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Abstract: Infectious diseases have been one of the major causes of human mortality, and
mathematical models have been playing significant roles in understanding the spread mechanism and
controlling contagious diseases. In this paper, we propose a delayed SEIR epidemic model with
intervention strategies and recovery under the low availability of resources. Non-delayed and delayed
models both possess two equilibria: the disease-free equilibrium and the endemic equilibrium. When
the basic reproduction number R0 = 1, the non-delayed system undergoes a transcritical bifurcation.
For the delayed system, we incorporate two important time delays: τ1 represents the latent period of
the intervention strategies, and τ2 represents the period for curing the infected individuals. Time
delays change the system dynamics via Hopf-bifurcation and oscillations. The direction and stability
of delay induced Hopf-bifurcation are established using normal form theory and center manifold
theorem. Furthermore, we rigorously prove that local Hopf bifurcation implies global Hopf
bifurcation. Stability switching curves and crossing directions are analyzed on the two delay
parameter plane, which allows both delays varying simultaneously. Numerical results demonstrate
that by increasing the intervention strength, the infection level decays; by increasing the limitation of
treatment, the infection level increases. Our quantitative observations can be useful for exploring the
relative importance of intervention and medical resources. As a timing application, we parameterize
the model for COVID-19 in Spain and Italy. With strict intervention policies, the infection numbers
would have been greatly reduced in the early phase of COVID-19 in Spain and Italy. We also show
that reducing the time delays in intervention and recovery would have decreased the total number of
cases in the early phase of COVID-19 in Spain and Italy. Our work highlights the necessity to
consider the time delays in intervention and recovery in an epidemic model.
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Nyquist criterion; stability switching curves

1. Introduction

In the past decade, infectious diseases have been frequently threatening human lives on a large
scale. After the first epidemic model of smallpox was proposed by a pioneering mathematician Daniel
Bernoulli in the eighteenth century [1, 2], a huge number of epidemic models have been proposed and
studied to uncover the underlying spread mechanisms and to control the spread of infectious diseases.
Kermack and Mckendrick [3] introduced a seminal SIR compartmental model in 1927 to study the
plague disease in Mumbai and succeeded in revealing its epidemiological transition. Since then,
mathematical modeling has been growing as a vital tool to suggest public health responses against the
spread and transmission of infectious diseases. The SIR and SEIR type models have been performed a
crucial role in modern mathematical epidemiology [4, 5].

Numerous factors significantly affect the dynamical behavior of a particular epidemic model, such
as the demographics, recovery or treatment rates, and incidence rates [6,7]. In particular, different types
of incidence functions can ensure appropriate dynamical characteristics of the associated infectious
diseases [8, 9]. In classical SIR/SEIR models, the general incidence rate βS I

N , bilinear incidence rate
βS I and linear recovery rate γI are commonly used. The constant β represents the average number of
adequate contacts between susceptible and an infected individual per unit time, and γ represents the
per capita recovery rate of infected individuals. Since the infection risk increases with the increase
in the number of infective individuals, therefore, the mobility of individuals probably influences these
numbers. When a particular infectious disease appears and spreads in a region/community, intervention
strategies play a crucial role in controlling the disease [10, 11].

The impacts of intervention strategies, such as mask-wearing, border screening, isolation,
quarantine, or communications through the mass media (to convey the information to the public
about the epidemic/outbreak and probably risk-reducing behavior), play their significant roles in
managing effectual interventions to control the spread of disease and expectantly remove epidemic
diseases [12–15]. For instance, during the outbreak of the H1N1 influenza pandemic in 2009 [16, 17]
and the outbreak of SARS in 2003 [18, 19], the intervention strategies (such as postponing
conferences, closing restaurants/schools, isolating infectives, etc.) were chosen by the Chinese
government. Recently, a new pandemic COVID-19 appeared and affected more than 200 countries
and territories worldwide. To control the spread of COVID-19, governments of different countries
strictly implemented the lockdown [20]. Besides lockdown, various governments are also adopting
numerous steps and implementing different intervention strategies, such as social distancing, tracing
close contacts, washing hands for 30 seconds, etc [21]. In many countries, these strategies
impressively worked so that the contacts between susceptible and infected individuals per unit time
are being decreased sufficiently, and therefore, the reduced incidence rate [22–25]. This showed the
importance of considering the infection forces that comprises the adaptation of individuals to
infection risks under intervention strategies.

In classical epidemic models, the recovery rate of infected individuals is commonly considered to
be proportional to the number of infectives [26, 27]. However, in general, this is unacceptable because
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the implicit assumption is that treatment resources are sufficient [28]. Every society should have a
limited capacity of resources for treatment. If medical resources are available in large quantities, the
community needs to pay unnecessary costs during non-epidemic periods, and if available resources
are low, the community has the risk of a disease outbreak without needed treatment [26]. The
recovery rate depends on the resources of the health system available to the community, particularly,
the capacity of the hospital settings, efficiency, and effectiveness of treatment [29, 30]. The prime
factor is the number of health employees, including nurses, physicians, pharmacists, and other health
care workers (HCW). The amenities of the hospital, such as equipment and medical apparatus,
medicines, and the number of hospital beds are other noteworthy factors that are important for
effective and safe prevention, treatment, and diagnosis of patients [28].

Shan et al. [28] studied an SIR model with the impact of the number of beds in hospitals. The
authors considered the standard incidence rate and nonlinear recovery rate. They studied the complex
dynamics of the model including numerous bifurcations such as backward bifurcation, saddle-node
bifurcation, Hopf bifurcation, Bogdanov-Takens bifurcation. The study recommends that maintaining
an adequate number of beds in the hospital is crucial to control the disease. Li et al. [29] investigated
the dynamics of an SIR model using nonlinear incidence rate and nonlinear recovery rate. The model
exhibited complicated dynamics and suggested that a sufficient number of beds is critical to control
the disease. Mu et al. [30] proposed an SI-SIR model for avian influenza with a nonlinear recovery
rate under available hospital resources. Zhao et al. [31] investigated the complex dynamics of Zika
virus transmission via mathematical modeling with limited medical resources. In [28–31], the authors
considered a similar recovery rate that decreases with a decrease in the number of beds/resources in the
hospitals. In the case of low availability of resources for treatment, the recovery rate primarily grows
with an increase in the number of infected individuals and approaches the maximum and then starts
decreasing. When deliveries of treatment (immunization, medicine, etc.) are depleted due to a large
number of infected individuals, the available resources for treatment become very low.

Time delays are inevitable in almost all realistic systems. Introducing time delays in epidemic
models can be important, and time delays include the latency period [32, 33], the delay in recovery
[34], the delay in media broadcast [35], the delay in awareness programs [36] etc. Different types of
delay differential equations (DDEs) have fruitfully been utilized to study infectious diseases [37–39].
Greenhalgh et al. [40] proposed a mathematical model with multiple time delays, one delay due to the
memory disappearance of aware individuals, and the other delay between the rising awareness and the
disease appearance. Zhou et al. [41] analyzed an SIR model with media coverage incorporating time
delay and studied delay induced local and global Hopf-bifurcation. The authors found that the delay
in media coverage does not influence the stability of the disease-free equilibrium. In [42], the authors
proposed a mathematical model with media coverage incorporating time delay. Recently, Liu et al. [43]
studied the delay induced local Hopf bifurcation of an SEIR model with multiple time delays caused
by the latent period and the recovery period.

A common assumption about intervention strategies in mathematical models [10, 11] is that the
impact of intervention strategies on the transmission dynamics is effective, i.e., the number of infected
individuals instantly decrease. The recovery rate is assumed to be proportional to the number of
infectives, but many researchers argued that this assumption is questionable in reality as we have
discussed earlier. As an improvement, we propose an SEIR model with infection force under
intervention strategies and a nonlinear recovery function (under low availability of treatment
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resources), where treatment declines (due to resources limitation) after attaining its maximum value.
Further, we incorporate two time delays, the first delay represents the latent period of interventions
and the second delay represents the period for curing the infected individuals. The two main
objectives of the study are (i) to investigate the impact of low availability of resources for treatment in
the presence of intervention strategies, and (ii) to assess the role of time delays in the transmission
dynamics. Furthermore, we validate our model and estimate the parameter values based on the
available COVID-19 data in Spain and Italy.

The remaining paper is organized as follows. In Section 2, we formulate an SEIR model (both non-
delayed and delayed) with infection force under intervention strategies and recovery rate (under low
treatment resources). In Section 3, we analyze the non-delayed system (2.2). In Section 4, we analyze
the delayed system (2.3). Persistence has been shown in Section 5. In Section 6, numerical simulations
have been presented for both non-delayed system (2.2) and delayed system (2.3). In Section 7, a case
study has been discussed for COVID-19 outbreaks in Spain and Italy. The paper ends with conclusion
and future developments in Section 8.

2. Mathematical formulation of the model

We start with the classical SEIR model in which the total population is divided into four
compartments: susceptible individuals (S), exposed individuals (E), infected individuals (I), and
recovered individuals (R). Susceptible individuals are healthy but can be infected via contacting with
infectives. Individuals who are exposed to disease pathogen and may be infected via contacts are
called exposed individuals. Exposed individuals may or may not develop the disease, and these
individuals are typically not infectious. Infected individuals are those who have been infected and are
capable of transmitting the disease to susceptible individuals. Recovered individuals are those who
were infected but have been healthy now, and they have immune protection for a long time. Under the
above assumptions, the SEIR model with incidence rate under intervention strategies and recovery
rate under low availability of medical resources is provided by

dS
dt

= A − µS − F(I)S ,

dE
dt

= −(µ + q)E + F(I)S ,

dI
dt

= qE − (µ + δ)I −G(I),

dR
dt

= G(I) − µR,

(2.1)

associated with the state space R4
+ = {(S , E, I,R) : S > 0, E > 0, I > 0,R > 0}. All parameters are

assumed to be positive. Here A is the rate at which new individuals (including immigrants and
newborns) enter into the susceptible population; µ is the natural mortality rate; q is the rate at which
exposed individuals become infectious; δ is the disease induced death rate. The infection force F(I)
and recovery function G(I) in system (2.1) are the functions of infective individuals. These two
functions play important roles in governing the disease transmission dynamics. There are various
nonlinear transmission rates and nonlinear recovery rates proposed by researchers, for
instance, [10, 11, 13, 14, 28, 44, 45] and references therein.
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System (2.1) comprises the adaptation of human behavior under intervention strategies. In fact,
when a new infectious disease emerges, both the infection probability and contact rate increase since
people have less knowledge about the disease. Further, when the number of infective individuals
get larger and the disease becomes more serious, psychological factors lead people to modify their
behavior and implement suitable measures/intervention to reduce the opportunities of contact and the
probability of infection. For instance, F(I) may decrease when the number of infectives increases since
the government may tend to contain the infectious disease by intervention strategies. It has also been
interpreted as the psychological effect [14]. Mathematically, this idea could be modeled as follows: the
infection force F(I) increases when I is small and decreases when I is large (shown in Figure 1). For
notational convenience, we assume that the infection force F(I) could be factorized into βI

f (I) , where 1
f (I)

signifies the impact of intervention strategies on the decrease of effective contact coefficient β [27]. In
the absence of intervention strategies, i.e., f (I) = 1, it is notable that the infection force takes the form
of well-known bilinear transmission βS I. Here, we have the following assumptions for f (I):

• H(1) : f (0) > 0 and f ′(I) > 0 for I > 0,
• H(2) : There is a ξ such that

(
I

f (I)

)′
> 0 for 0 < I < ξ and

(
I

f (I)

)′
< 0 for I > ξ.

These assumptions explain the impacts of intervention strategies determined by a critical value ξ : if
0 < I < ξ, the infection force increases, while if I > ξ, the infection force decreases.

In case of low availability of medical resources for a large number of infectives, the recovery
function primarily grows with increase of the number of infectives and approaches the maximum and
then declines (shown in Figure 1). We have the following assumptions for g(I) :

• H(3) : g(0) > 0 and g′(I) > 0 for I > 0,
• H(4) : There is a η such that

(
I

g(I)

)′
> 0 for 0 < I < η and

(
I

g(I)

)′
< 0 for I > η.

These assumptions explain the impacts of treatment policies determined by a critical value η : if 0 <

I < η, the recovery function increases, while if I > η, the recovery function decreases.
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Figure 1. The graphs show that both infection force and recovery function first increase
with respect to the number of infected individuals, and after a critical number of infected
individuals, both functions decrease.
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Under the above assumptions on the infection force and recovery function, the new SEIR model (2.1)
takes the following form:

dS
dt

= A − µS −
βI
f (I)

S ,

dE
dt

=
βI
f (I)

S − (µ + q)E,

dI
dt

= qE − (µ + δ)I −
γI

g(I)
,

dR
dt

=
γI

g(I)
− µR.

(2.2)

Furthermore, the functions f (I) and g(I) could be chosen from a combination of any of the following
formats:

1. f (I) or g(I) = 1 + αI p, p > 1,

2. f (I) or g(I) = exp(αI),

3. f (I) or g(I) = 1 + I + αI p, p > 1,

where α and p are positive constants. For the case of intervention strategies, the parameter α could
be understood as the strength of interventions, and for the case of treatment, the parameter α could be
understood as limitation on the treatment availability. In particular, if we take g(I) = 1, then model
(2.2) becomes same as the model discussed in [11].

Figure 2. The graph shows the surface plot of the infection force with respect to infected
individuals and strength of interventions.

