MBE, 19(11): 10741-10761.
% DOI: 10.3934/mbe.2022503
AIMS Received: 01 July 2022
EE Revised: 13 July 2022
Accepted: 14 July 2022
http://www.aimspress.com/journal/mbe Published: 28 July 2022

Research article

Constrained hybrid control for parametric uncertainty systems via
step-function method

1,2,

Yawei Shi!, Hongjuan Wu'>* and Chuandong Li'

! Chongqing Key Laboratory of Nonlinear Circuits and Intelligent Information Processing, College
of Electronic and Information Engineering, Southwest University, Chongqing 400715, China

2 School of Computer Science and Engineering, Chongging Three Gorges University, Chongqing
404120, China

* Correspondence: Email: juan10329@163.com.

Abstract: In this paper, considering that sometimes signal transmission may be interrupted, or sig-
nal input errors may occur, we establish a novel class of parametric uncertainty hybrid control system
models including the impulsive control signals under saturated inputs, which can reflect the signal
transmission process more realistically. Based on the step-function method, improved polytopic repre-
sentation approach and Schur complement, we find the stability conditions, which are less conservative
than those with the traditional Lyapunov method, of the considered control system. In addition, we in-
vestigate the design of the control gains and the auxiliary control gains for easily finding the suitable
control signals, the auxiliary signals and the estimation of the attraction domain. Moreover, our pro-
posed methods are applied to the fixed time impulse problems of uncertain systems with or without
Zeno behavior. Simulation results for the uncertain neural network systems are presented to show the
feasibility and effectiveness of our stabilization methods using the step-function.
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1. Introduction

Impulsive control can not only greatly save control costs but also efficiently transmit information in
many applications [1-3]. Hybrid control systems including impulsive signals are ubiquitous in many
actual systems, such as robotic control systems, neural control systems and insect population control
systems, since the impulsive effect widely exists in the real world [4—6]. Over the years, Lyapunov-
like function methods have been widely used in the stability analysis of control systems with impulsive
signals [7-12]. Generally speaking, the traditional Lyapunov-like function methods require that there
are constraints on the upper and lower bounds of the impulse interval, and the Lyapunov-like function is
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continuous and monotonic with time in each impulsive interval, which usually leads to the conservative
stability conditions [13]. In order to overcome the above shortcomings, the authors in [14] established
a new method, the step-function method, for the stability analysis of bouncing ball systems, in 2012.
Motivated by [14], the authors in [13] formulated a new stability analysis framework based on step-
functions for general impulsive systems, in 2022. The step-function is an extension of Lyapunov-like
stability theory, which can relax some restrictions of the existing Lyapunov-like function methods.
Also, it can be used to analyze the stability with Zeno behavior, which is not easily addressed by
traditional Lyapunov-like function methods.

Due to measurement error of parameters, model construction and installation error, the parameters
of nonlinear systems might not be accurately measured [15—17]. Generally speaking, the parameters of
the systems will change in a certain interval [18, 19]. The parametric uncertainty in nonlinear systems
has received wide attention because it can be used to describe many practical engineering problems.
The sliding-mode control problems for linear uncertain systems with impulse effects via switching
gains were studied in [20]. Paper [21] investigated the controller design techniques for robust sampled-
data dynamic output-feedback for nonlinear systems in the Takagi-Sugeno fuzzy form with parametric
uncertainties and L, /L., disturbances.

Still, most parametric uncertainty systems assume that the actuator can execute unlimited control
signals, i.e., they do not consider the actuator saturation phenomenon in the whole control process. In
actual engineering systems, physical actuators cannot execute infinite signals [22, 23]; or, considering
the safety of the system, it is necessary to limit the effective control signals generated by the actu-
ators. Then, it is very important to consider the saturation phenomenon when designing the control
system. There have been many results about continuous or discrete control systems with actuator satu-
ration. Paper [24] investigated the problem of robust exponential stabilization of dynamic systems with
time-varying delays, external disturbances and control saturation. The discrete time-varying systems
with state-delayed and saturating actuators were studied in [25]. The hybrid impulsive and sampled-
data control framework problems for a class of nonlinear dynamical systems with input constraints
were addressed in [4]. However, due to the difficulties of designing control gains with parametric un-
certainty and the discontinuity caused by the impulsive effect, parametric uncertainty hybrid control
systems including impulsive control signals, subject to input constrains via Lyapunov-like stability
theory, are rarely reported in the existing results, let alone those adopting step-function methods.

Moreover, most of the existing results assume all the control signals are valid and correct. However,
in the real environment, the transmission of a signal may be interrupted for a certain period of time, or
there might be signal input errors due to the interference of an external signal or some influence of the
transmission medium. How to formulate a constrained hybrid control system considering parametric
uncertainty and signal interruption or signal error is a problem of practical significance.

