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Abstract: As of August 2021, COVID-19 is still spreading in Japan. Vaccination, one of the key mea-
sures to bring COVID-19 under control, began in February 2021. Previous studies have reported that
COVID-19 vaccination reduces the number of infections and mortality rates. However, simulations of
spreading infection have suggested that vaccination in Japan is insufficient. Therefore, we developed a
susceptible–infected–recovered–vaccination1–vaccination2–death model to verify the effect of the first
and second vaccination doses on reducing the number of infected individuals in Japan; this includes an
infection simulation. The results confirm that appropriate vaccination measures will sufficiently reduce
the number of infected individuals and reduce the mortality rate.
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1. Introduction

As of August 2021, COVID-19 is still spreading in Japan and throughout the world. To over-
come this infectious disease, various measures have been implemented (e.g., hand sanitization, mask-
wearing, telework [1], quarantine at airports [2], and contact-tracing applications [3]). However, new
variants, such as B.1.1.7 (alpha) [4] and B.1.617 (delta) [5] have appeared with even higher infectivity.

In complex situations that combine various conditions, it is important to perform simulations to
determine the future infection spread. Before COVID-19 appeared, simulation studies of various viral
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infectious diseases were reported [6, 7]. Moreover, COVID-19 simulations have been reported in vari-
ous countries [8–11]. Simulations have been conducted to verify the efficacy of remote working [12],
airport quarantines [13], stay-at-home orders [14], and contact-tracing applications [15]. Using the
simulation approach, other studies [16, 17] have analyzed the fatality curve of COVID-19 infected
individuals. As we found in these studies, various complex situations can be surveyed using mathe-
matical models.

To decrease the number of infected individuals, COVID-19 vaccinations (i.e., BNT162b (Pfizer)
[18], mRNA-1273 (Moderna) [19], and ChAdOx1 (AstraZeneca) [20]) have been promulgated. In
Japan, vaccination began in February 2021 [21], and second vaccinations had been given to 3 × 107

individuals as of August 2021 [22]. To determine the effect of vaccination, it is necessary to perform
simulations using mathematical models. For example, there are some case studies that considered
the effect of the vaccine in Malaysia [23], United States [24, 25], Spain [26], and Saudi Arabia [27].
However, a case study focused only on Japan is lacking. Therefore, we fill this gap by performing a
simulation to account for the effects of vaccination in Japan.

2. Mathematical model

The susceptible–infected–recovered–vaccination (SIRV) model [28–31] and the susceptible–
infected–recovered–vaccination–death (SIRVD) model [32] have been proposed to estimate the state
of vaccinations worldwide. However, those models can only account for the first dose. The effects
of the first and second vaccinations differ in the case of COVID-19 [33]. Because the previous mod-
els [28–32] cannot represent first and second vaccinations, we consider it difficult to appropriately
verify the effects of multiple vaccinations. Therefore, we used the susceptible–infected–recovered–
vaccination1–vaccination2–death (SIRVVD) model, which represents the first and second vaccinations
for the simulation. In this section, we describe the SIRVVD model.

2.1. Equations

The set T of the simulation periods is

T = {0, 1, · · · , tend − 1, tend}, (2.1)

where tend indicates the final day of the simulation. From the basic SIR model, time t is a real number.
However, in the case of COVID-19, the Japanese government reports newly infected individuals every
other day (one time per day). Therefore, we consider it desirable that time t takes the form of set T .

Herein, we define the number of infected individuals on day t ∈ T as

I(t) = I0(t) + I1(t) + I2(t), (2.2)

where, I0(t) is the number of infected individuals who do not receive the vaccination. I{1,2}(t) is the
number of infected individuals who received the first and second vaccinations, respectively (despite
being vaccinated and infected).

Then, we define the number of susceptible persons S (t +1), the number of infectors I{0,1,2}(t +1), the
number of vaccinated persons V1(t+1) (first dose) and V2(t+1) (second dose), the number of recovered
persons R(t + 1), and the number of dead persons D(t + 1), as

S (t + 1) = S (t) − β(t)S (t)I(t) + θ1V1(t) + θ2V2(t) − α1S (t) + θ0R(t), (2.3)
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Figure 1. SIRVVD model considering first and second doses of vaccination.

