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Abstract: Serotonin, dopamine and norepinephrine are monoamine neurotransmitters that modulate
our mood state. Hence, imbalances in the levels of these neurotransmitters have been linked to the
incidence of several psychiatric disorders. Here, a mathematical model written in terms of ordinary
differential equations is proposed to represent the interaction of these three neurotransmitters. It is ana-
lytically and numerically shown that this model can experience a Hopf bifurcation. Thus, by varying a
parameter value, the neurotransmitter levels can change from a steady state to an oscillatory behavior,
which may be at least a partial explanation of the mood swings observed in depressed people.
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1. Introduction

The communication between neurons is commonly mediated by endogenous messengers called
neurotransmitters. These chemical mediators influence our physical and mental health. For instance,
monoamine neurotransmitters regulate our mood, sleep, social behavior and stress response [1-5].
These neurotransmitters are synthesized in the brain monoaminergic system; in other words, the brain
neural circuitry including serotonergic, dopaminergic, and noradrenergic neurons is responsible for
the synthesis of serotonin, dopamine and norepinephrine, respectively [1-5]. Major depressive disor-
der (MDD), usually known simply as depression, has been consistently associated with an impaired
monoaminergic neurotransmission [1-5]. Also, oscillations in the levels of the monoamine neuro-
transmitters have been hypothesized to cause mood disorders in depressed patients [1-5]. In fact, most
depressed individuals report mood swings [6—8]. Here, it is shown that mood fluctuations can be a
consequence of the interaction of these three neurotransmitters.

There are mathematical models about the interplay among CRH (corticotropin releasing hormone),
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ACTH (adrenocorticotropic hormone) and cortisol [9,10]. Dysregulation of the neuroendocrine system
controlling these three hormones has also been associated with MDD [10]. However, up to now,
there is no approved medication acting on these hormones for treating MDD symptoms [11]. In fact,
the available drugs usually target the monoaminergic system [1,4]. Mathematical models about the
dynamics of dopamine [12], serotonin [13] and norepinephrine [14] can be found in the literature, but
no model was found about the mutual influence of serotonin, dopamine, and norepinephrine.

Prior to the current COVID-19 pandemic, MDD affected about 5% of the population worldwide
[15]. Unfortunately, due to the pandemic, this prevalence has increased [16]. Different aspects of
MDD have been studied by using distinct mathematical approaches, such as artificial intelligence
techniques [17], complexity measures [18], game theory [19], population dynamics [20], regression
algorithms [21], signal analysis [22], statistical analysis [23]. In this work, the role of monoamine neu-
rotransmitters in mood regulation is investigated from a dynamical systems theory perspective [24,25].

Bifurcation analyses have been carried out in theoretical works about neurodynamics [26,27]. In
these works, Hopf bifurcation can occur and it is usually related to the emergence of periodic spiking.
Here, a bifurcation analysis is carried out in a model about monoamine neurotransmission. This anal-
ysis shows that Hopf bifurcation can occur and it can be related to the emergence of mood oscillations.
The proposed model can undergo a Hopf bifurcation by varying the value of a parameter that can be
altered by taking antidepressants.

This manuscript is organized as follows. In Section 2, a mathematical model about the neurotrans-
mitter dynamics is proposed. In Section 3, the long-term behavior of this model is analyzed. In Section
4, numerical simulations are performed by taking values of the model parameters in order to obtain
plausible numbers for the neurotransmitter concentrations. In Section 5, the possible relevance of this
work is stressed.

2. The mathematical model
Let the levels of serotonin, dopamine, and norepinephrine in the blood plasma at the time ¢ be re-

spectively denoted by the variables S (¢), D(¢) and N(#). The proposed model is written as the following
set of nonlinear ordinary differential equations:

ds (1)

e = Fi(S@),D@),N1®)=a-aS() +bD®)S () +cN®S (¥) 2.1)
dD
% = Fy(S(0), D). N@®) = B~ eD(t) — fD(1)S (1) (2.2)
dN

df” = F3(S(5), D). N(1)) = —gN(D) + hD(0) (2.3)

In this model, @ and 8 are the constant influxes of serotonin and dopamine, respectively; a, e and
g are the rate constants related to degradation/reuptake of serotonin, dopamine and norepinephrine,
respectively; b is the rate constant related to the excitatory effect of dopamine on serotonergic neurons
[28]; c is the rate constant related to the excitatory effect of norepinephrine on serotonergic neurons
[29]; f is the rate constant related to the inhibitory effect of serotonin on dopaminergic neurons [28];
and £ is the rate constant related to the conversion of dopamine into norepinephrine [30]. The nine
model parameters (a, 3, a, b, c, e, f, g and h) and the three variables (S (¢), D(¢) and N(t)) are positive
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real numbers. In the next section, this model is analyzed by using methods from dynamical systems
theory [24,25].