In summary, the applied research on the step-function method has just started, and there is still some
work to be done. To the best of our knowledge, there is not research on the stabilization of nonlinear
systems under actuator saturation via the step-function method. Then, our results in this paper will
enrich the existing research. Motivated by the above analyses, considering parametric uncertainty, sig-
nal interruption, signal error and actuator saturation, we study the stability of hybrid control nonlinear
systems via the step-function method. Moreover, we investigate the design of the control gains and
the auxiliary control gains for easily finding the suitable control signals, the auxiliary signals and the
estimation of the attraction domain.
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The main contributions of the results in this paper are listed as follows:

a) Considering parametric uncertainty, signal interruption, signal error and actuator saturation, we
establish a novel class of parametric uncertainty hybrid control system models including the impulsive
control signals, subject to saturated inputs, which can reflect the signal transmission process more
realistically.

b) An improved polytopic representation approach which is less conservative than the traditional
polytopic representation approach is introduced to deal with the hybrid saturated inputs. The compar-
ative experiments reflect the superiority of the improved polytopic representation approach.

c¢) The step-function method is first used for the stability analysis of nonlinear systems subject to
saturated inputs.

d) In order to easily find the suitable control signals, the auxiliary signals and the estimation of the
attraction domain, we investigate the design of the control gains and the auxiliary control gains.

Notations: R" and R* denote the n-dimensional real column vector space and the non-negative
real numbers, respectively. I denotes the identity matrix of appropriate dimensions. For a vector
(matrix) M, M, refers to the [-th component (line) of M. G € R™" > 0 means a symmetric positive-
definite matrix. || - || denotes the Euclidean norm. For a positive integer n, J[1, n] refers to the integers
between 1 and n. co{F } means the convex hull of a set ¥. For matrix ' € R™", He(F) refers to
He(F) = F + FT. Set & = {x(t) € R" : x'(1)Gx(t) < 1} with G € R¥" > 0. For M € R™", set
L(M) = {x(t) € R" : [[Mx(D)||x < 1}, with ||Mx(D)||ec = rnlale(l)x(t)l, forV /e I[1,n].

2. Problem formulation

We formulate the following nonlinear uncertain system (2.1) with hybrid saturated control input
and assume the solutions of system (2.1) are left continuous at ¢ = #,.

x(t) = A(®)x(t) + B(t)h(x(1)) + CSat(Dx(1)), t € (t,_1,05-1],

x(1) = AO)x(1) + B(Oh(x(2)), 1€ (65-1. 141, 2.1)
x(th) = x(t;) + ESat(Jx(ty)), s=1,2,---, ’
x(ty) = Xo,

where x(f) € R" is the state vector, and X, is the initial state. For the time sequence, there is
0 =1t <6y <t;] <0+ <ty <0y <ty < O+ < to, and lim,_,o t;, = t.. Note
that 7., could be an infinity, and it could also be a finite number. A(¢) and B(f) € R™" are time-
varying matrices. C, D, E; and J, € R™" are constant matrices. h(-) : R" — R" is a contin-
uous nonlinear function with 2(0) = 0. There is a diagonal matrix H € R™", H > 0, such that
Ih(x@)I? < x()T Hx(t) for YV x(1) € R". Sat(Dx(t)) = (Sat(Dx(t)), Sat(D)x(t)) - - - Sat(Dx(1))T,
and Sat(J,x(1)) = (Sat(J1)x(1)), Sat(J2)x(1)) - - - Sat(J s, x(1)))” € R". For [ € I[1,n], Sat(Dx(t)) and
Sat(J)x(?)) are the saturation functions, with

1, D(Z)X(I) > 1,
Sat(D(l)x(t)) = D([)X(l), -1< D(Z)X(l) <1, 2.2)
—1, D(l)X(t) < —1,
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and
I, Jspx(@) > 1,
Sat(]s(l)x(t)) = JS(I)X(I), -1< JS(I)X(I) < 1, (23)
-1, J‘Y(I)X(l) < -1.

A(t) and B(t) are of the following forms: A(f) = A + AA(¢) and B(t) = B + AB(t). A € R
and B € R™" are known constant matrices. AA(t) and AB(¢) are unknown matrices which are of the
following forms: AA(r) = CJ(t)F and AB(r) = CJ(t)F, where C, C, F and F' € R™" are known constant
matrices. J(¢) and J(¢), which represent time-varying parametric uncertainties, satisfy J7 (¢)J(f) < I and
JT(@0J@) < 1.

Remark 1. In system (2.1), when t € (6,_1,1,], there is not any control signal, since the transmission
of a continuous control signal may be interrupted for a certain period of time due to the interference
of an external signal or some influence of the transmission medium.

Remark 2. In the whole time series, there are not additional upper and lower bound constrains of
the time interval between t,_| and 0,_y, or between 0,_; and t,. Then, system (2.1) can approximate
two extreme cases: When t € (t,_1,1t,], there are only continuous control signals or are not any control
signals. Note that, Zeno behavior might also occur.

Remark 3. The control gain can be different at each impulse instant, and this model (2.1) dose not
require that all impulses be stabilizing impulses or can occur as the impulse perturbation.

Definition 1. [26] Define the following functions:

a)e € K, if e € C([0, a), [0, 00)) is strictly increasing, and €(0) = 0 .

b)e € KL, if e : [0,a) X [0,0) — [0, ) is continuous, and for every fixed 3, €(B,3) € K. For
every fixed B, €(B, 3) is decreasing, and moreover, €(3,3) —» 0as I — oo.

Definition 2. [13, 14] The origin of system (2.1) is referred to as Uniformly Attractively Stable if there
is a K L function y such that every solution x(t, ty, Xo) starting from the admissible initial set S satisfies
|lx(, to, x)I| < v(|xoll, t — to) for almost all t > ty,. S is a set which contains the open region of the
origin. If S = R", it can be said to be Globally Uniformly Attractively Stable .

