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1. Introduction

In this paper, we only consider simple and finite connected graphs. Chemical graph theory is a
branch of mathematical chemistry which deals with the nontrivial applications of graph theory to solve
molecular problems. The basic method is to model the molecular structure of a compound [1–3]. Each
atom is represented by a vertex, and the chemical bonds between atoms are represented by the edges
between the vertices. Thus, the entire molecular structure is represented by a diagram, which is called
a molecular diagram. For more detailed information, we can refer to [4,5] and the references cited
therein.

In this paper, chemical diagrams are studied by topological indices [6–9]. According to the different
parameters such as point degree, adjacent point degree and distance between two points, topological
indices can be divided into many categories. A graph G is an ordered (V(G), E(G)) consisting of a
nonempty set V(G) of vertices, a set E(G), disjoint from V(G), of edges. The degree dG(v) (or d(v) for
short) of a vertex v in G is the number of edges of G incident with v. The shortest distance between
vertex u and vertex v is denoted by d(u, v) [10–13].
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Wiener index is defined as [14]

W(G) =
∑
{u,v}⊆VG

dG(u, v). (1.1)

The Wiener index is more and more widely used and studied, see [15–17]. Zhang, Li and so
on [18,19] give the explicit analytical expressions for the expected values of the Schultz index, Gut-
man index, multiplicative degree-Kirchhoff index and additive degree-Kirchhoff index of a random
polyphenylene chain. Now we will consider the random polygonal chains that are meaningful.

Gutman index is defined as

Gut(G) =
1
2

∑
u∈VG

∑
v∈VG

(dG(u)dG(v))dG(u, v) =
∑

u,v⊆VG

(dG(u)dG(v))dG(u, v). (1.2)

Schultz index is defined as

S (G) =
1
2

∑
u∈VG

∑
v∈VG

(dG(u) + dG(v))dG(u, v) =
∑

u,v⊆VG

(dG(u) + dG(v))dG(u, v). (1.3)

More articles on developing such a topology indices of the [20–23], such as mathematical properties,
discrimination and applications refer to [24–27] .

A random polygonal chain Gn with n polygons is made up of a polygonal chain Gn−1 with n − 1
polygons to which a new terminal polygon Hn by a cut edge, see Figure 1. When n ≥ 3, the terminal
polygon Hn has k connection ways, these connections are recorded as G1

n,G2
n,G3

n,. . . ,Gk
n. see Figure 2.

A random polygonal chain Gn(p1, p2, p3, . . . , pk−1) has n polygons is a polygonal chain acquired by
gradyally adding terminal polygons. Each step of adding can be randomly selected from k connection
methods:

Figure 1. A polygonal chain Gn with n polygons.

• Gk−1 → G1
2k with probability p1,

• Gk−1 → G2
2k with probability p2,

•
...

...
...

• Gk−1 → G3
2k with probability p3,

• Gk−1 → Gk−1
2k with probability pk−1,

• Gk−1 → Gk
2k with probability pk = 1 − p1 − p2 − p3 − · · · − pk−1,

where the probabilities p1, p2 ,p3 , . . . , pk−1 are constants, there are independent of k.

Let Gn be a polygonal chain with n polygons H1,H2, . . . , Hn. ukωk is connecting Hk and Hk+1 with
uk ∈ VHk in Gn, ωk ∈ VHk+1 (k = 1, 2, . . . , n− 1). Obviously, both ωk and uk+1 are thevertices in Hk+1 and
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Gn-2

Figure 2. k types of local arrangements in a polygonal chain.

d(ωk, uk+1) ∈ {1, 2, 3, . . . , n}. Specially, Gn is the meta-chain Mn, the ortho-chain O1
n,O2

n, . . . ,Ok−2
n and

the para-chain Ln if d(ωk, uk+1) = 1 (i.e.,p1 = 1), d(ωk, uk+1)= 2 (i.e., p2 = 1), d(ωk, uk+1) = 3 (i.e.,
p3 = 1) , . . . , d(ωk, uk+1)= k (i.e., pk = 1) ( ∀ k ∈ {1, 2, . . . , n − 2}), respectively.

Zhang and Li et al.[18], obtained the random polyphenylene chain expected values of some topo-
logical indices. We calculate the explicit analytical expressions for the expected values of the Gutman
index, Schultz index of a random polygonal chain. Based on above results, we get the extremal values
and average values of Gunman and Schultz indices of random polygonal chains.

2. The Gutman index in a random polygonal chain

In this section, we will consider the expected values of Gutman index of the random polygonal
chain. In fact, Gn+1 is Gn linked to a new terminal polygonal Hn+1 by an edge, Hn+1 is made up with
vertices x1, x2, x3, . . . , x2k, and the new edge is unx1; see Figure 1. For ∀v ∈ VGn ,

d(x1, v) = d(un, v) + 1, d(x2, v) = d(un, v) + 2, . . . , d(xk, v) = d(un, v) + k, (2.1)

d(xk+1, v) = d(un, v) + k + 1, d(xk+2, v) = d(un, v) + k, . . . , d(x2k, v) = d(un, v) + 2. (2.2)

∑
v∈VGn

dGn+1(v) = [(2k − 2) · 2 + 2 · 3]n − 1 = (4k + 2)n − 1. (2.3)
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And,

2k∑
i=1

d(xi)d(x1, xi) = 2k2,

2k∑
i=1

d(xi)d(x2, xi) = 2k2 + 1,

2k∑
i=1

d(xi)d(x3, xi) = 2k2 + 2, . . . ,
2k∑
i=1

d(xi)d(xk, xi) = 2k2 + k − 1,

2k∑
i=1

d(xi)d(xk+1, xi) = 2k2 + k,
2k∑
i=1

d(xi)d(xk+2, xi) = 2k2 + k − 1,

. . . , . . . ,

2k∑
i=1

d(xi)d(x2k−1, xi) = 2k2 + 2,
2k∑
i=1

d(xi)d(x2k, xi) = 2k2 + 1.

