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Abstract: Based on the mechanism of neonatal hyperbilirubinemia treatment methods (light,
exchange blood and drugs), three types of neonatal hyperbilirubinemia treatment mathematical
models are established, and the expressions of the model solutions are given in this paper. By
applying clinical test data and numerical approximation algorithm, the relevant parameters in the
model can be estimated. According to the standards of “Expert Consensus”, two treatment plans are
designed, which are 1) the combined transfusion and phototherapy treatment plan and 2) the
combined treatment plan of drugs, transfusion and phototherapy. The results of the program
operation are numerically simulated and compared with the treatment data of clinical cases. It is
found that the coincidence effect is important, which verified the rationality of the model. The model
results can track and predict the changes of bilirubin levels in real-time, which provides a theoretical
basis for the clinical design of treatment plans.

Keywords: neonatal hyperbilirubinemia; mathematical model; combination treatment plan design;
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1. Introduction

Neonatal hyperbilirubinemia is one of the most common diseases in the neonatal period [1].
According to statistics, at least 481,000 full-term and near-term infants in the world suffer from
severe hyperbilirubinemia each year. Of which 114,000 have died and 63,000 surviving children
have permanent sequelae of varying degrees [2,3]. Due to the imperfect development of newborns,
they cannot metabolize the excess indirect bilirubin that continues to increase. Clinically, light therapy,
exchange blood therapy and drug therapy are usually used to reduce total bilirubin levels [4,5].
Phototherapy is a treatment that irradiates blue light on the newborn's skin to decompose and reduce the
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level of bilirubin in the skin. Transfusion is the simultaneous two-way exchange of blood volume for
newborns, the input of blood with a lower bilirubin level, and the replacement of blood with a higher
bilirubin level. It is a therapy that effectively reduces the bilirubin level in a short time. The main role of
drugs is to promote the conversion of indirect bilirubin into combined bilirubin, accelerate the
metabolism and discharge of bilirubin, so as to achieve a treatment to reduce the level of bilirubin.

When the newborn disease is mild, the use of phototherapy can effectively control the disease.
An analysis of light therapy statistics found that, the effect of phototherapy is related to factors such
as light intensity, age of newborns, the conversion rate between total bilirubin in the body and
bilirubin on the skin surface [6]. By comparing the curative effect of intermittent and continuous
irradiation, it is found that there is no significant difference, so intermittent treatment with less toxic
side effects is adopted [7,8].

When the newborn disease is more serious, the need for blood exchange therapy. Blood
exchange therapy for newborns, single or double circulation is usually used for blood exchange. The
single-time exchange blood volume is about 80~90 ml/kg for ml/kg its blood volume, and the
double-circulation exchange blood volume is about 150~180 ml/kg. The time for exchange blood is
generally within 1.5-2 hours [9,10]. Data testing found that a single use of double circulatory
exchange can reduce about 45 to 70% of total bilirubin and antibodies in the blood system. The
decrease in bilirubin level is positively correlated with the volume of blood exchange per unit weight
and the bilirubin level before exchange blood [11,12]. When total bilirubin level is reduced to 50% of
the initial state, the time required for exchange blood is much shorter than phototherapy. However,
the cost of exchange blood treatment and possible serious adverse reactions are often better for
children with severe hyperbilirubinemia [13].

According to the treatment requirements of the condition, drug combined blood exchange and
light therapy are often used clinically. Combined treatment can effectively reduce the number of
blood exchange or the time of light therapy [14,15]. In order to get a better treatment effect,
medication is implemented before exchange blood, which converts part of the indirect bilirubin,
which is excluded from the body during exchange blood. The result is better than simple exchange
blood [16]. The amount of blood exchange directly affects the replacement rate of the total bilirubin
levels, which in turn affects the efficiency of exchange blood [17].

In the second part of this article, based on the analysis of clinical treatment statistics, the
relevant factors and treatment mechanisms of the three therapies are selected, and the
mathematical models of phototherapy, exchange transfusion and drug treatment of neonatal
hyperbilirubinemia are established respectively, and the properties of the models are studied. The
trend of bilirubin level changes over time. The third part combines clinical data to identify the
parameters in the model. The fourth part is aimed at newborns whose average age of the actual
clinical treatment object is over 96 h ,and designs synergistic and combined treatment plans
based on clinical treatment principles. The fifth part is to simulate the treatment effect of the
design plan, and provide a theoretical basis for the clinical selection of a reasonable exchange
blood synergistic phototherapy plan and a combined treatment plan. The sixth part verifies the
rationality of the model based on actual clinical treatment cases.

2. Mathematical model for the treatment of neonatal hyperbilirubinemia

The daily production of bilirubin by newborns is significantly higher than that of adults. Due to
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the insufficient uptake, binding, and excretion of bilirubin by their liver cells (the excretion rate of
newborns is about0.001 /4 ), the accumulation of the total bilirubin makes the intestines, The
particularity of hepatic circulation cannot exclude excess bilirubin. With the increase of age, the
production and elimination of bilirubin appear unbalanced, and total bilirubin rises rapidly [18].
When bilirubin increases to saturation, it cannot be metabolized naturally, and the total bilirubin level
in neonates can only be reduced by manual intervention.The following combination of clinical
treatment data selects relevant factors and the treatment mechanism of various therapies, and
establishes related mathematical models.

2.1. Mathematical model of light therapy for neonatal hyperbilirubinemia

Under blue light irradiation, the internal configuration of the indirect bilirubin molecule under
the skin of newborns changes, which can be converted into photochemical products and eliminated
from the body. Some of the photochemical products 4Z, 15E isomers will be reversed and participate
in the circulation of bilirubin in the skin and body again [19]. Clinically, the standard light intensity
is usually used for irradiation, with an intensity of 8~12uw/(cm”-nm), but sometimes strong light
with an intensity of 35~45uw/(cm®-nm) is also used. The paper [20] gives the statistical data of the
bilirubin level of newborns under standard light intensity L, and strong light intensity L, as shown in
Table 1.

Table 1. Transcutaneous bilirubin levels before and after treatment of neonates with

different light intensity.