Lemma 1. [27] Given a scalar 6 > 0 and any real matrices ‘A, Ay, Az of appropriate dimensions,
such that 0 < Az = A}, the following inequality then holds:

ALF + ALA < SALAA, + 57 A A A,

Lemma 2. [28, 29] For given matrices D, J and F with JTJ < I and scalar 6 > 0, the following
inequality holds:

DIF +F' T D" <6DD" +67'F'F.
Lemma 3. [30, 31] Let J,M, € R™" with q € I[1,2"]. Assume that x(t) € L(M,) for Vq € I[1,2"].
Then, Sat(Jx(1)) € col&Jx(O)+E Myx(t) = q € I[1,2"]}, where & € R™" is the set of diagonal matrices
with diagonal elements that are either 1 or 0, and & is the g-th element in set &. Also, @@q‘ =1-6,

From (2.1)-(2.3) and Lemma 3, if there exist some constant matrices Mq and M,, € R™", assume
that |Mq(1)x(t)| < I and [Mypx(t)| < 1 for ¥V g € 1[1,2"], 1 € I[l,n] and s = 1,2,---. Then,
Sat(Dx(t)) € co{&;Dx(t) + é(’q‘qu(t) :q € I[1,2"]}, and Sat(J,x(t,)) € col{&,Jx(t,) + é"q‘qux(ts) 1q €
I[1,2"]}.
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Remark 4. Some auxiliary matrices Mq and My, are introduced to deal with the actuator saturation
problem of the continuous control signals and the impulsive signals, respectively. While most of the
existing saturated control methods use the traditional polytopic representation approach to deal with
the actuator saturation problem, the improved polytopic representation approach, which is less conser-
vative than the traditional polytopic representation approach, is used in our method. In the improved
polytopic representation approach, at each impulse instant or the continuous control interval, 2" aux-
iliary matrices are introduced to deal with the constrained control input problem instead of just one
auxiliary matrix being introduced.

Lemma 4. [13, 14] Let x(t, ty, Xo) be the solution of system (2.1) starting from the admissible initial set
S. Assume that there are an integer j > 1 and a positive definite function V: R" — R*, R* = [0, +0),
such that the step-function

sup (V(.X(t)), te [to’ t]]9
t€fto,t;]
Se(r) = sup  V(x(2)), 1€ -1y, tjel, (2.4)
te(tjce-1).tjel
0, t>te,

with € = 2,3, ---, satisfies the following:
a) Se(t)) < e(V(xo)), in which € is a class K function.
b) S e(t) decreases with time t, and lim S e(f) = 0.

t—to

Then, the origin of system (2.1) is Uniformly Attractively Stable, and if t., = oo, the origin of system
(2.1) is Asymptotically Stable.

3. Main results

The sufficient conditions which can guarantee the stability of this control system (2.1) for every
initial state in the estimation of the attraction domain via the step-function method are given in this
section.

Theorem 1. Given an integer j > 1, assume that there exist some scalars B; > 0, 7 >0, 6; >0, 6, > 0,
a, h and some n X n matrices G > 0, Mq, My, such that for any q € 1[1,2"], 1 € I[1,n], s = 1,2,---
and € =2,3,---, the following conditions hold:

G M
[* ng”] > 0, 3.1)

G M
[* QSff}’)] >0, (3.2)

T, =

He(GA) + H — oG + He(GC(&,D + &, M,)) + 6,GCCTG + 6,GCC"G + 67'F'F GB <0
* -1+ 5I1FTF -
(3.3)
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B A AT AAT -1 5T f
7 _ [He(GA) + H = hG + 5,GCCTG + 5,GCCTG + 6, FTF GE <o, (34
% —I+6,'FTF
_ - T
[ BG U+ EE s + 67 M) (3.5)
% -G
i—1
Q= max { sup [(| | B0 exp(max(a, h)(t - 1)1} < oo, with iy = 1, (3.6)
=12 te(t .4 k=0
i-1
max { sup [( n Bi) exp(max(a, h)(t — tj )} < 7 < 1. (3.7

i=j(=D+ 1 JC e 11] k= 1)

Then, for any initial condition x(ty) € &y, the origin of the nonlinear uncertain system (2.1) is Uni-
formly Attractively Stable, and if t., = oo, the origin of system (2.1) is Asymptotically Stable. &y can
be regarded as the estimation of the attraction domain.

Proof. The step-function S e(?), (2.4), and the following function V(¢) are constructed:

V(x(1)) = x" ()Gx(2). (3.8)

When s = 1, t € [#, 6], the trajectory of system (2.1) starts from &. Due to the satisfaction of
inequality (3.1), it is easy to find that xy € & C Eg C .E(Mq) with Eq = {x(t) € R* : X" (1)Gx(t) < Q).
Then, Lemma 3 can be applied. Differentiating V(x(¢)) with respect to # along system (2.1), one has

V(x(1)) 2xT(6)G(A(D)x(t) + B(D)h(x(1)) + CSat(Dx(1)))

max (2x"(DGADX(r) + 227 (NGBO() (3.9)

qelIll,

+2x" (NGC(E,D + & M )x(D)).