(2.4)

Theorem 2.1 The E(Gut(Gn))(n ≥ 1) of the random polygonal chain Gn is

E(Gut(Gn)) = {(8k3 + 16k2 + 10k + 2) − (2k + 1)
k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi}
n3

3

+ {(2k + 1)
k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi − (4k2 + 6k + 2)}n2

+ {(4k3 − 4k2 + 8k + 7) − 2(2k + 1)
k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi}
n
3
− 1.

Proof. The random polygonal chain Gn+1 is Gn linked a new terminal polygonal Hn+1 by an edge, the
Hn+1 is made up with vertices x1, x2, x3,. . . ,x2k, and the new edge is unx1; see Figure 1. By(1.2), one
has

Gut(Gn+1) =
∑

{u,v}⊆VGn

d(u)d(v)d(u, v) +
∑

v∈VGn

∑
xi∈VHn+1

d(v)d(xi)d(v, xi) +
∑

{xi x j}⊆VHn+1

d(xi)d(x j)d(xi, x j).

Note that

∑
{u,v}⊆VGn

d(u)d(v)d(u, v) =
∑

{u,v}⊆VGn\{un}

d(u)d(v)d(u, v) +
∑

v∈VGn\{un}

dGn+1(un)d(v)d(un, v)

=
∑

{u,v}⊆VGn\{un}

d(u)d(v)d(u, v) +
∑

v∈VGn\{un}

(dGn(un) + 1)d(v)d(un, v)

= Gut(Gn) +
∑

v∈VGn

d(v)d(un, v).

Recall that d(x1) = 3 and d(xi) = 2 ( i ∈ {2, 3, 4, . . . , 2k}). On the basis of (2.1)-(2.3), We get

∑
v∈VGn

∑
xi∈VHn+1

d(v)d(xi)d(v, xi) =
∑

v∈VGn

d(v)[3(d(un, v) + 1) + 2(d(un, v) + 2) + 2(d(un, v) + 3)
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+ · · · + 2(d(un, v) + k + 1) + 2(d(un, v) + k) + 2(d(un, v) + k − 1)
+ · · · + 2(d(un, v) + 2)]

=
∑

v∈VGn

d(v)[(4k + 1)d(un, v) + (2k2 + 4k + 1)]

=(4k + 1)
∑

v∈VGn

d(v)d(un, v) + (2k2 + 4k + 1)
∑

v∈VGn

d(v)

=(4k + 1)
∑

v∈VGn

d(v)d(un, v) + (2k2 + 4k + 1)[(4k + 2)n − 1].

From (2.4), one has,∑
{xi x j}⊆VHn+1

d(xi)d(x j)d(xi, x j)

=
1
2

2k∑
i=1

d(xi)(
2k∑
j=1

d(x j)d(xi, x j))

=
1
2

[3 × 2k2 + 2 × (2k2 + 1) + 2 × (2k2 + 2) + · · ·

+ 2 × (2k2 + k − 1) + 2 × (2k2 + k) + 2 × (2k2 + k − 1) + · · · + 2 × (2k2 + 1)]
=4k3 + 2k2.

Then

Gut(Gn+1) = Gut(Gn) + (4k + 2)
∑

v∈VGn

d(v)d(un, v) + (2k2 + 4k + 1)[(4k + 2)n − 1] + 4k3 + 2k2. (2.5)

For a random polygonal chain Gn, the number
∑

v∈VGn
d(v)d(un, v) is a random variable. We let

An := E(
∑

v∈VGn

d(v)d(un, v)).

Substituting An into (2.5), we obtain the recurrence formula of E(Gut(Gn))

E(Gut(Gn+1)) =E(Gut(Gn)) + (4k + 2)An + (8k3 + 20k2 + 12k + 2)n + (4k3 − 4k − 1). (2.6)

We continue to consider the following k possible ways.
Way 1. Gn −→ G1

n+1. In this way, un same as the vertex x2 or x2k. Then,
∑

v∈VGn
d(v)d(un, v) is described

as
∑

v∈VGn
d(v)d(x2, v) or

∑
v∈VGn

d(v)d(x2k, v) with probability p1.
Way 2. Gn −→ G2

n+1. In this way, un same as the vertex x3 or x2k−1. Then,
∑

v∈VGn
d(v)d(un, v) is

described as
∑

v∈VGn
d(v)d(x3, v) or

∑
v∈VGn

d(v)d(x2k−1, v) with probability p2.
Way 3. Gn −→ G3

n+1. In this way, un same as the vertex x4 or x2k−2. Then,
∑

v∈VGn
d(v)d(un, v) is

described as
∑

v∈VGn
d(v)d(x4, v) or

∑
v∈VGn

d(v)d(x2k−2, v) with probability p3.
...

...
...
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Way k-3. Gn −→ Gk−3
n+1. In this way, un same as the vertex xk−2 or xk+4. Then,

∑
v∈VGn

d(v)
d(un, v) is described as

∑
v∈VGn

d(v)d(xk−2, v) or
∑

v∈VGn
d(v)d(xk+4, v) with probability pk−3.