In Figure 2, the infection force has been plotted with respect to infected individuals and the strength
of interventions. It depicts that when the strength of interventions is zero, then incidence function
always increases. However, in presence of interventions, the incidence function first increases and
then decreases. Moreover, the maximum of F(I) becomes smaller with an increase in the strength
of interventions. Similarly in Figure 3, the recovery function has been plotted with respect to infected
individuals and limitation on treatment resources. We see that when the resource limitation is zero, then
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Figure 3. The graph shows the surface plot of the recovery function with respect to infected
individuals and limitation on treatment resources.

the recovery function increases. However, in presence of resource limitations, the recovery function
first increases and then decreases. In addition, the maximum of G(I) becomes smaller with an increase
in resource limitations.

Delays naturally exist and can play an important role in disease dynamics. We include two time
delays in system (2.2), the first delay τ1 represents the latent period of the intervention strategies and
the second delay τ2 represents the period for curing the patients. Delays in intervention and curing
processes are significant in infectious disease modeling. For example, the delay in intervention
strategies, including the time duration for individuals’ responses to the reported infection and the
reporting delay, have been observed in H1N1-2009 [35]. The model (2.2) with these time delays is
provided by

dS
dt

= A − µS −
βI

f (I(t − τ1))
S ,

dE
dt

=
βI

f (I(t − τ1))
S − (µ + q)E,

dI
dt

= qE − (µ + δ)I −
γI(t − τ2)

g(I(t − τ2))
,

dR
dt

=
γI(t − τ2)

g(I(t − τ2))
− µR.

(2.3)

The initial conditions for the model (2.3) are defined as

S (θ) = φ1(θ), E(θ) = φ2(θ), I(θ) = φ3(θ),R(θ) = φ4(θ), (2.4)

where θ ∈ [−τ, 0], τ = max {τ1, τ2}, (φ1, φ2, φ3, φ4) ∈ C([−τ, 0],R4), φi(0) > 0, i = 1, 2, 3, 4, and
C([−τ, 0],R4) is the Banach space of continuous functions from [−τ, 0] to R4 equipped with the sup-
norm. It could easily be established from the elementary theory of functional differential equations [49]
that the system (2.3) possesses a unique solution with initial conditions (2.4).
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3. Dynamics of non-delayed system (2.2)

3.1. Positivity and boundedness

It is essential to show that all the population variables are nonnegative for all t ≥ 0, which indicates
that any trajectory that begins with positive initial condition will stay positive for t ≥ 0.

Theorem 3.1. The closed region

f =

{
(S , E, I,R) ∈ R4

+ : 0 < S + E + I + R ≤
A
µ
⊂ R4

+

}
(3.1)

is positively invariant for system (2.2).

Proof. See Appendix A. �

3.2. Equilibrium analysis

The system (2.2) has the following two equilibria:

1. The disease-free equilibrium D0( A
µ
, 0, 0, 0), which always exists. Here we define the basic

reproduction number R0 for system (2.2) as

R0 =
βAq

µ f (0)(µ + q)(µ + δ +
γ

g(0) )
, (3.2)

where 1
µ+δ+

γ
g(0)

is the life expectancy of infectious persons. A
µ

signifies the number of susceptible

persons at the starting of the infectious process and βA
µ f (0) represents the value when all the

individuals are susceptible. q
µ+q represents the fraction of exposed individuals who survive in

class E and become infected. Hence the basic reproduction number R0 is biologically well
interpreted.

2. The endemic equilibrium D∗(S ∗, E∗, I∗,R∗), where

S ∗ =
A f (I∗)

βI∗ + µ f (I∗)
, E∗ =

βAI∗

(µ + q)(βI∗ + µ f (I∗))
, R∗ =

γ

µ

I∗

g(I∗)
,

and I∗ is a unique positive root of the following equation

Aβ
βI + µ f (I)

−
γ

q
(µ + q)

g(I)
−

(µ + q)(µ + δ)
q

= 0. (3.3)

Let
Q(I) =

Aβ
βI + µ f (I)

−
γ

q
(µ + q)

g(I)
−

(µ + q)(µ + δ)
q

,

then we can see that Q(0) =
Aβ
µ f (0) −

γ

q
(µ+q)
g(0) −

(µ+q)(µ+δ)
q > 0, if R0 > 1. Let Q1(I) =

Aβ
βI+µ f (I) and Q2(I) =

(µ+q)(µ+δ)
q +

γ

q
(µ+q)
g(I) , then we have lim

I→∞
Q1(I) = 0, lim

I→∞
Q2(I) =

(µ+q)(µ+δ)
q , Q

′

1(I) < 0 and Q
′

2(I) < 0. We also
observe that Q1(0) > Q2(0) when R0 > 1. Hence Q1(I) and Q2(I) intersect each other only once when
R0 > 1, which proves the existence and uniqueness of D∗.
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We observe that Q1(0) < Q2(0) when R0 < 1 and both Q1(I) and Q2(I) are monotonically
decreasing. Thus, Q1(I) and Q2(I) do not intersect each other when R0 < 1. Therefore, there is no
endemic equilibrium when R0 < 1.

On the other hand, by choosing f (I) = 1 + α1I2 and g(I) = 1 + α2I2, we see the existence of D∗ by
plotting the two nullclines in SI-plane.
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Figure 4. Figure shows the existence of a unique endemic equilibrium D∗ when R0 > 1.

3.3. Local stability behavior

Theorem 3.2. 1. The disease-free equilibrium D0 is locally asymptotically stable when R0 < 1 and
unstable when R0 > 1.

2. System (2.2) undergoes a transcritical bifurcation when R0 = 1 and the endemic equilibrium D∗

is locally asymptotically stable when R0 > 1.

Proof. For the proof of Theorem 3.2, interested readers may refer to Appendix A. �

The threshold quantity R0 denotes the average number of new disease infection generated by a
single infection introduced into a community of susceptible individuals. The result of Theorem 3.2
shows that the disease can be eliminated in the community when the basic reproduction number R0 < 1
and the initial population sizes are within the attraction basin of D0.

3.4. Global stability behavior

Theorem 3.3. The disease-free equilibrium D0 is globally asymptotically stable when R0 < 1.

Proof. For the proof of Theorem 3.3, one may refer to Appendix A. �

Theorem 3.4. The endemic equilibrium D∗ is globally asymptotically stable when R0 > 1.

Proof. Refer to Appendix A. �

Remark 3.1. 1. One can observe that in the absence of intervention strategies, i.e., f (I) = 1, the
basic reproduction number is given by R0 =

βAq
µ(µ+q)(µ+δ+

γ
g(0) ) . Thus if f (0) = 1, which means that if

we perform intervention strategies at a suitable level of infection, R0 remains same. However, by
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our assumption, f is an increasing function, which means R0 is greater than that in the presence of
interventions. From Theorem 3.4, D∗ is globally asymptotically stable, thus intervention strategies
decreases the endemic level of disease.

2. Further, if there is no limitation on resources of treatment for large infective individuals, i.e.,
g(I) = 1, the basic reproduction number is given by R0 =

βAq
µ f (0)(µ+q)(µ+δ+γ) . Thus if g(0) = 1, which

means that if there are low availability of resources for treatment at some level of infection, R0

remains same. However, by our assumption, g is an increasing function, which means R0 would
be less than that in case of low availability of resources for treatment. Since from Theorem 3.4, D∗

is globally asymptotically stable, therefore, low resources of treatment increase the endemic level
of disease. Clearly, it could be concluded that the disease persists along with the low availability
of resources for treatment when the basic reproduction number is greater than one.

4. Dynamics of delayed system (2.3)

4.1. Positivity and boundedness

Define L(t) = min
t≥0
{S (t), E(t), I(t),R(t)}. Clearly, L(0) = min {S (0), E(0), I(0),R(0)} > 0. We need

to show that L(t) > 0 for all t ≥ 0. Suppose that there exists a t0 > 0 such that L(t0) = 0 and L(t) > 0
for all t ∈ [0, t0). Here, we need to discuss the following four cases: (i) L(t0) = S (t0); (ii) L(t0) = E(t0);
(iii) L(t0) = I(t0); (iv) L(t0) = R(t0). We only give the proof of case (iv). The remaining cases could be
discussed similarly.
Let L(t0) = R(t0). Since L(t) > 0 for all t ∈ [0, t0), I(t − τ2) > 0,

dR
dt
≥ −µR(t) ∀ t ∈ [0, t0),

integrating from 0 to t0, we obtain

0 = R(t0) ≥ R(0)e−µt0 > 0,

which leads a contradiction. Hence S (t), E(t), I(t),R(t) are positive for all t ≥ 0. For the boundedness
of system (2.3), one can follow Section 3. The closed region f defined in (3.1) is also invariant for
system (2.3).

4.2. Disease-free equilibrium and its stability

The first three equations of system (2.3) do not include the variable R. Therefore, for simplicity,
we ignore the forth equation and analyze the following reduced system containing only first three
equations:

dS
dt

=A − µS −
βI

f (I(t − τ1))
S ,

dE
dt

=
βI

f (I(t − τ1))
S − (µ + q)E,

dI
dt

=qE − (µ + δ)I −
γI(t − τ2)

g(I(t − τ2))
.

(4.1)
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Since delay does not affect the number of equilibria, system (4.1) always has a disease-free equilibrium
D0 and a unique endemic equilibrium D∗, which have already been defined in Section 3. The basic
reproduction number R0 has also been defined in Section 3.

Theorem 4.1. 1. If V2
11 −V2

13 − 2V12 > 0 and V2
12 −V2

14 > 0, D0 is locally asymptotically stable when
τ1 > 0, τ2 > 0 and R0 < 1.

2. D0 is unstable when R0 > 1.

Proof. For the proof of Theorem 4.1, one may refer to Appendix A. �

Remark 4.1. From the proof of Theorem 4.1 in Appendix A, we observe that if τ1 > 0, τ2 = 0, D0

is locally asymptotically stable when R0 < 1. Further if τ1 = 0 and τ2 > 0, then D0 is not locally
asymptotically stable. Thus the result of Theorem 4.1 shows that time delay in the interventions (τ1)
does not affect the stability of D0, however, the result for the time delay in the recovery (τ2) suggests
that only a restriction on the basic reproduction number R0 will not be sufficient for the local stability
of disease free equilibrium.

4.3. Stability of D∗ and local Hopf bifurcation

In this subsection, we discuss the stability of D∗ and establish the local Hopf bifurcation of system
(4.1). The characteristic equation of system (4.1) at D∗ is given by

det


J11 − λ 0 J12 + J18e−λτ1

J13 J14 − λ J15 + J19e−λτ1

0 J16 J17 + J20e−λτ2 − λ

 = 0, (4.2)

where

J11 = − µ −
βI∗

f (I∗)
, J12 = −

βS ∗

f (I∗)
, J13 =

βI∗

f (I∗)
, J14 = −(µ + q),

J18 =
βI∗S ∗

f (I∗)2 f ′(I∗), J19 = −
βI∗S ∗

f (I∗)2 f ′(I∗), J15 =
βS ∗

f (I∗)
,

J16 =q, J17 = −(µ + δ), J20 = γ
[I∗g′(I∗) − g(I∗)]

g(I∗)2 .

Eq. (4.2) is equivalent to

λ3 + P11λ
2 + P12λ + P13 + (P14λ + P15)e−λτ1 + (P16λ

2 + P17λ + P18)e−λτ2 = 0, (4.3)

where

P11 = − (J11 + J14 + J17), P12 = J11(J14 + J17) + J14J17 − J15J16,

P13 =J11(J14J17 + J15J16) − J12J13J16, P14 = −J16J19,

P15 =J16(J11J19 − J13J18), P16 = −J20, P17 = J20(J11 + J14), P18 = −J11J14J20.

For the stability and Hopf bifurcation, we have the following results:
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Remark 4.2. If τ1 = τ2 = 0. In this case, system (4.1) becomes the non-delayed system (2.2). We have
already discussed this case in Section 3.

Lemma 4.2. [54] For the transcendental equation

x(λ, e−λτ1 , . . . , e−λτm) =λn + x(0)
1 λn−1 + . . . + x(0)

n−1λ + x(0)
n

+
[
x(1)

1 λn−1 + . . . + x(1)
n−1λ + x(1)

n

]
e−λτ1 + . . .

+
[
x(m)

1 λn−1 + . . . + x(m)
n−1λ + x(m)

n

]
e−λτm = 0,

as τ1, τ2, . . . τm vary, the sum of the orders of the zeros of x(λ, e−λτ1 , . . . , e−λτm) in the open right half
plane can change only if a zero occurs on or crosses the imaginary axis.

Lemma 4.3. If M11M13 + M12M14 > 0, then
(

dλ
dτ1

)−1

λ=iω′1,τ1=τ1 j

> 0 ( j = 0, 1, 2, . . . ) holds.

Similarly one can prove
(

dλ
dτ1

)−1

λ=iω±1 ,τ1=τ1k

> 0 (k = 0, 1, 2, . . . ) and(
dλ
dτ1

)−1

λ=iω1,2,3
1 ,τ1=τ1l

> 0 (l = 0, 1, 2, . . . ).

Theorem 4.4. For reduced system (4.1), the following conclusions hold:

1. If c11 > 0, c12 > 0, c13 > 0, then D∗ is locally asymptotically stable for τ1 ∈ (0,+∞).

2. If c13 < 0, c11 > 0, c12 > 0 or c13 < 0, c11 > 0, c12 < 0 or c13 < 0, c11 < 0, c12 < 0, there exists a ξ1 j

such that 0 < ξ1 j ≤ τ1 j . Then D∗ is locally asymptotically stable for ξ1 j < τ1 < τ1 j and unstable
for ξ1 j+1 > τ1 > τ1 j . Additionally, system (4.1) undergoes a supercritical Hopf bifurcation at D∗

when τ1 = τ1 j .