IA

According to Lemma 1, there is
2xT(HGB)h(x(t)) < x" (HGB@)BT (1)Gx(t) + x (1)Hx(2). (3.10)

Then, one obtains
V(x(t) < , Erf_l[zllgn](xT(t)(He(GA(t)) +GB®B' ()G + H

3.11
+He(GC(&,D + &, M,)) — aG)x(1)) + aV(x(1)). G1D

Let
= () = [He(GA(t)) + H + He(GC(&,D + &, M,)) — oG GB(t)]
E (1) = ) O
= _|He(GA) + H + He(GC(&,D + &; M,)) —aG  GB
g, = ] =P
and

A He(GCJ(HF) GCJ)F
H(t) = . 0 :
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Obviously, there is Z,(7) = Eq + ﬁ(t). Moreover, according to Lemma 2, one obtains that

C'G 0 GCGC|[J@® 0 |[FoO -
C'G 0 0 0 « JOl|« F|~

!I]\

FT 0 Hﬂ(z) 0

E(t):[ « ET < 7o
(3.12)

with
[ GCCTG +GCC™'G 0
= 51 . 0

[I]\

Because =, + = = I, and according to the satisfaction of condition (3.3), Z,(r) < 0 will be feasible.

Thus, when ¢ € [ty, 6y], one obtains
V(x(1)) < aV(x(1)). (3.13)

V(x(1)) < V(xo) exp(a(t — 1)),

and
V(x(6h)) < V(xo) exp(a(by — 1o)).

When ¢ € (6, t;], according to (3.10), one has
2xT(HG(A(Dx(t) + B(t)h(x(1)))

V(x(r) =
< xT(H)(He(GA(t)) + GB(t)BT (1)G + H — hG)x(t) + h'V(x(1)).
Let
R(f) = |:HC(GA(Z'))*+ H-hG G_]j(t)] ,

and
~ [He(GA)+H—hG GB]
N = ) |

There is also 8(7) = K + Z(¢). Similar to (3.12), Z(f) <

GCC'G +GCC™G 0 .
=0, i} ol* 0,

[

From the satisfaction of condition (3.4), N() < 0 will also be feasible. Thus, when ¢ € (6, t;], one

obtains
V(x(1)) < hV(x(1)),
V(x(2)) < V(xo) exp(a(by — o) + h(t — 6p)),

and
V(x(11)) < V(xo) exp(a(by — to) + h(t; — 6)).
Volume 19, Issue 11, 10741-10761.
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It is easy to find that
V(x(1)) < Vixo) exp(max(a, h)(t; — 1o)).

According to (3.2), there is x(t;) € &g C L(M,,). Then, Lemma 3 can be applied. When 7 = 1,, due
to the satisfaction of (3.5), it follows that

V(i) (x(t)) + E1Sat(J x(1)))" G(x(1)) + E;Sat(J1x(11)))

max (XT(fl)((I + E]((g)qjl + éi]_Mlq))TG(I
geIl1.27]

+E (&1 + 67 M) — B1G)x(t)) + B1V(x(1))
BiV(x(11)).

According to mathematical deduction, when s = j— 1, ¢ € (¢j_5,6,-,], we suppose that

IA 1

(3.14)

IA

V() < BjiaBjz--P1V(xo)expla(t —tj o +0;3—1tj 36y —19) + h(tjp — 0,3+
ti3 —6’1'_4 +---4+ 14 —90)).

Then, we have

V(x(0j-2) < BjaBjz-B1V(xo)exp(a(@j2 —tj 2+ 03—t 30y —to)+
I’l(tj_2 - Hj_3 +--- 41— 90))

When 7 € (6,-2,j-1],

V@) < BjoBj-z - P1V(xo)exp(a(@j—2 —tjoa +0j3 —tji3--- by — ty) + h(t — 6, o+
tia—0j3+ -+t —6)),

and
V(x(tj-1) < BjoBjz--Bi1V(xo)exp(a(@jr —tjn +0;3 =136y — o)+
h([j_l - (9]'_2 +1 92— 9j_3 +---+ 1 —6y)
< Bj2Bj-1- - Bi1V(xo) exp(max(a, h)(t;-1 — 1))

According to (3.2), there is also x(t;_1) € Eq C L(Mj-1)y). Then, Lemma 3 can be applied. When
t = tj_y, similar to (3.14), one obtains

V(x(t]))) Bi-1V(x(t;-1))

<
< Bj-1Bja - BiV(xo) exp(max(a, h)(tj—1 — o).

When s = j, t € (tj-1,0;-1] from (3.1), there is x(t;f_l) € & C .E(Mq). Then, Lemma 3 can be
applied. Similar to (3.9)-(3.13), when t € (¢;_1,6,_], one has

V@) < BimiBja--Pi1V(xo)expla(t —tj1 + 00 —tjip+ -+ 60— ty) + h(tj-1—
9}'—2 +1i0— 9]‘_3 +---+ 1 —6y)).

When t € (-, ], one obtains

V() < BimiBja--P1V(xo)exp(a(@j1 —tj1 +0jp —tjin+ -+ 60— t)) + h(t — 6,1+
tj—l — 9]'_2 +---+1fH - 90))
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Obviously, it is easy to find that when € (¢,_1, 7],
V(x(1) < Bj-1Bj-2 - - - B1V(x0) exp(max(a, h)(t — 1y)).
Then, according to (3.6), we have, when ¢ € [, t;],

Se(t) = sup V(x(1))

1€[10,151

i-1
< V(x) max { sup [(]}T()ﬁk)eXP(maX(a, h)(t = 1p))]} < 0.