Way k-2. Gn −→ Gk−2
n+1. In this way, un same as the vertex xk−1 or xk+3. Then,

∑
v∈VGn

d(v)
d(un, v) is described as

∑
v∈VGn

d(v)d(xk−1, v) or
∑

v∈VGn
d(v)d(xk+3, v) with probability pk−2.

Way k-1. Gn −→ Gk−1
n+1. In this way, un same as the vertex xk or xk+2. Then,

∑
v∈VGn

d(v)d(un, v) is
described as

∑
v∈VGn

d(v)d(xk, v) or
∑

v∈VGn
d(v)d(xk+2, v) with probability pk−1.

Way k. Gn −→ Gk
n+1, then un is the vertex xk+1. Then,

∑
v∈VGn

d(v)d(un, v) is described as∑
v∈VGn

d(v)d(xk+1, v) with probability 1 − p1 − p2 − p3 − · · · − pk−3 − pk−2 − pk−1.

On the basis of the above k ways, we get

An =p1

∑
v∈VGn

d(v)d(x2, v) + p2

∑
v∈VGn

d(v)d(x3, v) + p3

∑
v∈VGn

d(v)d(x4, v)

+ · · · + pk−3

∑
v∈VGn

d(v)d(xk−2, v) + pk−2

∑
v∈VGn

d(v)d(xk−1, v) + pk−1

∑
v∈VGn

d(v)d(xk, v)

+ (1 − p1 − p2 − p3 − · · · − Pk−3 − Pk−2 − pk−1)
∑

v∈VGn

d(v)d(xk+1, v)

=p1[
∑

v∈VGn−1

d(v)d(un−1, v) + 2
∑

v∈VGn−1

d(v) + 2k2 + 1]

+ p2[
∑

v∈VGn−1

d(v)d(un−1, v) + 3
∑

v∈VGn−1

d(v) + 2k2 + 2]

+ p3[
∑

v∈VGn−1

d(v)d(un−1, v) + 4
∑

v∈VGn−1

d(v) + 2k2 + 3]

+ · · ·

+ pk−3[
∑

v∈VGn−1

d(v)d(un−1, v) + (k − 2)
∑

v∈VGn−1

d(v) + 2k2 + k − 3]

+ pk−2[
∑

v∈VGn−1

d(v)d(un−1, v) + (k − 1)
∑

v∈VGn−1

d(v) + 2k2 + k − 2]

+ pk−1[
∑

v∈VGn−1

d(v)d(un−1, v) + k
∑

v∈VGn−1

d(v) + 2k2 + k − 1]

+ (1 − p1 − p2 − p3 − · · · − pk−3 − pk−2 − pk−1)[
∑

v∈VGn−1

d(v)d(un−1, v) + (k + 1)
∑

v∈VGn−1

d(v) + 2k2 + k].

Substitute the expectation for the above equation, let E(An) = An, we obtain

An =An−1 + {(4k2 + 6k + 2) −
k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi}n

+

k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi − (2k2 + 6k + 3).
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Let

M =

k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi.

Ni = (2k + 1)[4k2 − (4i − 2)k − 2i]pi.

Hence,
An = An−1 + [(4k2 + 6k + 2) − M]n + M − (2k2 + 6k + 3).

By the calculation
A1 = E(

∑
v∈VGn

d(v)d(u1, v)) = 2k2.

Based on the above results, we have

An ={(2k · k + 3k + 1) −
k−1∑
i=1

[2k2 − (2i − 1)k − i]pi}n2

+ {

k−1∑
i=1

[2k2 − (2i − 1)k − i]pi − (3k + 2)}n + 1.

Thus,

An =[(2k · k + 3k + 1) −
1
2

M]n2 + [
1
2

M − (3k + 2)]n + 1.

Substitute An into (2.6), we have,

E(Gut(Gn+1)) =E(Gut(Gn)) + (4k + 2)An + (8k3 + 20k2 + 12k + 2)n + (4k3 − 4k − 1)

=E(Gut(Gn)) + (4k + 2){[(2k · k + 3k + 1) −
1
2

M]n2 + [
1
2

M − (3k + 2)]n + 1}

+ (8k3 + 20k2 + 12k + 2)n + (4k3 − 4k − 1).

By the calculation E(Gut(G1)) = 4k3.
Finally, we get the expected expression

E(Gut(Gn)) = {(8k3 + 16k2 + 10k + 2) − (2k + 1)
k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi}
n3

3

+ {(2k + 1)
k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi − (4k2 + 6k + 2)}n2

+ {(4k3 − 4k2 + 8k + 7) − 2(2k + 1)
k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi}
n
3
− 1.

as desired. �
Specially, if p1 = 1, which implies p2 = p3 = · · · = pk = 0, then Gn � Mn. Similarly, if

p2 = 1 (resp. p3 = 1, . . . , pk−2 = 1, pk−1 = 1,), which implies p1 = p3 = · · · = pk = 0 (resp.
p1 = p2 = p4 = · · · = pk = 0, p1 = · · · = pk−3 = pk−1 = pk = 0, p1 = p2 · · · = pk−2 = pk = 0), then
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Gn � O1
n (resp. Gn � O2

n, . . . ,Gn � Ok−2
n ). If pk = 1, which implies p1 = p2 = · · · = pk−1 = 0, then

Gn � Ln. According to Theorem 2.1 we can receive the Gutman index of the polygonal meta-chain
Mn, the polygonal ortho-chain O1

n, O2
n, O3

n ,. . . , Ok−2
n , the polygonal para-chain Ln, as

Gut(Mn) = (16k2 + 16k + 4)
n3

3
+ (8k3 − 4k2 − 12k − 4)n2 − (12k3 + 4k2 − 20k − 11)

n
3
− 1

Gut(O1
n) = (24k2 + 24k + 6)

n3

3
+ (8k3 − 12k2 − 20k − 6)n2 − (12k3 − 12k2 − 36k − 15)

n
3
− 1,

Gut(O2
n) = (32k2 + 32k + 8)

n3

3
+ (8k3 − 20k2 − 28k − 8)n2 − (12k3 − 28k2 − 52k − 19)

n
3
− 1,

...
...

