,LV)eER,:V> )

Ws={(S,E,LV)eR}: 1< E>¢), Wg={S,E,LV)eR} : 1>

Obviously, Rﬁ‘r \We=Wi=W,UW, U WU WsUWs U WgUW; U Wsg. Then, we need to verify that
LU(S,E,I1,V)< —1on(S,E,I,V) e Rt \ W..
Case 1. If (S, E, 1,V) € W,, then we obtain

1-p)A 1-pA
iy d=pa_,  d-p)

< < +J< -1,
S €
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where

D D +D
J = sup {ME(D20'210'22 + 39319328 + 38032 + 8(€ lﬁ))

(S.E.IV)eR* H+T (1 = q)os H+T
( 4D125Va§2 ., Dlalvgflcrle | 4Di5Va§2 )
| —3q(1 ;Z(IFU - P)i:4§ (1-¢920 —_119)7147 3(1=¢q)3(1=p)sAs
Rt S+ ol o1 — p)A+ 0l oV + 5(0'11 +02S)? (3.30)
- 14;(10'Z;2V‘1+2 + 0'3110'42(pA +7] +nE) + 5(0'41 +opV)?
- %ang‘]*z + ol onpIS + S5+ ol
l-¢q

q+1 yg+2 g-1 18
- ——03, 17 + 075, 0'328E+3/.1+T+5+z} < 400.

Case 2. If (S, E, 1, V) € W,, then combining (3.21) with (3.23), one gets that

(1) g 4

1—
LU < —( q)o'q+2 ol’e +J<-1.

<-— TSI 4+ < —

Case 3. If (S, E, 1, V) € W3, then by (3.21) and (3.24), we derive

Ds03103¢ Dseo3, gle + Dp)

u+T (I =g H+T
D3031038 Dseosp gle + D,p)

H+T (1 = q)os H+T

LU < —M(R(S)(q) - 1) + ME(D20'210'22 + )+ C5

< —M(RB(C])— 1)+M€(D20’210’22+ )+C5 < —1,
where

1- _ 1
Cs= sup { - —qo-Z;FZVqJr2 +0g, "o (pA + 7l + nE) + 5(0'41 +opV)?

(S.E,I,V)eR} 4

| 41)25\/03%2 . D6Vl ol 4D,6Vors, |

| _3q(1 q—+2q)§(1 —p)iﬁlé (1-¢):(1 —_zl?)iAi 3(1 - g)i(1 — p)iA} .
- % S92+ 0l ora(1 = p)A + 0l 216V + 5(0-“ + oS>
_ 1%4610-3223”2 + o oIS + %(031 ol

1 -

- qu“g]l‘”z + 0'(311_10'328E +3u+T+0+ g} < +o0.
Case 4. If (S, E,1,V) € Wy, according to (3.21) and (3.25), we obtain

rv<-4 ; q)crgngW +J < —(14;‘004”6—*2 +J <1

22

Case 5. If (S, E,1,V) € Ws, in accordance with (3.21) and (3.26), one can see that

E
W<-Z47<-Z47<-Z47<-1
1 €? €
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1332

Case 6. If (S, E,1,V) € W, it follows from (3.21) and (3.27) that

1_
Lo<-1-9 4q)a§’;21‘1+2+Js ') 4@0332 €12+ J < -l

Case 7. If (S,E,1,V) € W7, by (3.21) and (3.28), one has

E
w<-"y< T < T <.
1% €? €

Case 8. If (S, E, 1, V) € Wg, in view of (3.21) and (3.29), we have

LUS_( 461) q+2vq+2+J< ( 4q)0_352 e 2+J< 1

In short, there is a sufficiently small € such that
LU < -1 forall (S,E,I,V) R\ W..
Then we draw a conclusion from Steps 1 and 2 that model (1.3) has a unique ESD.