3. If c11 > 0, c12 < 0, c13 > 0 or c11 < 0, c12 > 0, c13 > 0 or c11 < 0, c12 < 0, c13 > 0, there
exists a σ1k such that 0 < σ1k ≤ τ1k . Then D∗ is locally asymptotically stable for σ1k < τ1 < τ1k

and unstable for σ1k+1 > τ1 > τ1k . Additionally, system (4.1) undergoes a supercritical Hopf
bifurcation at D∗ when τ1 = τ1k .

4. If c11 < 0, c12 > 0, c13 < 0, there exists a σ1l such that 0 < σ1l ≤ τ1l . Then D∗ is locally
asymptotically stable for σ1l < τ1 < τ1l and unstable for σ1l+1 > τ1 > τ1l . Additionally, system
(4.1) undergoes a supercritical Hopf bifurcation at D∗ when τ1 = τ1l .

Lemma 4.5. If M21M23 + M22M24 > 0, then Re
(

dλ
dτ2

)−1

λ=iω′2,τ2=τ2 j

> 0 ( j = 0, 1, 2, . . . ) holds.

Similarly one can also prove
(

dλ
dτ2

)−1

λ=iω±2 ,τ2=τ2k

> 0 (k = 0, 1, 2, . . . ) and
(

dλ
dτ2

)−1

λ=iω1,2,3
2 ,τ2=τ2l

> 0 (l =

0, 1, 2, . . . ).

Theorem 4.6. For reduced system (4.1), the following conclusions hold:

1. If d11 > 0, d12 > 0, d13 > 0, then D∗ is locally asymptotically stable for τ2 ∈ (0,+∞).

2. If d13 < 0, d11 > 0, d12 > 0 or d13 < 0, d11 > 0, d12 < 0 or d13 < 0, d11 < 0, d12 < 0, there exists a
ξ2 j such that 0 < ξ2 j ≤ τ2 j . Then D∗ is locally asymptotically stable for ξ2 j < τ2 < τ2 j and unstable
for ξ2 j+1 > τ2 > τ2 j . Additionally, system (4.1) undergoes a supercritical Hopf bifurcation at D∗

when τ2 = τ2 j .
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3. If d11 > 0, d12 < 0, d13 > 0 or d11 < 0, d12 > 0, d13 > 0 or d11 < 0, d12 < 0, d13 > 0, there
exists a σ2k such that 0 < σ2k ≤ τ2k . Then D∗ is locally asymptotically stable for σ2k < τ2 < τ2k

and unstable for σ2k+1 > τ2 > τ2k . Additionally, system (4.1) undergoes a supercritical Hopf
bifurcation at D∗ when τ2 = τ2k .

4. If d11 < 0, d12 > 0, d13 < 0 there exists a σ2l such that 0 < σ2l ≤ τ2l . Then D∗ is locally
asymptotically stable for σ2l < τ2 < τ2l and unstable for σ2l+1 > τ2 > τ2l . Additionally, system
(4.1) undergoes a supercritical Hopf bifurcation at D∗ when τ2 = τ2l .

Lemma 4.7. If M31M33 + M32M34 > 0, then Re
(

dλ
dτ

)−1

λ=iω′3,τ=τ j
> 0 ( j = 0, 1, 2, . . . ) holds.

Similarly we can also prove
(

dλ
dτ

)−1

λ=iω±3 ,τ=τk
> 0 (k = 0, 1, 2, . . . ) and(

dλ
dτ

)−1

λ=iω1,2,3
3 ,τ=τl

> 0 (l = 0, 1, 2, . . . ).

Theorem 4.8. For reduced system (4.1), the following conclusions hold:

1. If e11 > 0, e12 > 0, e13 > 0, then D∗ is locally asymptotically stable for τ ∈ (0,+∞).

2. If e13 < 0, e11 > 0, e12 > 0 or e13 < 0, e11 > 0, e12 < 0 or e13 < 0, e11 < 0, e12 < 0, there exists a ξ3 j

such that 0 < ξ3 j ≤ τ j. Then D∗ is locally asymptotically stable for ξ3 j < τ < τ j and unstable for
ξ3 j+1 > τ > τ j. Additionally, system (4.1) undergoes a supercritical Hopf bifurcation at D∗ when
τ = τ j.

3. If e11 > 0, e12 < 0, e13 > 0 or e11 < 0, e12 > 0, e13 > 0 or e11 < 0, e12 < 0, e13 > 0, there exists a
σ3k such that 0 < σ3k ≤ τk. Then D∗ is locally asymptotically stable for σ3k < τ < τk and unstable
for σ3k+1 > τ > τk. Additionally, system (4.1) undergoes a supercritical Hopf bifurcation at D∗

when τ = τk.

4. If e11 < 0, e12 > 0, e13 < 0, there exists a σ3l such that 0 < σ3l ≤ τl. Then D∗ is locally
asymptotically stable for σ3l < τ < τl and unstable for σ3l+1 > τ > τl. Additionally, system (4.1)
undergoes a supercritical Hopf bifurcation at D∗ when τ = τl.

Lemma 4.9. If M41M43 + M42M44 > 0, then Re
(

dλ
dτ1

)−1

λ=iω∗4,τ1=τ∗1 j

> 0 ( j = 0, 1, 2, . . . ) holds.

Theorem 4.10. For reduced system (4.1), If H1 holds, there exists a ξ4 j such that 0 < ξ4 j ≤ τ
∗
1 j

. Then
D∗ is locally asymptotically stable for ξ4 j < τ1 < τ∗1 j

and unstable for ξ4 j+1 > τ1 > τ∗1 j
. Additionally,

system (4.1) undergoes a supercritical Hopf bifurcation at D∗ when τ1 = τ∗1 j
.

Remark For the proofs of Lemmas 4.3, 4.5, 4.7, 4.9, and Theorems 4.4, 4.6, 4.8, 4.10, interested
readers may refer to Appendix A.

Remark 4.3. Without loss of generality, in Subsection 4.3 we only discussed the case
Re

(
dλ
dτ j

)−1

λ=iω,τ=τ j
> 0 ( j = 1, 2). Similarly, for the case of Re

(
dλ
dτ j

)−1

λ=iω,τ=τ j
< 0 ( j = 1, 2), subcritical Hopf

bifurcation will appear instead of supercritical Hopf bifurcation. We do not provide details here.
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4.4. Stability and direction of Hopf bifurcation

In Subsection 4.3, we have established that the reduced system (4.1) possesses a family of periodic
solutions bifurcating from D∗ at the different critical values of delay parameters τ1 and τ2. In this
subsection, by using the center manifold theorem and normal form theory [57], the properties of the
Hopf bifurcation at the critical value τ∗1 are determined. Throughout the section, we consider that
τ∗2 < τ∗1, where τ∗2 ∈ (0, τ2 j). For detailed discussion related to properties of the Hopf bifurcation
(direction and stability of Hopf bifurcation), one may refer to Appendix B.

Remark 4.4. The disappearance or appearance of a periodic orbit through a local change in the
stability properties of a steady point is called Hopf bifurcation. There are two types of Hopf bifurcation,
the bifurcation is known as supercritical if the bifurcated periodic solutions are stable and subcritical
if they are unstable. The parameter µ2 determines the directions of the Hopf bifurcation: if µ2 > 0 (µ2 <

0), then the Hopf bifurcation is supercritical (subcritical).

Theorem 4.11. If Re {c1(0)} < 0 (Re {c1(0)} > 0), then the reduced system (4.1) undergoes a
supercritical (subcritical) Hopf bifurcation at D∗ when τ1 crosses its critical value τ∗1. Furthermore,
the bifurcated periodic solutions occurring through Hopf bifurcations are orbitally asymptotically
stable on the center manifold if Re {c1(0)} < 0 and unstable if Re {c1(0)} > 0.

4.5. Global continuation of local Hopf bifurcation

In this subsection, we investigate the global continuation of periodic solutions bifurcating from D∗

for system (2.3) for fixed τ2 in the interval (0, τ2 j). Throughout this subsection, we follow the notations
in Wu [59]. For simplification, we denote τ = τ1. Let z(t) = (z1(t), z2(t), z3(t)) = (S (t), E(t), I(t)), then
system (2.3) can be rewritten as

ż = F(zt, τ, p), (4.4)

where zt(θ) = (z1(t + θ), z2(t + θ), z3(t + θ))T = (z1t(θ), z2t(θ), z3t(θ))T ∈ C([−τ, 0],R3). It is clear that
if R0 > 1, then system (2.3) has a disease-free equilibrium (D0) and an endemic equilibrium (D∗).
Following Wu [59], we define

X =C([−τ, 0],R3),
f =Cl{(z, τ, p) ∈ X × R × R+; z is a nonconstant periodic solution of (4.4)},
M ={(z̄, τ, p); F(z̄, τ, p) = 0}.

Lemma 4.12. Assume that (z̄, τ, p) is an isolated center satisfying (A1-A4) in [59]. Denote by l(z̄,τ,p)

the connected component of (z̄, τ, p) in f. Then either

(i) l(z̄,τ,p) is unbounded, or

(ii) l(z̄,τ,p) is bounded, l(z̄,τ,p) ∩ M is finite, and
∑

(z̄,τ,p)∈l(z̄,τ,p)∩M
γm(z̄, τ, p) = 0 for all m = 1, 2, 3, . . . , where

γm(z̄, τ, p) is the mth crossing number of (z̄, τ, p), if m ∈ J(z̄, τ, p), or it is zero otherwise.

It is well recognized that if the condition (ii) of above lemma is not true, then l(z̄,τ,p) is unbounded.
Thus, if the projections of l(z̄,τ,p) onto p-space and onto z-space are bounded, then the projection onto
τ-space is unbounded. Further, if we can show that the projection of l(z̄,τ,p) onto τ-space is away from
zero, then the projection of l(z̄,τ,p) onto τ-space must include interval [τ,+∞). Following this concept,
we can prove our consequences on the global continuation of local Hopf bifurcation.
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Lemma 4.13. If R0 > 1, then all non-constant periodic solutions of system (2.3) with initial conditions
(2.4) are uniformly bounded.

Lemma 4.14. If R0 > 1, then there does not exist any non-constant periodic solution of system (2.3)
with period τ.

Proof. Suppose there exists a non-constant periodic solution of system (2.3) with period τ. Then
system (2.2) also has a non-constant periodic solution. Both systems (2.2) and (2.3) have same
equilibria, i.e., D0 and D∗. Note that E-axis and I-axis are the invariable manifolds of system (2.2) and
the orbits of system (2.2) do not cross each other. Thus, there is no solution that intersects the
coordinate axis.

On the other hand, if system (2.2) has a periodic solution, then there must be an equilibrium in its
interior [41] and D0 is located on the coordinate axis. Thus, it can be concluded that the periodic orbit
of system (2.2) must lie in the first octant. From Theorem 3.4, the positive equilibrium is globally
asymptotically stable in R4

+, thus, there is no periodic orbit in the first quadrant. This completes the
proof. �

Theorem 4.15. Let ω∗4 and τ∗1 j ( j = 0, 1, 2, . . .) be defined in case 5 in subsection 4.3. Then for each
τ > τ∗1 j ( j ≥ 1), system (2.3) has at least j + 1 periodic solutions.

Proof. It is sufficient to prove that the projection of l(D∗,τ∗1 j,2π/ω
∗
4) onto τ-space is [τ,+∞) for each j > 0,

where τ̄ ≤ τ∗1 j. The characteristic matrix of (4.4) at positive equilibrium D∗ takes the following form

∆(D∗, τ, p)(λ) =


J11 − λ 0 J12 + J18e−λτ

J13 J14 − λ J15 + J19e−λτ

0 J16 J17 + J20e−λτ2 − λ

 , (4.5)

where J1i, i = 1, 2, 3, 4, 5, 6, 7, 8, 9 and J20 are defined in subsection 4.3. From the discussion of local
Hopf bifurcation, it is easy to verify that (D∗, τ∗1 j, 2π/ω

∗
4), j = 1, 2, ... are isolated centers. There exists

ε > 0, δ > 0 and a smooth curve λ : (τ∗1 j − δ, τ
∗
1 j + δ) → C, such that det(∆(λ(τ))) = 0, |λ(τ) − ω∗4| < ε

for all τ ∈ [τ∗1 j − δ, τ
∗
1 j + δ] and

λ(τ∗1 j) = iω∗4,
dRe(λ(τ))

dτ

∣∣∣∣
τ=τ∗1 j

> 0.

Let
Ωε,2π/ω∗4 =

{
(η, p) : 0 < η < ε,

∣∣∣∣p − 2π
ω∗4

∣∣∣∣ < ε}.
It is easy to verify that on [τ∗1 j − δ, τ

∗
1 j + δ] × ∂Ωε,2π/ω∗4 ,

det
(
∆(D∗, τ, p)

(
η +

2π
p

i
))

= 0

if and only if η = 0, τ = τ∗1 j, p = 2π/ω∗4. Thus, the hypotheses (A1-A4) in [59] are satisfied. Moreover,
if we define

H±
(
D∗, τ∗1 j,

2π
ω∗4

)
(η, p) = det

(
∆(D∗, τ∗1 j ± δ, p)

(
η +

2π
p

i
))
,
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then we have the crossing number of isolated center
(
D∗, τ∗1 j,

2π
ω∗4

)
as follows:

γ
(
D∗, τ∗1 j,

2π
ω∗4

)
= degB

(
H−

(
D∗, τ∗1 j,

2π
ω∗4

)
,Ωε,2π/ω∗4

)
− degB

(
H+

(
D∗, τ∗1 j,

2π
ω∗4

)
,Ωε,2π/ω∗4

)
= − 1.

