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Abstract: In this work, we suggest a reduced distribution with two parameters of the modified Weibull
distribution to avoid some estimation difficulties. The hazard rate function of the reduced distribution
exhibits decreasing, increasing or bathtub shape. The suggested reduced distribution can be applied
to many problems of modelling lifetime data. Some statistical properties of the proposed distribution
have been discussed. The maximum likelihood is employed to estimate the model parameters. The
Fisher information matrix is derived and then applied to construct confidence intervals for parameters.
A simulation is conducted to illustrate the performance of maximum likelihood estimation. Four sets of
real data are tested to prove the proposed distribution advantages. According to the statistical criteria,
the proposed distribution fits the tested data better than some well-known two-and three-parameter
distributions.
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1. Introduction

In the different fields of applied sciences, many lifetime distributions were applied for modelling
several types of data, such as medical sciences, biological studies, engineering, environmental sciences,
and economics. The selected models or distributions of probability define the quality of the statistical
analysis procedures. As such, scholars have developed numerous classes of standard probability distri-
butions [1–7] and their relevant statistical methodologies [8–14]. Lai et al. [3] introduced a modified
Weibull (MW) distribution with three parameters with cumulative distribution function (CDF) given
by

F(x) = 1 − e−a xb eλ x
, x ≥ 0, a, λ > 0, b ≥ 0. (1.1)
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It can be used to model bathtub-shaped failure rate life data. From this distribution, many authors have
developed three- and five-parameter distributions, including log-modified Weibull distribution [5], gen-
eralized modified Weibull distribution [6], beta modified Weibull distribution [7], exponentiated mod-
ified Weibull extension distribution [8], a new modified Weibull distribution [9], Kumaraswamy mod-
ified Weibull distribution [10], the additive modified Weibull distribution [11], generalized modified
Weibull power series distribution [12], among others.

Almalki and Yuan [9] proposed a new modified Weibull (NMW) distribution by combining Weibull
distribution and MW distribution with CDF

F(x) = 1 − e−(α xθ+β xγ eλ x), x > 0, α, θ, β, γ > 0, λ ≥ 0. (1.2)

The hazard rate function of the NMW distribution can be decreasing, increasing or bathtub shaped.
Almalki [15] suggested a reduced version of the NMW distribution by setting θ = γ = 1

2 in Eq (1.2).
It is shown that the reduced version has the same desirable properties of the NMW distribution in
spite of having two fewer parameters. He et al. [11] presented an additive modified Weibull (AMW)
distribution with five-parameter. The CDF of the AMW distribution is given by

F(x) = 1 − e−
(

eλ x−β−e−β+α xθ eγ x
)
, x ≥ 0, α, θ, β > 0, γ, λ ≥ 0. (1.3)

The AMW distribution is decreasing, increasing and bathtub-shaped hazard function. Shakhatreh et
al. [16] introduced a new lifetime distribution called the log-normal modified Weibull (LNMW5)
distribution with CDF

R(x) = (1 − Φ(z)) e−β xγ eλ x
, x > 0, β, γ, λ > 0, (1.4)

where z(x; µ, σ) =
ln(x)−µ
σ

, µ ∈ <, σ > 0 and Φ(.) is CDF of the standard normal distribution. The
LNMW5 distribution is described and analyze monotone, upside-down bathtub, bathtub-shaped and
modified bathtub-shaped failure rates. Shakhatreh et al. [16] obtained a special case of the LNMW5
Weibull distribution with four-parameter when setting γ = 1

2 in Eq (1.4) and called the four-parameter
log-normal modified Weibull (LNMW4) distribution. The LNMW5 and The LNMW4 distributions are
flexible with respect to skewness and kurtosis. further, the LNMW4 distribution is simpler. Although
the previous distributions are flexible having increasing, decreasing and bathtub-shaped hazard rate
function, the increasing number of parameters is problematic for their estimations, particularly when
the sample size is small. So, this article aims at reducing the MW distribution to a two-parameter
distribution and preserving its flexibility for fitting data.

In this article, we present a reduced distribution of modified Weibull distribution with two param-
eters, which can be considered as a special case from MW distribution [3]. The motivations for the
suggested distribution are to obtain a few parameters and hazard rate function with multiple shapes
(decreasing, increasing or bathtub). The reduced modified Weibull distribution is characterized by its
flexibility and importance in modelling medical and engineering applications (see Section 5). We can
see that the reduced modified Weibull distribution provides better fits than other distributions.

The remainder of the current article is organized according to the following structure. Section 2
presents the reduced modified Weibull distribution and a discussion of some of its statistical properties.
In Section 3, the maximum likelihood estimation is utilized to estimate the two parameters of the
reduced modified Weibull distribution. In Section 4, we perform a simulation study to assess the
stability of the parameters. The reduced modified Weibull distribution is applied to four real data sets
as illustrated in Section 5. A conclusion is provided in Section 6.
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2. A reduced modified Weibull distribution

2.1. Definition

Setting a = λ
σ

e−σ and b = 0.5 in Eq (1.1), we get the CDF of the reduced modified Weibull (RMW)
distribution given by

F(x) = 1 − e−
λ
σ

√
x eλ x−σ

, x ≥ 0, λ, σ > 0, (2.1)

and its corresponding probability density function (PDF) of the RMW distribution given by

f (x) =
λ

2σ
√

x
(1 + 2 λ x) eλ x−σ− λ

σ

√
x eλ x−σ

. (2.2)

The survival S (x) and hazard rate h(x) functions of the RMW distribution are, respectively,

S (x) = e−
λ
σ

√
x eλ x−σ

, (2.3)

and
h(x) =

λ

2σ
√

x
(1 + 2 λ x) eλ x−σ. (2.4)

To investigate the characterization of the hazard rate function, first take the derivative of h(x) in Eq
(2.4) with respect to x, we extract

dh(x)
dx

=
λ

4σ
x
−3
2
(
4 λ x (λ x + 1) − 1

)
eλ x−σ (2.5)

Solving Eq (2.5), a change point can be obtained as x∗ =
√

2−1
2 λ , we can see that h(x) is increasing as

x∗ > x and decreasing as x∗ < x. Thus, h(x) can be of bathtub shape as x∗ = x. Figure 1 displays the
PDF, CDF, S (x) and h(x) of the RMW distribution.