Group Before treatment Treatment for 12 hours  Treatment for 24 hours
bilirubin level bilirubin level bilirubin level
(umol /L) (umol /' L) (,umol/L)

Standard intensity L, 307.25+48.73 252.65+45.24 206.49 +£40.83

Strong light L, 311.36 £49.52 235.81£41.69 172.60 +38.95

According to the statistical analysis of the data in Table 1, it is found that under blue light
irradiation, there is a linear correlation between the reduction of bilirubin and the light intensity. Use
I(L) to represent the light decomposition rate, let us assume /(L) = kL (L is the light intensity, and k

is the decomposition coefficient). Due to the reversal nature, the light decomposition rate is
(1-0)I(L). When the light is stopped, /(L)=0. Through blood circulation, the body's total

bilirubin and transcutaneous bilirubin are continuously exchanged at speeds k, and k&, ,

respectively, thereby gradually reducing the total bilirubin level. The Natural growth rate of neonatal
total bilirubin is 7(¢), if the exchange process of total bilirubin level x(¢) and transcutaneous
bilirubin level y(¢) is regarded as a two-compartment model. The conversion relationship between
the two under illumination is shown in Figure 1, and the corresponding parameters are shown in
Table 2. For the convenience of research, it is better to use the standard light intensity as the
reference (standardized) light intensity and take it as dimensionless 1.
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Figure 1. Transformation diagram of percutaneous bilirubin and total bilirubin.

Table 2. The relevant parameters in Figure 1.

Parameter

. Parameter meaning Unit

representation

x(1) Total bilirubin level of newborns at time ¢ umol | L
Transcutaneous bilirubin level of newborns at

o) time ¢ umol | L
The natural growth rate of neonatal total Lo

() bilirubin at time? pmol - L - h
The rate at which the skin converts bilirubin

ki into the body h'
The rate at which the body converts bilirubin to

ky, the skin h!

d Neonatal total bilirubin excretion rate h'

k [llumination decomposition coefficient -

L Light intensity -
Reversal rate of bilirubin decomposition

o products —

In clinical practice, multiple courses of intermittent light therapy are usually used. Suppose the
treatment period of n(n=12---,m)course of treatment is [#, ,¢, ], and the irradiation time is 7, .

n—-1°"n
Establish the following mathematical model for neonatal hyperbilirubinemia in the nth course of
light therapy

X'(t)=AX(t)+R(t)
X(t,)=X,, L SE<t, (D
X(0)=X,

where

X(t) = x(2) . A= _k12_d k21
y(?) k, —k,, —(1-0)I(L)

R(t)= (g(’)] . IL)= {’SL - [y +7,)

elt,  +7,.t)

n—1
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The two characteristic roots of matrix 4 are A4, 4,, satisfying

Aty = (k,+d)1-0)I(L)+dk,,
h+A =—k,—d—k,—(1-0)I(L)

The two characteristic roots of 4 are negative.
Within [z, .z, ], the solution of model (1) is as follows

X(t) _ (D(t)X’H N '[tx eA(z—s)R(S)dS (2)
where
) B A +(1-0)I(L) o)
CO=___Ard ey A
/1‘ N (1 ~ O-)[(L) eﬂz (t=t,1)

The initial value X(0) of the first phototherapy is total bilirubin level measured, when the
newborn is admitted to the hospital. The initial value X (¢,) of the second course of treatment is the

total bilirubin level after the end of the first course of treatment. By analogy, using an iterative
method, the total bilirubin level and transcutaneous bilirubin level for each course of treatment can
be calculated through Eq (2).

2.2. Mathematical model of exchange blood treatment for neonatal hyperbilirubinemia

Clinically, two infusion pumps are usually used for fully automatic peripheral arterial
synchronous exchange of blood, inject blood containing trace bilirubin levels at a constant rate of 1],
and at the same time, replace the same amount of blood with high bilirubin levels in newborns at a
rate of V,. X(f) is still used to represent the total bilirubin level of the newborn, and its natural
growth rate is 7(f). The newborn is regarded as a chamber with a constant total blood volume, and

the transfusion process can be regarded as an injection and drainage system. Because the transfusion
time is short, the amount of self excretion is not considered. The exchange principle is shown in
Figure 2 and the corresponding parameters are shown in Table 3.

r(t)
y x() I
1 S

Figure 2. Relationship diagram of serum bilirubin.
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Table 3. Figure 2 related parameters.

Parameter . Parameter meaning Unit
representation
x(t) the total bilirubin level of newborns at time umol | L
t
y The input rate of the total bilirubin in healthy Lo
! people pmol - L™ - h
The natural growth rate of neonatal total g
r(t e 1 - L
® bilirubin at time¢ pmol h
v, Replacement rate of neonatal total bilirubin h!

In a single exchange blood treatment course[?, ,,7,], set the exchange blood time as7. A

mathematical model for the treatment of neonatal hyperbilirubinemia by the nthn=12---,m)
exchange of blood

In time [¢

X'(t)=v,+r(t)
x(t, ) =x,,

x(1)) = X,

—v,x(t)
[lnfl ’ t/k] + T

-1, +T], the solution of model (3) is as follows

t
_x(l‘) = xn—le_vz (t=t,) +e (t=t,1) I [Vl + r(S)]eVz (=1, )dS
i

3)

“

The initial value x(f,)of the exchange blood is the total bilirubin level measured, when the

newborn is admitted to the hospital, and the change rule of the total bilirubin level of the child with

multiple exchange blood is calculated through the formula (4).

2.3. Mathematical model of drug treatment of neonatal hyperbilirubinemia

r(®)

x(1)

&, D(2)/ (4, + D(1))

Figure 3. Relationship between albumin and indirect bilirubin.

The albumin in the human body has the effect of binding indirect bilirubin. Due to the
insufficient content in the newborns, the indirect bilirubin binding is converted into bound bilirubin
to be excreted with urine or bile by importing albumin. This binding ability does not increase
indefinitely, that is, as the concentration of albumin in the blood gradually increases, its ability to
bind bilirubin gradually becomes saturated [21]. In clinical practice, albumin is infused 1 h before

Mathematical Biosciences and Engineering

Volume 18, Issue 6, 8758-8782.



8764

transfusion, 1 g/kg each time. The exchange of blood can increase the amount of indirect bilirubin
exchange, thereby reducing the number of exchanges and the time of phototherapy. Figure 3 shows
the relationship between albumin and indirect bilirubin.