...

Gut(Ok−3
n ) = (8k3 − 6k − 2)

n3

3
+ (12k2 + 10k + 2)n2 − (4k3 − 36k2 − 24k − 1)

n
3
− 1,

Gut(Ok−2
n ) = (8k3 + 8k2 + 2k)

n3

3
+ (4k2 + 2k)n2 − (4k3 − 20k2 − 8k + 3)

n
3
− 1,

Gut(Ln) = (8k3 + 16k2 + 10k + 2)
n3

3
− (4k2 + 6k + 2)n2 + (4k3 − 4k2 + 8k + 7)

n
3
− 1.

Gut(oi
n) = [(8k3 + 16k2 + 10k + 2) − Ni+1]

n3

3
− [Ni+1 − (4k2 + 6k + 2)]n2 + [(4k3 − 4k2 + 8k + 7) − 2Ni+1]

n
3
− 1.

Obviously
Gut(Mn) + Gut(Ln) = Gut(O1

n) + Gut(O2
n) + . . . + Gut(Ok−2

n ).

Corollary 2.2 For a random polygonal chain Gn (n ≥ 3), the para-chain Ln gets to the maximum and
the meta-chain Mn gets to the minimum of E(Gut(Gn)).
Proof. By Theorem 2.1

E(Gut(Gn)) =

k−1∑
i=1

(−Ni
n3

3
+Nin2−2Ni

n
3

)pi+(8k3+16k2+10k+2)
n3

3
−(4k2+6k+2)n2+(4k3−4k2+8k+7)

n
3
−1.

When n ≥ 3, take the partial derivative of E(Gut(Gn)

∂E(Gut(Gn))
∂pi

= −Ni
n3

3
+ Nin2 −

2
3

Nin < 0,

∂E(Gut(Gn))
∂p1

= (8k3 − 6k − 2)
n3

3
+ (8k3 − 6k − 2)n2 − 2(8k3 − 6k − 2)

n
3
< 0,

∂E(Gut(Gn))
∂p2

= (8k3 − 8k2 − 14k − 4)
n3

3
+ (8k3 − 8k2 − 14k − 4)n2 − 2(8k3 − 8k2 − 14k − 4)

n
3
< 0,

∂E(Gut(Gn))
∂p3

= (8k3 − 16k2 − 22k − 6)
n3

3
+ (8k3 − 16k2 − 22k − 6)n2 − 2(8k3 − 16k2 − 22k − 6)

n
3
< 0,

...
...

...

∂E(Gut(Gn))
∂pk−1

= −(8k2 + 8k + 2)
n3

3
+ (8k2 + 8k + 2)n2 − 2(8k2 + 8k + 2)

n
3
< 0.
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When p1 = p2 = · · · = pk−1 = 0 (i.e. pk = 1), the para-chain Ln gets to the maximum of E(Gut(Gn)),
that is Gn � Ln. If p1 + p2 + p3 + · · · + pk−1 = 1, let pk−1 = 1 − p1 − p2 − · · · − pk−2 (0 ≤ p1 ≤ 1, 0 ≤
p2 ≤ 1, . . . , 0 ≤ pk−1 ≤ 1), we have

E(Gut(Gn)) =

k−2∑
i=1

(−Ni
n3

3
+ Nin2 − 2Ni

n
3

)pi + (−Nk−1
n3

3
+ Nk−1n2 − 2Nk−1

n
3

)(1 − p1 − p2 − · · · pk−2)

+(8k3 + 16k2 + 10k + 2)
n3

3
− (4k2 + 6k + 2)n2 + (4k3 − 4k2 + 8k + 7)

n
3
− 1.

Therefore,

∂E(Gut(Gn))
∂pi

= −(Ni − Nk−1)
n3

3
+ (Ni − Nk−1)n2 − 2(Ni − Nk−1)

n
3
< 0,

∂E(Gut(Gn))
∂p1

= −(8k3 − 8k2 − 14k − 4)
n3

3
+ (8k3 − 8k2 − 14k − 4)n2 − 2(8k3 − 8k2 − 14k − 4)

n
3
< 0,

∂E(Gut(Gn))
∂p2

= −(8k3 − 16k2 − 22k − 6)
n3

3
+ (8k3 − 16k2 − 22k − 6)n2 − 2(8k3 − 16k2 − 22k − 6)

n
3
< 0,

...
...

...

∂E(Gut(Gn))
∂pk−2

= −(8k2 + 8k + 2)
n3

3
+ (8k2 + 8k + 2)n2 − 2(8k2 + 8k + 2)

n
3
< 0.

So p1 = p2 = · · · = pk−2 = 0 (i.e. pk−1 = 1), E(Gut(Gn)) can’t attain the minimum value [28]. With the
same calculations as the same above, If p1 + p2 + p3 + . . .+ pi = 1, let pi = 1− p1 − p2 − . . .− pi−1 (0 ≤
p1 ≤ 1, 0 ≤ p2 ≤ 1, . . . , 0 ≤ pi−1 ≤ 1), (i ≥ 3), we have

E(G(Gutn)) =

k−3∑
i=1

(−Ni
n3

3
+ Nin2 − 2Ni

n
3

)pi + (−Nk−2
n3

3
+ Nk−2n2 − 2Nk−2

n
3

)(1 − p1 − p2 − · · · − pk−3)

+(8k3 + 16k2 + 10k + 2)
n3

3
− (4k2 + 6k + 2)n2 + (4k3 − 4k2 + 8k + 7)

n
3
− 1.