By Theorem 3.2 in Wu [59], we conclude that the connected l(D∗,τ∗1 j,2π/ω
∗
4) through

(D∗, τ∗1 j, 2π/ω
∗
4) in f is nonempty. We have∑

(z̄,τ,p)∈l(D∗ ,τ∗1 j ,2π/ω
∗
4)

γ(z̄, τ, p) < 0.

Hence l(D∗,τ∗1 j,2π/ω
∗
4) is unbounded.

From Eq. (.34), we see that, for j ≥ 1, 2π/ω∗4 < τ∗1 j. Then, we are in a position to show that the
projection of l(D∗,τ∗1 j,2π/ω

∗
4) onto τ-space is [τ̄,+∞), where τ̄ < τ∗1 j. Clearly, it follows from the proof of

Lemma 4.14 that system (2.3) with τ = 0 has no non-constant periodic solution. Hence, the projection
of l(D∗,τ∗1 j,2π/ω

∗
4) onto τ-space is away from zero.

For a contradiction, we suppose that the projection of l(D∗,τ∗1 j,2π/ω
∗
4) onto τ-space is bounded. This

means that the projection of l(D∗,τ∗1 j,2π/ω
∗
4) onto τ-space is included in an interval (0, τ∗). Note that

2π/ω∗4 < τ∗1 j and applying Lemma 4.14, we have p < τ∗ for (z, τ, p) belonging to l(D∗,τ∗1 j,2π/ω
∗
4). This

implies that the projection of the connected component l(D∗,τ∗1 j,2π/ω
∗
4) onto p-space is bounded. In

addition, from Lemma 4.13, we obtain that the projection of l(D∗,τ∗1 j,2π/ω
∗
4) onto z-space is bounded if the

projection of l(D∗,τ∗1 j,2π/ω
∗
4) onto τ-space is bounded. Thus, the connected component l(D∗,τ∗1 j,2π/ω

∗
4)

crossing through (D∗, τ∗1 j, 2π/ω
∗
4) is bounded, which is a contradiction. This implies that the

projection of l(D∗,τ∗1 j,2π/ω
∗
4) onto τ-space is [τ̄,+∞) for each j ≥ 1, where τ̄ < τ∗1 j. This completes the

proof. �

4.6. Estimation of the length of delay to preserve stability

In this subsection, we determine the length of delay to preserve the stability of system (4.1) by the
Nyquist criterion [55]. We consider the system (4.1) and space of all real-valued continuous functions
on [−τ,+∞) satisfying the initial conditions on [−τ, 0]. We use the transformations S = S ∗ + u1, E =

E∗ + u2, I = I∗ + u3 and obtain the following linearized system:

du1

dt
= a11u1 + a12u3 + a13u3(t − τ1),

du2

dt
= a21u1 + a22u2 + a23u3 + a24u3(t − τ1),

du3

dt
= a31u2 + a32u3 + a33u3(t − τ2),

(4.6)

where

a11 = −

(
µ +

βI∗

f (I∗)

)
, a12 = −

βS ∗

f (I∗)
, a13 =

βS ∗I∗ f ′(I∗)
f (I∗)2 ,

a21 =
βI∗

f (I∗)
, a22 = −(µ + q), a23 =

βS ∗

f (I∗)
, a24 = −

βS ∗I∗ f ′(I∗)
f (I∗)2 ,
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a31 = q, a32 = (µ + δ +
γ

g(I∗)
), a33 =

γg′(I∗)
(g(I∗))2 .

Now taking Laplace transform of system (4.6), we obtain

(s − a11)ū1(s) = u1(0) + a12ū3(s) + a13e−sτ1 ū3(s) + a13e−sτ1 K1(s),
(s − a22)ū2(s) = u2(0) + a21ū1(s) + a23ū3(s) + a24e−sτ1 ū3(s) + a24e−sτ1 K1(s),

(s − a32 − a33e−sτ2)ū3(s) = u3(0) + a31ū2(s) + a33e−sτ2 K2(s),
(4.7)

where K1(s) =
∫ 0

−τ1
e−sτ1u3(t)dt, K2(s) =

∫ 0

−τ2
e−sτ2u3(t)dt, and ūi(s) are the Laplace transforms of

ui(t), i = 1, 2, 3, respectively. The characteristic equation of Eq. (4.7) is

Ψ(s) = s3 + P11s2 + P12s + P13 + (P14s + P15)e−sτ1 + (P16s2 + P17s + P18)e−sτ2 = 0, (4.8)

where P1i, i = 1, 2, 3, 4, 5, 6, 7, 8 are given in subsection 4.3. The conditions for local asymptotic
stability of D∗ are given by

Re(Ψ(iη0)) = 0, (4.9)
Im(Ψ(iη0)) > 0, (4.10)

where η0 is the smallest positive root of Eq. (4.9).
We have already revealed that D∗ is locally asymptotically stable when τ1 = τ2 = 0. Hence, by

continuity, all eigenvalues will have negative real parts for sufficiently small τ1 > 0, τ2 > 0 provided
one can assure that no eigenvalues with positive real parts bifurcates from infinity as τ1 and τ2 increase
from zero. This can be proved by Butler’s lemma [56]. Now, we consider the conditions of Case 5,
i.e., τ1 > 0 and τ2 is in stable interval. Eq. (4.9) and (4.10) gives

P11η
2
0 − P13 − (P18 − P16η

2
0) cos(η0τ2) − P17η0 sin(η0τ2) = P15 cos(η0τ1) + P14η0 sin(η0τ1), (4.11)

−P12η0 + η3
0 − P17η0 cos(η0τ2) + (P18 − P16η

2
0) sin(η0τ2) > P14η0 cos(η0τ1) − P15 sin(η0τ1). (4.12)

If Eq. (4.11) and (4.12) hold simultaneously, these are sufficient conditions to assure stability. We
shall use them to obtain an estimation of the length of delay. Our goal is to discover an upper bound
η+ on η0 free of τ1 and τ2, and then estimate τ1 so that Eq. (4.12) holds for all values of η, 0 ≤ η ≤ η+

and hence in particular at η = η0. From (4.11), we obtain

P11η
2
0 = P13 + (P18 − P16η

2
0) cos(η0τ2) + P17η0 sin(η0τ2) + P15 cos(η0τ1) + P14η0 sin(η0τ1). (4.13)

Maximize P13 + (P18 − P16η
2
0) cos(η0τ2) + P17η0 sin(η0τ2) + P15 cos(η0τ1) + P14η0 sin(η0τ1) subject to

| sin(η0τ1)| ≤ 1, | sin(η0τ2)| ≤ 1, | cos(η0τ1)| ≤ 1, | cos(η0τ2)| ≤ 1, we obtain

P11η
2
0 ≤ |P13| + |(P18 − P16η

2
0)| + |P17|η0 + |P15| + |P14|η0. (4.14)

Assume that Eq. (4.14) has a positive root such η+, then obviously from inequality (4.14), we have
η0 ≤ η

+.
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Now, rearranging the inequality (4.12), using Eq. (4.11), and assuming | sin(η0τ2)| ≤ 1, | cos(η0τ2)| ≤
1, we obtain

(P14 −
P15

P11
)η0[cos(η0τ1) − 1] − (P15 +

P14

P11
)η2

0 sin(η0τ1) <|
P13

P11
− P12|η0 + | − P17

+
P18 − P16η

2
0

P11
|η0

+ |P18 − (
P17

P11
− P16)η2

0|

− (P14 −
P15

P11
).

(4.15)

Using the bounds, we obtain

(P14 −
P15

P11
)η0[1 − cos(η0τ1)] = (P14 −

P15

P11
)η02 sin2

(
η0τ1

2

)
≤

1
2
|(P14 −

P15

P11
)η+|η+2

τ2
1,

and
−(P15 +

P14

P11
)η2

0 sin(η0τ1) ≤ |(P15 +
P14

P11
)|η+3

τ1.

Hence, from inequality (4.15), we obtain

L11τ
2
1 + L12τ1 < L13, (4.16)

where

L11 =
1
2
|(P14 −

P15

P11
)η+|η+2

, L12 = |(P15 +
P14

P11
)|η+3

,

L13 =|
P13

P11
− P12|η0 + | − P17 +

P18 − P16η
2
0

P11
|η0 + |P18 − (

P17

P11
− P16)η2

0| − (P14 −
P15

P11
).

Hence, if

τ+
1 =

1
2L11

(
−L12 +

√
L2

12 + 4L11L13

)
(4.17)

then the stability is preserved for 0 ≤ τ1 < τ
+
1 .

Similarly, one can follow the above calculation to determine the length of delay τ2 where the
stability is preserved, taking τ1 in its stable interval.

4.7. Stability switching curves and crossing directions

To study stability switching, we need to seek purely imaginary characteristic roots. For this, we
assume λ = iω(ω > 0) and substituting this in Eq. (4.3), we obtain

m1(iω) + m2(iω)e−iωτ1 + m3(iω)e−iωτ2 , (4.18)

with

m1(iω) = (iω)3 + P11(iω)2 + P12(iω) + P13, m2(iω) = P14(iω) + P15,
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m3(iω) = P16(iω)2 + P17(iω) + P18.

Since |e−iωτ2 | = 1, we have
|m1 + m2e−iωτ1 | = |m3|, (4.19)

which is equivalent to
(m1 + m2e−iωτ1)(m̄1 + m̄2eiωτ1) = m3m̄3.

After simplification, we obtain

|m1|
2 + |m2|

2 + 2Re(m1m̄2) cos(ωτ1) − 2Im(m1m̄2) sin(ωτ1) = |m3|
2.

Thus,
|m3|

2 − |m1|
2 − |m2|

2 = 2K1(ω) cos(ωτ1) − 2K2(ω) sin(ωτ1), (4.20)

where K1(ω) = Re(m1m̄2) and K2(ω) = Im(m1m̄2).
If there is some ω such that K1(ω)2 + K2(ω)2 = 0, then

K1(ω) = K2(ω) = 0⇔ m1m̄2 = 0. (4.21)

The right hand side of Eq. (4.20) is zero with any τ1, and

|m3|
2 = |m1|

2 + |m2|
2. (4.22)

Therefore, if there is an ω such that both (4.21) and (4.22) are satisfied, then all τ1 ∈ R+ are solution
of (4.19).

If K1(ω)2 + K2(ω)2 > 0, then there exists some continuous function χ1(ω) such that

K1(ω) =
√

K1(ω)2 + K2(ω)2 cos(χ(ω)),

K2(ω) =
√

K1(ω)2 + K2(ω)2 sin(χ(ω)).

Indeed,
χ1(ω) = arg (m1m̄2).

Therefore, Eq. (4.20) becomes

|m3|
2 − |m1|

2 − |m2|
2 = 2

√
K1(ω)2 + K2(ω)2 cos(χ1(ω) + ωτ1). (4.23)

Obviously, a sufficient and necessary condition for the existence of τ1 ∈ R+ satisfying the above
equation is

||m3|
2 − |m1|

2 − |m2|
2| ≤ 2

√
K2

1 + K2
2 . (4.24)

Denote Ω1 to be ω ∈ R+ satisfying (4.24). We note that (4.24) includes the case K2
1 + K2

2 = 0 which
leads to (4.21) and (4.22).

Let

cos(Θ1(ω)) =
|m3|

2 − |m1|
2 − |m2|

2

2
√

K2
1 + K2

2

, Θ1 ∈ [0, π].
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We have
τ±1,k1

(ω) =
±Θ1(ω) − χ1(ω) + 2k1π

ω
, k1 ∈ Z. (4.25)

By substituting the value of τ1(ω) given by (4.25), into (4.18) and we obtain an explicit formula for
τ2(ω) unconditionally with each ω ∈ Ω1, i.e.,

τ±2,k2
(ω) =

1
ω

arg
{

−m3

m1 + m2e−iωτ±1

}
+ 2k2π, k2 ∈ Z. (4.26)

Hence, the stability crossing curves are

Γ =
{
(τ±1,k1

(ω), τ±2,k2
(ω)) ∈ R2

+ : ω ∈ Ω1, k1, k2 ∈ Z
}
. (4.27)

Another way to find τ2 is similarly to the analysis of τ1, which gives

τ±2,k2
(ω) =

±Θ2(ω) − χ2(ω) + 2k2π

ω
, k2 ∈ Z, (4.28)

where

cos(Θ2(ω)) =
|m2|

2 − |m1|
2 − |m3|

2

2
√

K2
3 + K2

4

, Θ2 ∈ [0, π],

K3(ω) =
√

K3(ω)2 + K4(ω)2 cos(χ2(ω)),

K4(ω) =
√

K3(ω)2 + K4(ω)2 sin(χ2(ω)),
K3(ω) = Re(m1m̄3),
K4(ω) = Im(m1m̄3),

with the condition on ω:
||m2|

2 − |m1|
2 − |m3|

2| ≤ 2
√

K2
3 + K2

4 , (4.29)

which defines a region Ω2.
By squaring both sides of the conditions (4.24) and (4.29), one can observe that (4.24) and (4.29)

are equivalent. Hence
Ω = Ω1 = Ω2,

and Ω is called the crossing set.

Lemma 4.16. Ω consists of a finite number of intervals of finite length.

Proof. The theoretical proof of this lemma can easily be established similarly as Lemma 3.2 of [64].
Numerically, we show that F(ω) = (|m3|

2 − |m1|
2 − |m2|

2)2 − 4(K2
1 + K2

2) has finite number of roots on
R+ in Figure 21. �

If F(0) > 0, then F(ω) has roots 0 < a1 < b1 < a2 < b2 < ... < aN < bN < +∞ and

Ω =

N⋃
n=1

Ωn, Ωn = [an, bn].