The content of albumin in newborns is insufficient, and albumin needs to be instilled to bind its total
bilirubin. The absorption process can be considered as consistent with the one-compartment
pharmacokinetic model. Albumin is evenly distributed into the blood immediately after entering the body,
and combines with the free bilirubin in it, thereby reducing the indirect bilirubin in the body. Considering
the saturation reaction of drug binding indirect bilirubin, the saturation binding rate is set to
k,D(t)/ (i, +D(t)) . Where k, ,u, is a positive constant. Assuming that the instillation time is 7" and

the dosage is D per kilogram of body weight, within the time [#,,%, + 7], a mathematical model of drug

treatment of neonatal hyperbilirubinemia is established. The relevant parameters are shown in Table 4.

g K D(@)
x'(t)=r(t) D) x(2)
D'(t)=k, —k,D(t) (5)

x(t,) =x,,D(t,) =D,

Table 4. Formula (5) related parameters.

Parameter . .
. Parameter meaning Unit
representation
x(t) Total bilirubin level of newborns at time ¢ umol | L
k, Albumin intravenous drip rate g/L-h
The natural growth rate of neonatal total R
r(t e g - L
® bilirubin at time ¢ pmol h
120 Albumin content at time ¢ g/L-kg
k 8 The primary elimination rate of albumin h!
D, The body's own albumin content g/L-kg

From the second equation of model (5), the albumin content in [0,7'] can be calculated as

k kt ket
D(t)==%(1-¢ ")+ Dye (6)
ky
Substituting formula (6) into the saturated combination ratio k, D(t)/(u,, +D(t)), it can be

simplified as

k, . a iyt k ]
k, ==Y +De™) 1+ (LD, —1)e ™
% S ™)
My + Za (1—e™)+Dye™ C+Ce ™
B
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where C;, C,parameter to be estimated.

In time [f,,f, +T], substituting formulas (7) into (5), the solution can be obtained as follows

. <’,§—“<1—e‘kﬂf )+Dye ") ey (i—“(l—e”‘“>+Doe"'ﬂf>
t s
s ds — s dr
% . +k—a(lfe_k”5 )+Doe_k/’5 ¢ b . +k—a(lfe_k”7 )+Doe_k/’7
x(t)=e ’ (x, +I r(s)e ’ ds) (8)
fy

The initial value of x(#,) is total bilirubin level measured, when the newborn is admitted to the
hospital, and the change rule of the total bilirubin level of the child within [¢,,z,+7]can be
calculated by formula (8).

3. Estimation of parameters in the model

By data fitting method and search method, the parameters of models (1), (3) and (5) are
estimated. First, the natural growth rate of bilirubin levels is fitted according to actual data (from the
lower limit of the intervention standard of phototherapy and blood exchange therapy). Then,
according to the clinical data and parameter desirable range, some parameters in the model are
fixed to adjust the parameters to be estimated for several times, and the numerical approximation
method is applied to gradually search the parameter values. Let us set the basic parameters of light
intensity and excretion rate as L=1,d =0.001 in the model.

3.1. The natural growth rate of bilirubin r(t)

By “Expert Consensus on the Diagnosis and Treatment of Neonatal Hyperbilirubinemia”
(abbreviated as “Expert Consensus”) [22], The standard intervention value of neonatal total bilirubin
level is given clinically and to determine the treatment method. When total bilirubin of newborn
exceeds the lower limit of intervention standard value, certain treatment measures must be taken. The
intervention standard values of total bilirubin levels in phototherapy and blood exchange therapy are
shown in Table 5 [23]. The corresponding scatter points are shown in Figures 4 and 5, respectively.

Table 5. Intervention standard of phototherapy and exchange transfusion for total
bilirubin level of newborns at different ages.

Age (h) ~24h ~48h ~72 >72h

The intervention standard value X,(¢) of total biliary red level of
phototherapy >103 > 154 >205 > 257
Cumol | LD

The intervention standard value X, () of total bile red level of
blood exchange >205 >291 >342 >376

Cumol / L)

In the absence of treatment, hypothesis r(¢)is the rate of change per unit time of neonatal total

bilirubin level. Taking into account the trend of data scatter and the saturation of changes in total
bilirubin level, hyperbolic function is selected to characterize neonatal total bilirubin levels.
Therefore, the lower limit values of the intervention standards are taken to fit the data as follows,

Mathematical Biosciences and Engineering Volume 18, Issue 6, 8758-8782.
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which is the total bilirubin levels of neonates at different ages of light therapy and blood exchange
therapy in Table 5

381.3¢r+4150

=813+ A10 g 68 9

== 570 ©)
517.9¢ +165

o 317.91+165 0<r<168 10

== e (10)

where, x;(f) and x,(f) respectively represent the fitting function of total bilirubin level in

neonates with time light therapy and blood exchange therapy. The fitting function curves of Eqgs (9)
and (10) are shown in Figures 4 and 5.

300 T 450 T T
**Neonatal bilirubin levels *k ilirubi
ol Neonatal bilirubin levels — |
oo} __Fitting curve of total serum bilirubin level w __Fitting curve of total serum b%
= 250 1 =
= ~
g‘: g 350
= g
o = 300
2 200 e
3 (<]
~ 250
E £
§ 150 3
= =] 200
= 2
5 =
= 150
100 -
100
50 L . . . . . . 50 . . . . . . .
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
Age of newborn (h) Age of newborn (h)

Figure 4. Fitting diagram of neonatal phototherapy = Figure 5. Fitting diagram of bilirubin level in
bilirubin level. neonatal exchange transfusion.

The change rate of total bilirubin level per unit time ( umol- L' -h") is defined as natural growth
rate. According to Eqgs (9) and (10), r(¢f)and 7(¢) of natural growth rate of total bilirubin under
phototherapy and blood exchange therapy are obtained respectively.

30849.527

r(f) = ——=_ 0<r<168 11

i(f) (t+91.79) (1
19629.138

Kt =—"—"+ 0<tr<168 (12)
(1+38.22)

Note: formula (11) should be substituted into model (2), and formula (12) should be substituted
into models (3) and (5).