Theorem 3.2. The solution (X(¢), r(t)) € RY X S of model (1.4) admits a unique ESD when

N
Z (1 - p(k))A(k)ﬁ(k)s(k))[(Z( Z 71 = DA ( Z (k)

11( )

) + T 4 o Z m(1 — pNAR) Z mon Mo ®)?)

RN

k=1

/—\

N
20" (1 = pl)A®)( Z oK) + Z 7o) + £(K) + (k)

k=1
+‘T 1) )(Zﬂk(,u(k)+r(k)+ 7k )))] > 1.

Proof. We employ Lemma 2.3 to verify Theorem 3.2, which needs to satisfy the assumptions (i)—(iii).
Here, we shall divide the whole proof of Theorem 3.2 into three steps.

Step 1 (Transition coefficient). According to the basic property of the generator I' in Section 2,
namely y;; > 0, assumption (i) in Lemma 2.3 is clearly valid.

Step 2 (Positive definiteness of diffusion matrix). The diffusion matrix of model (1.4) is

O(S,E, 1, V,k) = diag((o11(k) + 012(k)S )*S?, (021 (k) + o0 (k)E)’E?,
(031k) + a3k I, (041 (k) + T2 (k) V)*V?).

Evidently, the matrix ®(S, E, I, V, k) is positive definite and assumption (ii) is verified.
Step 3 (Construction of a non negative C>-function). In this step, we will show that assumption

(iii) holds. Since the proof is similar to Step 2 in the proof of Theorem 3.1, we pay attention to the
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different parts. For an adequately small constant ¢ € (0, 1), define

(CN w1 = pk)DAGK) (TN, ma3, (k)7

N
Ri@) = () mdl - p(k))A(k)ﬁ(k)s(k))[(z
k=1

(1-y)s
Al o2 () OV, m( = pl)AK)? (T, meor 1 (k)oro(k))?
+ Y muk) + L) 4 222kl L
;‘ ' 2 (1 -yt )
N 1 N
X (Z(Zk:1 e p(kz)lA(k»z SO, (k) + k) + (k)
—y)3 k=1

+021())(anw<k>+ o + 21 )))] |

Evidently, liwnl 2)I+1f Ri(Y) =
What is more, we construct a suitable nonnegative C 2_function:
H(S,E,I,V,k) = H - H,, (3.32)
where H = GH +H,+H;)—InS —InI-InV + H, and ﬁo is the minimal value of H. Among them,

4
iS+bi'//
Hi=-F\ln§ +F Y @S +b)" 1 o, (3.33)
P Y
E+d)Y
H, = ~F>,InE + F5(dsS +d5( o) )+ To(k), (3.34)
Or(F31+03201)" 7310 +F
Hy = —Fyin g + py 20 t02D” | p 00105 | € 1’81 + Ta(k), (3.35)
v p+7 n+7
A5 A5 Sw 5 5., EW A5 ey A4 Vtﬁ
H4:(0'11 +¢(/7'12 ) +(0'21 +¢</T22 ) +(0'31 +w0'32) +(0'41 +¢(/7'42 )’ (3.36)

where as, a4, bs, by, dy, ds, dg, 0,, T(k), To(k), T3(k) and G will be given later, and

y ¥ - 5 ma, ()}
Fi=() m(l- p(k))A(k)ﬁ(me(k))[(z(Zk:1 7l ~ PUNAR) (R 7273,
k=1

(1 - )3
N o2 (k) IV (1 = pkDAK)) (SN, mor (k)oia(k))? \2
+ ) m(uk) + =) 4 2=k il
; ‘ 2 (1)t )
N _ 2N 2 1 N
y (2(zk21 (1 p(k))A(k))fzk:] mon () S muh) + 0 4 106
(1-y)s =1