Therefore,

∂E(G(Gutn))
∂pi

= −(Ni − Nk−2)
n3

3
+ (Ni − Nk−2)n2 − 2(Ni − Nk−2)

n
3
< 0, (k − 3 ≥ 3).

only when p1 + p2 = 1, they may get to the minimum value [29,30]. Then let p1 = 1 − p2 (0 ≤ p2 ≤ 1)

E(G(Gutn)) = (−N1
n3

3
+ N1n2 − 2N1

n
3

)(1 − p2) + (−N2
n3

3
+ N2n2 − 2N2

n
3

)p2

+(8k3 + 16k2 + 10k + 2)
n3

3
− (4k2 + 6k + 2)n2 + (4k3 − 4k2 + 8k + 7)

n
3
− 1.

Thus,
∂E(G(Gutn))

∂p2
= (N1 − N2)

n3

3
+ (N1 − N2)n2 − 2(N1 − N2)

n
3
> 0.

So E(G(Gutn)) achieves the minimum value, when p2 = 0 (i.e. p1 = 1), that is Gn � Mn. �
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3. The Schultz index in a random polygonal chain

In this section, we will consider the expected values of Schultz index of the random polygonal
chain. In fact, Gn+1 is Gn linked to a new terminal polygonal Hn+1 by an edge, the Hn+1 is made up
with vertices x1, x2, x3,. . . , x2k, and the new edge is unx1; see Figure 1.

Theorem 3.1 The E(S (Gn))(n ≥ 1) of the random polygonal chain Gn is

E(S (Gn)) ={(8k3 + 12k2 + 4k) − 2
k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi}
n3

3

+ {2
k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi − (2k2 + 2k)}n2

+ {(4k3 − 6k2 + 2k) − 2 · 2
k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi}
n
3
.

Proof. Recall the random polygonal chain Gn+1 is Gn linked a new terminal polygonal Hn+1 by an edge,
the Hn+1 is made up with vertices x1, x2, x3,. . . ,x2k, and the new edge is unx1; see Figure 1. By(1.3),

S (Gn+1) =
∑

{u,v}⊆VGn

(d(u) + d(v))d(u, v) +
∑

v∈VGn

∑
xi∈VHn+1

(d(v) + d(xi))d(v, xi)

+
∑

{xi x j}⊆VHn+1

(d(xi) + d(x j))d(xi, x j).

Note that∑
{u,v}⊆VGn

(d(u) + d(v))d(u, v) =
∑

{u,v}⊆VGn\{un}

(d(u) + d(v))d(u, v) +
∑

v∈VGn\{un}

(dGn+1(un) + d(v))d(un, v)

=
∑

{u,v}⊆VGn\{un}

(d(u) + d(v))d(u, v) +
∑

v∈VGn\{un}

dGn((un) + 1) + d(v))d(un, v)

= S (Gn) +
∑

v∈VGn

d(un, v).

Recall that d(x1) = 3 and d(xi) = 2 ( i ∈ {2, 3, 4, . . . , 2k}). On the basis of (2.1)-(2.3), We get∑
v∈VGn

∑
xi∈VHn+1

(d(v) + d(xi))d(v, xi) =
∑

v∈VGn

∑
xi∈VHn+1

d(v)d(v, xi) +
∑

v∈VGn

∑
xi∈VHn+1

d(xi)d(v, xi)

=
∑

v∈VGn

d(v)[(d(un, v) + 1) + (d(un, v) + 2) + (d(un, v) + 3)

+ · · · + (d(un, v) + k + 1) + (d(un, v) + k) + . . . + (d(un, v) + 2)]

+
∑

v∈VGn

[3(d(un, v) + 1) + 2(d(un, v) + 2) + 2(d(un, v) + 3)

+ · · · + 2(d(un, v) + k + 1) + 2(d(un, v) + k) + · · · + 2(d(un, v) + 2)]

Mathematical Biosciences and Engineering Volume 19, Issue 11, 10826–10845.



10836

=
∑

v∈VGn

d(v)[2kd(un, v) + (k2 + 2k)]

+
∑

v∈VGn

[(4k + 1)d(un, v) + (2k2 + 4k + 1)]

=2k
∑

v∈VGn

d(v)d(un, v) + (k2 + 2k)[(4k + 2)n − 1]

+ (4k + 1)
∑

v∈VGn

d(un, v) + (2k2 + 4k + 1) · 2kn

=2k
∑

v∈VGn

d(v)d(un, v) + (4k + 1)d(un, v)

+ (8k3 + 18k2 + 6k)n − (k2 + 2k).

From (2.4), one has

∑
{xi x j}⊆VHn+1

(d(xi) + d(x j))d(xi, x j) =
1
2

2k∑
i=1

2k∑
j=1

(d(xi) + d(x j))d(xi, x j)

=

2k∑
i=1

2k∑
j=1

d(xi)d(xi, x j)

=2k2 + (2k2 + 1) + · · · + (2k2 + k − 1) + (2k2 + k)
+ (2k2 + k − 1) + · · · + (2k2 + 1)

=[(2k2 + 1) + (2k2 + k − 1)](k − 1) + 4k2 + k

=4k3 + k2.