3.2. Estimation of bilirubin decomposition product reversal ratec, conversion rate k,,k, and

light decomposition rate k

According to [19], o =0.75u can be generated and eliminated from the body, but a small part

will be reversed and returned to the body for circulation [24]. The smaller part of the reversal is
described 1. It may be assumed to be percolated in the range 10.2 < u < 0.5. According to the

principle of pharmacokinetics and literature [25], the conversion rate of neonatal total bilirubin and
transcutaneous bilirubin k,,,k,, is “not much different”. Assume that k,, k,, is in the range of

Mathematical Biosciences and Engineering Volume 18, Issue 6, 8758-8782.
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(0.18, 0.23). The light decomposition coefficient fluctuates between 0.026 and 0.04 [26,27]. Within
the parameters hypothesis, the parameters fixed will be estimated through other disturbed the
parameters. The initial value of (0)=327.25umol/L is from Table 1, y(f) is calculated by

formula (2), y, (i=123) are obtained in the percutaneous bilirubin levels in Table 1, there is

min 3| v(t,)-y)| (13)

as target estimation parameters.
When the parameter values are u=0.343, (k,,k,,)=(0.2, 0.23), k=0.026, the error is the

smallest. Numerical simulation of percutaneous bilirubin curve }(f) and scatter diagram of clinical
phototherapy data y, (i =1,2,3) is shown in Figure 6.

**Clinical data of skin test bilirubin

w
@
S

__Simulation curve

Bilirubin level (umol/L)
NOONON N ®w oW W
[} ~ © © (= = N
o o o o o o o

N
@
S

N
i
S

Figure 6. Simulated image of percutaneous bilirubin.

3.3. Estimation of the replacement rate of bilirubin v,

Table 6. Changes of total bilirubin level under different exchange volume.

Replacement volume Total bilirubin Total bilirubin level after ~ Total bilirubin
level after exchange blood between  level after double
Group haplotransfusion  single and double transfusion
C ymol / L) C ymol / L) C ymol / L)

Group I
298.8 + 37.4 umol | L 169.9 £62.5 164.8 £ 14.5 135.5 £30.7
Group Il 215.7+84.5 197.7+21.8 177.8 £29.3
466.3 £26.0 umol / L ' ' ’ ' : :
Group 11T
567.0 = 44.7 umol | L 299.0 +55.1 214.4 £33.8 227.0+39.6
Group IV
567.0 = 44.7 umol | L 380.4 £97.7 276.4+62.0 285.7+67.1
Average bilirubin replacement 353, 15 o, 51.326.0% 52.1+9.2%

rate

Mathematical Biosciences and Engineering Volume 18, Issue 6, 8758-8782.
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The article [28,29] gives 118 neonates admitted to hospital with hyperbilirubinemia at the age of
4.9 £ 1.9 days from 2005 to 2011. The bilirubin levels before transfusion are in groups I to IV, and
the transfusion is 2 hours. The bilirubin level and average bilirubin replacement rate are shown in
Table 6.

The change of x, (i=1,2,3) in each group in the data in Table 6 reflects a positive correlation
between the decrease in bilirubin level and the amount of exchange blood. It can also be seen that the
bilirubin level after haplotransfusion for mild children is close to the standard of phototherapy, and
subsequent phototherapy can be cured. For children with severe hyperbilirubinemia, it is necessary to
exchange the blood volume between single and double. Comparing the bilirubin replacement rate of
the two types of exchange blood, considering the treatment cost, postoperative infection rate and
treatment effect comprehensively, two clinical standards for exchange blood treatment are given:

(1) If the initial bilirubin level is less than 428 yumol / L , use a single exchange volume.

(2) If the initial bilirubin level is greater than 428 umol / L , exchange blood volume between
single and double.

In time[f, ,,¢,], infuse the neonate with plasma containing a total bilirubin level of
approximately 1.71~17.1zmmol/ L at a constant rate [30]. If a single exchange of blood takes 2 hours,
the average bilirubin level infusion rate may be v, =4.7025umol-L"-h™". The initial value of total
bilirubin level for single-fold exchange transfusion is x(0) =336umol/ L, and the initial value for
single-double exchange transfusion is x(0) =492.3umol / L . Calculate the total bilirubin level x(¢)

3
of the model (4) from the formula (4), so that minZ‘x(ti)—xi , to filter the parameters. The
i=1

bilirubin simulation diagram and the data x, (i =1,2,3)in Table 6 are plotted in Figures 7 and 8.

360 x(t)
- x(t) R *  data
3409 *  data 500
»
320 ".\
~ 450
«Q -
Z 300 ~ 3
° L 1S
E280f . 3400k
3 *‘b I
2 260 [ ~ 2
< . < 350
£ o 3
g0 g.‘ Z
= m
0 220 - %c.. 300
Se
200 e
e 250
180 "'g.‘
..‘ ®
160 L L L Il 200 1 L 1
0 05 1 15 2 0 0.5 1 15 2
Time (h) Time (h)

Figure 7. Simulation diagram of total bilirubin ~ Figure 8. Simulation diagram of total bilirubin in
in single exchange transfusion. exchange transfusion between single and double.

For the numerical simulation of single-fold exchange of blood, when v, =0.3754"", the fitting
error is 0.0011. For the simulation of single-double exchange of blood, when v, =0.4524h"", the
fitting error is 0.0008, and the fitting effect is better.
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3.4. Estimation of the first-level albumin elimination ratek , and parameters c , C,

Clinically, albumin is generally infused at 1 g per kilogram of body weight before transfusion,
the infusion time is T, and the dose is D . If the newborn’s weight is w kg , there is the calculation
formula of albumin intravenous drip rate &,

W (14)

According to the human albumin drug instructions, under normal circumstances, the average
half-life of albumin is about 19 days [31]. According to [32], the formula for calculating the
first-level elimination rate k, of intravenous drip medication is as follows

. _In2_ 0693

5 = ~0.001524"
t, 19x24

The article [33] gives the statistical data of bilirubin levels in full-term newborns with an
average birth weight of 2000~2200 g and age24 ~168/ in the simple transfusion group and the
transfusion plus albumin group. as shown in Table 7 and Figure 9.