+“21())(an<u(k)+f<k>+ 7ok )))] ,

— % N 2 %
F,= (Z (1 — P(k))A(k)B(k)s(k))[(z(Zk=1 (1 = plkNAK))F (ZN, mo, (k)
k=1

(1 -y
+ i e (uk) + 11( )) 2(ZkN:1 (1 = plk)DAK) (L, ﬂkO'll(k)O'lz(k))é)
- (1 -y}
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( (Zk | (1 = pUDAG) T (T, meod, (k)
(1 -y)s

v ‘72‘( h) (Zn(y(k) vy + )>)] ,

N
+ D k) + &(k) + (k)
k=1

3 - O 2 !
F3 = (Z m(1 - p(k))A(k)ﬂ(k)S(k))[(2(Zkzl (1 = p(k)AK))3 (Xp=y mrop,(k))

(1-y)3
* Z Gty + T PUDAUDHELL, 7Tk0'11(k)0'12(k))é)
(1-y)>
- N
(2 (Zk e (kz)lA(k;) G T Sty + otk + 10
B ’ k=1

21( ) )(Zﬂk(,u(kH ity + )>)2] )

Moreover, we assume G > 0 is a large enough constant that satisfies —~G(R;(¥)) + C <—2and

- 1
C= sup { YUy U g (A + FL 4 TE) + (ml + V) + 3

(S,E,I,V)eR% 4
+G(4F, 52V<ZNk:1 mop®t 6V(lzk:1Nnkau<k>alz(k)>z |
301 =) H L m] = pUNAGD (1 = 9AEL - pIAR):
P M) Lty o s
3(1 =) S - piAG) ) 4

—iz&ﬁ%wﬂ+&%%nﬂ—pm+oh(mﬁV+ (11 + F12S)>

12 v
—Twé\'g;ZEw+2+5'5110'22ﬁIS+ (O'31+O'321) +T+6+f}

Then, applying It6’s formula to H;, a calculation, similar to (3.5), is

BK)LS
1+ e(k)!

4

LH, < F, Z [ai(S +b)" N (1 = p(k)A(k) — u(k)S —
i=3

a(1-v¢) F.B(k)I

"3 T (@ 110k) + T 12(k)S )*S? | + Fu(k) + el é v Ty (D)

_FORV + (1= pUpAG) - oK) oK)

S Fi(—5 > §2 + oo (k)S)

- F1S%(8 = 3as(1 — y)b)o2, (k) N Fi011(K)or12(2 = as(1 = )b (k))S

+6(k)V)

16 4
2
_ Fi6®V + - pk)AK) Fou(k) + Fipior FZ n®
S 1 +e(k)I 2
as((1 = p(k))A(k) + 5(k)V) as(1 - Lﬁ)beO'u(k)O'u(k)]
b, 4
_ 1 — U+2
(1 = pDAK) +5(K)V) a5 w)b ol (k)] kale 0

1=y
b3 leS

+F1[

+F1[

Mathematical Biosciences and Engineering Volume 20, Issue 1, 1317-1343.
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_ 1828 = 3ay(1 - YB3, (k) , Fron@o (@ - ay(l - )b (k))S N

M, (k)
6 4
Fi6UoV + = pipaty  FB0I . a®V . assV (3.37)
_ < el H P F, PR IZS: yuT1(D),
where
__ 8 -2
3A - A=Y
. \/zk = pkpAd) \/ Sit w1 = pRDAGK)
) S mo, (k) (1 =) 3N, mo 1 (k)oak)
and s
M (k) = F, @ —;Ef))A(k) + F i l/’)lb6 7 + Fru(k)
3
ay(1 = pkDA®K) a4(1 — b ootk o k)
F, = + F; .
b 4 2

4

Since I is irreducible, for 1\7; = (M,(1),M,(2),--- ,M;(N))T, there is a vector 7_")1 = (Tv(1), T1(2),
— —
-, T1(N))7 satisfying the following Poisson system I'T; = Zfil M (k) — My, that is,

M)+ Y yuTi(D) = Z M, (K), Yk € S,

leS

which is substituted into (3.37); we have

BRI Fi(6WV + (1 — PDAK) - asdR)V “35(")" Z”"Ml W)