2.2. Statistical properties

2.2.1. Quantile function

The quantile xq of the RMW distribution can be given as the solution Eq (2.6)

λ xq + 0.5 log(xq) − σ − log
(
−
σ

λ
log(1 − q)

)
= 0, 0 < q < 1. (2.6)

Using Eq (2.6), the median of the RMW distribution can be given by setting q = 0.5.

2.2.2. Mode

The mode of the RMW distribution can be obtained as a non-negative solution Eq (2.7)

σ eσ
(
4 λ x (1 + λ x) − 1

)
− λ
√

x (1 + 2 λ x)2 eλ x = 0. (2.7)

The Eq (2.7) cannot be solved analytically and therefore they require some suitable numerical methods
like fixed-point or Newton-Raphson.
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Figure 1. Plots of (a) PDF, (b) CDF, (c) h(x), and (d) S (x) for the RMW distribution at
different parameters λ, σ.

2.2.3. Moments

Moments are essential for any statistical analysis, in general, and applications, in particular. They
are applied to identify the distributions’ most significent properties and characteristics e.g., dispersion,
kurtosis and skewness. Using the definition of the rth ordinary moment of X and substituting Eq (2.2),
then

µ
′

r(ψ) =
λ

2σ

∫ +∞

0

(
xr− 1

2 + 2 λ xr+ 1
2
)

eλ x−σ− λ
σ

√
x eλ x−σ

dx. (2.8)

The integration in Eq (2.8) is computed numerically using the Wolfram Mathematica (see, Table 1).
According to the first four ordinary moments of the RMW distribution, the measures of variance (V(ψ)),
skewness (S K(ψ)), and kurtosis (K(ψ)) can obtained as

V(ψ) = µ
′

2(ψ) − (µ
′

1(ψ))2,

S K(ψ) =
µ
′

3(ψ) − 3 µ
′

1(ψ) µ
′

2(ψ) + 2 (µ
′

1(ψ))3

(V(ψ))
3
2

,

and

K(ψ) =
µ
′

4(ψ) − 4 µ
′

1(ψ) µ
′

3(ψ) + 6 (µ
′

1(ψ))2 µ
′

2(ψ) − 3 (µ
′

1(ψ))4

(V(ψ))2 .

Table 1 lists the first four moments (µ
′

1(ψ), µ
′

2(ψ), µ
′

3(ψ), µ
′

4(ψ)), V(ψ), S K(ψ) and K(ψ) of the RMW
distribution for different values of λ and σ. According to Table 1, we extract that:

• The mean and variance of the RMW distribution increase as σ increases
• The mean and variance of the RMW distribution decrease as λ increases.
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• The skewness of the RMW distribution varies in the interval (−1.13479, 3.62555).
• The kurtosis of the RMW distribution ranges in the interval (2.25784, 21.711).
• The skewness of the RMW distribution can be negative or positive, so it is flexible for modelling

skewed data.

Table 1. The first four ordinary moments, V(ψ), S K(ψ) and K(ψ) of the RMW distribution
for different λ, σ.

λ σ Mean(µ
′

1) µ
′

2 µ
′

3 µ
′

4 V(ψ) S K(ψ) K(ψ)

0.6 0.5 0.65756 0.79965 1.22129 2.13991 0.36727 0.95466 3.27163
0.6 1.5 2.53888 8.15243 29.1497 111.956 1.70649 -0.0958 2.25784
0.6 4 7.25742 56.0608 450.823 3737.34 3.3906 -0.84048 3.82892
0.6 10 17.9915 327.831 6037.75 112233 4.13785 -1.10446 5.19425
0.6 20 35.2484 1246.8 44244.4 1.57478 × 106 4.35238 -1.13201 5.36045
0.6 25 43.7726 1920.44 84436.9 3.72002 × 106 4.39488 -1.13479 5.37549
3 0.5 0.05729 0.0079 0.0015 0.00034 0.00462 1.63905 5.67889
9 0.5 0.00942 0.00027 0.00001 5.89211 × 10−7 0.00018 2.27509 9.23468
15 0.5 0.00391 0.00005 1.02523 × 10−6 2.68339 × 10−8 0.00004 2.63091 11.8299
25 0.5 0.00158 9.15598 × 10−6 8.75731 × 10−8 1.1133 × 10−9 6.6635 × 10−6 3.02761 15.2823
35 0.5 0.00086 2.88627 × 10−6 1.6603 × 10−8 1.2967 × 10−10 2.15027 × 10−6 3.31018 18.1274
50 0.5 0.00044 8.28133 × 10−7 2.74357 × 10−9 1.26429 × 10−11 6.304 × 10−7 3.62555 21.711

3. Estimation and inference

In this section, the estimators of the parameters for RMW distribution are derived using the
maximum-likelihood method in the case of complete data and censored data.