Table 7. Comparison of total bilirubin level between two groups before and after treatment.

Group Total bilirubin level  Total bilirubin level for 2
before treatment hours of treatment
(umol I L) (umol / L)
Exchange blood transfusion group 426 + 104 246 + 69
Exchange blood transfusion + albumin group 423 + 98 261 + 78
450 424
2 __Exchange group E ﬁ:’z_k ; Zm
[ov] 'é 422 - s’zﬁ ) A ata
= 400 g‘. =
g-: (<T 420 - N
? 350 2 418 b
= 3
E OE 416+ o
E 300 414+
412 A
250
410 F 7*:.75

200 ! L . 408 : :
0 0.5 1 1.5 2 0 02 0.4 06 0.8 1

Time (h)

Time (h)
Figure 9. Bilirubin level curve of the two groups Figure 10. Numerical simulation diagram of
before and after treatment. bilirubin in vivo.

The difference in total bilirubin level data between the two groups in Table 7 and Figure 11
reflects that the difference is caused by albumin binding indirect bilirubin. Take the newborn's weight
as w=2000g and substitute it into Eq (14) to get k, =1-2/1=2g/L-h. Select the initial value of

Mathematical Biosciences and Engineering Volume 18, Issue 6, 8758-8782.
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bilirubin x(0) =423 umol / L, substitute k into Eq (8), and numerically simulate screening parameters
C,,C,. The model (5) numerical simulation total bilirubin x(#) curve and the scatter plot of the

data in Table 7 are plotted in Figure 10.

From Figure 12, the analysis of the fitting error between the clinical data and the theory shows
that whenC, =1.702, C, =1.05, the error of the simulation result is small.

3.5. Summary of model fitting parameters

Model (1) is obtained from Section 3.2-3.4, and the parameter summary Table of model (3) and
model (5) is shown in model 8.

Table 8. Numerical table of model parameters.

Parameter Parameter

symbol Value Unit symbol Value Unit

k]Z 0.2 h71 k21 0.23 h71

o 0.25725 —— d 0.001 h!

L 1 — k (0.026,0.04) h!
0.375 (single)

Vv, 4.0725 umol L -h™" W, 0.4524 (between single and h!
double)

k, 2 g L'h' kg 0.00152 h'

] 1.702 — G 1.05 h'

4. Design of treatment plan for neonatal bilirubin

From Figures 4 and 5, the level of neonatal bilirubin increases rapidly from 0 to 96 hours of age,
but slowly increased from 96 to 168 hours. According to the trend of its growth trend, 0~168: are
divided into 5 age segments, which are denoted as [ :24i~24(i+1)(i=0,1,2,3) and 24i~24(i +3)

(i=4), and the numerical simulation takes the median value of [/, age. Namely, the real-time ages

are 12, 36, 60,84 and 132 h, respectively.
The TcB percentile ( umol / L ) of total bilirubin level of newborns at different ages are given

in [34]. Among them, only the total bilirubin levels of 95% quantile group of each age exceeds

the phototherapy intervention standards in Table 5. From this, without phototherapy intervention ,
total bilirubin level Xx(¢) of the 95% quantile group in newborns is shown in Table 9.

Table 9. Total bilirubin level x(¢) of the 95% quantile group in newborns without
phototherapy intervention.

Age (h) 12 36 60 84 132

95% quantile total bilirubin level x(¢)

103.61 178.99  219.1 243.84 272.82
Cumol | L)
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4.1. Principles of phototherapy plan design

By (“Expert Consensus”) [22], total bilirubin level of the children admitted to the hospital is in
the range of 257 umol/ L to 428 umol / L , after using standard light intensity, the transcutaneous

bilirubin level is lower than 171umol/L and the total bilirubin level is lower than
222 ~239umol/ L, and the phototherapy can be stopped. In each course of treatment, total bilirubin
level Xx(¢) without treatment is shown in Table 9 below and the difference between the total
bilirubin level with treatment is not less than 50 umol / L .

The treatment plan for the total bilirubin level of newborns whose age is #, €/, should have the
following constraints [22]:

1. The initial value of neonatal total bilirubin level exceeds the intervention value, and it is
considered that x,(¢,) = y(¢,);

2. The discharge condition is the nth phototherapy |)_c(t)—x1 (t)| >50(telt, ,t,)), x(t,) <222,
y(t,) <171,

3.1t is predicted thatx,(z) <257(t €[t
there is no rebound in the newborn’s condition.

Combining clinical treatment experience and “Expert Consensus” treatment principles [22], the
following two intermittent phototherapy plans are given:

Scheme 1: Irradiation for 6 hours with 6 hours intermittent;

Scheme 2: Irradiation for 12 hours with 12 hours intermittent.

+7,,168]) after discharge, it can be considered that

n—1

4.2. Scheme design of transfusion and collaborative phototherapy

The incidence of severe and extremely severe hyperbilirubinemia is not very high (from the
statistics of clinical cases from Heilongjiang Medicine in recent years, the incidence rate is 1~2%,
but acute bilirubin encephalopathy will occur, which seriously harms health. Transfusion therapy can
quickly and effectively reduce blood bilirubin, which is a treatment that cannot be replaced by other
therapies. According to the “Expert Consensus”, when the growth rate of neonatal bilirubin increases
abnormally above 428 umol/ L, replacement of blood can quickly reduce the total bilirubin level

x(¢) . For neonates at age?, €/,, after a single exchange of blood, monitor their total bilirubin levels

to diagnose whether they need further phototherapy.
The design principles of transfusion cooperative light therapy are as follows:
1. If the child’s total bilirubin level reaches the phototherapy standardx,(¢) after a single

exchange of blood, the treatment can be stopped;

2. If after a single exchange transfusion, the total bilirubin level of the child is slightly higher
than the phototherapy standardx, () and lower than the 95% phototherapy standard X(¢), or if
slightly higher than the total 95% of the newborn When the bilirubin level phototherapy intervention
standard is X (), phototherapy is required to be below the standard.