"T+e! Cpl
N 2 Y+2 2 N
_F Zﬂko'nz( ) Zﬂka3(1 lﬁ)b o1, (k) L F Z”ka3(1 —blff))A(k)
k=1 k=1 3
N
as(1 — P(k))A(k) Bk)I Fi(6(k)V + (1 — p(k))A(k))
+F1;"’< b T ewr T S
N N _ Y+l
L F, Zﬂkﬂ(k) L F Zﬂka4(1 Y)b, 40-11(k)0'12(k) L F 613:1(53‘/ L F 0421(3)‘/
k=1 k=1 3 4 (3.38)
N 2 1 N
<4F, 5(’?‘/(21(:1 0y, (K)) 4R Zﬂkﬂ(k)
3(1 = )3 (T (1 — p(k)A(k))3 k=1 5
F (S (1 = plk)Ak) 3o 17Tk0'11(k)0'12(k))2 L F B
1 (1 -9} e
+2F, (S, m(1 = plNAK)I (T, mor2, (k)3 L ano'%l(k)
(1 -y ¢ 2

=1
SUOV(EY., meor11 (kK)o (k))? OV -pA
1 1 T 1 .
(1 = )2 (I, m(1 = p(k)A(k))? S
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Similarly, applying Ito6’s formula to H,, one obtains

BUOIS

1+ e()]

+ Fo(u(k) + e(k) + n(k)) + Fy(o1(k)on(k)E + 2 >

POy + ey + (0)E|

1+ e(k)] g

23 a1+ O (OEDE + IZS] YuT>()
B(k)IS 03, (k)

< - m + Fo(u(k) + e(k) + n(k)) + F»

+F 20'21(k)0'22(k)E + Fady(1 = p(k)A(k) + —(ds(l — p)dy o3, (k)

B(k)IS
- 5(k)v] "0 5 eDE
O-gl(k) + 0'32(/() Ez)

LH, < an’4[(1 — p(k)AK) — u(k)S —

+ des(E + d6)¢_1[

+ F2d46(k)V

(80220«) 3ds(1 - w)d2<722<k))+ZmT2<l)
leS

v oo BWOIS
(80‘22(k) 3ds(1 — y)dg o5, (k) F2(1+e(k)I)E

+ FzUzl(k)O'zz(k)E + Fods6(k)V + Z YiuT2(D) + My (k),
leS

F2E2

where

dy=dsd!™", ds=

8 s i/ziil (1 = p(k)A(K)
—, 6 - b
3(1 = y)dy (1 =) Ty mod, (k)
and
o ®) a5 =g o3
> 2 ? 16 '
—> ) —
For M, = (M,(1), M5(2),---, M>(N))", we determine a vector T, = (T»(1),T»(2), ---,T>(N))"
— —
satisfying the Poisson system I'T, = YN, ;;M(k) — M,, which implies

My (k) = Fa(u(k) + e(k) + n(k)) + F2dy(1 = p(k))A(k) + F

N
Mok + D yuTo() = ) mia(k), Yk € .

les I=1
This yields that

puIs Ezsa§2<k>—3d5<1 W)d o2, (k) E?

LH, < - Fy—M
2= T A+ e(DE " 16
N

+ Faorai(on(E + Fadid(K)V + ) mMa(k)
k=1

N
<F Z mids(1 = p(k)A(k) + Fr021(k)on(K)E + Fadsd(k)V
=N

N
+F Z me(u(k) + 8(k) + (k) + F2 ) 7 o ®) . PRIS

-~ 2 *(1 + e(b)DE
W ds(1 — d‘“zo'z k 802, (k) — 3ds(1 — y)d” o2, (k) E>
-l-Fzzﬂk 5( lﬁ) 22( )+F2E2 22( ) 5( = W) 6 22( )
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N
k
<F, Z T(u(k) + £k + (k) + F2 ) e ‘2( )

k=1

A Mo, (k)36 P BIS

31 = )3, (1~ pl)AK)? - 12(1 1 eDE
(T (1 = pl)AKR)I (B, mod,)s

(1)

+ F (3.39)

+2F,

+ F25'215'22E.