3. Analytical results

In the state space S X D X N, an equilibrium point (S *, D*, N*) corresponds to a stationary solution
obtained from F{(S*,D*,N*) =0, F»(S*,D*, N*) = 0 and F3(S*, D*, N*) = 0, in which §*, D* and N*
are constants. This model presents a single positive equilibrium point with coordinates:

—-y+ Yy —dxz B hD*

2x e+ fS* g

(S*,D",N*) = 3.1

in which x = afg, y = aeg — afg — B(bg + ch) and z = —aeg. This equilibrium point exists for any
set of positive parameter values. Notice that N* is written in terms of D*, which depends on S* (which
depends only on the model parameters).

The local stability of this equilibrium point can be determined from the eigenvalues A of the Jacobian
matrix J computed at this point [24, 25]. The matrix J expresses the linearization of the original
dynamical system around such a point. Recall that the eigenvalues A of J are computed from det(J —
Al) = 0, in which I is the identity matrix. According to the Hartman-Grobman theorem, (S*, D*, N¥) is
locally asymptotically stable if all eigenvalues have negative real part [24,25]. In this case, the matrix
J is given by:

—a+ bD* + cN* bS* cS”
JS*,D*,N*) = —fD* —-e—fS* 0 (3.2)
0 h -g

The eigenvalues A, A, and A3 of J(S*, D*, N*) are the roots of:
B+ +6,1+6,=0 (3.3)

According to the Routh-Hurwitz stability criterion [31], the roots of this polynomial have negative real
partif 6, > 0,6, > 0, 63 > 0, and 6,6, — 63 > 0. In this case:

B

(04
= g+ — 4
6, g+t ot o (3.4)
_ap ag fg ‘ry
6, = D + S5 + D +bfS*D 3.5
0, = Siﬁ[)g* + £S"D"(bg + ch) (3.6)

Obviously, the conditions 6; > 0, 8, > 0, and 65 > 0 are satisfied; therefore, the asymptotical stability of
(8§, D*, N*) depends on the sign of A = 6,6, — 65. For A > 0, this steady state is locally asymptotically
stable.

Serotonin has a predominant role in mood fluctuations in depressed patients [32]. Hence, several
commonly prescribed antidepressants alter the value of a, that is, the reuptake of this monoamine
[4,11]. In this study, a is considered the bifurcation parameter.
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Let the three eigenvalues of J be written as A,(a) = p(a) + iw(a), A,(a) = p(a) — iw(a), and A3(a) =
—o(a), with i = V-1. Hopf bifurcation occurs if there is a critical value of a, called a., such that
pla;) =0, w(a.) # 0, dp(a)/dal,=,, # 0, and o(a.) > 0 [24,25].

For the third-order polynomial given by Eq (3.3), there is a Hopf bifurcation if A(a) = 0 and
0A(a)/da # 0 for a = a.. These conditions, which were already found (for instance) in ecological [33]
and electronic systems [34], are derived by inserting 4; = p + iw into Eq (3.3) and by separating the
real part from the imaginary part. Thus, the following expressions are obtained:

P’ =3pw’ +0,(0* —wH)+6p+60; = 0 (3.7)
Bp* + 2001 +B)w-w® = 0 (3.8)

For w # 0, an expression for w? is obtained from Eq (3.8) and it can be used to rewrite Eq (3.7) as [33]:
Q=80 + 860> + 206 +6,) + A=0 (3.9)

If A =0 fora = a,, then p = 0 is the only real root of Eq (3.9). Also, by differentiating Q = Q(p(a), @)
with respect to a by taking into account the Implicit Function Theorem [24,25], then:

dp|  _ _0Q/da)  _  0A|da_
dalima. ~ 00/0plocs, 2B +0)|

As 6, > 0 and 6, > 0, then dp/dal,-,. # 0 if 0A/dal,-,, # 0.

In short, the point equilibrium with coordinates given by Eq (3.1) experiences a Hopf bifurcation
fora = a. if A(a.) = 0 and dA/dal,=,, # 0. In this case, Eq (3.3) is written as 2° + 0A* + w? A+ cw?* = 0.
In fact, for a = a., then 4, are imaginary numbers (because p(a.) = 0 and w(a.) = V6(a.)) and A3
is a negative real number (because o(a.) = 0;(a.) > 0). For A(a) < 0, an asymptotically stable limit
cycle appears. Recall that a limit cycle is a closed and isolated trajectory in the state space, which
corresponds to a solution that varies periodically in time [24,25]. Here, limit cycle implies oscillatory
neurotransmitter levels, which can be associated with mood fluctuations. Hence, mood fluctuations
can be caused via Hopf bifurcation of the nonlinear system ruling the neurotransmitter interplay.