2J el k=

Thus, when 1 € [19, 1],
Se(t) < QV(xp).

Then, the condition a) in Lemma 4 is satisfied. Similarly, from (3.7), when t € (¢¢-1), tj¢l,

i-1
V() < V(x(tje-1y)) max { sup [( [] Br)exp(max(a,h)(t—tjc-1)]}

=D+ e ) k=jC-1)

Thus, when ¢ € (tj(g_l), tjf],
V() < 7V (x(tje-1))),

and
Se(®) = sup  V(x(0) < 7V(x(tjic-1)))-

1€(tjce-1),tjel

Then, we have

A

Se(tj)) —Se(tje-1)) < TV(x(tje-1y) — sup  V(x(1))

te(tje-2)tje-n]l

TV(x(tje-1))) — V(x(tje-1)))
(t = DV(x(tje-1)-

Il IA

Since T < 1,
Se(tj{;) < Se(tj(g_l)).

Then, there is
lim S e(?)

[l

IA

}I_{EIO TV(x(tje-1))
< }1_210 1QV(x0)
= 0.
Thus, the condition b) in Lemma 4 is also satisfied.
According to Lemma 4, for any initial condition x(#y) € &, the origin of system (2.1) is Uniformly

Attractively Stable, and if 7, = oo, the origin of system (2.1) is Asymptotically Stable. & can be
regarded as the estimation of the attraction domain. O

Remark 5. When j = 1, the step-function (2.4) is a one-span step-function, and when j > 1, the
step-function (2.4) is a multi-span step-function.
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Remark 6. In Theorem 1, there is no constraint on scalar a and scalar h, since the control signals are
not necessarily efficient, and the system itself may be stable or unstable. For impulsive control signals,
there is also no additional constraint on scalar B,. For example, we do not need to limit the value of
Bs to be between 0 and 1 or be greater than 1. Because control signal error or control signal failure is
allowed in our theoretical research, our results are less conservative than many existing results.

Remark 7. Every trajectory starting from &y will not go out of Eq. Because Eq C L(Mq), and
Eq € L(My,), fort > tyand t — t., there are always x(t) € L(Mq) and x(t) € L(My,). Also, the
trajectory will eventually converge to the origin.

If the traditional polytopic representation approach is used to deal with the actuator saturation, one
can obtain Corollary 1.

Corollary 1. Given an integer j > 1, assume that there exist some scalars S > 0, 7 >0, 6; >0, 6, > 0,
@, h and some n x n matrices G > 0, M, M, such that for any g € I[1,2"],1€ I[1,n], s=1,2,--- and
=2,3,---,(3.4), (3.6), (3.7) and the following conditions hold:

G M}
[* QS?] > 0, (3.15)

G M
[* ‘P10, (3.16)

r,=

He(GA) + H — oG + He(GC(&,D + &, M)) + 6,GCC'G + 6,GCC'G + 67' FTF GB <0
% —[+6'FTF| =™
(3.17)

_ﬁSG (I + Ev(éi]‘]v + éaq_Ms))T
* -G™!

Then, for any initial condition x(ty) € &y, the origin of system (2.1) is Uniformly Attractively Stable,

and if t,, = oo, the origin of system (2.1) is Asymptotically Stable. &y can be regarded as the estimation

of the attraction domain.

] <0. (3.18)

Proof. Similar to the proof of Theorem 1, it is easy to get Corollary 1. O
4. Design of the control gains and the auxiliary control gains

In order to make the conditions in Theorem 1 and Corollary 1 easily solved by some software, we
will try to transform these associated inequalities and try to find the design of the control gains and the
auxiliary control gains, which can ensure the stabilization of (2.1).

Theorem 2. Given an integer j > 1, B, > 0, T > 0, a and h, assume that there exist some scalars
01 > 0, 6, > 0 and some n X n matrices Y > 0, My, My, P and g such that for any q € I[1,2"],
leIll,n],s=1,2,--- and € = 2,3,---, (3.6), (3.7) and the following conditions hold:

[% M

q(D)
-1

> 0, 4.1)

%
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T
[Ef //Ziqu >0, (4.2)
He(AY) — o + He(C(&6,7 + &; My)) +6,CCT +6,CC" B 0 ¢  @FT
. -1 FT 0 0
x « =6 0 0 [<0, 43)
* * x —H! 0
® % * * —011

He(AY) — h9 + 6,CCT +6,CCT B 0 g 9
X 0

x =01 0 <0, (4.4)

* * —H! 0

* * * -0,/

EEE

_Bsg (g + Es(@(‘i]/s + gq_'%sq))T <

A o 0. (4.5)

Then, for any initial condition x(ty) € &y, with the design of the control gains D = 29" and J, =
J.%" and the auxiliary control gains M, = M,9~" and My, = M, 9", the origin of system (2.1)
is Uniformly Attractively Stable, and if t., = oo, the origin of system (2.1) is Asymptotically Stable. &
can be regarded as the estimation of the attraction domain.