3.1. Complete data

Suppose X1, ..., Xn be a random sample of size n from the RMW distribution with parameters ψ =

(λ, σ). From Eq (2.2), the log likelihood function `(ψ) written as:

`(ψ) =
(

log
( λ
2σ

)
− σ

)
n + λ

n∑
i=1

xi +

n∑
i=1

log
( 1
√

xi
+ 2 λ

√
xi

)
−
λ

σ

n∑
i=1

√
xi eλ xi−σ. (3.1)

The first partial derivatives of Eq (3.1) with respect to λ and σ are:

∂`(ψ)

∂λ
=

n
λ

+

n∑
i=1

xi + 2
n∑

i=1

xi

1 + 2 λ xi
−

1
σ

n∑
i=1

√
xi eλ xi−σ

−
λ

σ

n∑
i=1

x
3
2
i eλ xi−σ, (3.2)

and
∂`(ψ)

∂σ
= −

(
1 +

1
σ

)
n +

λ

σ2 (1 + σ)
n∑

i=1

√
xi eλ xi−σ. (3.3)
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We set the nonlinear system of equations
∂`(ψ)

∂λ
= 0 and

∂`(ψ)

∂σ
= 0. The maximum likelihood estimates

(MLEs) of the RMW distribution can be obtained by solving these equations numerically with the aid
of software, such as Wolfram Mathematica.

For asymptotic interval of the estimation of ψ, we obtain the observed Fisher information matrix.
The local information matrix F(ψ̂) is obtained as:

F(ψ̂) = −

 ∂`2(ψ)

∂λ2

∂`2(ψ)

∂λ ∂σ
∂`2(ψ)

∂λ ∂σ

∂`2(ψ)

∂σ2


ψ̂=(λ̂,σ̂)

, (3.4)

where the elements of the observed Fisher information matrix in Eq (3.4) are as follows

∂`2(ψ)

∂λ2 = −
n
λ2 − 4

n∑
i=1

x2
i

(1 + 2 λ xi)2 −
2
σ

n∑
i=1

x
3
2
i eλ xi−σ

−
λ

σ

n∑
i=1

x
5
2
i eλ xi−σ, (3.5)

∂`2(ψ)

∂λ ∂σ
=

1
σ2 (1 + σ)

( n∑
i=1

√
xi eλ xi−σ + λ

n∑
i=1

x
3
2
i eλ xi−σ

)
, (3.6)

∂`2(ψ)

∂σ2 =
n
σ2 −

λ

σ3

(
2 + 2σ + σ2) n∑

i=1

√
xi eλ xi−σ. (3.7)

Therefore, the approximate variances of ψ = (λ, σ) can be obtained as

F−1(ψ̂) =

 V̂ar(λ̂) Ĉov(λ̂, σ̂)
Ĉov(λ̂, σ̂) V̂ar(σ̂)

 . (3.8)

Thus, the asymptotic confidence intervals (CIs) for λ and σ with 100(1 − τ)% confidence level are
given by:

λ̂ ∓ Z τ
2

√
V̂ar(λ̂) , σ̂ ∓ Z τ

2

√
V̂ar(σ̂).

Z τ
2

is the 100(1 − τ)th percentile of the N(0, 1) and τ is the significance level.
Though the parameters are positive, the CIs may result in a negative lower bound. To solve this

problem, we replace the negative values by zero. We can also use the log-transformed MLE proposed
by [17]. According to the normal approximation of log-transformed MLE, the 100(1 − τ)% CIs for λ
and σ are given by

λ ∈

[
λ̂ e−

1
λ̂

Z τ
2

√
V̂ar(λ̂)

, λ̂ e
1
λ̂

Z τ
2

√
V̂ar(λ̂)

]
,

and

σ ∈

[
σ̂ e−

1
σ̂ Z τ

2

√
V̂ar(σ̂)

, σ̂ e
1
σ̂ Z τ

2

√
V̂ar(σ̂)

]
,

respectively.
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3.2. Censored data

This subsection is devoted to estimate the vector of two parameters ψ = (λ, σ) of the RMW distri-
bution based on Type II censored samples. Suppose that X1, ..., Xr is a Type II censored sample of size
r obtained from a life-test on n items whose lifetimes have the RMW distribution. Then the likelihood
function is

`(ψ) ∝
(λ e−σ

2σ

)r
eλ

∑n
i=1 xi Πr

i=1
( 1
√

xi
+ 2 λ

√
xi
)

e−
λ
σ

∑r
i=1
√

xi eλ xi−σ

× e− (n−r) λ
σ

√
xr eλ xr−σ (3.9)

The log likelihood function is

`(ψ) =
(

log
( λ
2σ

)
− σ

)
r + λ

r∑
i=1

xi +

r∑
i=1

log
( 1
√

xi
+ 2 λ

√
xi

)
−
λ

σ

r∑
i=1

√
xi eλ xi−σ

− (n − r)
λ

σ

√
xr eλ xr−σ. (3.10)

Differentiating the log likelihood function in Eq (3.10), with respect to λ and σ, one obtains

∂`(ψ)

∂λ
=

r
λ

+

r∑
i=1

xi + 2
r∑

i=1

xi

1 + 2 λ xi
−

1
σ

r∑
i=1

√
xi eλ xi−σ −

λ

σ

r∑
i=1

x
3
2
i eλ xi−σ

−
1
σ

(n − r)
√

xr (1 + λ xr) eλ xr−σ, (3.11)

and

∂`(ψ)

∂σ
= −

(
1 +

1
σ

)
r +

λ

σ2 (1 + σ)
r∑

i=1

√
xi eλ xi−σ +

λ

σ2 (n − r) (1 + σ)
√

xr eλ xr−σ. (3.12)

The ML estimators of the parameters λ and σ are derived by equating the two nonlinear Eqs (3.11) and
(3.12) to zeros and solving numerically.