Then

S (Gn+1) = S (Gn) + (4k + 2)
∑

v∈VGn

d(un, v) + 2k
∑

v∈VGn

d(v)d(un, v) + (8k3 + 18k2 + 6k)n + (4k3 − 2k). (3.1)

For a random polygonal chain Gn, the number
∑

v∈VGn
d(un, v) is a random variable. We let

Bn := E(
∑

v∈VGn

d(un, v)).

Substituting Bn into (3.1), we obtain the recurrence formula of E(S (Gn)),

E(S (Gn+1)) = E(S (Gn)) + (4k + 2)Bn + 2kAn + (8k3 + 20k2 + 12k + 2)n + (4k3 − 4k − 1).

Continue to consider the following k possible ways.
Way 1. Gn −→ G1

n+1. In this way, un same as the vertex x2 or x2k. Then,
∑

v∈VGn
d(un, v) is described as∑

v∈VGn
d(x2, v) or

∑
v∈VGn

d(x2k, v) with probability p1.
Way 2. Gn −→ G2

n+1. In this way, un same as the vertex x3 or x2k−1. Then,
∑

v∈VGn
d(un, v) is described

as
∑

v∈VGn
d(x3, v) or

∑
v∈VGn

d(x2k−1, v) with probability p2.
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Way 3. Gn −→ G3
n+1. In this way, un same as the vertex x4 or x2k−2. Then,

∑
v∈VGn

d(un, v) is described
as
∑

v∈VGn
d(x4, v) or

∑
v∈VGn

d(x2k−2, v) with probability p3.
...

...
...

Way k-3. Gn −→ Gk−3
n+1. In this way, un same as the vertex xk−2 or xk+4. Then,

∑
v∈VGn

d(un, v) is
described as

∑
v∈VGn

d(xk−2, v) or
∑

v∈VGn
d(xk+4, v) with probability pk−3.

Way k-2. Gn −→ Gk−2
n+1. In this way, un same as the vertex xk−1 or xk+3. Then,

∑
v∈VGn

d(un, v) is
described as

∑
v∈VGn

d(xk−1, v) or
∑

v∈VGn
d(xk+3, v) with probability pk−2.

Way k-1. Gn −→ Gk−1
n+1. In this way, un same as the vertex xk or xk+2. Then,

∑
v∈VGn

d(un, v) is described
as
∑

v∈VGn
d(xk, v) or

∑
v∈VGn

d(xk+2, v) with probability pk−1.
Way k. Gn −→ Gk

n+1, then un is the vertex xk+1. Then,
∑

v∈VGn
d(un, v) is described as

∑
v∈VGn

d(xk+1, v)
with probability 1 − p1 − p2 − p3 − · · · − pk−3 − pk−2 − pk−1.

On the basis of the above k ways, we get

Bn =p1

∑
v∈VGn

d(x2, v) + p2

∑
v∈VGn

d(x3, v) + p3

∑
v∈VGn

d(x4, v)

+ · · · + pk−3

∑
v∈VGn

d(xk−2, v) + pk−2

∑
v∈VGn

d(xk−1, v) + pk−1

∑
v∈VGn

d(xk, v)

+ (1 − p1 − p2 − p3 − · · · − Pk−3 − Pk−2 − pk−1)
∑

v∈VGn

d(xk+1, v)

=p1[
∑

v∈VGn−1

d(un−1, v) + 2 × 2k(n − 1) + k2]

+ p2[
∑

v∈VGn−1

d(un−1, v) + 3 × 2k(n − 1) + k2]

+ p3[
∑

v∈VGn−1

d(un−1, v) + 4 × 2k(n − 1) + k2]

+ · · ·

+ pk−3[
∑

v∈VGn−1

d(un−1, v) + (k − 2) × 2k(n − 1) + k2]

+ pk−2[
∑

v∈VGn−1

d(un−1, v) + (k − 1) × 2k(n − 1) + k2]

+ pk−1[
∑

v∈VGn−1

d(un−1, v) + k × 2k(n − 1) + k2]

+ (1 − p1 − p2 − p3 − · · · − pk−3 − pk−2 − pk−1)[
∑

v∈VGn−1

d(un−1, v) + (k + 1) × 2k(n − 1) + k2].

Substitute the expectation for the above equation,, and let E(Bn) = Bn, we obtain

Bn =Bn−1 + {(2k2 + 2k) −
k−1∑
i=1

[2k2 + 2k − (i + 1) · 2k]pi}n
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+

k−1∑
i=1

[2k2 + 2k − (i + 1) · 2k]pi − (k2 + 2k).

Let

Z =

k−1∑
i=1

[2k2 + 2k − (i + 1) · 2k]pi.

Hence,
Bn = Bn−1 + [(2k2 + 2k) − Z]n + Z − (k2 + 2k).

By the calculation
B1 = E(

∑
v∈VG1

d(u1, v)) = k2.

Based on the above results, we have

Bn ={(k2 + k) −
1
2

k−1∑
i=1

[2k2 + 2k − (i + 1) · 2k]pi}n2 + {
1
2

k−1∑
i=1

[2k2 + 2k − (i + 1) · 2k]pi − k}n.

Thus,

Bn =[(k2 + k) −
1
2

Z]n2 + [
1
2

Z − k]n.

and

An =[(2k · k + 3k + 1) −
1
2

M]n2 + [
1
2

M − (3k + 2)]n + 1.