V1(t + 1) = V1(t) + α1S (t) − θ1V1(t) − α2V1(t) − (1 − σ1)β(t)V1(t)I(t), (2.4)
V2(t + 1) = V2(t) + α2V1(t) − (1 − σ2)β(t)V2(t)I(t) − θ2V2(t), (2.5)
I0(t + 1) = I0(t) + β(t)S (t)I(t) − γI0(t), (2.6)
I1(t + 1) = I1(t) + (1 − σ1)β(t)V1(t)I(t) − γI1(t), (2.7)
I2(t + 1) = I2(t) + (1 − σ2)β(t)V2(t)I(t) − γI2(t), (2.8)
R(t + 1) = R(t) + γ

∑
i∈{0,1,2}

(1 − δi)Ii(t) − θ0R(t), (2.9)

D(t + 1) = D(t) + γ
∑

i∈{0,1,2}

δiIi(t). (2.10)

Variable β(t) is the infectivity on a day t. θ0 is the reduction rate of antibodies from a natural in-
fection. θ{1,2} are the reduction rates of antibodies from the first and second vaccinations, respectively.
α1 is the rate of the first dose of vaccination for susceptible persons, S (t). α2 is the rate of the second
vaccination of persons who received the first dose of vaccine V1(t). σ{1,2} are the effectiveness of the
first and second vaccinations for reducing the infection probability, respectively. γ is the removal rate
of the infected individuals. δ0 is the fatality rate of the infected individuals who did not receive vacci-
nation. δ{1,2} are the fatality rates of infected individuals who received the first and second vaccinations,
respectively. Because we assume that the validity periods of vaccinations and antibodies from natural
infection follow an exponential distribution, θ{0,1,2} are the inverse values of their average periods. Like-
wise, because we assume that the infection period follows an exponential distribution, γ is the inverse
of the average infection period. In the case of the SIR model, some studies have adopted the inverse
value of the average infection period as γ [34, 35]. Moreover, the total population N is

N = S (t) + I(t) + V1(t) + V2(t) + R(t) + D(t), ∀t ∈ T. (2.11)

We show the states transition model in Figure 1. Paths 1, 7, and 8 mean infection. Paths 4 and 6
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mean vaccination. Paths 2 and 3 mean the effects of vaccine disappear by elapsed time. Paths 9 and 10
mean recovering and deaths, respectively. The models shown in Figure 1 and Equations (2.3)–(2.10)
correspond to each other. Therefore, we can represent the transition of infection states considering the
first and second vaccinations using this model.

It is desirable to consider that there is a limit to the number of vaccines available. Therefore, we
calculate the amount of vaccinations by

N1(t + 1) = N1(t) + α1S (t), (2.12)
N2(t + 1) = N2(t) + α2V1(t), (2.13)

where N{1,2}(t + 1) are the numbers of first and second vaccinations on day t + 1, respectively.
Moreover, in the case of COVID-19, the number of newly infected individuals is reported every

other day. In this model, the number of new infectors I+(t) on day t is

I+(t) = β(t)S (t)I(t) + (1 − σ1)β(t)V1(t)I(t) + (1 − σ2)β(t)V2(t)I(t). (2.14)

I+(t) is the summation of paths 1, 7, and 8.
In this subsection, we explain the proposed SIRVVD model. We carried out a mathematical analysis

of the impact of the vaccination on I j(t) as a supplement. This detail is shown in the Appendix section.

2.2. Calculation examples

Herein, we present simple calculation examples to understand the features of the mathematical
model by using parameters that are easy to understand. First, we explain the adopted parameters (note
that the simulations below are fictitious locations and viruses). The total population N is 104 persons.
The initial infectors I0(0) are 101 persons. Initial susceptible persons comprise S (0) = N − I0(0) =

9, 990 individuals. The initial numbers of other statuses are V{1,2}(0) = I{1,2}(0) = R(0) = D(0) = 0. The
end of the day of simulation tend is 100. The infectivity is β(t) = 10−4.5,∀t ∈ T . The reduction rates of
antibodies by vaccination or natural infection θ{0,1,2} are 10−2. The effectiveness of the first and second
vaccinations is σ1 = 0.5 and σ2 = 0.9, respectively. The removal rate from infection is γ = 0.15. The
fatality rates are δ0 = 0.10, δ1 = δ0 × (1− 0.40), and δ2 = δ0 × (1− 0.80). This means that the reduction
values of the fatality rate by the first and second vaccinations are 40% and 80%, respectively.