4. Simulations

We carry out a simulation study to examine the average values of the estimates (AVs) along
with their corresponding average absolute biases (ABs) and average mean square errors (MSEs)
for all sample sizes n and different parametric values λ and σ. We generated samples of sizes
n = 20, 50, 100, 200, 300 and 500, and the simulations were repeated N = 1000 times from the
RMW distribution with different parametric values λ = 0.5, 0.8, 1.5, 2.3 and σ = 0.6, 1.2, 2.7. Tables
2 and 3 give the AVs, ABs, and MSEs of the RMW distribution for different sample sizes. From Tables
2 and 3, we note that for all the parametric values of λ and σ, the biases decrease and the MSEs decay
toward zero as the sample size n increases. A simulation study for measures of the goodness-of-fit AIC,
AICc, BIC, and HQIC is reported in Table 4. The shapes of the failure rate function for the parameter
values used in the simulation are shown in Figure 2.

Mathematical Biosciences and Engineering Volume 19, Issue 12, 13193–13213.



13200

Table 2. The AVs, ABs, and MSEs of the RMW distribution for λ = 0.5, 0.8 and σ =

0.6, 1.2, 2.7.

parametric values AVs ABs MSEs
n λ σ λ̂ σ̂ Bias(λ̂) Bias(σ̂) MSE(λ̂) MSE(σ̂)

20 0.5 0.6 0.57018 0.7046 0.07018 0.1046 0.09668 0.19737
50 0.5347 0.65035 0.0347 0.05035 0.02088 0.23449
100 0.51371 0.61998 0.01371 0.01998 0.00612 0.01469
200 0.50685 0.60933 0.00685 0.00933 0.00308 0.00723
300 0.5037 0.60446 0.0037 0.00446 0.0019 0.00448
500 0.50294 0.60408 0.00294 0.00408 0.00111 0.0027
20 0.5 1.2 0.54582 1.33113 0.04582 0.13113 0.02391 0.24383
50 0.52195 1.26297 0.02195 0.06297 0.00749 0.07687
100 0.51326 1.23897 0.01326 0.03897 0.00324 0.03524
200 0.50678 1.22147 0.00678 0.02147 0.00173 0.01809
300 0.50363 1.21114 0.00363 0.01114 0.00105 0.01109
500 0.50132 1.20349 0.00132 0.00349 0.00065 0.00683
20 0.5 2.7 0.54288 2.98236 0.04288 0.28236 0.01761 0.84388
50 0.51518 2.79604 0.01518 0.09604 0.00469 0.23935
100 0.50871 2.75625 0.00871 0.05625 0.00231 0.11949
200 0.50467 2.73285 0.00467 0.03285 0.00126 0.06477
300 0.50215 2.71226 0.00215 0.01226 0.00074 0.0369
500 0.50036 2.70087 0.00036 0.00087 0.00042 0.02184
20 0.8 0.6 0.89091 0.6651 0.09091 0.0651 0.2774 0.20355
50 0.84495 0.63704 0.04495 0.03704 0.0517 0.04097
100 0.82972 0.62309 0.02972 0.02309 0.01896 0.01445
200 0.81489 0.61237 0.01489 0.01237 0.00911 0.0073
300 0.81177 0.60967 0.01177 0.00967 0.00565 0.00475
500 0.80751 0.60632 0.00751 0.00632 0.00351 0.00281
20 0.8 1.2 0.88209 1.34124 0.08209 0.14124 0.07398 0.25068
50 0.8386 1.2633 0.0386 0.0633 0.02111 0.07307
100 0.81941 1.2338 0.01941 0.0338 0.00897 0.03263
200 0.80481 1.20687 0.00481 0.00687 0.00434 0.01598
300 0.80234 1.20406 0.00234 0.00406 0.00266 0.00998
500 0.8017 1.20233 0.0017 0.00233 0.00167 0.0061
20 0.8 2.7 0.87092 2.98036 0.07092 0.28036 0.04261 0.76644
50 0.82596 2.80023 0.02596 0.10023 0.01278 0.23119
100 0.81331 2.75525 0.01331 0.05525 0.00611 0.11195
200 0.81005 2.73952 0.01005 0.03952 0.00284 0.05309
300 0.80666 2.7277 0.00666 0.0277 0.00204 0.0379
500 0.80184 2.7068 0.00184 0.0068 0.00112 0.0209
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Table 3. The AVs, ABs, and MSEs of the RMW distribution for λ = 1.5, 2.3 and σ =

0.6, 1.2, 2.7.

parametric values AVs ABs MSEs
n λ σ λ̂ σ̂ Bias(λ̂) Bias(σ̂) MSE(λ̂) MSE(σ̂)