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5865–5920.



5885

If F(0) < 0, then F(ω) has roots 0 < b1 < a2 < b2 < ... < aN < bN < +∞ and

Ω =

N⋃
n=1

Ωn, Ω1 = (0, b1], Ωn = [an, bn] (n ≥ 2).

For any Ωn, we have a restriction on the range of χi(ω), i = 1, 2. We require χi(ω) to be the smallest
continuous branch with the property that there exists an ωi ∈ Ωn, such that

χi(ωi) > 0.

Therefore, ki has a lower bound, denoted by Mi,n.

By (4.26), one can obtain either τ+
2,k2

or τ−2,k2
(but not both) for a given τ+

1,k1
, and similarly for τ−1,k1

.
By knotty computation, one can verify that when τ1 = τ+

1,k1
(ω), we have τ2 = τ−2,k2

(ω), and when
τ1 = τ−1,k1

(ω), we have τ2 = τ+
2,k2

(ω). Therefore

Γ =
⋃

n=1,2,...N
k1≥M1,n,M1,n+1,...
k2≥M2,n,M2,n+1,...

Γ±n
k1,k2

⋂
R2

+, (4.30)

Γ±n
k1,k2

=

{(
±Θ1(ω) − χ1(ω) + 2k1π

ω
,
∓Θ2(ω) − χ2(ω) + 2k2π

ω

)
: ω ∈ Ωn

}
. (4.31)

Γ defined in (4.30) is the set of all stability switching curves on the (τ1, τ2)-plane and Γ±n
k1,k2

is continuous
in R2.

For the crossing directions, we directly use Theorem 4.1 of [64] which is shown in Figure 22.

5. Persistence

In this section, we prove the persistence result for both systems (2.2) and (2.3). Biologically,
persistence means the survival of all populations in the future time. Mathematically, persistence
means positive solutions do not have omega limit points on the boundary of the non-negative set. A
population x(t) is called uniformly persistent if there is an δ > 0, free of x(0) > 0 such that
lim
t→∞

x(t) > δ. A system is called uniformly persistent if each component persists uniformly.

Theorem 5.1. Both systems (2.2) and (2.3) are uniformly persistent in the interior of f whenever
R0 > 1.

Proof. Refer the Appendix C. �

6. Numerical simulations

In this section, we present some numerical evaluations to verify our theoretical results and to exhibit
different dynamics of systems (2.2) and (2.3).
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6.1. Model system (2.2)

First, we numerically validate the theoretical results obtained for non-delayed system (2.2). We
consider f (I) = 1 + α1I2 and g(I) = 1 + α2I2 and set the following parameter values (there may exist
another set of parameter values):

A = 5, µ = 0.5, β = 0.2, δ = 0.05, q = 0.2, γ = 0.2, α1 = 0.02, α2 = 0.02. (6.1)

In this way, the system (2.2) can be rewritten as

dS
dt

= 5 − 0.5S −
0.2I

1 + 0.02I2 S ,

dE
dt

=
0.2I

1 + 0.02I2 S − (0.5 + 0.2)E,

dI
dt

= 0.2E − (0.5 + 0.05)I −
0.2I

1 + 0.02I2 ,

dR
dt

=
0.2I

1 + 0.02I2 − 0.5R.

(6.2)

In this case, R0 = 0.7619 < 1 and the system (6.2) has a disease-free equilibrium D0(10.00, 0, 0, 0),
which is globally asymptotically stable as shown in Figure 5(a). We observe that curve S starts up very
quickly, attains its maximum value and stabilize. The curves E, I,R go down to zero.

Further, we increase the incidence rate as β = 0.5.By simple calculation, we obtain R0 = 1.9048 > 1
and endemic equilibrium D∗(5.313, 3.348, 0.896, 0.353), which is globally asymptotically stable as
shown in Figure 5(b). We observe that curve S starts up very quickly, attains its maximum value and
then goes down and stabilize at a certain value. The curves E, I,R go up to a certain value and stabilize.
We plot a transcritical bifurcation diagram in Figure 6.
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Figure 5. The graphs show the stability behavior of disease free equilibrium (D0) and
endemic equilibrium (D∗) of system (2.2). Panel (a) shows that D0 is stable when R0 < 1 and
Panel (b) shows that D∗ is stable when R0 > 1.

In Figure 7, we show that by increasing the value of recovery rate (γ), the level of infected
population decreases and by increasing the value of contact rate (β), the level of infected population
increases. From this observation, it could also be concluded that if we increase the recovery rate (by
increasing the availability of resources for treatment), the level of infected population could be
reduced. Similarly, if we decrease the contact rate (by increasing the intervention strategies), the level
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Figure 6. The graph demonstrates the transcritical bifurcation with respect to β. The blue line
depicts the stable equilibrium points and red line depicts the unstable equilibrium. Before a
critical value of β = β∗, D0 is locally asymptotically stable and after a critical value of β = β∗,
D0 is unstable and D∗ exists and locally asymptotically stable.

of infected population could be reduced. In Figure 8, we plot the infected population with respect to
time for different values of α1 and α2. We observe that for greater values of α1, the trajectory of the
infected population settles down at a lower level, which means by imposing more intervention, the
infection level can be reduced. For higher values of α2, the infected population settles down at a high
level, which means the level of infection increases with the limitation of treatment. In Figure 9, we
show that the value of R0 with respect to β and γ. Here we observe that β increases the value of R0 and
γ decreases the value of R0, which means the disease can be extinct by reducing the value of β (by
reducing contact between susceptible and infected individuals) and by increasing the value of γ (by
increasing the treatment). From Figure 9, it can also be observed that β has more influence than γ on
R0.

In Figure 10(a)(b), 11(a)(b) and 12(a)(b), we show the combined effect of various parameters on
endemic level. Figure 10(a) represents the variation of endemic level with respect to two parameters β
and γ. We observe that by decreasing the value of contact rate β and by increasing the value of
recovery rate (γ), endemic level could be reduced. Figure 10(b) represents the variation of endemic
level with respect to two parameters β and α1. We observe that the parameters β and α1 have equal
impact on endemic level. From this observation, it can be concluded that by increasing the
interventions and reducing the contact rate between susceptible and infected individuals, endemic
level can be reduced. Figure 11(a) shows that by increasing the value of recovery rate γ and
increasing the strength of interventions (α1), number of infected individuals could be reduced. Figure
11(b) demonstrates that by decreasing the value of contact rate β and reducing the limitation on
resources availability (α2), number of infected individuals could be reduced. Figure 12(a) depicts the
variation of endemic level with respect to two parameters γ and α2. We note that by increasing the
recovery rate (γ) and by reducing the limitation on resources availability (α2), endemic level can be
reduced. Figure 12(b) declares that number of infected individuals could be reduced by increasing the
value of α1 (by increasing the strength of interventions) and decreasing the value of α2 (by decreasing
the limitation on resources availability). These results are suitable in real life when the disease spread
fast and the infection level is high, for example, COVID-19, H1N1 influenza, SARS. Our study
suggests that treatment resources should be available with intervention strategies.
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Figure 7. The graphs show the variation of infected population with respect to recovery rate
(γ) and contact rate (β). Panel (a) shows that the level of infected population decreases as γ
increases. Panel (b) shows that the level of infected population increases as β increases.
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Figure 8. The graphs depict the variation of infected population with respect to measure
of interventions (α1) and limitation of resources for treatment (α2). Panel (a) shows that
the level of infected population decreases as α1 increases. Panel (b) shows that the level of
infected population increases as α2 increases.

Figure 9. Surface plot shows the impact of β and γ on R0.
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Figure 10. The graphs show the impact of different parameters on prevalence. Panel (a)
shows the variation of infected individuals with respect to β and γ. Panel (b) shows the
variation of infected individuals with respect to β and α1.
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Figure 11. The graphs show the impact of different parameters on prevalence. Panel (a)
shows the variation of infected individuals with respect to γ and α1. Panel (b) shows the
variation of infected individuals with respect to β and α2.
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Figure 12. The graphs show the impact of different parameters on prevalence. Panel (a)
shows the variation of infected individuals with respect to γ and α2. Panel (b) shows the
variation of infected individuals with respect to α1 and α2.

6.2. Model system (2.3)

In this section, we perform some numerical simulations to verify our theoretical results of system
(2.3) in Section 3. We set the parameter values as

A = 500, µ = 0.7, β = 0.9, δ = 0.05, q = 0.2, γ = 1.45, α1 = 0.02, α2 = 2 × 10−12, (6.3)
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and then the system (2.3) can be rewritten as

dS
dt

= 500 − 0.7S −
0.9I

1 + 0.02I(t − τ1)2 S ,

dE
dt

=
0.9I

1 + 0.02I(t − τ1)2 S − (0.7 + 0.2)E,

dI
dt

= 0.2E − (0.7 + 0.05)I −
1.45I(t − τ2)

1 + 2 × 10−12I(t − τ2)2 ,

dR
dt

=
1.45I(t − τ2)

1 + 2 × 10−12I(t − τ2)2 − 0.7R.

(6.4)

By simple calculation, we obtain that R0 = 64.9351 and the endemic equilibrium D∗(248, 362, 32.93,
68.12).

For τ2 = 0, τ1 > 0, by simple calculations, we obtain the critical value of τ1 = 3.2. By Theorem
4.4, we can deduce that D∗ is locally asymptotically stable when τ1 = [0, 3.2) and a supercritical Hopf
bifurcation occur at the critical value τ1 = 3.2. Figure 13 also depicts that D∗ is locally asymptotically
stable for τ1 = 2 < τ∗1 = 3.2 and bifurcated periodic solutions feasible for τ1 = 10 > τ∗1 = 3.2.

For τ1 = 0, τ2 > 0, we obtain the critical value of τ2 = 3.74. By Theorem 4.6, we can deduce that
D∗ is locally asymptotically stable when τ2 = [0, 3.74) and a supercritical Hopf bifurcation occur at
the critical value τ2 = 3.74. It has been presented in Figure 14 that D∗ is locally asymptotically stable
for τ2 = 1 < τ∗2 = 3.74 and bifurcated periodic solutions feasible for τ2 = 10 > τ∗1 = 3.74.

For τ1 = τ2 = τ > 0, we obtain the critical value of τ = 0.63. By Theorem 4.8, we can deduce
that D∗ is locally asymptotically stable when τ = [0, 0.63) and a supercritical Hopf bifurcation occur
at the critical value τ = 0.63. It has been shown in Figure 15 that D∗ is locally asymptotically stable
for τ = 0.5 < τ∗ = 0.63 and bifurcated periodic solutions feasible for τ = 0.65 > τ∗ = 0.63.

For τ1 > 0, τ2 ∈ (0, 3.74], by simple calculations we obtain the critical value of τ1 = 0.05. By
Theorem 4.10, we can deduce that D∗ is locally asymptotically stable when τ1 = [0, 0.05) and a
supercritical Hopf bifurcation occur at the critical value τ1 = 0.05. Figure 16 illustrates that D∗ is
locally asymptotically stable for τ1 = 0.04 < τ∗1 = 0.05 and bifurcated periodic solutions feasible for
τ1 = 0.16 > τ∗1 = 0.05.

Furthermore, we plot bifurcation diagrams using the time delays as bifurcation parameters for
different cases in Figure 17 and obtain that D∗ is locally asymptotically stable before the critical
values of delays and bifurcated periodic solutions occur after the critical values of delays. We also
plot global branches of Hopf bifurcation in Figure 18 and obtain the global existence of periodic
solutions.

Figure 19 represents the changes in critical value of τ1 with respect to β and α1. The critical value
of τ1 decreases with an increase in β while increases with an increase in α1. Figure 20 represents the
changes in critical value of τ2 with respect to γ and α2. The critical value of τ2 increases with an
increase in γ while decreases with an increase in α2. At the same time, we give the variation values of
τ1 and τ2 with respect to parameters β, α1, γ and α2 in Table 1 and 2. These results indicate that these
parameters also significantly influence the dynamics of the system with time delays such as critical
value of bifurcation parameters.

For stability switching curves, we obtain that F(0) = −158.96 < 0 and F(ω) has three roots b1 =
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Figure 13. The graphs show the stability behavior of system (2.3) for τ1 = 2 < τ∗1 = 3.2 and
oscillatory behavior for τ1 = 10 > τ∗1 = 3.2 when τ2 = 0.
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Figure 14. The graphs show the stability behavior of system (2.3) for τ2 = 1 < τ∗2 = 3.74
and oscillatory behavior for τ2 = 10 > τ∗2 = 3.74 when τ1 = 0.

0.01575, a2 = 0.02216, and b2 = 0.0667 (see Figure 21). Thus

Ω =

2⋃
n=1

Ωn, Ω1 = (0, b1], Ω2 = [a2, b2].
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Figure 15. The graphs show the stability behavior of system (2.3) for τ = 0.5 < τ∗ = 0.63
and oscillatory behavior for τ = 0.65 > τ∗ = 0.63 when τ1 = τ2 = τ.
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Figure 16. The graphs show the stability behavior of system (2.3) for τ1 = 0.04 < τ∗1 = 0.05
and oscillatory behavior for τ1 = 0.16 > τ∗1 = 0.05 when τ2 = 1.5 < τ∗2.

We have

δa
1 = 0, δa

2 = 1, δb
1 = 1, δb

2 = 1.
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Figure 17. The graphs demonstrate the bifurcation diagrams of system (2.3) with respect
to time delays. Panel (a) depicts the infected population with respect to τ1 when τ2 = 0.
Panel (b) depicts the infected population with respect to τ2 when τ1 = 0. Panel (c) depicts
the infected population with respect to τ when τ2 = τ1 = τ. Panel (d) depicts the infected
population with respect to τ1 when τ2 = 1.5 < τ∗2.