Proof. Let us pre- and post-multiply (3.1)—(3.5) by diag(¥,I) with 4 = G~'. According to the Schur
complement and letting DY = &, Mq% = My, JG = Zsand MG = M, in which g € I]1,2"],
leI[l,n]and s = 1,2, - -, one obtains conditions (4.1)—(4.5). O

Similar to Theorem 2, it is easy to get Corollary 2.

Corollary 2. Given an integer j > 1, B, > 0, T > 0, @ and h, assume that there exist some scalars
01 > 0, 6, > 0 and some n X n matrices 9 > 0, #, M, P and JZ such that for any q € I[1,2"],
leIll,n],s=1,2,--- and € =2,3,---, (3.6), (3.7), (4.4) and the following conditions hold:

g M
0]
[* Q_l] > 0, (4.6)
G HT
. sO1 >0, 4.7)
He(AY) - o + He(C(&5,2 + &, M) +6,CCT +6,CCT B 0 4  YF"
% -1 T 0 0
x « =61 0 0 |[<0, (4.8)
* * * —-H! 0
* * * * -0/
_ — T

* =4
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Then, for any initial condition x(ty) € &y, with the design of the control gains D = 297" and J, =
J.%" and the auxiliary control gains M = A9~ and M, = .M#,9"", the origin of system (2.1) is
Uniformly Attractively Stable, and if t., = oo, the origin of system (2.1) is Asymptotically Stable. &,
can be regarded as the estimation of the attraction domain.

Proof. Similar to (4.1)-(4.3) and (4.5), pre- and post-multiply (3.15)—(3.18) by diag(¥4, 1) with 4 =
G™'. Letting DY = 2, M9 = A, ]G = Fsand M4 = M, in which g € I[1,2"], 1 € I[1,n] and
s=1,2,---, one obtains (4.6)—(4.9). ]

5. Application to the fixed time impulse problems of uncertain systems subject to actuator
saturation with or without Zeno behavior

Theorem 2 and Corollary 2 are appropriate to deal with fixed time impulse problems of uncertain
systems subject to actuator saturation with or without Zeno behavior.

5.1. System (2.1) with upper and lower bounds on the impulse interval via two-span step-function

Corollary 3. Given some scalars B; > 0, max(a,h) > 0 and T > 0, when j = 2, T <ty —-t,<T
with positive constants T and T, assume that there exist some scalars §; > 0, 6, > 0 and some n X n
matrices 4 > 0, //Zq, Mg, D and g, such that for any q € I[1,2"], 1 € I[l,n], s = 1,2,--- and
=2,3,---,(4.1)-(4.5) and the following condition hold:

max{B,,_, exp(max(a, h)T), Brr—2B2:-1 exp(2 max(a, )T)} < 7 < 1. (5.1

Then, for any initial condition x(ty) € &g, with the design of the control gains D = 297" and
Jy = FG7\, the design of the auxiliary control gains M, = //Zq%_l and My, = M, 9" and
Q = max{exp(max(a, h)T), 81 exp(2 max(a, h)T)}, the origin of the nonlinear uncertain system (2.1) is
Asymptotically Stable. Ey can be regarded as the estimation of the attraction domain.

Corollary 4. Given some scalars B; > 0, max(a,h) > 0and t > 0, when j =2, T <ty —t, <T
with positive constants T and T, assume that there exist some scalars 6, > 0, 6, > 0 and some n X n
matrices 9 > 0, M, M, 9 and Fs such that for any q € I[1,2"], 1 € I[1,n], s = 1,2,--- and
=2,3,---,(44), (4.6)-(4.9) and (5.1) hold. Then, for any initial condition x(ty) € &y, with the design
of the control gains D = 99~ and J, = _#.9~, the design of the auxiliary control gains M = MG~
and My = 4,4~ and Q = max{exp(max(«a, h)T), B; exp(2 max(a, h)T)}, the origin of the nonlinear
uncertain system (2.1) is Asymptotically Stable. E, can be regarded as the estimation of the attraction
domain.

5.2. System (2.1) with Zeno behavior via one-span step-function

Inspired by [13], if we set t;, = ¢ — é with ¢ > 1 and s = 1,2,---, there will be Zeno behavior.
Then, one has Corollary 5, 6.

Corollary 5. Given an integer j = 1 and given some scalars B, > 0, max(a, h) > 0 and T > 0, assume
that there exist some scalars 6; > 0, 5 > 0 and some n X n matrices ¢ > 0, ,//Zq, Mg, D and 7
such that for any q € 1[1,2"], l € I[l,n], s=1,2,--- and € = 2,3,---, (4.1)-(4.5) and the following
condition hold:

Be-r exp(max(@, h)zz=p) < 7 < 1. (5.2)
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state
o

0 50 100 150 200

Figure 1. The state trajectories of (6.1) with parametric uncertainty.

Then, for any initial condition x(ty) € &, with the design of the control gains D = 297" and
J, = jgg‘l, the design of the auxiliary control gains Mq = //qu‘l and My, = ,///ng‘l and
Q = exp(max(a,h)(p — 1)), the origin of system (2.1) is Uniformly Attractively Stable with Zeno
behavior. &y can be regarded as the estimation of the attraction domain.