The above parameters are fixed values. In contrast, we set some values to α{1,2} to check the effec-
tiveness of the vaccination. These are

(α1, α2) ∈ {(0, 0), (0.01, 0.01), (0.01, 0.03), (0.03, 0.01), (0.03, 0.03), (0.05, 0.05)}. (2.15)

The simulation results for I(t),R(t), and D(t) are shown in Figure 2. The more α{1,2} increases, the
more I(t),R(t), and D(t) decreases, owing to the effectiveness of the vaccination. It was found that the
spread of infection slowed with respect to the progress of vaccinations. This change can be understood
by reading the discussion given in the Appendix. If we compare (α1, α2) = (0.01, 0.03) and (0.03, 0.01),
the number of infected individuals of (0.03, 0.01) is less than that of (0.01, 0.03). α2 is the parameter
for transition from V1(t) to V2(t). Therefore, if V1(t) is small, even if α2 is high, V2(t) is small. To
increase V1(t), it is necessary to set the high value as α1. Therefore, if α1 is small, and α2 is high, such
as (α1, α2) = (0.01, 0.03), the effect of vaccination on reducing infected individuals is small.
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Figure 2. Calculation examples: I(t),R(t), and D(t)

The simulation results for S (t), V1(t), and V2(t) are shown in Figure 3. In all cases, S (t) decreases
with the elapsed time. In cases where α1 is small, such as (α1, α2) = (0.01, 0.01), and (0.01, 0.03),
V1(t) is also small because V1(t) and V2(t) are also small. The higher the α1, the higher the V1(t). In the
case of (α1, α2) = (0.05, 0.05), because the number of transitions from S (t) to V1(t) and from V1(t) to
V2(t) is high, V2(t) is also high. Figures 2, 3 indicate that vaccination effectively reduces the number of
infected individuals and deaths.

2.3. Comparison between SIRVD and SIRVVD models

Herein, we compare SIRVD to the proposed SIRVVD model. If we substitute zero for α2, I2(0),
and V2(0), which are the parameters related to the vaccine, V2(t) and I2(t) are

V2(t) = 0, I2(t) = 0, ∀t ∈ T. (2.16)

When we substitute these values for the proposed SIRVVD model defined by Equations (2.3) – (2.10),
the model can be expressed as

S (t + 1) = S (t) − β(t)S (t)I(t) + θ1V1(t) − α1S (t) + θ0R(t), (2.17)
V1(t + 1) = V1(t) + α1S (t) − θ1V1(t) − (1 − σ1)β(t)V1(t)I(t), (2.18)
I0(t + 1) = I0(t) + β(t)S (t)I(t) − γI0(t), (2.19)
I1(t + 1) = I1(t) + (1 − σ1)β(t)V1(t)I(t) − γI1(t), (2.20)
R(t + 1) = R(t) + γ

∑
i∈{0,1}

(1 − δi)Ii(t) − θ0R(t), (2.21)

D(t + 1) = D(t) + γ
∑

i∈{0,1}

δiIi(t). (2.22)
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Figure 3. Calculation examples: S (t),V1(t), and V2(t)

Table 1. Comparison between the SIRVD model expressed by Equations (2.17)–(2.22) and
the proposed SIRVVD model expressed by Equations (2.3)–(2.10) on the maximum infected
individuals MaxtI(t), and the dead persons of the end of the simulation D(tend)

Model α1 α2 MaxtI(t) D(tend)
SIRVD model 0.01 - 1,299 653
SIRVVD model 0.01 0.01 1,204 630
SIRVVD model 0.01 0.03 1,077 598
SIRVD model 0.03 - 623 288
SIRVVD model 0.03 0.01 438 229
SIRVVD model 0.03 0.03 281 164

The forms of Equations (2.17)–(2.22) are similar to the SIRV model to represent the first dose of
vaccination, which was proposed by Ishikawa [30] (see Equations (1)–(4). Note that Ishikawa’s model
cannot represent the state of death caused by infection. To compare the SIRVD and SIRVVD models,
we set α1 = 0.01, 0.03 to the SIRVD model expressed by Equations (2.17) – (2.22) and performed
simulations. The values of the other parameters are the same as those described in Subsection 2.2.