(3.10)

4. Numerical results

Computer simulations were performed in order to illustrate the analytical results derived above.
Here, the value of a is varied and the other eight parameters are kept fixed. In these simulations,
b=0.001,c=0.04,e=3,f=0.1,g =2, h =80, = 50 and 8 = 200. These parameter values were
chosen in order to obtain realistic numbers for S *, N* and D".

Figure 1 shows the time evolutions of S (#) (cyan line), D(¢) (red line) and N(¢) (green line) for
a = 20. In this case, S(¥) —» S* =~ 133, D(t) —» D* ~ 12, and N(t) —» N* = 490, which are
the coordinates of the equilibrium point found from Eq (3.1). Since A ~ 207 > 0, this point is
asymptotically stable, as observed in the numerical simulation. Figure 2 shows S(¢), D(t) and N(¢)
for a = 30. In this case, A ~ =70 < 0; therefore, the equilibrium point is unstable and the trajectory
converges to a limit cycle.

The computer simulations revealed that, for the parameter values used in Figures 1 and 2, there are
two critical values of a, denoted by a.; and a.,, so that for a < a.,; ~ 25.9 and a > a., ~ 68.8, the
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system converges to a stationary solution; for a,; < a < a.,, the system converges to an oscillatory
solution. In fact, for a > 25.9, an attracting limit cycle emerges; however, this cycle disappears for
a > 68.8. For instance, fora = 75, then A ~ 65 > 0and S(¥) > S* ~ 15, D(t) —» D* ~ 45, and
N(t) - N* ~ 1789.
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Figure 1. Left: time evolutions of S (¢) (cyan line), D(¢) (red line) and N(t)(green line) for
a=20,b=0.001,c=004,e=3,f=0.1,g =2, h =80, = 50 and § = 200 from the
initial condition S(0) = 100, D(0) = 20, N(0) = 500. The variables tend to the stationary
solution given by S(#) — S* ~ 133, D(t) —» D* ~ 12, and N(t) —» N* =~ 490. Right: the
corresponding trajectory in the state space S X D X N, which converges to the equilibrium
point (S, D*, N*) = (133, 12,490).
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Figure 2. Left: time evolutions of S(7) (cyan line), D(¢) (red line) and N(¢)(green line) for
a = 30. The other parameter values and the initial condition are the same as those used in
Figure 1. The variables tend to an oscillatory solution. Right: the corresponding trajectory in

the state space S X D X N, which converges to a limit cycle around the unstable equilibrium
point (S, D*, N*) = (79, 18,734).

Figure 3 presents the asymptotical behavior of S(#) in function of a: for a < a.; and a > a.,, the
plot shows the coordinate S* of the attracting equilibrium point; for a.; < a < ag,, the plot shows
the minimum and the maximum of the attracting oscillatory behavior of S (7). Thus, Hopf bifurcations
occur for a = a.; and a = a..
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Figure 3. Asymptotical behavior of S(#) in function of a. There are Hopf bifurcations for
a=a,g ~259and a = a, =~ 68.8. Fora., < a < a, the plot shows the minimum and
the maximum value of the oscillatory solution; for a < a.; and a > a.,, the plot shows the
stationary solution S *.

5. Discussion and conclusions

The normal ranges of S (¢), D(¢) and N(¢) in human blood plasma are 50-200 ng/mL, 0-30 pg/mL
and 200-1700 pg/mL, respectively [35]. Notice that the coordinates of the asymptotically stable
steady-state shown in Figure 1 correspond to an individual with normal levels of these three neuro-
transmitters.

Figures 2 and 3 show that the long-term behavior of S (#), D(#) and N(¢) can be oscillatory. Such an
oscillation can be suppressed, for instance, by increasing «. For instance, for @ = 100 and a = 30, the
convergence 1s to the steady state given by §* ~ 81, D* ~ 18 and N* =~ 719, which are numbers that
belong to the normal ranges of the three neurotransmitters [35].

Most available antidepressants are monoamine reuptake inhibitors; that is, they inhibit the reuptake
of a monoamine neurotransmitter, which increases its extracellular level [4, 11]. In the model, taking
a serotonin reuptake inhibitor corresponds to decreasing the value of a. Notice that for @ = 20 (which
can represent either a non-depressed individual or an individual being treated with antidepressants), the
neurotransmitter levels tend to a steady state, which is in contrast to the oscillatory behavior observed
for a = 30 (which can represent an untreated depressed individual).

In short, the neurotransmitter interactions considered in the proposed model can be at least partially
the underlying biochemical basis of mood swings experienced by depressed individuals. This conclu-
sion leads to the following conjecture: the intrinsic mechanism of mood shifts observed, for instance,
in people with anxiety syndromes [36] and bipolar disorders [37] can also be a type-Hopf bifurca-
tion. The predictions of the proposed model can be tested by using experimentally obtained parameter
values.
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