Combining clinical treatment experience and “Expert Consensus” treatment principles [22], the
treatment plan of transfusion and phototherapy is as follows:

1. The initial value of neonatal total bilirubin level exceeds the intervention value of transfusion
x,(¢), which is x(¢,) > x,(¢) , and simultaneous transfusion is performed. If the child’s initial bilirubin
level is less than 428 umol / L, use a single exchange volume; if the child's initial bilirubin level is
greater than 428 umol / L , use a single-double exchange volume.
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2. The time for a single exchange of blood is 7, and the following 3 situations occur.
D) If x(¢, + T)<x,(t), stop treatment and discharge;

2) If x(t,+T)e(x/(¢),x(t,)) or x(t,+T) is slightly higher than X(¢,), then stop

transfusion therapy and proceed with phototherapy;
3) If x(¢,+7T)>Xx(t,) , first perform phototherapy for 6 hours. There is still

x(t, +T+6) >Xx(t,) after phototherapy, and a second exchange of blood is required.

4.3. The design of the combined scheme of drug-assisted exchange transfusion and phototherapy

For the newborns with moderate and severe hyperbilirubinemia, albumin instillation is
performed before exchange transfusion to reduce the total bilirubin level x(#). After the end of the
total bilirubin level as the initial value of transfusion, the next step of transfusion is combined with
light therapy.

Aiming at the total bilirubin level of newborns at the age of ¢, €/;, combining clinical treatment

experience and “Expert Consensus” treatment principles [22], the following combined treatment plan
1s given:

1. The initial value of the total bilirubin level of newborns exceeded the intervention value of
exchange transfusion x,(¢), which is x(#,) 2 x,(¢), and is treated with albumin for 1 hour.

2. From the initial bilirubin level of exchange blood, choose single exchange blood or
between single and double exchange blood volume. Set the time of a single exchange of blood as
T, and perform exchange of blood in conjunction with phototherapy according to the following
three conditions:

1) Ifx(z, + T + )<x,(t,), stop treatment and discharge;

2) If x(t,+T+) e(x(t,),x(t,)) or x(¢,+7T+1) is slightly higher than X(#,), then stop
transfusion therapy and start phototherapy;
3) Ifx(t, +T+1) > x(¢,), there is still x(¢, + T+7) > X(¢,) after 6 hours of phototherapy, a second

exchange blood treatment is required.
5. Numerical simulation of neonatal bilirubin treatment plan

5.1. Numerical simulation of treatment of neonatal bilirubin by exchange transfusion and
phototherapy

According to the design standard of transfusion and collaborative phototherapy in Section 4.2, it
is known that the determination of a personalized treatment plan is a process of dynamic change.
According to the initial value of the child and the bilirubin level in the course of treatment, combined
with the data in Tables 5 and 9, the curative effect is gradually judged, and the treatment plan is
finally given (see Table 13). The initial value of the bilirubin level of the child is used to determine
the single-fold exchange volume (80~100m// kg ) or the single-double exchange volume (100~150
ml / kg ). Follow-up phototherapy adopts the principle of 6 h intermittent 6 h.

The following is a step-by-step numerical simulation of the process of transfusion and
phototherapy. The three groups of Initial bilirubin levels and corresponding blood exchange
volume are selected:
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Group I x(0)=342umol/ L, using single blood exchange volume

Group I x(0)=513umol / L, exchange blood volume between single and double

Group III x(0) =612umol / L, exchange blood volume between single and double

1. Simulated numerical analysis of total bilirubin level after first-stage blood exchange therapy

Table 8 is substituted into formula (4), Table 10 shows the changes of total bilirubin levels in
the three groups of neonates at different ages during blood exchange.

Table 10. Changes of total bilirubin levels in three groups of neonates at different ages.

Total bilirubin level Total bilirubin level ~ Total bilirubin level
Group  after exchange blood in  after exchange blood after exchange blood

Age (h) group | in group II in group III

(pumol /L) (umol/L) (umol/ L)
12 178.6" 22274 262.8"
36 173# 217.5% 257.5"
60 171%* 215.5# 255.6"
84 170* 214.6# 254.7#
132 169.1* 213.8* 253.9#

After blood exchange, the total bilirubin levels of neonates by the three groups are in Table 10,
they are compared with the intervention values of total bilirubin levels in Tables 5 and 9 respectively,
and the data analysis found the following situations:

(1) In groups I and II, the total bilirubin level of markers (*) are lower than the phototherapy
intervention standard, and the corresponding age children can be discharged directly after a single
blood exchange.

(2) In groups I, II and 111 , the total bilirubin level of markers (¥) are all higher than the light therapy
intervention standards in Table 5, and the corresponding age children can be cured by light therapy once.

(3) In groups I, II and III , the total bilirubin level of markers () are all higher than the
phototherapy intervention standard in Table 9. Children of corresponding age should continue to be
treated after 1 phototherapy.

2. Simulation numerical analysis of the total bilirubin level after the second stage of phototherapy

The total bilirubin level in Table 10 is marked as ("), which is substituted into Eq (2) as the
initial value, and the total bilirubin level after 6 hours of the second stage of phototherapy is
numerically simulated, as shown in Table 11.

Table 11. The total bilirubin levels of the three groups after 6 hours of phototherapy.

G Group I Group II Group III
Aoe (h roup total bilirubin level total bilirubin level total bilirubin level
ge (h) Cumol | L) Cumol /L) Cumol /L)
12 207.6% 257.8& 293.8&
36 S 234.9% 275.9%
60 — — 268.9%

By comparing Tables 9 and 11, it is found that 6h after phototherapy, the total bilirubin level of
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children marked with (%) is still significantly higher than the intervention standard of phototherapy,
and further treatment is still required. Secondary blood exchange therapy is discussed below.

3. Simulated numerical analysis of total bilirubin level after the third stage of secondary blood
exchange therapy

The total bilirubin level marked (%) in Table 11 is substituted into Eq (4) as the initial value, and
the total bilirubin level after the third stage of secondary exchange transfusion is calculated as shown
in Table 12.

Table 12. Total bilirubin level after second exchange transfusion.

The level of total The level of total The level of total
Group  bilirubin after the second bilirubin after the second  bilirubin after the second
Age (h) transfusion in group I transfusion in groupll transfusion in group III
(umol | L) (umol/ L) (umol/ L)
12 112.5# 133.97 153.2~
36 — 121.6* 140.9#%
60 — — 136*

Table 13. Table of neonates’ blood exchange + phototherapy at different ages in the three groups.