20 1.5 0.6 1.78794 0.69732 0.28794 0.09732 1.09073 0.1657
50 1.62968 0.64816 0.12968 0.04816 0.21862 0.03981
100 1.56746 0.6269 0.06746 0.0269 0.08958 0.01662
200 1.52694 0.61107 0.02694 0.01107 0.04036 0.00757
300 1.5112 0.60429 0.0112 0.00429 0.02449 0.00455
500 1.50921 0.60326 0.00921 0.00326 0.01505 0.00285
20 1.5 1.2 1.67236 1.33827 0.17236 0.13827 0.28284 0.23297
50 1.56914 1.2545 0.06914 0.0545 0.08513 0.07185
100 1.52931 1.22584 0.02931 0.02584 0.03541 0.03067
200 1.51707 1.2137 0.01707 0.0137 0.01847 0.01622
300 1.51347 1.21042 0.01347 0.01042 0.01186 0.01083
500 1.5072 1.20513 0.0072 0.00513 0.0064 0.00574
20 1.5 2.7 1.64136 2.98072 0.14136 0.28072 0.14685 0.65663
50 1.55882 2.81039 0.05882 0.11039 0.04531 0.20731
100 1.51626 2.72998 0.01626 0.02998 0.02076 0.09681
200 1.51426 2.72823 0.01426 0.02823 0.01058 0.04971
300 1.50556 2.70878 0.00556 0.00878 0.00723 0.03444
500 1.50237 2.70294 0.00237 0.00294 0.00435 0.02013
20 2.3 0.6 2.88695 0.70689 0.58695 0.10689 3.15289 0.18738
50 2.5037 0.64022 0.2037 0.04022 0.62892 0.04334
100 2.40557 0.62239 0.10557 0.02239 0.26724 0.01703
200 2.35136 0.61126 0.05136 0.01126 0.12594 0.00873
300 2.33342 0.60772 0.03342 0.00772 0.07838 0.00544
500 2.31351 0.6017 0.01351 0.0017 0.04507 0.00299
20 2.3 1.2 2.63334 1.35922 0.33334 0.15922 0.7114 0.20117
50 2.39313 1.24136 0.09313 0.04136 0.21536 0.06809
100 2.34999 1.22545 0.04999 0.02545 0.09553 0.03107
200 2.33358 1.21735 0.03358 0.01735 0.04344 0.01384
300 2.31686 1.20897 0.01686 0.00897 0.03068 0.01006
500 2.31411 1.20685 0.01411 0.00685 0.01833 0.0061
20 2.3 2.7 2.53743 2.98484 0.23743 0.28484 0.40218 0.66928
50 2.3717 2.78268 0.0717 0.08268 0.11331 0.20173
100 2.34187 2.74949 0.04187 0.04949 0.0559 0.10075
200 2.3203 2.72464 0.0203 0.02464 0.02432 0.04439
300 2.31093 2.71311 0.01093 0.01311 0.01709 0.03143
500 2.30701 2.70904 0.00701 0.00904 0.00974 0.01763
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Table 4. Formal goodness of fit statistics AIC, AICc, BIC, and HQIC for the simulation data.

n λ σ AIC AICc BIC HQIC

20 0.8 0.6 16.4862 17.192 18.4776 16.8749
50 32.3528 32.6082 36.1769 33.8091
100 62.443 62.5667 67.6534 64.5517
200 118.611 118.672 125.208 121.281
300 177.373 177.413 184.781 180.338
500 296.064 296.088 304.493 299.372
20 0.8 1.2 45.7841 46.49 47.7756 46.1728
50 111.5 111.755 115.324 112.956
100 220.691 220.814 225.901 222.799
200 439.06 439.121 445.656 441.729
300 656.76 656.83 664.197 659.754
500 1094.43 1094.45 1102.86 1097.74
20 1.5 1.2 15.8385 16.5444 17.83 16.2273
50 34.6043 34.8597 38.4284 36.0606
100 66.8281 66.9519 72.0385 68.9369
200 131.796 131.856 138.392 134.465
300 196.036 196.077 203.444 199.001
500 325.02 325.044 333.449 328.328
20 1.5 2.7 38.6728 39.3787 40.6643 39.0616
50 93.2538 93.5091 97.0779 94.71
100 185.289 185.413 190.5 187.398
200 368.378 368.439 374.975 371.048
300 550.668 550.709 558.076 553.633
500 917.178 917.202 925.607 920.485
20 2.3 2.7 20.4232 21.1291 22.4147 20.812
50 48.0273 48.2827 51.8514 49.4836
100 94.2936 94.4174 99.504 96.4024
200 187.543 187.604 194.139 190.212
300 278.741 278.781 286.148 281.705
500 464.115 464.139 472.544 467.422

5. Four applications to lifetime data

To study the performance of RMW distribution in practice, four real data sets are studied. The first
data set is leukemia data [18], the second is refractory lining data [19], the third is turbochargers data
[20], and the fourth is Aarset data [21]. We compare the fitting of the RMW distribution to the four
real data sets and other distributions with two and three parameters. The two-parameter distributions
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Figure 2. The shapes of the failure rate function for the parameter values used in the simula-
tion.

are Weibull (W) [1], exponentiated exponential (EE) [22], exponentiated Rayleigh (ER) [23], flexible
Weibull extension (FW) [4] and power Lindley (PL) [24] distributions. The distributions with three
parameters are modified Weibull extension (MWE) [2] and new exponential-type (NET) [25] distri-
butions. To achieve this objective, we consider the various measures of the goodness-of-fit including
the maximum of the `(ψ̂), Akaike information criterion (AIC) [26], second order Akaike information
criterion (AICc) [27], Bayesian information criterion (BIC) [28], Hannan-Quinn information crite-
rion (HQIC) [29], Kolmogorov-Smirnov (K-S) statistics and the corresponding p-values, Cramér-von
misses (W∗), and Anderson-Darling (A∗). The details about the W∗, A∗, and K-S statistics are dis-
cussed in [30]. Generally, the smaller these statistics are, the better is the fit to the data set. All the
computations were carried out using Wolfram Mathematica 12 software.