Corollary 6. Given an integer j = 1 and given some scalars B, > 0, max(a, h) > 0 and T > 0, assume
that there exist some scalars 5; > 0, 5, > 0 and some nxn matrices 9 > 0, M, M., D and Y such that
forany g € I[1,2"],1l€ I[l,n], s=1,2,--- and € = 2,3, -+, (4.4), (4.6)-(4.9) and (5.2) hold. Then,
for any initial condition x(ty) € &, with the design of the control gains D = 29" and J; = 7,97,
the design of the auxiliary control gains M = MG ™" and My, = #,9~" and Q = exp(max(a, h)(p—1)),
the origin of system (2.1) is Uniformly Attractively Stable with Zeno behavior. & can be regarded as
the estimation of the attraction domain.

6. Simulation results

Let us consider the following two-dimensional dynamic neural network system:

x(r) = A(®)x(t) + B(t)h(x(1)), (6.1)
with X(I) — (xl (t),XQ(I))T, h(x(t)) — (|X1(l)+1|;|X1(l)—1|, |X2(I)+1|;|X2(I)—1|)T’
-0.19 0 0.22 0.15
A= [ 0 —0.19]’3 - [—0.15 0.23]’

C = diag(0.1,0.1), F = diag(-0.2,-0.2), C = diag(0.5,0.5), F = diag(-0.2,-0.2), J(t) =
diag(exp(—t), exp(—t)), and J@) = diag(sin(t), sin(t)). We can also find H = diag(1,1). When
xo = (=0.6912,0.06667), the result of the time response of (6.1) is shown in Figure 1.

One continuous control signal and two kinds of impulsive signals with different control gains are
inputted into system (6.1).
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Case 1. The stabilization of system (6.1) without Zeno behavior via two-span step-function

Let j = 2 (the two-span step-function is introduced here), @ = 0.4, h = 0.6, 0.5 < ¢, — t; < 0.6,
B1=04,6,=1.1,7=0.99,

02 0.1 04 02 02 02
C_[O.l 0.2]’E1_[0.2 0.8] a“dEZ‘[o.z 0.8]'

If we assume %, = My, = ‘%SS = My, %1 = %’ %2 = .%:1, e%lq = %34 = %Sq = .-,

Moy = Myy = Mog = -+, J1= F3= Fs=---,and ¢, = J4y = Js = ---, according to
Corollary 3, we can easily find the following results by Matlab.

@ - [0.4939 0.0480] 9 = [—10.9052 —4.8438 -1.1261 0.0630 ]

0.0480 0.5529 -4.9108 —11.0068}’/¢1 :[0.0323 —0.6859

~1.5464 —-0.2449| - [-0.4632 0.0931 | - [-0.4230 0.2003
/2‘[0.0462 —0.6348]"///1_[0.1308 —0.5242]"///2‘[ 0 0 ]

[—0.5538 0.0969 —-0.3985 0.0169]
%lq: >

0.0762 —0.4857]’///2" - [ 0.0718 -0.3671
01 = 0.5420, 6, = 0.3375, and Q = 1.4333. Then, we have

G [ 2.0420 —0.1771]

-0.1771 1.8240

According to the design of the control gains and the auxiliary control gains in Corollary 3, one
obtains

1 [-21.4109 -6.9036 ~ o [-2.3107 03144
b=29" = [—8.0786 —-19.2066|’ =9 = 0.1874 —1.2569|’
~3.1145 -0.1729] - . —-0.9624 0.2519
_ -1 _ _ -1 _
h= N9 = [ 0.2067 _1,1661] » My =08 = [ 0.3598 —0.9793} ’
3 N —-0.8992 0.4402 ~1.1480 0.2748
_ -1 _ _ -1 _
M, = MY ‘[ 0 0 ] Mg =9 = [ 0.2416 —0.8993]’

and

Mo =t g_l_[—o.sms 0.1015]
2q = 2 = .

0.2116 -0.6823
Thus, the estimation of the attraction domain &, and the other domain &g can be listed as

20420 -0.1771
— 2 . T
& = {x(t) R0 [—0.1771 1.8240 ]x(t) : 1}

and
2.0420 -0.1771

-0.1771 1.8240

The control gains D, J; and J, are used to realize the stabilization of system (6.1), and the results
and the control signal saturation functions are shown in Figures 2 and 3 with p = 1, 2.

Eq = {x(t) ER: x(nT [ ]x(t) < 1.4333}.
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state

08 I I I I I I I

Figure 2. The stabilization of (6.1) with constrained hybrid control input.

2 T T T 1.5
Saturated signal Saturated signal
§ 1 4 § 1r 4
=y =Fost 1
& of 3
o |
B 0] 0.5 1 1.5 2 25 3 35 4 0 0.5 1 1.5 2 25 3 35 4
time time
P _'-T/) Saturated signal ] o , | .
= = !
S 5 L
o of Ty T T = _=-02f | 1
] NG b |
e | P— 1
1r 1 0.4 1
o] 0.‘5 I‘ 1 .‘5 2‘ 215 :‘% 315 4 0 015 1‘ 115 2‘ 2‘.5 :‘4 3‘.5 4
time time
(a) The continuous control signal saturation function. (b) The impulsive control signal saturation function.

Figure 3. The input signal saturation functions.

result
o
o
-
.

04 1

Figure 4. V(¢) and the two-span step-function Se(?).
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Figure 5. &) and Eqg.