Group Parameter description 1 16 Ag6€(:) M 84 132
Number of exchanges 2 1 1 1 1
Groupl Replacement time (h) 4 2 2 2 2
Number of phototherapy 2 1 0 0 0
Duration of phototherapy (h) 36 42
Number of exchanges 3 2 1 1 1
Replacement time (h) 6 4 2 2 2
GrouplI Number of phototherapy 3 1 1 1 0
Duration of phototherapy (h) 18 6 66 42 -
Number of exchanges 3 2 2 1 1
Group TII Replacement time (h) 6 4 4 2 2
Number of phototherapy 3 2 1 1 1
Duration of phototherapy (h) 42 36 6 90 78

Note: Table 13 shows The number of exchanges and the duration of phototherapy required for
neonates of mild and severe ages at different ages, they meet the constraints of neonatal bilirubin
level intervention, and there is no rebound.

Similarly, comparing Table 12 with Tables 5 and 9 of the phototherapy intervention values, it is
found that the children marked with (*) total bilirubin level can be discharged from the hospital.
The children marked with (*) can stop the exchange transfusion treatment and continue phototherapy
to be cured. The children marked with () have total bilirubin levels of 157.4umol/L and
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163.3umol / L after 6 hours of phototherapy. After the third single transfusion, the total bilirubin levels
are 87.06umol/L and 95.8umol /L respectively, and the transfusion is stopped for phototherapy.

4. List of simulated numerical values of the three groups of treatment plans

Combining Tables 10 to 12, given the initial values of the bilirubin levels of the three groups of
children, formulas (2) and (4) can be used to obtain the treatment plan for the time and frequency of
exchange blood for newborns at various ages. (as shown in Table 13).

5.2. Numerical simulation of combined treatment of neonatal bilirubin

Considering the treatment needs of severe children, the principle of drug first is adopted , later
secondary blood exchange and phototherapy. Take group III in Section 5.1 as an example, the drug
albumin is instilled for 1 hour before the exchange of severe neonates, with an initial bilirubin level
of x(0)=612umol/L. By formula (8) of numerical simulation, the total bilirubin levels of different

ages after drug treatment are shown in Table 14.

Table 14. Bilirubin levels of neonates of different ages under 1 hour of drug treatment.

Age (h) 12 36 60 84 132

Total bilirubin level ( ymor /L) 593 589 587.6 586.9 586.2

According to formulas (2) and (3), numerical simulation of the change curve of bilirubin level
of different ages in combination with transfusion and phototherapy is shown in the simulation
diagrams 11.

The total bilirubin level in Table 14 are taken as the initial value of blood exchange, and Eqs (4)
and (2) are still used, the same method as Section 5.1, taking 12 h as an example, the numerical
simulation curve of bilirubin level in blood exchange combined with light therapy by phased is
shown in Figure 11.

Total bilirubin

600 - ~-Transcutaneous bilirubin
500 F
400

300

Bilirubin level (umol/L)
A:‘ ===

1 1 1 )
0 50 100 150 200

Figure 11. The level of bilirubin in children with exchange transfusion + phototherapy at age 12 h_
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Table 15. Details of blood exchange + phototherapy for neonates at different ages in group III.

Age (h) 12 36 60 84 132
Number of exchanges 3 2 1 1 1
Replacement time (h) 6 4 2 2 2
Number of phototherapies 3 1 1 1
Duration of phototherapy (h) 30 6 90 78 —

As can be seen from figure 11, the children aged 12 h received comprehensive treatment of drug
coordinated blood exchange and phototherapy for 37 h. Total bilirubin levels eventually drops to the
point 124.8umol /L , where treatment is discontinued. According to Eq (2), the highest bilirubin
level is predicted to be no rebound possibility after the cessation of phototherapy. Similarly, the
details of drug-assisted blood exchange and phototherapy treatment programs in other age groups of
group III can be calculated, as shown in Table 15.

By compared with the combined blood exchange and phototherapy group, the combined
treatment group can reduce the phototherapy time 6-78 h effectively. For children aged 60 h, one
frequency of blood exchange is reduced. Therefore, it can be obtained that drug therapy is an
effective treatment method in transfusion therapy. By reducing the frequency of transfusion and the
duration of phototherapy, it can effectively reduce the treatment risk and treatment cost.

6. Clinical treatment case analysis

The following two clinical treatment data are used to verify the feasibility of the model. When
the expected treatment effect of the model is not achieved due to individual reasons, the initial value
of the total bilirubin level of the children is adjusted according to the differences of the children, and
the actual treatment results can still be consistent. The numerical simulation results can also be used
to predict the feasibility of personality therapy.

6.1. Analysis of clinical treatment cases of transfusion and phototherapy

Medical record number 81013180: Male, aged 144 h at birth, weighing 3 kg. The child is
admitted to the neonatal department of the hospital due to jaundice. Clinical diagnosis:
hyperbilirubinemia, intracranial hemorrhage with scalp hematoma. Upon admission, the
transcutaneous bilirubin is determined to be 470.25 umol / L, and the total bilirubin is determined to

be 574 umol / L .

Table 16. Treatment bilirubin level of children.

Date

Bilirubin level 9.25 9.26 9.27 9.28 9.29
(umol/ L)
Total bilirubin level 294.5 278 223 — 193.2
Transcutaneous bilirubin levels — — 196.65 — 172.71
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Clinical treatment plan: use one exchange of blood for 2 hours, then blue light irradiation for 12
hours, with an interval of 12 hours. The changes of bilirubin during the treatment of children are
shown in Table 16.

The following is to take the clinically given treatment plan of transfusion combined with
phototherapy, and theoretically calculate the change rule of bilirubin level during treatment. First
take the initial total bilirubin level of 574 umol / L , exchange blood for 2 hours, the total bilirubin
level drops to 277.7 umol / L , which is used as the initial value of total bilirubin during phototherapy,

and the parameters of formula (12) and Table 8§ are substituted into formula (2) and In formula (4),

the theoretical value is simulated numerically, and the fitted curve and measured data are plotted in
Figure 12.
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400

350

Bilirubin level (umol/L)

w
o
o
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Figure 12. Bilirubin level of children under clinical practice and theoretical treatment.