5.1. Censored data

5.1.1. Leukemia data

Data in Table 5 display the lifetime by days of n = 43 patients with leukemia from one of the
Ministry of Health Hospitals in Saudi Arabia [18]. To demonstrate the likelihood equations, we plot
the profiles of the `(ψ̂) of ψ = (λ, σ) in Figure 3. Table 6 gives the MLE of parameters of the RMW as
well as the W, EE, ER, FW, PL, MWE and NET distributions and the observed K-S test statistic values
for fitting to leukemia data. From the measure of fit values given in Tables 6 and 7, we can see that our
proposed RMW distribution has the largest `(ψ̂) values and has the smallest K-S, W∗, A∗, AIC, AICc,
BIC, and HQIC values. It means that it provides the best fit to leukemia data in comparison with the
W, EE, ER, FW, PL, MWE and NET distributions. The empirical and fitted scaled total time on test
transform (TTT-transform) [31] plot of the RMW distribution for leukemia data is illustrated in Figure
4. Figure 5 shows the estimated PDFs, survival and hazard rate functions of the RMW, W, EE, ER,
FW, PL, MWE and NET distributions for fitting to leukemia data. From these plots, we can observe
that the RMW distribution is very close to the empirical line more than other distributions.
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The estimated variance-covariance matrix of the RMW distribution for leukemia data is given by

F(ψ̂) =

(
8.57695 × 10−8 0.0000682747
0.0000682747 0.0576365

)
.

Thus, the approximate 95% confidence intervals for λ and σ are respectively, [0.00143, 0.0026] and
[0.27601, 1.31568].

Table 5. Lifetimes of 43 patients (by days) suffering from leukemia.

115 181 255 418 441 461 516 739 743
789 807 865 824 983 1025 1062 1063 1165
1191 1222 1222 1251 1277 1290 1357 1369 1408
1455 1478 1519 1578 1578 1599 1603 1605 1696
1735 1799 1815 1852 1899 1925 1965

Table 6. The MLE of parameters, Log-likelihood, K-S values and the associated p-values
for leukemia data.

Distribution CDF MLE of the parameters `(ψ̂) K–S p-value

RMW 1 − e−
λ
σ

√
x eλ x−σ

λ̂ = 0.00193, σ̂ = 0.60261 -325.624 0.06871 0.98723
W 1 − e−( x

λ )σ λ̂ = 1334.47, σ̂ = 2.55681 -329.424 0.11135 0.6606
EE (1 − e−λ x)σ λ̂ = 0.00164, σ̂ = 3.64823 -335.45 0.16369 0.19945
ER (1 − e−λ x2

)σ λ̂ = 6.71395 × 10−7, σ̂ = 1.20911 -330.601 0.14166 0.35405
FW 1 − e−eλ x−σx λ̂ = 0.0008, σ̂ = 1133.23 -335.756 0.22361 0.02713
PL 1 −

(
1 + σ

1+σ
xλ

)
e−σ xλ λ̂ = 1.57014, σ̂ = 0.00003 -331.899 0.13623 0.40202

MWE 1 − eλ θ (1−e( x
λ )σ ) λ̂ = 9037.79, σ̂ = 2.53074, θ̂ = 0.01397 -329.36 0.11254 0.64744

NET
(
1 − e1−(1+λ x)σ)β λ̂ = 0.00005, σ̂ = 15.7307, β̂ = 2.61276 -329.741 0.12328 0.53054

Table 7. Formal goodness of fit statistics for leukemia data.

Distribution W∗ A∗ AIC AICc BIC HQIC

RMW 0.02428 0.20412 655.248 655.548 658.771 656.547
W 0.12324 0.90727 662.847 663.147 666.37 664.146
EE 0.3158 1.83953 674.9 675.2 678.422 676.199
ER 0.19977 1.15737 665.202 665.502 668.725 666.501
FW 0.64862 3.30038 675.513 675.813 679.035 676.812
PL 0.18507 1.26609 667.798 668.098 671.32 669.097
MWE 0.12472 0.89962 664.72 665.335 670.003 666.668
NET 0.14877 0.99046 665.481 666.097 670.765 667.43
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Figure 3. The profile of the l(ψ̂) of λ and σ for leukemia data.
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Figure 4. TTT-transform plot of the RMW distribution of fitting to leukemia data.

5.1.2. Refractory lining data

Data in Table 8 represent hot repair time duration by minutes as the time unit [19]. Figure 6 displays
the plot of the profiles of the `(ψ̂) and ψ = (λ, σ). Table 9 illustrates the MLE of the parameters of
the RMW as well as the W, EE, ER, FW, PL, MWE and NET distributions and the observed K-S
test statistic values for fitting to refractory lining data. In Tables 9 and 10, we compare the fits of
the RMW distribution with the W, EE, ER, FW, PL, MWE and the NET distributions. The values in
Tables 9 and 10 show that the RMW distribution has a close fit for the refractory lining data among
the competing distributions. Figure 7 presents the empirical and fitted scaled TTT-transform plot of
the RMW distribution for refractory lining data. Figure 8 illustrates the estimated PDFs, survival and
hazard rate functions of the RMW, W, EE, ER, FW, PL, MWE and NET distributions for fitting to the
data set. From these plots, we can observe that the RMW distribution is very close to the empirical line
more than other distributions.

The estimated variance-covariance matrix of the RMW distribution for the data set is given by

F(ψ̂) =

(
0.0000183263 0.00135663

0.00135663 0.107961

)
.

Thus, the approximate 95% confidence intervals for λ and σ are respectively, [0.01329, 0.03056] and
[0.3311, 1.77592].

5.1.3. Turbochargers data

Data in Table 11 shows the original test records of the time-to-failure data for n = 40 suits of
turbochargers [20]. Figure 9 shows the plot of the profiles of the `(ψ̂) and ψ = (λ, σ). The MLE of
the parameters of the RMW as well as the W, EE, ER, FW, PL, MWE and NET distributions and the
observed K-S test statistic values for fitting to turbochargers data are provided in Table 12. From the
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Figure 5. (a) Empirical and estimated PDFs; (b) Empirical and estimated S (x) and (c) Em-
pirical and estimated h(x) of the RMW, W, EE, ER, FW, PL, MWE and NET distributions
for fitting leukemia data.