The maximum number of infected individuals MaxtI(t), and dead persons at the end of simulation
D(tend) by the SIRVD model are shown in Table 1. To compare the SIRVD and SIRVVD models, we
also show the results of the SIRVVD model (see Subsection 2.2 and Figure 2 for details). In all cases
(α1 = 0.01, 0.03), MaxtI(t) and D(tend) by the SIRVD model were higher than those of the SIRVVD
model. This is because the SIRVD model cannot represent the effect of the second dose of vaccination.
Because the effects of the first and second vaccinations are different [33] in the case of COVID-19, we
consider that the proposed SIRVVD model expressed by Equations (2.3)–(2.10) is important.
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3. Simulations assumed in actual Japan

3.1. Objective and condition

We performed simulations assumed in Japan using the model shown in Figure 1. The simulation
period was from February 12, 2020 (t = 0), to January 31, 2021 (t = tend = 354 days). During this
period, there were no vaccinations in Japan. Therefore, the objective of our simulations is to compare
the presence and absence of vaccines in Japan. To do this, we used the open data of newly infected
individuals reported by the Japanese government [36].

Kobayashi et al. [37] reported that the removal rate γ of COVID-19 in Japan ranges from 0.13
to 0.17. Therefore, we adopt γ = 0.15. As mentioned in Section 2.1, we assume that the infection
period follows an exponential distribution. In other words, γ−1 is the average infection period, which is
γ−1 = (0.15)−1 = 6.67 days. We define f (t; γ) as the exponential distribution of the infection period. In
this case, we can estimate the probability of recovering or death F(x; γ) from 0 to x days by integrating
f (t; γ) as follows:

F(x; γ) =

∫ x

0
f (t; γ) dt

=

∫ x

0
γe−γt dt

= 1 − e−γx. (3.1)

Note that we can only calculate the cases of γ > 0. For example, F(14; 6.67) = 0.878 and F(20; 6.67) =

0.950, which indicates that approximately 88% and 95% of all infected individuals recovered or died
within 14 and 20 days, respectively.

Because the total population in Japan is 1.2 × 108, we adopted N = 1.2 × 108. The number of
initial infected individuals I0(t = 0) is the sum of infected individuals from 1 week before the start
of the simulation. As a result, I0(t = 0) = 2 individuals. Because the simulation starting time is
February 12th, 2020, this range is from February 5th, 2020, to February 11th, 2020. The infection
was not widespread at the start of the simulation, and there were no vaccinations. Therefore, we set
R(t = 0),D(t = 0),V1(t = 0),V2(t = 0), I1(t = 0), and I2(t = 0) as 0. Moreover, S (t = 0) = N−I0(t = 0).

If we assume that the effective period of the antibody by vaccination and natural infection follows
an exponential distribution, θ−1

{0,1,2} is the average effective period of the antibody. A previous study on
the effective period of an antibody by Dan et al. [38] reported that the antibody of COVID-19-infected
individuals varies between 6 and 8 months. Therefore, we assume the average effective period to be 7
months (7 × 30 = 210 days) and adopt θ{0,1,2} = 1/210.

Dagan et al. [33] reported that by undergoing the first and second doses of the vaccine (BNT162b2),
the infection probability decreases by 60% and 92%, respectively (Israeli data source). In the case
of Japan, these values were almost the same [40] (note that for the B.1.617 delta variant, the effect
might decrease [39]). Therefore, we adopted σ1 = 0.60 and σ2 = 0.92. Moreover, in Japan, as of
February 10th, 2021, the total number of infected and dead persons was 408,000 and 6,507 people,
respectively, [41]. Therefore, we adopted δ0 = 6, 507/408, 000 = 0.016 as the fatality rate. Dagan et
al. [33] reported that the fatality rate decreased by 84% with the first dose of vaccination (second doses
not reported). Therefore, we adopted δ1 = δ2 = δ0 × (1 − 0.84) as the fatality rate after vaccination.
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Figure 4. Reported newly infected individuals in actual Japan I′+(t) and the number of
estimated newly infected individuals, I+(t), by the SIRVVD model using βopt(t)

The research objective is to simulate the actual Japanese conditions. Hence, it is necessary to obtain
an infectivity parameter that can reproduce the Japanese spreading rate. Therefore, we searched for
infectivity β(t) such that the differences between the SIRVVD model based on the number of newly
infected individuals I+(t) defined by Equation (2.14) and the number of newly infected individuals in
the case of actual Japan [36] were minimal. The best infectivity βopt(t) is defined by

βopt(t) = Argminβ(t)|I
+(t) − I′+(t)|. (3.2)

In Figure 4, we show the actual newly infected individuals in Japan I′+(t) [36], and the newly infected
individuals I+(t) reproduced by the SIRVVD model (Equation (2.14)) by using βopt(t). Because these
are almost the same, we consider βopt(t) to represent infectivity in Japan.