Therefore,

E(S (Gn+1)) =E(S (Gn)) + (4k + 2)Bn + 2kAn + (8k3 + 20k2 + 12k + 2)n + (4k3 − 4k − 1)

=E(S (Gn)) + (4k + 2){[(k2 + k) −
1
2

Z]n2 + [
1
2

Z − k]n}

+ 2k{[(2k · k + 3k + 1) −
1
2

M]n2 + [
1
2

M − (3k + 2)]n + 1}

+ (8k3 + 20k2 + 12k + 2)n + (4k3 − 4k − 1)

and E(S (G1)) = 4k3.
Finally, we get the expected expression

E(S (Gn)) ={(8k3 + 12k2 + 4k) − 2
k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi}
n3

3

+ {2
k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi − (2k2 + 2k)}n2

+ {(4k3 − 6k2 + 2k) − 2 · 2
k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi}
n
3
.
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Let

X = 2
k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi

Yi = 2[4k3 − (4i − 2)k2 − 2ik]

Hence,

E(S (Gn)) =[(8k3 + 12k2 + 4k) − X]
n3

3
+ [X − (2k2 + 2k)]n2

+ [(4k3 − 6k2 + 2k) − 2X]
n
3
.

as desired. �

Specially, If we set (p1, p2, p3, . . . , pk−1) = (1, 0, 0, . . . , 0), (0, 1, 0, . . . , 0), (0, 0, 1, . . . , 0), · · · , (0, . . . , 1, 0, 0),
(0, . . . , 0, 1, 0), (0, . . . , 0, 0, 1), (0, . . . , 0, 0, 0), respectively, and by Theorem 3.1, we can receive the
Schultz index of the meta-chain Mn, the ortho-chain O1

n , O2
n, . . . , Ok−2

n and the para-chain Ln, as

S (Mn) = (16k2 + 8k)
n3

3
+ (8k3 − 6k2 − 6k)n2 − (12k3 − 2k2 − 10k)

n
3
,

S (O1
n) = (24k2 + 12k)

n3

3
+ (8k3 − 14k2 − 10k)n2 − (12k3 − 18k2 − 18k)

n
3
,

S (O2
n) = (32k2 + 16k)

n3

3
+ (8k3 − 22k2 − 14k)n2 − (12k3 − 34k2 − 26k)

n
3
,

...
...

...

S (Ok−3
n ) = (8k3 − 4k2 − 4k)

n3

3
+ (14k2 + 6k)n2 + (4k3 − 38k2 − 14k)

n
3
,

S (Ok−2
n ) = (8k3 + 4k2)

n3

3
+ (6k2 + 2k)n2 + (4k3 − 22k2 − 6k)

n
3
,

S (Ln) = (8k3 + 12k2 + 4k)
n3

3
− (2k2 + 2k)n2 + (4k3 − 6k2 + 2k)

n
3
.

S (Oi
n) = [(8k3 + 12k2 + 4k) − Yi+1]

n3

3
+ [Yi+1 − (2k2 + 2k)]n2 + [(4k3 − 6k2 + 2k) − 2Yi+1]

n
3
.

Obviously
S (Mn) + S (Ln) = S (O1

n) + S (O2
n) + . . . + S (Ok−2

n ).

Corollary 3.2 For a random polygonal chain Gn (n ≥ 3), the para-chain Ln gets to the maximum and
the meta-chain Mn gets to the minimum of E(S (Gn)).
Proof. By Theorem 3.1

E(S (Gn)) =

k−1∑
i=1

(−Yi
n3

3
+ Yin2 − 2Yi

n
3

)pi + (8k3 + 12k2 + 4k)
n3

3

−(2k2 + 2k)n2 + (4k3 − 6k2 + 2k)
n
3
.
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When n ≥ 3, take the partial derivative of E(S (Gn))

∂E(S (Gn))
∂pi

= −Yi
n3

3
+ Yin2 −

2
3

Yin < 0.

∂E(S (Gn))
∂p1

= −(8k3 − 4k2 − 4k)
n3

3
+ (8k3 − 4k2 − 4k)n2 − 2(8k3 − 4k2 − 4k)

n
3
,

∂E(S (Gn))
∂p2

= −(8k3 − 12k2 − 8k)
n3

3
+ (8k3 − 12k2 − 8k)n2 − 2(8k3 − 12k2 − 8k)

n
3
< 0,

∂E(S (Gn))
∂p3

= −(8k3 − 20k2 − 12k)
n3

3
+ (8k3 − 20k2 − 12k)n2 − 2(8k3 − 20k2 − 12k)

n
3
< 0,

...
...

...

∂E(S (Gn))
∂pk−1

= −(8k2 + 4k)
n3

3
+ (8k2 + 4k)n2 − 2(8k2 + 4k)

n
3
< 0.

When p1 = p2 = . . . = pk−1 = 0 (i.e. pk = 1), the para-chain Ln gets to the maximum of E(S (Gn)), that
is Gn � Ln. If p1 + p2 + p3 + . . . + pk−1 = 1, let pk−1 = 1 − p1 − p2 − . . . − pk−2 (0 ≤ p1 ≤ 1, 0 ≤ p2 ≤

1, . . . , 0 ≤ pk−1 ≤ 1), we have

E(S (Gn)) =

k−2∑
i=1

(−Yi
n3

3
+ Yin2 − 2Yi

n
3

)pi + (−Yk−1
n3

3
+ Yk−1n2 − 2Yk−1

n
3

)(1 − p1 − p2 − · · · − pk−2)

+ (8k3 + 12k2 + 4k)
n3

3
− (2k2 + 2k)n2 − (4k3 − 6k2 + 2k)

n
3
.

Therefore,

∂E(S (Gn))
∂pi

= −(Yi − Yk−1)
n3

3
+ (Yi − Yk−1)n2 −

2
3

(Yi − Yk−1)n < 0.