Table 8. Hot repair time duration (by minutes) per unit time.

7 22 25 25 35 45 47 57 63
65 86 90 90 95 97 116 117 118
118 118 123 125 144 145 157

Table 9. The MLE of parameters, Log-likelihood, K-S values and the associated p-values
for refractory lining data.

Distribution CDF MLE of the parameters `(ψ̂) K-S p-value

RMW 1 − e−
λ
σ

√
x eλ x−σ

λ̂ = 0.02016, σ̂ = 0.76682 -127.713 0.14398 0.6779
W 1 − e−( x

λ )σ λ̂ = 95.6232, σ̂ = 2.04644 -129.384 0.17347 0.43935
EE (1 − e−λ x)σ λ̂ = 0.02006, σ̂ = 2.67257 -131.523 0.19195 0.31566
ER (1 − e−λ x2

)σ λ̂ = 1.04012 × 10−4, σ̂ = 0.91186 -129.325 0.17235 0.44765
FW 1 − e−eλ x−σx λ̂ = 0.00913, σ̂ = 58.1831 -132.558 0.27196 0.04954
PL 1 −

(
1 + σ

1+σ
xλ

)
e−σ xλ λ̂ = 1.27328, σ̂ = 0.00663 -130.477 0.17534 0.42569

MWE 1 − eλ θ (1−e( x
λ )σ ) λ̂ = 15058.6, σ̂ = 2.04637, θ̂ = 2.08224 -129.384 0.17346 0.43942

NET
(
1 − e1−(1+λ x)σ)β λ̂ = 0.00039, σ̂ = 24.3519, β̂ = 1.66453 -128.817 0.17533 0.42576

measure of fit values given in Tables 12 and 13, our proposed RMW distribution has the largest `(ψ̂)
values and has the smallest K-S, W∗, A∗, AIC, AICc, BIC, and HQIC values which mean that it provides
the best fit to turbochargers data in comparison with other distributions. Figure 10 demonstrates the
empirical and fitted scaled TTT-transform plot of the RMW distribution for turbochargers data. Figure
11 shows the estimated PDFs, survival and hazard rate functions of the RMW, W, EE, ER, FW, PL,
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Table 10. Formal goodness of fit statistics for refractory lining data.

Distribution W∗ A∗ AIC AICc BIC HQIC

RMW 0.0611 0.3656 259.426 259.972 261.864 260.102
W 0.12298 0.747 262.769 263.314 265.207 263.445
EE 0.16448 0.93951 267.046 267.592 269.484 267.722
ER 0.12761 0.70593 262.651 263.196 265.088 263.327
FW 0.42318 2.18821 269.117 269.662 271.554 269.793
PL 0.14526 0.86959 264.954 265.499 267.392 265.63
MWE 0.12297 0.74694 264.769 265.912 268.425 265.783
NET 0.12706 0.6738 263.634 264.777 267.291 264.649
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Figure 6. The profile of the l(ψ̂) of λ and σ for refractory lining data.

MWE and NET distributions for fitting to turbochargers data. From these plots, we can observe that
the RMW distribution is very close to the empirical line more than other distributions.

The estimated variance-covariance matrix of the RMW distribution for turbochargers data is given
by

F(ψ̂) =

(
0.00713665 0.0520858
0.0520858 0.394893

)
.

Thus, the approximate 95% confidence intervals for λ and σ are respectively, [0.42979, 0.76555] and
[2.28482, 4.80524].

Table 11. Turbochargers failure data.

1.6 2 2.6 3 3.5 3.9 4.5 4.6 4.8
5 5.1 5.3 5.4 5.6 5.8 6 6 6.1
6.3 6.5 6.5 6.7 7 7.1 7.3 7.3 7.3
7.7 7.7 7.8 7.9 8 8.1 8.3 8.4 8.4
8.5 8.7 8.8 9
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Figure 7. TTT-transform plot of the RMW distribution of fitting to refractory lining data.

(a)

Empirical

RMW

W

EE

ER

FW

PL

MWE

NET

0 50 100 150
0.000

0.002

0.004

0.006

0.008

0.010

0.012

x

f(
x
)

(b)

Empirical

RMW

W

EE

ER

FW

PL

MWE

NET

0 50 100 150

0.0

0.2

0.4

0.6

0.8

1.0

x

S
(x
)

(c)

Empirical

RMW

W

EE

ER

FW

PL

MWE

NET

0 50 100 150
0.00

0.02

0.04

0.06

0.08

x

h
(x
)

Figure 8. (a) Empirical and estimated PDFs; (b) Empirical and estimated S (x) and (c) Em-
pirical and estimated h(x) of the RMW, W, EE, ER, FW, PL, MWE and NET distributions
for fitting refractory lining data.

Table 12. The MLE of parameters, Log-likelihood, K-S values and the associated p-values
for the turbochargers data.

Distribution CDF MLE of the parameters `(ψ̂) K–S p-value

RMW 1 − e−
λ
σ

√
x eλ x−σ

λ̂ = 0.5736, σ̂ = 3.31345 -80.1525 0.08993 0.90275
W 1 − e−( x

λ )σ λ̂ = 6.92003, σ̂ = 3.87251 -82.4755 0.1077 0.74234
EE (1 − e−λ x)σ λ̂ = 0.44984, σ̂ = 9.51462 -90.1427 0.1542 0.29748
ER (1 − e−λ x2

)σ λ̂ = 0.03775, σ̂ = 2.38479 -85.7963 0.11757 0.63799
FW 1 − e−eλ x−σx λ̂ = 0.25812, σ̂ = 11.8174 -83.9757 0.12855 0.52311
PL 1 −

(
1 + σ

1+σ
xλ

)
e−σ xλ λ̂ = 2.44077, σ̂ = 0.01945 -84.1515 0.11435 0.67233

MWE 1 − eλ θ (1−e( x
λ )σ ) λ̂ = 30.2464, σ̂ = 3.87105, θ̂ = 9.95773 -82.4452 0.10772 0.74213

NET
(
1 − e1−(1+λ x)σ)β λ̂ = 0.00633, σ̂ = 28.7796, β̂ = 4.65619 -84.5712 0.11556 0.65943
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Table 13. Formal goodness of fit statistics for the turbochargers data.