By applying 1t6’s formula to H3, one obtains

2 2
LH, = F3(0-31(k) + o3 (K)o + %(k)lz) _ R EWE L ) + 1)
+ F360,(F31 + F3D)? " Fa(s(k)E — (,U(k) + T(k))l) — 1@+ FiB)
# BT (40 — (k) + kDD + “8 S(E

1
- 5F3ezfr32(1 =~ ) k) + cm(k)l)*”ﬂ * Z YuT5(0)

leS
F 1 ¢+ F\f3
< BRTR (o0 — i+ 1)) - 3 sl )0 + S e
H+T a+7
KE
— Fi ek) + F3(u(k) + 7(k)) + F5 731K + F36,6% F3e(h)E
2
+F %12 I(€+F1ﬁ)+F20'310'32[+Z’)/k1T3(l)
leS
1 F kE
— FiEs (k)031032 — —F36,(1 —w)&gﬂﬂ et lﬁ e(k)E — F38( )
+7T 2 a+7 1
+ F3920'31 O'328(k)E + F3 > 12 I(e + Flﬁ) + Z )/le3(1) + M3(k)
leS
where ® .
Ms(K) = F3(uk) + t(k) + F; 222 g, =

2 7 T -t

Define ﬁ) = (T5(1),T5(2),--- ,T3(N))"; then, M5 = (M5(1), M5(2),--- , M5(N))" satisfies the Poisson
—> —>
system I'T3 = SN, m,M3(k) — M3, which indicates

N
Ma(k)+ ) yuTs() = ) miMa(k), Yk € S.
leS =1

We conclude that

1/3’

LHy < ~F, 25 p, T2fE | p pTnOwf
I a- l/’)0'31 H+

— 12+ F\p) + F Z k) + 7(k)) + Fs Z i

(k)E(

31 ( k) (3.40)

The remaining proof is similar to that of Theorem 3.1. Thus, we omit it here.
To sum up, the above three steps assure that Model (1.4) has a unique ESD under R} > 1.

Mathematical Biosciences and Engineering Volume 20, Issue 1, 1317-1343.



1338

4. Numerical simulations

In the present section, we are interested in providing two numerical examples to confirm the
obtained mathematical results for models (1.3) and (1.4). For the sake of analysis, we fix the initial
condition (S (0), E(0),1(0),V(0)) = (0.8,0.2,0.3,0.3), and the parameter values involved in both
models are given according to different actual needs. The details are below.

Example 4.1 Let us consider model (1.3) with the parameters u = 1/77, 6 = 0.05, ¢ = 1075, p = 0.2,
B =035 A=0571=04¢e = 0.7, n = 0.2 and the corresponding noise values o;; = 0.01,
O1p = 002, 0o = 001, Oy = 002, 031 = 0005, O3 = 0005, 41 = 0.005 and Oy = 0.005. By a
calculation, one could calculate that Rg = 2.1439 > 1. It is obvious from Theorem 3.1 that model (1.3)
has a unique ESD. We plot the sample trajectories and the probability density functions of S (¢), E(t),
I(t) and V(), respectively in Figure 2. The obvious conclusion is that reducing the noise intensities
o, 03, 03, 03, and o3, and decreasing the fraction of the newborns vaccinated p or increasing the

1
disease transmission coefficient 5 will lead to the long-term persistence of disease.

s
The PDF o )

k)
| =
H i ! i é— i i
The POF fE()
.
5
8

[

The PDF of )
o)
: >
:
5
Q
o

The PDF ofV[)
4
ER >
:
o
g,

Figure 2. Left: the sample paths of S (¢), E(¢), I(¢) and V(¢). Right: the probability density
functions (PDFs) of S (), E(¢), I(t) and V(¢).