Table 1. The changes in critical value of τ1 with respect to β and α1.

β Critical value of τ1 α1 Critical value of τ1

0.3 3.32 0.1 3.76
0.5 3.25 0.2 3.86
0.7 3.22 0.3 4.28
0.9 3.20 0.4 4.50

Table 2. The changes in critical value of τ2 with respect to γ and α2.

γ Critical value of τ2 α2 Critical value of τ2

1.4 0.474 3 × 10−7 0.5426
1.5 0.601 5.3 × 10−6 0.5093
1.6 0.676 1.13 × 10−5 0.4625
1.7 0.720 1.74 × 10−5 0.4057

Since (δa
1, δ

a
2) , (δb

1, δ
b
2), therefore by Theorem 3.1 of [64], Γ is a set of continuous curves with their

two end points on the axises (class II) (see Figure 22).
We know that for system (2.3), the interior equilibrium is stable when τ1 = τ2 = 0, i.e., no

characteristic roots have positive real parts. Hence from Figure 22, the interior equilibrium is stable if
and only if (τ1, τ2) is on the small bottom-left region of the (τ1, τ2)-plane. As τ1 and τ2 increase, there
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Figure 18. The graphs demonstrate the global Hopf branches of system (2.3) with respect to
time delays. Panel (a) shows the global Hopf branches when τ1 = τ∗1 = 3.2 and τ2 = 0. Panel
(b) shows the global Hopf branches when τ2 = τ∗2 = 3.74 and τ2 = 0. Panel (c) shows the
global Hopf branches when τ = τ∗ = 0.63 and τ2 = τ1 = τ. Panel (d) shows the global Hopf
branches when τ1 = τ∗1 = 0.05 and τ2 = 1.5 < τ∗2.
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Figure 19. The graphs depict the relation of critical value of delay τ1 with β and α1. Other
parameter values remain same as (6.3). Panel (a) depicts the changes in critical value of τ1

with respect to β. Panel (b) depicts the changes in critical value of τ1 with respect to α1.

is a trend that there are more and more characteristic roots with positive real parts.

7. Application of the study to COVID-19 in Spain and Italy

Recently, a novel coronavirus (namely COVID-19) spread worldwide. Several countries are in the
list of top countries, including the USA, India, Brazil, Russia [61]. But early on the disaster, Spain
and Italy emerged as a major global coronavirus hotspot. Both countries have implemented strict
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Figure 20. The graphs depict the relation of critical value of delay τ2 with γ and α2. Other
parameter values remain same as (6.3). Panel (a) depicts the changes in critical value of τ2

with respect to γ. Panel (b) depicts the changes in critical value of τ2 with respect to α2.

0 0.02 0.04 0.06 0.08
−10

−5

0

5x 10
4

ω

F
(ω

)

0 0.005 0.01 0.015 0.02 0.025
−300

−200

−100

0
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Figure 22. Plot of stability switching curves. Arrows are used to depict the crossing
directions, i.e., the region on the end of an arrow has two more characteristic roots with
positive real parts. Other parameter values remain same as (6.3).
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lockdown from March 2020. Restrictions started in Spain on March 14 and in Italy on March 9 [62].
Following this, the daily new cases are decreased in Spain and Italy after March 2020 [61,63]. In Spain,
the maximum number of reported cases was observed on April 2, 2020, which implies the number
of infections was on an upward trend till April 2, 2020. After that day, the number of daily cases
was observed to decrease asymptotically after imposing interventions, which is the most significant
interpretation of the mathematical model. A similar case can be seen in Italy, the maximum number of
reported cases was observed on March 21, 2020, after which the number of daily cases was observed
to decrease asymptotically. Without loss of generality, we have chosen the data of Spain and Italy
during March 1, 2020 to May 31, 2020. We have plotted the bar graph of new daily cases in Spain and
Italy from March 1, 2020 to May 31, 2020, i.e., the real cases for 92 days in Figure 23. We calibrate
the system (2.3) to fit the new daily cases and cumulative cases of COVID-19 in Spain and Italy and
estimate some parameters of the system (2.3) by the least square method using real data of Spain and
Italy from March 1, 2020 to May 31, 2020, which is shown in Figure 25. The cumulative number of
cases is represented by C(t), which is given as

dC
dt

= qE, (7.1)

and the daily new cases are given by Cd(t), where

Cd(t) = C(t) −C(t − 1). (7.2)

The demographic effects are not considered in this discussion because of the short epidemic time scale
in comparison to demographic time scale, i.e., we take A = 0, µ = 0 here. Other estimated parameters
and initial conditions for system (2.3) are given in Table 3 and Table 4, respectively.
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Figure 23. New daily cases of COVID-19 in Italy and Spain from from March 1, 2020 to
May 31, 2020. Panel (a) shows the bar plot of data of COVID-19 in Italy. Panel (b) shows
the bar plot of data of COVID-19 in Spain.

The basic reproduction number R0 can be explicitly calculated as R0 =
βN
γ+δ

. Based on the parameter
values in Table 3, we calculated the value of R0 for both countries Spain and Italy are 5.3391 and
9.7921, respectively.
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Figure 24. Outputs of the system (2.3) and new daily cases in Italy and Spain. Red stars
represent the data points and blue line represents the output of the system (2.3). Panel (a)
shows the fitting of system (2.3) with respect to new daily cases in Italy. Panel (b) shows the
fitting of system (2.3) with respect to new daily cases in Spain.
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Figure 25. Outputs of the system (2.3) and cumulative cases in Italy and Spain. Red stars
represent the data points and blue line represents the output of the system (2.3). Panel (a)
shows the fitting of system (2.3) with respect to cumulative cases in Italy. Panel (b) shows
the fitting of system (2.3) with respect to cumulative cases in Spain.

7.1. Impact of intervention strength and time delays on the early phase of COVID-19 in Spain and
Italy

This section aims to compare the outcomes of cumulative cases over time in Spain and Italy for
different values of different parameters. Here, using the parameter values given in Table 3 as the
baseline values, we have shown that how a model could be used to observe the effect of changing
strength of interventions and time delays on epidemic dynamics. In particular, we illustrate the impact
of the strength of interventions (α1), time delay in intervention (τ1), and time delay in recovery (τ2) on
the early phase of pandemic COVID-19. In mathematical terms, we explore how our model dynamics
depends on the parameters α1, τ1, and τ2. We compare the total cases generated by the model for
different values of strength of interventions (α1) and time delays τ1, and τ2. We observe that if the
strength of interventions and time delays in the model alter, total cases generated via models are
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Table 3. Estimated values of parameters of system (2.3) with respect to COVID-19 in Spain
and Italy.

Parameters Estimated values in Spain Estimated values in Italy Reference
A 0 0 -
µ 0 0 -
q 0.07112 0.0665 Estimated
β 3.1114 × 10−8 4.9092 × 10−8 Estimated
γ 0.273 0.3026 Estimated
δ 3.2720 × 10−4 2.0102 × 10−4 Estimated
α1 1 × 10−8 2 × 10−8 Assumed
α2 2 × 10−8 4 × 10−9 Assumed
τ1 3.5 1 Estimated
τ2 2 3 Estimated

Table 4. Initial population for system (2.3) with respect to COVID-19 in Spain and Italy.

Initial population S (0) E(0) I(0) R(0)
Spain 4.69 × 107 2.18 × 103 13 10
Italy 6.04 × 107 3.10 × 102 561 33

different.
From Figure 26(a), we observe that the strength of intervention (α1) could have reduced the total

number of cases at the early stage of epidemic in Italy. We note that Italy had recorded 2.32 × 105

total number of cases by May 31, 2020. We analyze that if the strength of interventions (α1) had
increased, the total cases of COVID-19 would have decreased than that the actual cases. Figure 26(a)
shows that if the strength of interventions had increased by 50%(α1 = 3× 10−8) from its baseline value
(α1 = 2×10−8), then the cumulative cases would have decreased by 12%(2.04×105) and if the strength
of interventions had increased by 100%(α1 = 4 × 10−8) from its baseline value, then the cumulative
cases would have decreased by 18%(1.89 × 105). If the strength of interventions had decreased by
50%(α1 = 1 × 10−8) from its baseline value, then the cumulative cases would have increased by
34%(3.12 × 105). We observe that the strength of interventions would have been beneficial in the early
phase of COVID-19 (measured in terms of total confirmed cases of COVID-19).

We also illustrate that how time delays in intervention and recovery influence the outcomes of
early cumulative cases in Italy. The results in Figure 26(b) show that the sooner the interventions are
imposed, the greater reduction in the cumulative number of cases. We analyzed that if time delay τ1

increased by 2 times (τ1 = 2) by its baseline value (τ1 = 1), then cumulative number of cases would
have been increased by 8%(2.52 × 105) and if τ1 increased by 3 times (τ1 = 3) by its baseline value,
then cumulative number of cases would have been increased by 25%(2.91 × 105). Thus the timing
of implementing the interventions is crucial and analyzing the impact of time delay in the system is
significant. Imposing the interventions sufficiently early, may have the potential to reduce the total
number of infected cases. Figure 27 shows that if the time delay (τ2) had increased by 3/2 times
(τ2 = 3) by its baseline value (τ2 = 2) then number of cumulative cases would have been increased by
4% and if the time delay (τ2) had decreased by 2 times (τ2 = 4) by its baseline value (τ2 = 2) then
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number of cumulative cases would have been decreased by 2%.
We find the same qualitative result (Figures 28 and 29) when we parameterize the model using the

data of COVID-19 in Spain. These results also demonstrate that model system can produce observed
disease dynamics, but total cases are different when strength of interventions and time delays are
altered. From Figure 28(a), we observe that the strength of intervention (α1) would have reduced
the total number of cases at the early stage of epidemic in Spain. We note that Spain had recorded
2.39 × 105 total number of cases by May 31, 2020. We analyze that if the strength of interventions
(α1) had increased, the total cases of COVID-19 would have decreased. Figure 28(a) shows that if the
strength of interventions had increased by 100%(α1 = 2×10−8) from its baseline value (α1 = 1×10−8),
then the cumulative cases would have decreased by 25%(1.796×105) and if the strength of interventions
had increased by 200%(α1 = 3 × 10−8) from its baseline value, then the cumulative cases would have
decreased by 38%(1.48 × 105). If the strength of interventions had increased by 300%(α1 = 4 × 10−8)
from its baseline value, then the cumulative cases would have decreased by 45%(1.30 × 105). Figure
28(b) illustrates that how time delay in intervention affects the outcomes of early cumulative cases
in Spain. We analyzed that if time delay τ1 increased by 1.28 times (τ1 = 4.5) by its baseline value
(τ1 = 3.5), then cumulative number of cases would have been increased by 21%(2.91 × 105) and if
τ1 decreased by 1.4 times (τ1 = 2.5) by its baseline value, then cumulative number of cases would
have been decreased by 7%(2.22 × 105). Figure 29 shows that if the time delay (τ2) had increased by
3/2 times (τ2 = 3) by its baseline value (τ2 = 2) then number of cumulative cases would have been
increased by 5% and if the time delay (τ2) had decreased by 2 times (τ2 = 1) by its baseline value
(τ2 = 2) then number of cumulative cases would have been decreased by 2%.
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Figure 26. The plots show the dynamics of cumulative cases over time in Italy for different
values of α1 and τ1. (a) Illustration of what would have happened if time delay τ1 had
changed. (b) Illustration of what would have happened if the strength of intervention α1

had changed.

8. Discussion

In the case of many infectious diseases, either we are unable to perform sufficient experiments, or a
deeper understanding of disease dynamics is essentially required. Therefore, modeling of epidemics
(mathematical and computational methods) is one of the important tools to understand the disease
dynamics. Mathematical modeling along with precise computations gives new insights about different
important issues of disease dynamics and their prevention, e.g., effects of different important
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Figure 27. The plot shows the dynamics of cumulative cases over time in Italy for different
values of τ2.
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Figure 28. The plots show the dynamics of cumulative cases over time in Spain for different
values of α1 and τ1.
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Figure 29. The plot shows the comparison of the effect of τ2 on the cumulative cases over
time in Spain.

parameters: delay, treatment, epidemic trends, intervention strategies, control, and spread of
infections. Intervention strategies and treatment have great impression to control different contagious
diseases. In the last few years, models accompanying the impact of intervention strategies on the
spread of infectious diseases showed impressive popularity. But these models overlooked the impact
of the availability of treatment resources on the dynamics of infectious disease. These models also do
not involve different time delays, such as time delay in interventions and cure rate. However, in many
biological systems, time delays are inevitably present, and several epidemic model systems have been
explored incorporating the delays [35, 46, 47, 49]. Here we put our efforts to understand the impact of
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intervention strategies and available resources for the treatment/control of infectious diseases, with
special emphasis on the current pandemic COVID-19.

In this work, we have studied an SEIR model system (2.2) with infection force under intervention
strategies and recovery rate under the low availability of resources for treatment. Furthermore, we
included the two time delays in system (2.2), first-time delay τ1 represents the latent period of the
intervention strategies, and second-time delay τ2 is due to the period that is used to cure the infected
individuals. For systems (2.2) and (2.3), we obtained the various theoretical and epidemiological
findings.