On the other hand, V(¢) and Se(r) are depicted in Figure 4

The estimation of the attraction domain &, and the other domain &g are depicted in Figure 5. The
smaller ellipsoid is &, which can be taken as the estimation of the attraction domain. The bigger
ellipsoid is Eq. The regions bounded by the green, blue, yellow and black dotted lines are L(M,),
L(M,), LM 1) and L(M,,), respectively.

If we assume A, = My = Msg = -+, Mg = Mag = Meg =+, f1= F3= Fs=---,and
S = F4= Js=---, according to Corollary 3, we can easily find the following estimation of the
attraction domain &, by Matlab.

~ 1.9391 -0.1619
_ 2. T
80—{x(t)€R 2 x(0) [—0.1619 1.7377])6(1‘)3 1}.

Under the same assumptions, if we use the traditional polytopic representation approach, according
to Corollary 4 and fixing the other parameters, we can find a different estimation of the attraction

domain &,.
4 2.0944 -0.1814
_ 2. AT
80—{x(t)€R :x(0) [—0.1814 1.8651]X(I)S1}'

&y and &, are shown in Figure 6. Obviously, in this situation, &), using the improved polytopic
representation approach, is bigger than &, using the traditional polytopic representation approach.

Case 2. The stabilization of system (6.1) with Zeno behavior via one-span step-function

We assume t, = 1.4 — % with s = 1,2, - - -, and then there will be Zeno behavior. Here, we simulate
the stabilization of (6.1) with actuator saturation and Zeno behavior.

If we fix other parameters, let j = 1 (one-span step-function is introduced here), @ = 0.5, 5; = 0.5,
and 8, = 0.7. Using the traditional polytopic representation approach, we assume .#\, = #3, =
«%5[] = "',%zq :%4(1 :%611 =---, /1 = /3 = /5 = ... and /2 = j4 = /6 = -, ACCOI‘dng
to Corollary 6, we can easily find the following results by Matlab.

0.5338 0.0349] @_[—12.5324 —-5.4959

v = [0.0349 0.5888 —5.4571 —12.5889|°
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T
Improved polytopic representation approach
1 b m——— Traditional polytopic representation approach | |
0.5
=
x
ot
-0.5
-1 L
-1 0.5 0 0.5 1

X, (0

Figure 6. &y and éo.

~1.2170  0.0864
S = [ 0.0673

and Q = 1.2712. Then, we have

_ [~1.6105 - 0.0801
—-0.7270 » S = 0.0327 = 0.7027 |’

Gew = [ 1.8806 —0.1115]

-0.1115 1.7050

0.8

0.7

06

051

0.4

state

0.2

0.3

0.04
0.02
0

-0.02
-0.04

115 1.2 125

011

-0.1 I "J\\M*mm""

-0.2

Figure 7. The stabilization of (6.1) with Zeno behavior.

According to the design of the control gains and the auxiliary control gains in Corollary 6, one

obtains
-22.9548 -7.9727 -2.2983 0.2831

— -1 _ — -1 _
D=29"= ggs —20.8554]’ =AY ‘[0.2077 ~1.2470|’

and
-3.0197 0.0431 ]

— -1 _
fo= Y ‘[0.1399 -1.2017

Mathematical Biosciences and Engineering Volume 19, Issue 11, 10741-10761.



10758

Thus, the estimation of the attraction domain &, and the other domain Eg can be listed as

1.8806  —~0.1115
— 2. T
&= {x(t) € R": () [—0.1115 17050 ]x(’) = 1}

and
1.8806 -0.1115

-0.1115 1.7050

When xy = (0.7295, —-0.02667)", the control gains D, J, and J, are used to realize the stabilization of
system (6.1), and the results are shown in Figures 7 and 8.

Eq = {x(t) ER: x(n7 [ ]x(t) < 1.2712}.

081

result
o
(=2}

0.4

o2r e

time

Figure 8. V(¢) and the one-span step-function Se(t) with Zeno behavior.

7. Conclusions

The step-function is an extension of Lyapunov-like stability theory, which can relax some restric-
tions of the existing Lyapunov-like function methods. Also, it can be used to analyze the stability of
a nonlinear system with Zeno behavior, which is not easily addressed by traditional Lyapunov-like
function methods. Then, in this paper, considering signal interruption or signal error, we formulated
a novel class of parametric uncertainty hybrid control system models including the impulsive control
signals under saturated inputs. Based on the step-function method, an improved polytopic representa-
tion approach and Schur complement, the problem of stability of parametric uncertainty systems under
actuator saturation was investigated by us. In order to easily find the suitable control signals, the auxil-
iary signals and the estimation of the attraction domain, we investigated the design of the control gains
and the auxiliary control gains. Our main results were applied to the fixed time impulse problems of
uncertain systems with or without Zeno behavior. Simulation results for the uncertain neural network
systems were presented to show the feasibility and effectiveness of our stabilization methods using the
step-function. The results in this paper can better reflect the signal transmission process in the real
environment, and the conditions here are less conservative than those with traditional Lyapunov-like
function methods or with the traditional polytopic representation approach, so it will enrich the exist-
ing research. The stabilization of time-delay nonlinear systems with saturated impulsive inputs via the
step-function method is another interesting topic, which is worthy of our future research.
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