It can be seen from Figure 12 that after the exchange of blood for 2 hours and 84 hours of
phototherapy, the actual and theoretical values of bilirubin levels are 193.2 umol / L and 203.9

umol | L respectively, and transcutaneous bilirubin are 172.71 umol/L and 169.4 umol/L
respectively. Meet the discharge standards for phototherapy. The error of total bilirubin level and
transcutaneous bilirubin level are 0.0207 and 0.0151, respectively. The available theoretical

treatment is consistent with the actual clinical treatment duration, which verifies the rationality of
the model.

6.2. Analysis of clinical treatment cases of drug combined exchange transfusion and phototherapy

Medical record number 81011644: Male, aged 48 h at birth, weighing 2.8 kg. The child is
admitted to the neonatal department of the hospital due to jaundice. Clinical diagnosis:
hyperbilirubinemia. Upon admission, the transcutaneous bilirubin is determined to be 418.95
umol / L , and the total bilirubin is determined to be 489.4 umol / L .

Clinical treatment plan: first instill albumin for 1 hour, then exchange blood for 2 hours, and

then irradiate blue light for 12 hours with an interval of 12 hours. The changes of bilirubin during the
treatment of children are shown in Table 17.
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Table 17. Bilirubin level of children treated with combined therapy.

Date (day) 14 15 16 17 18 20 21 22 24 25
Total bilirubin level

2494 379.8 3839 370.1 — — 3177 — 205 —
C umol /| L)
Transcutaneous
bilirubin levels — 3044 — 278.7 2856 2822 1488 253 — 136.8
Cumol / L)

1. Numerical simulation of bilirubin levels under clinical combined treatment regimens

For children aged 48 h, the clinically given combined treatment plan is adopted: drugs (1 h
infusion), exchange blood (2 h) and phototherapy (12 h light, 12 h intermittent). The initial bilirubin
level is x, =489.4umol/ L, and the parameters in Table 8 are substituted into formulas (2), (4) and

(8) respectively. The fitting curve of the data simulating the bilirubin level at each stage of the

combined treatment is plotted in Figure 13.
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Figure 13. Bilirubin level of children under theoretical combined treatment.
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Figure 14. Bilirubin level of children under clinical practice and theoretical treatment.

It can be seen from Figure 13 that the total treatment duration of the combined treatment
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program is 87 hours. At the end of the treatment, the total bilirubin level and transcutaneous bilirubin
level are calculated to be 203.4 umol /L and 168.3 umol / L respectively, which met the discharge
standards for phototherapy.
2. Analysis of the difference between numerical simulation and clinical actual treatment data
From the treatment data in Table 17, it can be found that after the child is admitted to the
hospital, the total bilirubin level dropped from x,=489.4umol/L to 231.7 umol/L after the

treatment of albumin infusion and exchange transfusion on the 14th. Explain that the two methods
can quickly reduce the level of bilirubin, and compare the clinical treatment data with theoretical
values, which are consistent. On the 15th, phototherapy is started, and the total bilirubin level
abnormally increased to 379.8 umol / L , which deviated from the theoretical value. It is known from
the case that the child is too young, the partial pressure of oxygen after birth increased, and the
excessive oxygenated red blood cells are destroyed, resulting in excessive bilirubin production, while
the liver cells had poor ability to process bilirubin, and abnormally increased. After medication and
exchange blood treatment, bilirubin levels are still rising. By adjusting the initial value of
phototherapy bilirubin, re-simulate its changing law numerically and compare the actual observation
value. Therefore, x, =379.8umol /L is selected as bilirubin. Similarly to the numerical simulation

of 1, the fitting curve between the measured data and the theoretical value is plotted in Figure 14.

It can be seen from Figure 14 that both the theoretical calculation value and the actual clinical
light therapy have passed 192 h. After the treatment period, the theoretically calculated in vivo and
transcutaneous bilirubin levels are 185.7 umol / L and 154.4 umol / L , respectively, in line with the
light therapy discharge standards. The error between the modified initial value and the actual
treatment in vivo and transcutaneous bilirubin levels in Table 17 are 0.082 and 0.01072, respectively.
Therefore, the theoretical treatment is consistent with the actual clinical treatment time, which
verifies the rationality of the combined treatment.

Due to the different individual conditions of patients, the model may not achieve the expected
effect. But the initial value of total bilirubin level can be adjusted to get the actual treatment results.

3. Numerical simulation of recommended treatment plan

From Figure 14, it is found that the total bilirubin level of the child has abnormally increased
after the drug exchange transfusion treatment, and he needs to be treated with light for up to 192 h.
The initial value of x,=379.8umol /L is now selected for single exchange transfusion plus light

therapy. The theoretical treatment simulation curve is shown in Figure 15.
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Figure 15. Simulation curve of theoretical treatment for children.
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Comparing Figures 14 and 15, it is found that if the second single-fold exchange blood is
combined with light therapy, the treatment time is 38 hours, which is much smaller than 192 hours of
light therapy alone, and no secondary rebound occurs. Through this case analysis, when the total
bilirubin level of the child is high after the first exchange transfusion, it is recommended to use the
second exchange transfusion combined with light therapy, but the child's bearing capacity should
also be followed.

Considering the patient's personality needs (tolerance, treatment time, treatment cost, etc.), the
treatment plan is suggested by numerical simulation. Although it can shorten duration of the
treatment, there are many factors involved in the choice of treatment, which is only a reference for
doctors and patients' families. The answers to questions 6 and 7 of the reviewers are as follows, and
have been modified in the paper.

7. Conclusions

In this research, three types of mathematical models for the treatment of neonatal
hyperbilirubinemia are established according to the mechanism of the combination of light, exchange
blood and drugs with bilirubin. The expression of the real-time change of bilirubin level is provided.
From the clinical treatment data, a numerical approximation algorithm is used to identify the relevant
parameters in the model. Two types of treatment plans are numerically simulated, which are 1) the
change curve of neonatal bilirubin level under different age and disease treatment plans, and 2) the
simulation results can provide theoretical suggestions for clinical treatment plans. Finally, this study
has compared the clinical treatment case data and the model calculation data, the result verifies the
feasibility of the proposed model.
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