(i) We investigated that the system (2.2) has two equilibria, namely, disease-free equilibrium (D0)
and endemic equilibrium (D∗). The existence of equilibria depends on the basic reproduction
number (R0). For the non-delayed model, stability analysis for both disease-free and endemic
equilibriums are performed. In particular, it has been shown that for disease spread, the basic
reproduction number (R0) acts as a threshold value. When R0 < 1, only disease-free equilibrium
(D0) exists and locally asymptotically stable. When R0 > 1, there exists two equilibria, disease-
free equilibrium (D0) and endemic equilibrium (D∗).

(ii) System (2.2) undergoes a transcritical bifurcation at R0 = 1, which means disease die out
whenever R0 < 1 and disease persists whenever R0 > 1. We have obtained that D0 is globally
stable in its feasible region R0 < 1 and D∗ is globally stable if R0 > 1. In numerical analysis, by
choosing a particular combination of f (I) and g(I), we have performed the impact of various
parameters in the disease dynamics (Figure 7, 8). We have shown the relation of the different
parameters with R0 (Figure 9). We have also illustrated the combined effect of various
parameters on the endemic level (Figure 10, 11, 12). Our observations revealed that increasing
the interventions, disease level settle down at low level, but limitation on treatment sets the
infected population at higher level. We additionally observed that R0 can be reduced by
increasing interventions and decreasing the limitation on resources availability.

(iii) For delayed system (2.3), we have obtained that when R0 < 1, D0 is locally asymptotically stable
with certain conditions (Theorem 4.1) when τ1 > 0 and τ2 > 0. Further, when R0 > 1, D0

remain unstable when τ1 > 0 and τ2 > 0. The system (2.3) seems sensitive to delay lengths. It
is observed by both theoretical results and numerical simulations. When R0 > 1, the effect of
two-time delay has been investigated by taking different cases and the threshold values of both
the delays have been obtained in section 4.3. Analytically and numerically, we have shown that
system (2.3) is stable when delay parameters are less than their threshold values (Figure 13, 14,
15, 16), which means the disease could be controlled easily. Whenever these parameters cross
these threshold values, periodic solutions will occur through Hopf bifurcation. It can also be
understood by the bifurcation diagram (Figure 17). In additional, the direction and stability of
Hopf bifurcation are studied by normal form theory and center manifold theorem. We have also
studied the global continuation of local Hopf bifurcation via both analytically and numerically
(section 4.5 and Figure 18). We concluded that the time delays in the system (2.3) affect the
structure of the solutions substantially. The time delays play the roles to destabilize the system.
Indeed, it is evidenced by our theoretical results. The length of delay to preserve stability has
also been estimated by employing the Nyquist criterion. More importantly, the stability crossing
curves along with crossing directions [47, 48, 64] have been discussed in two-delay parameter
space (refer to the stability switching curve plots in Figure 22). Our system (2.3) demonstrates
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rich dynamics, such as Hopf bifurcation, and is suitable for large population densities.
(iv) The dynamics of system (2.3) is also affected by the parameters β, α1, γ, α2. Numerical

simulations indicate that the critical value of τ1 decreases with an increase in β (cf. Figure 19
and Table 1). Therefore, we conclude that the impact of an increase in transmission rate is to
early the occurrence of Hopf bifurcation. Similarly, the critical value of τ1 increases with an
increase in α1, which means the impact of increasing the value of the parameter α1 (imposing
more interventions) is to postpone the occurrence of Hopf bifurcation. It can also be concluded
that the epidemic cycle is more difficult to occur as the intervention strategies increases. On the
other hand, the critical value of τ2 increases with an increase in γ (cf. Figure 20 and Table 2).
Thus, the impact of an increase in recovery rate is to postpone the occurrence of Hopf
bifurcation while the impact of the increasing the value of the parameter α2 (increasing
limitations on treatment) is to early the occurrence of Hopf bifurcation because the critical value
of τ2 decreases with increasing α2.

(v) Furthermore, we have applied our model to a case study based on the data of COVID-19 in Spain
and Italy. We estimated the parameters of system (2.3) by using the least-square method. It has
also been depicted that if we could be able to increase the strength of interventions sufficiently,
total number of cases in Spain and Italy would have reduced in early phase of COVID-19 (refer
to Subsection 7.1). In both countries (Spain and Italy), the similar effects could also be achieved
by reducing time delays in intervention and recovery. Further, it is expected that the similar
scenarios could also be observed in many other European countries such as UK, Germany, and
France. As such, the outcomes related to different significant values may differ from actual ones.
Here we should note that many attributes of the system also depend on the published/collected
data. The data have been collected for a short time span and do not have any future predictions.
The quantitative results have been illustrated for the early phase of the pandemic COVID-19 in
only two countries, Spain and Italy. Our model could also be applicable for other countries and
also for long time periods.

8.1. Epidemiological implications and future scope

Our proposed model systems generalize the study [10, 11] and become more realistic via
investigation of recovery rate and delay parameters on the system dynamics. Treatment resources play
a significant role in protecting the individuals against a particular disease and to control a contagious
disease, for example, COVID-19. Thus, our results are the complement to the study by Zhou et
al. [11]. The results found here could be favorable for measuring the effect of the intervention
strategies and treatment in the control of infectious diseases. The existence of periodic solutions in
epidemic models is significant and interesting both in mathematics and applications since it provides
a satisfactory explanation for the breakout and recurrence of a disease, which may have profound
implications for the prediction, prevention, and control of disease transmission. If the delay due to the
latent period of the intervention strategies is large enough, it will lead to repetitive episodes of
endemic and in this situation, the disease would be out of control. Our study suggests that imposing
intervention strategies timely may be helpful in controlling the outbreak of disease. Further, our study
also suggests that to control and predict the disease spread, we should trim the time delays. When the
delay is not too large, ultimately, the epidemic disease will become endemic. Similarly, the time delay
due to the period used to cure the infected individuals also leads to periodic solutions. Appropriately,
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we should truncate the delays in the model as much as possible so that we could control and predict
the disease spread. The outcomes of our results in Section 7 emphasized the importance of the
intervention strategies and time delays for the case of COVID-19. Policy makers should take care of
reducing the time delays in such biological processes. These policies can be used by policymakers
and other professionals to make decisions on how certain interventions such as lockdown, quarantine,
isolation, and social distancing can effectively be implemented.

By considering the incidence rate under intervention strategies and recovery rate under low
resources availability treatment, the system (2.2) does not have complex dynamics. It will be
intriguing to consider the incidence and recovery rate in which the infection and recovery function
first increases and attain its maximum, and then eventually tends to a saturation level due to crowding
effect and limitation of treatment, respectively. It will be insightful to compare the dynamics of these
cases with our results as future work. In future studies, according to the actual situation of COVID-19
in Spain and Italy, the pre-stage exposed and post-stage exposed period [65] can be further considered
in the model to analyze the impact of intervention and medical resources on COVID-19 prevention
and control.
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Appendices

Appendix A

Proof of Theorem 3.1: From the first equation of system (2.2), we have

dS
dt
≥ −µS −

γI
f (I)

S ,

and

S (t) ≥ S (0)e−(µ+
γI
f (I) ).

Hence, if S (0) > 0, then S (t) > 0. In the similar fashion, one can also check the positivity of E(t), I(t),
and R(t).

Now, we shall prove the boundedness of all the solutions of system (2.2). For this, we define a
function

N(t) = S (t) + E(t) + I(t) + R(t).

Taking the time derivative of N(t) and using (2.2), we obtain

dN
dt

=A − µS − µE − µI − δI − µR,

≤A − µN,

which implies

A − (µ + δ)N ≤
dN
dt
≤ A − µN,

and
A

µ + δ
≤ lim inf

t→∞
N(t) ≤ lim sup

t→∞
N(t) ≤

A
µ
,

A
µ + δ

≤ N(t) ≤
A
µ
.

This implies that all the solutions of system (2.2) are bounded. Thus we proved the Theorem 3.1.
Proof of Theorem 3.2: 1. The Jacobian matrix of right hand function in system (2.2) at D0 is given

by

JD0 =


−µ 0 −

βA
µ f (0) 0

0 −(µ + q) βA
µ f (0) 0

0 q −(µ + δ +
γ

g(0) ) 0
0 0 γ

g(0) −µ

 ,
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which has two eigenvalues −µ,−µ (which are negative) and the other eigenvalues are the eigenvalues
of the following matrix

B =

 −(µ + q) βA
µ f (0)

q −(µ + δ +
γ

g(0) )

 .
The trace and determinant of matrix B are given by tr(B) = −(µ + δ +

γ

g(0) + µ + q) < 0 and
det(B) = (µ + δ +

γ

g(0) )(µ + q) − q βA
µ f (0) . We observe that det(B) > 0 if R0 < 1 and det(B) < 0 if R0 > 1.

Therefore, by Routh-Hurwitz criterion [50], it can be concluded that D0 is locally asymptotically
stable when R0 < 1 and unstable when R0 > 1.

2. When R0 = 1, i.e., β = β∗ =
µ f (0)(µ+q)

(
δ+µ+

γ
g(0)

)
Aq , then

J(D0,β∗) =


−µ 0 −

(µ+q)
(
δ+µ+

γ
g(0)

)
q 0

0 −(µ + q)
(µ+q)

(
δ+µ+

γ
g(0)

)
q 0

0 q −(µ + δ +
γ

g(0) ) 0
0 0 γ

g(0) −µ


.

One can easily observe that J(D0,β∗) has a simple zero eigenvalue and all other three eigenvalues are
−µ,−µ,−(2µ+q+δ+

γ

g(0) ), which are negative. Computing the right eigenvector w and left eigenvector
v of JD0 with respect to zero eigenvalue, we have

w1 = −
(µ + q) (γ + g(0)(δ + µ))

γq
,w2 =

µ (γ + g(0)(δ + µ))
γq

,w3 =
µg(0)
γ

,w4 = 1,

v1 =0, v2 =
q

q + µ
, v3 = 1, v4 = 0.

Now from Theorem 4.1 of [51], we need to calculate the bifurcation constants a and b. Denote S =

x1, E = x2, I = x3, and R = x4. After some algebraic calculation, we obtain

a =

4∑
k,i, j=1

vkωiω j
∂2 fk(D0, β

∗)
∂xi∂x j

= −
µ2(µ + q)g(0)2

Aqγ2

(
µ + γ +

γ

g(0)

)2

−
2 f ′(0)(µ + δ)

f (0)

(
µg(0)
γ

)2

−
2µ2g(0)

γ

(
f ′(0)
f (0)

−
g′(0)
g(0)

)
< 0,

b =

4∑
k,i=1

vkωi
∂2 fk(D0, β

∗)
∂xi∂β

=
Aqµg(0)

µγ(q + µ) f (0)
> 0.

Therefore, from Theorem 4.1 of [51], the disease-free equilibrium (D0) changes its stability from
stable to unstable at R0 = 1. Moreover, there exists a positive equilibrium as R0 crosses value 1, which
is locally asymptotically stable. Therefore, system (2.2) undergoes a transcritical bifurcation at R0 = 1.
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Proof of Theorem 3.3: To prove the global stability of D0, we follow the approach given by
Castillo-Chavez et al. [52]. We rewrite the system (2.2) as follows

dX
dt

= F(X,V),

dV
dt

= G(X,V), G(X, 0) = 0,
(.1)

where X = (S ,R) ∈ R2 signifies the number of uninfected individuals and V = (E, I) ∈ R2 signifies the
number of infected individuals. Disease-free equilibrium (D0) is globally stable if the following two
conditions are fulfilled:

(H1) For dX
dt = F(X,V), X∗ is globally asymptotically stable,

(H2) G(X,V) = MV − Ĝ(X,V), Ĝ(X,V) > 0 for (X,V) ∈ f,

where M = DVG(X∗, 0) is an M-matrix. For the system (2.2), we have

F(X, 0) =

(
Λ − µS

0

)
. (.2)

It is obvious that the equilibrium X∗ =
(

A
µ
, 0

)
is globally asymptotically stable of system (.2). Further,

for system (2.2), we obtain

M =

 −(µ + q) βA
µ f (0)

q −(µ + δ +
γ

g(0) )

 , Ĝ(X,V) =

( βI
f (I) (

A
µ
− S )

0

)
.

It is clear that Ĝ(X,V) ≥ 0. Hence, D0 is globally stable.
Proof of Theorem 3.4: Define the following Lyapunov function:

L(S , E, I,R) = |S − S ∗| + |E − E∗| + |I − I∗| + |R − R∗|.

Clearly, L(D∗) = 0 and L(D) , 0 when D , D∗. The upper right derivative of L(S , E, I,R) can be
calculated as:

D+L =sgn(S − S ∗)
[
−

(βS I
f (I)
−
βS ∗I∗

f (I∗)

)
− µ(S − S ∗)

]
+ sgn(E − E∗)

[
− (µ + q)(E − E∗) +

(βS I
f (I)
−
βS ∗I∗

f (I∗)

)]
+ sgn(I − I∗)

[
q(E − E∗) − (µ + δ)(I − I∗) −

( γI
g(I)
−

γI∗

g(I∗)

)]
+ sgn(R − R∗)

[( γI
g(I)
−

γI∗

g(I∗)

)
− µ(R − R∗)

]
.

In the above equation, there are 8 different types of situations depending on the size of S and S ∗, E and
E∗, I and I∗, R and R∗. It would be sufficient to show for S > S ∗, E > E∗, I > I∗,R > R∗, similarly, one
can also do for the other situations. Thus we obtain

D+L ≤ − µ|S − S ∗| − µ|E − E∗| − (µ + δ)|I − I∗| − µ|R − R∗|
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< − µ|S − S ∗| − µ|E − E∗| − µ|I − I∗| − µ|R − R∗|

< − µL.