∂E(S (Gn))
∂p1

= −(8k3 − 12k2 − 8k)
n3

3
+ (8k3 − 12k2 − 8k)n2 −

2
3

(8k3 − 12k2 − 8k)n < 0,

∂E(S (Gn))
∂p2

= −(8k3 − 20k2 − 12k)
n3

3
+ (8k3 − 20k2 − 12k)n2 −

2
3

(8k3 − 20k2 − 12k)n < 0,

∂E(S (Gn))
∂p3

= −(8k3 − 28k2 − 16k)
n3

3
+ (8k3 − 28k2 − 16k)n2 −

2
3

(8k3 − 28k2 − 16k)n < 0,

...
...

...

∂E(S (Gn))
∂pk−2

= −(8k2 + 4k)
n3

3
+ (8k2 + 4k)n2 −

2
3

(8k2 + 4k)n < 0.

So p1 = p2 = . . . = pk−2 = 0 (i.e. pk−1 = 1), E(S (Gn))can’t attain the minimum value. With the same
calculations as above, If p1 + p2 + p3 + . . . + pi = 1, let pi = 1 − p1 − p2 − . . . − pi−1 (0 ≤ p1 ≤ 1, 0 ≤
p2 ≤ 1, . . . , 0 ≤ pi−1 ≤ 1), (i ≥ 3), we have

E(S (Gn)) =

k−3∑
i=1

(−Yi
n3

3
+ Yin2 − 2Yi

n
3

)pi + (−Yk−2
n3

3
+ Yk−2n2 − 2Yk−2

n
3

)(1 − p1 − p2 − · · · − pk−3)

+ (8k3 + 12k2 + 4k)
n3

3
− (2k2 + 2k)n2 + (4k3 − 6k2 + 2k)

n
3
.
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Therefore,

∂E(S (Gn))
∂pi

= −(Yi − Yk−2)
n3

3
+ (Yi − Yk−2)n2 −

2
3

(Yi − Yk−2)n < 0, (k − 3 ≥ 3).

only when p1 + p2 = 1, they may get to the minimum value. Then let p1 = 1 − p2 (0 ≤ p2 ≤ 1)

E(S (Gn)) =(−Y1
n3

3
+ Y1n2 − 2Y1

n
3

)(1 − p2) + (−Y2
n3

3
+ Y2n2 − 2Y2

n
3

)p2

+ (8k3 + 12k2 + 4k)
n3

3
− (2k2 + 2k)n2 + (4k3 − 6k2 + 2k)

n
3
.

Thus,
∂E(S (Gn))

∂p2
= (Y1 − Y2)

n3

3
− (Y1 − Y2)n2 +

2
3

(Y1 − Y2)n > 0.

So E(S (Gn)) achieves the minimum value, when p2 = 0 (i.e. p1 = 1), that is Gn � Mn. �

4. The average values for the the Gutman index and Schultz index

Recall that Θn is the set of all polygonal chains with n polygons. We give the average value for the
Gutman index and Schultz index with respect to Θn.

Gutavr(Θn) =
1
|Θn|

∑
G∈Θn

Gut(G), S avr(Θn) =
1
|Θn|

∑
G∈Θn

S (G).

For achieving the average value Gutavr(Θn), S avr(Θn), It takes p1 = p2 = . . . = pk = 1
k in the

expected value for the Gutman index and Schultz index of the random polygonal chain (i.e.E(Gut(Gn)),
E(S (Gn))). According to Theorem 2.1 and 3.1,
Theorem 4.1The Gutavr(Θn)(n ≥ 1) and S avr(Θn)(n ≥ 1) for the the Gutman index and Schultz index
of the random chain Gn are

Gutavr(Θn) ={(8k3 + 16k2 + 10k + 2) −
(2k + 1)

k

k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi}
n3

3

+ {
(2k + 1)

k

k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi − (4k2 + 6k + 2)}n2

+ {(4k3 − 4k2 + 8k + 7) −
2(2k + 1)

k

k−1∑
i=1

[4k2 − (4i − 2)k − 2i]pi}
n
3
− 1.

S avr(Θn) ={(8k3 + 12k2 + 4k) −
2
k

k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi}
n3

3

+ {
2
k

k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi − (2k2 + 2k)}n2

+ {(4k3 − 6k2 + 2k) −
2 · 2

k

k−1∑
i=1

[4k3 − (4i − 2)k2 − 2ik]pi}
n
3
.
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After verification, the equations are established,

Gutavr(Θn) =
1
k

Gut(Mn) +
1
k

Gut(O1
n) +

1
k

Gut(O2
n) + . . . +

1
k

Gut(Ok−2
n ) +

1
k

Gut(Ln).

S avr(Θn) =
1
k

S (Mn) +
1
k

S (O1
n) +

1
k

S (O2
n) + . . . +

1
k

S (Ok−2
n ) +

1
k

S (Ln).

5. Conclusion

In this paper, we establish the explicit analytical expressions for the expected values of the Gutman
index, Schultz index of a random polygonal chain . We also get the extremal values and average values
of Gutman and Schultz indices. All these results will contribute to the study of the topological index
of graphs and can better predict the physicochemical properties of more novel compounds, which can
be applied to the research of drugs, macromolecular polymers and new materials [20,31–33].

In chemical graph theory, the matter of polygonal chain is being widely studied by researchers.
The molecular structures of polygonal chemicals are various and its physicochemical properties also
become more and more important, and refer to [34–37]. It is possible to establish exact formulas for
the expected values of some indices of a random polygon chain with n regular polygons[38–41].
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