Distribution W∗ A∗ AIC AICc BIC HQIC

RMW 0.04093 0.2876 164.305 164.629 167.683 165.526
W 0.08147 0.65841 168.951 169.275 172.329 170.172
EE 0.28005 1.7478 184.285 184.61 187.663 185.507
ER 0.17577 1.12615 175.593 175.917 178.97 176.814
FW 0.16464 1.09544 171.951 172.276 175.329 173.173
PL 0.11462 0.85888 172.303 172.627 175.681 173.524
MWE 0.08136 0.65746 170.904 171.571 175.971 172.736
NET 0.14231 0.96048 175.142 175.809 180.209 176.974

(a)
0.0 0.2 0.4 0.6 0.8

-500

-400

-300

-200

-100

λ

P
ro
fi
le
o
f
L
o
g
-
li
k
e
li
h
o
o
d
fu
n
c
ti
o
n

(b)
0 2 4 6 8 10

-700

-600

-500

-400

-300

-200

-100

σ

P
ro
fi
le
o
f
L
o
g
-
li
k
e
li
h
o
o
d
fu
n
c
ti
o
n

Figure 9. The profile of the l(ψ̂) of λ and σ for the turbochargers data.

5.2. Censored data

5.2.1. Aarset data

This data represents the lifetimes of fifty devices [21]. According to Figure 12, the Aarset data
demonstrates first convex and then concave shape indicating a bathtub-shaped hazard rate. Figure 12
shows the empirical and fitted scaled TTT-transform plot of the RMW distribution for Aarset data.
The MLE of the parameters of the RMW as well as competing distributions and the observed K-S test
statistic values for fitting to the Aarset data are provided in Table 14. From the measure of fit values
given in Tables 14 and 15, our proposed RMW distribution has the largest `(ψ̂) values and has the
smallest K-S, W∗, A∗, AIC, AICc, BIC, and HQIC values which mean that it provides the best fit to the
Aarset data in comparison with competing distributions.

Mathematical Biosciences and Engineering Volume 19, Issue 12, 13193–13213.



13210

Empirical

RMW

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

t

S
c
a
le
d
T
T
T
-
-
tr
a
n
s
fo
rm

Figure 10. TTT-transform plot of the RMW distribution of fitting to turbochargers data.
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Figure 11. (a) Empirical and estimated PDFs; (b) Empirical and estimated S (x) and (c)
Empirical and estimated h(x) of the RMW, W, EE, ER, FW, PL, MWE and NET distributions
for fitting turbochargers data.

Table 14. The MLE of parameters, Log-likelihood, K-S values and the associated p-values
for the Aarset data.

Distribution CDF MLE of the parameters `(ψ̂) K-S p-value

RMW 1 − e−
λ
σ

√
x eλ x−σ

λ̂ = 0.01174, σ̂ = 0.16012 -195.024 0.20391 0.03128
W 1 − e−( x

λ )σ λ̂ = 55.515, σ̂ = 0.75877 -199.374 0.2481 0.00424
EE (1 − e−λ x)σ λ̂ = 0.0123, σ̂ = 0.65105 -198.455 0.24246 0.0056
ER (1 − e−λ x2

)σ λ̂ = 0.00008, σ̂ = 0.30018 -334.032 0.21492 0.01972
FW 1 − e−eλ x−σx λ̂ = 0.0095, σ̂ = 0.72887 -214.393 0.42842 0.00001
PL 1 −

(
1 + σ

1+σ
xλ

)
e−σ xλ λ̂ = 0.55464, σ̂ = 0.21117 -199.728 0.2519 0.00351

MWE 1 − eλ θ (1−e( x
λ )σ ) λ̂ = 0.17817, σ̂ = 0.24304, θ̂ = 0.09541 -197.351 0.22361 0.01347

NET
(
1 − e1−(1+λ x)σ)β λ̂ = 4.36086, σ̂ = 0.18705, β̂ = 2.42506 -206.294 0.2888 0.00048

6. Conclusions

This article introduces a reduced distribution of the modified Weibull distribution, which is
characterized by its flexibility and importance in modelling data. We conclude some of its basic
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Table 15. Formal goodness of fit statistics for the Aarset data.

Distribution W∗ A∗ AIC AICc BIC HQIC

RMW 0.22305 1.72576 394.049 394.304 397.873 395.505
W 0.42445 2.8213 402.748 403.003 406.572 404.204
EE 0.40172 2.60829 400.91 401.165 404.734 402.366
ER 0.32043 2.15996 672.063 672.318 675.887 673.519
FW 3.50723 16.8347 432.785 433.041 436.609 434.242
PL 0.43267 2.83759 403.456 403.711 407.28 404.912
MWE 0.29471 2.11742 400.702 401.223 406.438 402.886
NET 0.77397 4.35649 418.588 419.11 424.324 420.773

Empirical

RMW
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Figure 12. TTT-transform plot of the RMW distribution of fitting to Aarset data.

statistical properties. We introduce a simulation discussion to show the accuracy and performance
of the maximum likelihood estimates. We prove by means of four applications to real data that the
reduced modified Weibull distribution can yield better fits than some other distributions.
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