Example 4.2 For model (1.4), we only consider the Markov chain r(#) switch among these two states
S = {I,2} with the generator I' = (y;j)2x2, Where y;; = —g, Vi = g, Va1 = —% and vy, = g, and
the unique stationary of r(¢) is given by m = (7, m,) = (g, g). Next, we consider two sets of different
parameter values to characterize different environmental regimes.
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When r(f) = 1, we take u(1) = 1/77, (1) = 0.05, e(1) = 107, p(1) = 0.2, B(1) = 0.35, A(1) = 0.5,
7(1) = 04, e(1) = 0.7, n(1) = 0.2, o11(1) = 0.01, o12(1) = 0.02, 05;(1) = 0.01, o2(1) = 0.02,
031(1) = 0.01, 03,(1) = 0.02, 04;(1) = 0.01 and o4,(1) = 0.02.

When r(t) = 2, choose u(2) = 0.28, 6(2) = 2.9, e(2) = 0.025, p(2) = 0.12, 5(2) = 0.40, A(2) = 0.4,
7(2) = 0.65, &(2) = 0.02, n(2) = 0.02, 071;(2) = 0.05, 012(2) = 0.04, 05,(2) = 0.05, 022(2) = 0.04,
0'31(2) = 003, 0'32(2) = 004, 0'41(2) = 0.03 and 0'42(2) = 0.04.

Combining the above two sets of parameter values, it is easy to check that the condition of
Theorem 3.2 is satisfied and R} = 2.7782 > 1, which means that model (1.4) owns a unique ESD; see
Figure 3. In addition, all of the probability density functions of r(t), S (¢), E(¢), I(t) and V(¢) have two
distribution curves, which are caused by two different switching regimes. After a further observation,
if we reduce the noise intensities o3, (k), 071,(k), 03,(k), 035,(k) and o3, (k) and the fraction of the
newborns vaccinated p(k), or if we increase the disease transmission coefficient S(k), the disease will
be prevalent and persistent in the long term.

)

The PDF of )

T

s()
The PDF of )

L

£
The PDF ofE()

1)
The PDF ofI)

V)
The PDF afV()

L

Figure 3. Left: the sample paths of the Markov chain r(¢) and S (¢), E(¢), I(t) and V(¢).
Right: the PDFs of r(¢), S (¢), E(¢), I(t) and V(?).
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5. Discussion

In this work, we constructed two novel SEIVS models with latency and temporary immunity under
higher-order perturbation, incorporating both white noise and telephone noise; see models (1.3) and
(1.4). And, the existence and uniqueness of the stationary distribution have been obtained by utilizing
Has’minskii theory and a Lyapunov function approach. We found that the noise can influence the
dynamic behaviors of disease, which reveals that reducing the noise intensity leads to the persistence
of disease.

Meanwhile, sufficient criteria on the existence of the unique ESD of the above two models are
established. When R} > 1, it follows from Theorem 3.1 that model (1.3) owns a unique ESD.
Reviewing Theorem 3.2, model (1.4) owns a unique ESD when R} > 1. It can be concluded from the
conditions of these two theorems that the noise intensity, disease transmission coefficient and
vaccination rate play a crucial role in the prevalence of disease.

Looking to the future, there are some intriguing questions that warrant further consideration and
investigation. For example, one can develop more elaborate models, such as focusing on model (1.1)
and taking into account environmental noises, the dynamic properties of the stochastic SEIVS model
with the nonlinear incidence rate (‘iff;) are worth exploring. In addition, there exist time delays in the
process of information dissemination, taking into account the fact that the impact of time delays can be
introduced into model (1.2) [8, 12]. Furthermore, there are also some interesting modeling ideas and
approaches from different perspectives, such as the multi-group epidemic dynamic models [10,11] and
fractional-order models [13]. These works will be shown in other articles.
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