Because the research objective is to verify the effects of vaccination, we set some values as (α1, α2),
which are the coefficients for vaccination. These are

(α1, α2) ∈ {(0, 0), (10−4, 10−4), (10−3, 10−3), (10−2, 10−2), (10−4, 10−2), (10−2, 10−4)}. (3.3)

Scenario (α1, α2) = (0, 0) represents the absence of a vaccine in Japan. Therefore, the amount reduced
from the infected individuals in scenario (α1, α2) = (0, 0) indicates the effectiveness of the vaccination.

3.2. result and discussion

Figure 5 shows the simulation results based on the conditions described in Section 3.1. This indi-
cates that the higher the (α1, α2), the fewer the newly infected individuals I+(t) and dead persons D(t).
It is clear that the speed of the infection spread is suppressed by the vaccination. As the vaccination
progresses, the slower the infection spreads, which can be roughly understood by the discussion given
in the Appendix. In contrast, in the case of scenario (α1, α2) = (10−4, 10−2), the number of newly
infected individuals and dead persons is large. This is because V1(t) is small; even if α2 is high, V2(t)
becomes small. Therefore, it is important to increase V1(t) by substituting a high value for α1. We show
the number of vaccinations N1(t) + N2(t) in the underside of Figure 5. It is desirable to substitute high
values for (α1, α2); however, the preparation of many vaccines is required. For example, in the case of
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Figure 5. Relationship between (α1, α2) and some variables (I+(t),D(t),N1(t) + N2(t))

(α1, α2) = (10−2, 10−2), approximately 3×108 vaccines are required for approximately a year. In Japan,
the total vaccination rate was 8 × 107 for approximately 3 months from May to August 2021 [22]. If
Japan can keep this pace, it may achieve approximately 3 × 108 vaccinations for about a year.

To discuss the effect of the vaccination in detail, the results of substituting various values for (α1, α2)
are shown in Figure 6. The other parameters are the same as in the case of Figure 5, meaning that these
simulations are assumed to be actual Japan. Figures 6 (A) and (B) show the numbers of first and second
doses of the vaccination N1(tend) and N2(tend) at the end of the simulation tend, respectively. Figure 6 (A)
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Figure 6. Comprehensive simulation results focused on Japan
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shows that as α1 increases, so does N1(tend). Moreover, even if we substituted a high value for α2, in the
case of substituting a small value for α1, N2(tend) is small. We can also understand this phenomenon by
examining Figure 5. Figures 6 (C) and (D) show the maximum numbers of newly infected individuals
MaxtI(t) and the number of dead persons D(tend) at the end of the simulation, respectively. Because
N1(tend) increases with an increasing α1, MaxtI(t) and D(tend) decreases, owing to the effect of the
vaccination. We can see that α2 also has an effect on reducing MaxtI(t) and D(tend). Moreover, the
amount of change in MaxtI(t) and D(tend) in the case of a small α1 is larger than that in the case of a
high α1. For example, if we compare (α1, α2) = (0.0002, 0) and (0.0006, 0), the difference between the
maximum number of newly infected individuals is approximately 3,000. By contrast, if we compare
(α1, α2) = (0.0012, 0) and (0.0016, 0), the difference between the maximum number of newly infected
individuals is only approximately 50. These results indicate that the relationship between the number
of vaccinations and the effect of reducing infected individuals is logarithmic. Therefore, even if the
Japanese government prepares only a few vaccines, we infer that there would be a certain effect on
reducing infected persons.

4. Conclusion

In this paper, we presented simulations of COVID-19 infections spreading in Japan considering first
and second vaccination events. The mathematical models are found in Equations (2.3)–(2.10), which
represent the effect of the first and second doses on reducing the mortality rate and infectivity. For
simulation in Japan, we adopted the vaccine, ”BNT162b2” [33]. The efficacy of the first and second
doses were 60% and 92%, respectively [33]. Note that in the case of the B.1.617 delta variant, the effect
of vaccinations may decrease [39]). As shown in Figures 5 and 6, vaccination reduces the number of
newly infected individuals and dead persons in Japan.

As of August 8, 2021, the rate of second vaccinations in Japan was approximately 30%. Because
this rate is insufficient, COVID-19 infection will continue to spread. However, in the near future,
assuming that the rate of vaccination will increase in Japan, the number of infected individuals is
expected to decrease. Because there is a possibility of developing new virus variants of COVID-
19, we cannot be optimistic. Overcoming COVID-19 infection requires continued performance of
various measures to decrease the number of infected individuals, such as vaccination, mask-wearing,
teleworking, and contact tracing [15].

Acknowledgments

This work was supported in part by the Telecommunications Advancement Foundation (Grant No.
20203002 to Y. Omae) and a JSPS Grant-in-Aid for Scientific Research (C) (Grant No. 21K04535 to
J. Toyotani).

References

1. G. Buomprisco, S. Ricci, R. Perri, S. De Sio, Health and telework: New challenges after COVID-
19 pandemic, Eur. J. Environ. Public Health, 5 (2021), doi: 10.21601/ejeph/9705

2. T. Sekizuka, K. Itokawa, K. Yatsu, R. Tanaka, M. Hashino, T. Kawano-Sugaya, et al., COVID-

Mathematical Biosciences and Engineering Volume 19, Issue 1, 1026–1040.



1037

19 genome surveillance at international airport quarantine stations in Japan, J. Travel Med., 28
(2021), doi: 10.1093/jtm/taaa217

3. N. Ahmed, R. A. Michelin, W. Xue, S. Ruj, R. Malaney, S. S. Kanhere, et al., A survey of
COVID-19 contact tracing apps, IEEE Access, 8 (2020), 134577–134601, DOI: 10.1109/AC-
CESS.2020.3010226

4. P. Supasa, D. Zhou, W. Dejnirattisai, C. Liu, A. J. Mentzer, H. M. Ginn, et al., Reduced neu-
tralization of SARS-CoV-2 B. 1.1. 7 variant by convalescent and vaccine sera, Cell, 184 (2021),
2201–2211, doi: 10.1016/j.cell.2021.02.033

5. C. Liu, H. M. Ginn, W. Dejnirattisai, P. Supasa, B. Wang, A. Tuekprakhon, et al., Reduced neu-
tralization of SARS-CoV-2 B. 1.617 by vaccine and convalescent serum, Cell, 184 (2021), 4220–
4236, doi: 10.1016/j.cell.2021.06.020

6. J. B. Dunham, An agent-based spatially explicit epidemiological model in MASON, J. Artif. Soc.
Social Simul., 9 (2005).

7. F. Yang, Q. Yang, X. Liu, P. Wang, SIS evolutionary game model and multi-agent simulation of an
infectious disease emergency, Technol. Health Care, 23 (2015), 603–613.

8. C. Hou, J. Chen, Y. Zhou, L. Hua, J. Yuan, S. He, et al., The effectiveness of quarantine in Wuhan
city against coronavirus disease 2019 (COVID-19): A well-mixed SEIR model analysis, J. Med.
Virol., 92 (2020), 841–848, doi: 10.1002/jmv.25827

9. Z. Liu, P. Magal, G. Webb, Predicting the number of reported and unreported cases of COVID-
19 epidemics in China, South Korea, Italy, France, Germany, and the United Kingdom, J. Theor.
Biol., 509 (2020), doi: 10.1016/j.jtbi.2020.110501

10. H. Wang, N. Yamamoto, Using a partial differential equation with Google Mobility data to predict
COVID-19 in Arizona, Math. Biosci. Eng., 17 (2020), 4891–4904, doi: 10.3934/mbe.2020266

11. I. F. F. dos Santos, G. M. A. Almeida, F. A. B. F. de Moura, Adaptive SIR model for propagation
of SARS-CoV-2 in Brazil, Phys. A, 569 (2021), doi: 10.1016/j.physa.2021.125773

12. S. Kurahashi, Estimating effectiveness of preventing measures for 2019 novel coronavirus diseases
(COVID-19), Trans. Jpn. Soc. Artif. Intell., 35 (2020), D-K28-1, doi: 10.1527/tjsai.D-K28

13. M. Niwa, Y. Hara, S. Sengoku, K. Kodama, Effectiveness of social measures against COVID-
19 outbreaks in several Japanese regions analyzed by system dynamic modeling, SSRN, 3653579
(2020), doi: 10.2139/ssrn.3653579

14. Y. Omae, Y. Kakimoto, J. Toyotani, K. Hara, Y. Gon, H. Takahashi, Impact of removal strategies
of stay-at-home orders on the number of COVID-19 infectors and people leaving their homes, Int.
J. Innov. Comput. Inf. Control, 17 (2021), 1055–1065, doi: 10.24507/ijicic.17.03.1055

15. Y. Omae, Y. Kakimoto, J. Toyotani, K. Hara, Y. Gon, H. Takahashi, SIR model-based verification
of effect of COVID-19 Contact-Confirming Application (COCOA) on reducing infectors in Japan,
Math. Biosci. Eng., 18 (2021), 6506–6526, doi: 10.3934/mbe.2021323
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Appendix

Theoretical remarks on SIRVVD model

Here, we discuss the effect of two-step vaccinations on the number of infected individuals. To obtain
analytical insights, we simplify the situation: the infectivity β(t), the number of susceptible persons
S (t), and vaccinated persons V1(t),V2(t) are constants with respect to time t, respectively. This is valid
when the time scale of the infection spread or reduction is much faster than those of β(t), S (t),V1(t),
and V2(t). In this situation, Equations (2.6) – (2.8) in the form of a differential equation can be written
as

dI0(t)
dt

= (βS − γ) I0(t) + βS (I1(t) + I2(t)) , (4.1)

dI1(t)
dt

=
{

(1 − σ1) βV1 − γ
}
I1(t) + (1 − σ1) βV1 (I0(t) + I2(t)) , (4.2)
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dI2(t)
dt

=
{

(1 − σ2) βV2 − γ
}
I2(t) + (1 − σ2) βV2 (I0(t) + I1(t)) . (4.3)

These equations can be formally solved when one treats the second terms on the right-hand side of
each equation as non-homogeneous (source terms). The solutions are given as

I0(t) = I0(0)et/τ0 + βS et/τ0

∫ t

0
e−t′/τ0

(
I1(t′) + I2(t′)

)
dt′, (4.4)

I1(t) = I1(0)et/τ1 + (1 − σ1) βV1et/τ1

∫ t

0
e−t′/τ1

(
I0(t′) + I2(t′)

)
dt′, (4.5)

I2(t) = I2(0)et/τ2 + (1 − σ2) βV2et/τ2

∫ t

0
e−t′/τ2

(
I0(t′) + I1(t′)

)
dt′, (4.6)

where the characteristic time scales, τ0, τ1, and τ2, are given as

τ0 =
1

βS − γ
, (4.7)

τ1 =
1

{(1 − σ1) βV1 − γ}
, (4.8)

τ2 =
1

{(1 − σ2) βV2 − γ}
. (4.9)

The first term in each solution has a typical time scale determined by its own contribution, which stems
from the first terms in Equations (4.1)–(4.3). The relationships among these time scales are generally

τ0 < τ1 < τ2. (4.10)

Thus, the typical time scale for the infection spread is directly affected by the vaccination: the time
scale without the vaccination is much faster than those with the vaccination. These time scales are
estimated as τ0 = 15.81 days, τ1 = 39.53 days, and τ2 = 197.64 days, where the following values are
used: S = V1 = V2 = 2, 000, β = 10−4.5, γ = 0, σ1 = 0.60, and σ2 = 0.92, the vaccine BNT162b2 [33].
These values indicate that the impact of the second vaccination was significant. In addition to the direct
contribution (the first terms in Equations (4.4)–(4.6)) for each I j(t) ( j = 0, 1, 2), there are interference
terms from the infected individuals with the other vaccination counts, which correspond to the second
terms on the right-hand side of Equations (4.4)–(4.6). Owing to the interference terms, multiple time
scales exist in each I j(t); for example, not only does the typical time scale τ1 appear in the time
evolution of I1(t), but so does τ0 and τ2. Therefore, when I0(t) � I1(t), I2(t), which corresponds
to the situation immediately after starting vaccinations, I0(t) and I2(t) grow with the time scale of
τ0. Additionally, when I2(t) � I0(t), I1(t), which corresponds to the case when the vaccination is
completed, the number of infected individuals varies with the time scale of τ2. Thus, vaccination
drastically affects the time scale for the spread of infection.
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