Integrating the above inequality from t0 to t both sides, we obtain

L(t) + µ

∫ t

t0
Ldt ≤ L(t0) < +∞.

Since S , E, I,R are bounded and their derivatives are also bounded, therefore, L is uniformly continuous
on [t0,+∞). From Barbalat’s Lemma [53], lim

t→+∞
L(t) = 0. Hence D+L < −µL < 0, which implies D∗ is

globally stable.
Proof of Theorem 4.1: The characteristic equation of the Jacobian of system (4.1) at D0 is given

by
det(K0 + K1e−λτ1 + K2e−λτ2 − λI) = 0, (.3)

where

K0 =


−µ 0 −

βA
µ f (0)

0 −(µ + q) βA
µ f (0)

0 q −(µ + δ)

 ,
K1 =


0 0 0
0 0 0
0 0 0

 ,
K2 =


0 0 0
0 0 0
0 0 −

γ

g(0)

 ,
and I is a 3 × 3 identity matrix. So the characteristic equation (.3) becomes in the following form

(λ + µ)
{

(λ + (µ + δ) +
γ

g(0)
e−λτ2)(λ + µ + q) −

βAq
µ f (0)

}
= 0. (.4)

One eigenvalue is −µ, which is negative and other eigenvalues are solution of the following equation

p(λ) = (λ + (µ + δ) +
γ

g(0)
e−λτ2)(λ + µ + q) −

βAq
µ f (0)

= 0 (.5)

or

λ2 + V11λ + V12 + (V13λ + V14)e−λτ2 = 0,

where

V11 = (2µ + q + δ), V12 = (µ + q)(µ + δ) −
βAq
µ f (0)

, V13 =
γ

g(0)
, V14 = (µ + q)

γ

g(0)
.

Let λ = iω, (ω > 0) be a root of Eq. (.5). Putting λ = iω in Eq. (.5) and separating real and imaginary
parts, we have

−ω2 + V12 = − V14 cos(ωτ2) − V13ω sin(ωτ2),
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V11ω = − V13ω cos(ωτ2) + V14 sin(ωτ2).

Squaring and adding above equations, we obtain

ω4 + (V2
11 − V2

13 − 2V12)ω2 + V2
12 − V2

14 = 0. (.6)

Let ω2 = v, then we have
v2 + (V2

11 − V2
13 − 2V12)v + V2

12 − V2
14 = 0. (.7)

By Descarte’s rule of sign, if V2
11 − V2

13 − 2V12 > 0 and V2
12 − V2

14 > 0, then Eq. (.6) has no positive
roots. Hence all roots of Eq. (.6) have negative real parts.

If τ2 = 0, then Eq. (.5) becomes in the following form

λ2 + (2µ + q + δ +
γ

g(0)
)λ + (µ + δ +

γ

g(0)
)(µ + q) −

βAq
µ f (0)

= 0,

λ2 + (2µ + q + δ +
γ

g(0)
)λ + (µ + δ +

γ

g(0)
)(µ + q)(1 − R0) = 0.

If R0 < 1 then by Descarte’s rule of sign, above equation has all its roots with negative real parts.
Hence D0 is locally asymptotically stable.

From p(λ) = (λ + µ + q)(λ + (µ + δ) +
γ

g(0)e
−λτ2) − βAq

µ f (0) , since lim
λ→+∞

p(λ) = +∞ and

p(0) = (µ + δ +
γ

g(0)
)(µ + q) −

βAq
µ f (0)

,

= (µ + δ +
γ

g(0)
)(µ + q)(1 − R0),

< 0, when R0 > 1.

Therefore, p(λ) = 0 has a positive real root. Hence, D0 is unstable when R0 > 1.
Proof of Lemma 4.3 and Theorem 4.4: If τ1 > 0, τ2 = 0, then the characteristic Eq. (4.3) becomes

λ3 + (P11 + P16)λ2 + (P12 + P17)λ + (P13 + P18) + (P14λ + P15)e−λτ1 = 0. (.8)

Let λ = iω1, (ω1 > 0) be a root of Eq. (.8). Putting λ = iω1 in Eq. (.8) and separating imaginary and
real parts, we have

P15 cos(ω1τ1) + P14ω1 sin(ω1τ1) = (P11 + P16)ω2
1 − (P13 + P18),

P14ω1 cos(ω1τ1) − P15 sin(ω1τ1) = ω3
1 − (P12 + P17)ω1.

(.9)

Squaring and adding above equations, we obtain

ω6
1 + c11ω

4
1 + c12ω

2
1 + c13 = 0, (.10)

where

c11 =(P11 + P16)2 − 2(P12 + P17), c12 = (P12 + P17)2 − 2(P11 + P16)(P13 + P18) − P2
14,

c13 =(P13 + P18)2 − P2
15.

Let ω2
1 = v1, then Eq. (.10) becomes

v3
1 + c11v2

1 + c12v1 + c13 = 0. (.11)

For the sign of the roots of Eq. (.10), by Descartes rule of sign, we have the following cases:
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1. If c11 > 0, c12 > 0, c13 > 0, then Eq. (.10) has no positive roots. Hence all the roots of Eq. (.10)
have negative real parts for τ1 ∈ (0,+∞).

2. If c13 < 0, c11 > 0, c12 > 0 or c13 < 0, c11 > 0, c12 < 0 or c13 < 0, c11 < 0, c12 < 0, then Eq. (.10)

has a unique positive root ω
′

1 =

√
v′1. Eliminating sin(ω1τ1) from Eq. (.9), we obtain

τ
′

1 j
=

1
ω
′

1

cos−1

 P14ω
′

1
4

+ ((P11 + P16)P15 − (P12 + P17)P14)ω
′

1
2
− P15(P13 + P18)

P2
15 + (P14ω

′

1
2)2

+ 2 jπ

 , j = 0, 1, 2, . . . . (.12)

3. If c11 > 0, c12 < 0, c13 > 0 or c11 < 0, c12 > 0, c13 > 0 or c11 < 0, c12 < 0, c13 > 0, then Eq. (.10)
has two positive roots ω±1 =

√
v±1 . Eliminating sin(ω1τ1) from Eq. (.9), we obtain

τ±1k
=

1
ω±1

cos−1

 P14ω
±
1

4 + ((P11 + P16)P15 − (P12 + P17)P14)ω±1
2
− P15(P13 + P18)

P2
15 + (P14ω

±
1

2)2
+ 2kπ

 , k = 0, 1, 2, . . . . (.13)

4. If c11 < 0, c12 > 0, c13 < 0, then Eq. (.10) has three positive roots ω1,2,3
1 =

√
v1,2,3

1 . Eliminating
sin(ω1τ1) from Eq. (.9), we obtain

τ1,2,3
1l

=
1

ω1,2,3
1

cos−1

 P14ω
1,2,3
1

4
+ ((P11 + P16)P15 − (P12 + P17)P14)ω1,2,3

1
2
− P15(P13 + P18)

P2
15 + (P14ω

1,2,3
1

2
)2

+ 2lπ

 , l = 0, 1, 2, . . . . (.14)

Hence, Eq. (.8) has a pair of purely imaginary roots ±iω′1 with τ1 = τ′1 j
, j = 0, 1, 2, . . . , a pair of

purely imaginary roots ±iω±1 with τ1 = τ±1k
, k = 0, 1, 2, . . . , and a pair of purely imaginary roots ±iω1,2,3

1

with τ1 = τ1,2,3
1l

, l = 0, 1, 2, . . . . Let
{
τ1 j

}+∞

j=0
=

{
τ′1 j

}+∞

j=0
such that τ10 < τ11 < τ12 < · · · < τ1 j < . . . ,{

τ1k

}+∞

k=0 =
{
τ±1k

}+∞

k=0
such that τ10 < τ11 < τ12 < · · · < τ1k < . . . , where τ10 = min

{
τ+

10
, τ−10

}
, and{

τ1l

}+∞

l=0 =
{
τ1,2,3

1l

}+∞

l=0
such that τ10 < τ11 < τ12 < · · · < τ1l < . . . , where τ10 = min

{
τ1

10
, τ2

10
, τ3

10

}
.

Let λ(τ1) = α(τ1) + iω1(τ1) be a root of Eq. (.8) near τ1 = τ1 j and α(τ1 j) = 0, ω1(τ1 j) = ω′1,
j = 0, 1, 2, . . . . Further, differentiating Eq. (.8) with respect to τ1 and substituting λ = iω′1, τ1 = τ1 j ,
j = 0, 1, 2, . . . , we obtain

Re
(

dλ
dτ1

)−1

λ=iω′1,τ1=τ1 j

=
M11M13 + M12M14

M2
13 + M2

14

, (.15)

where

M11 = P15ω
′
1 sin

(
τ1 jω

′
1

)
− P14ω

′2
1 cos

(
τ1 jω

′
1

)
,

M12 = P14ω
′2
1 sin

(
τ1 jω

′
1

)
+ P15ω

′
1 cos

(
τ1 jω

′
1

)
,

M13 = −P14τ1 jω
′
1 sin

(
τ1 jω

′
1

)
+ P14 cos

(
τ1 jω

′
1

)
− P15τ1 j cos

(
τ1 jω

′
1

)
+ P12 + P17 − 3ω′21 ,

M14 = P15τ1 j sin
(
τ1 jω

′
1

)
− P14

(
sin

(
τ1 jω

′
1

)
+ τ1 jω

′
1 cos

(
τ1 jω

′
1

))
+ 2 (P11 + P16)ω′1.

Proof of Lemma 4.5 and Theorem 4.6: If τ1 = 0, τ2 > 0, then the characteristic Eq. (4.3) becomes

λ3 + P11λ
2 + (P12 + P14)λ + (P13 + P15) + (P16λ

2 + P17λ + P18)e−λτ2 = 0. (.16)
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Let λ = iω2, (ω2 > 0) be a root of Eq. (.16). Putting λ = iω2 in Eq. (.16) and separating imaginary and
real parts, we have

(P18 − P16ω
2
2) cos(ω2τ2) + P17ω2 sin(ω2τ2) = P11ω

2
2 − (P13 + P15),

P17ω2 cos(ω2τ2) − (P18 − P16ω
2
2) sin(ω2τ2) = −ω3

2 + (P12 + P14)ω2.
(.17)

Squaring and adding above equations, we obtain

ω6
2 + d11ω

4
2 + d12ω

2
2 + d13 = 0, (.18)

where

d11 =P2
11 − 2(P12 + P14) − P2

16, d12 = (P12 + P14) − 2P11(P13 + P15) − P2
17 + 2P16P18,

d13 =(P13 + P15)2 − P2
18.

Let ω2
2 = v2, then Eq. (.18) becomes

v3
2 + d11v2

2 + d12v2 + d13 = 0. (.19)

1. If d11 > 0, d12 > 0, d13 > 0, then Eq. (.18) has no positive roots. Hence all roots of Eq. (.18) have
negative real parts when τ2 ∈ (0,+∞).

2. If d13 < 0, d11 > 0, d12 > 0 or d13 < 0, d11 > 0, d12 < 0 or d13 < 0, d11 < 0, d12 < 0, then Eq. (.18)

has a unique positive root ω
′

2 =

√
v′2. Eliminating sin(ω2τ2) from Eq. (.17), we obtain

τ
′

2 j
=

1

ω
′

2

cos−1

 (P16(P11 + P15) + P11P18 + P17(P12 + P14))ω
′

2
2
− (P17 + P11P16)ω

′

2
4
− (P11 + P15)P18

(P18 − P16ω
′

2
2
)2 + (P17ω

′

2)2
+ 2 jπ

 , j = 0, 1, 2, . . . . (.20)

3. If d11 > 0, d12 < 0, d13 > 0 or d11 < 0, d12 > 0, d13 > 0 or d11 < 0, d12 < 0, d13 > 0, then Eq. (.18)
has two positive roots ω±2 =

√
v±2 . Eliminating sin(ω2τ2) from Eq. (.17), we obtain

τ±2k
=

1
ω±2

cos−1

 (P16(P11 + P15) + P11P18 + P17(P12 + P14))ω±2
2
− (P17 + P11P16)ω±2

4
− (P11 + P15)P18

(P18 − P16ω
±
2

2)2 + (P17ω
±
2 )2

+ 2kπ

 , k = 0, 1, 2, . . . . (.21)

4. If d11 < 0, d12 > 0, d13 < 0, then Eq. (.18) has two positive roots ω1,2,3
2 =

√
v1,2,3

2 . Eliminating
sin(ω2τ2) from Eq. (.17), we obtain

τ1,2,3
2l

=
1

ω1,2,3
2

cos−1

 (P16(P11 + P15) + P11P18 + P17(P12 + P14))ω1,2,3
2

2
− (P17 + P11P16)ω1,2,3

2
4
− (P11 + P15)P18

(P18 − P16ω
1,2,3
2

2
)2 + (P17ω

1,2,3
2 )2

+ 2lπ

 , l = 0, 1, 2, . . . . (.22)

Hence, Eq. (.18) has a pair of purely imaginary roots ±iω′2 with τ2 = τ′2 j
, j = 0, 1, 2, . . . , a pair of

purely imaginary roots ±iω±2 with τ2 = τ±2k
, k = 0, 1, 2, . . . , and a pair of purely imaginary roots ±iω1,2,3

2

with τ2 = τ1,2,3
2l

, l = 0, 1, 2, . . . . Let
{
τ2 j

}+∞

j=0
=

{
τ′2 j

}+∞

j=0
such that τ20 < τ21 < τ22 < · · · < τ2 j < . . . ;{

τ2k

}+∞

k=0 =
{
τ±2k

}+∞

k=0
such that τ20 < τ21 < τ22 < · · · < τ2k < . . . , where τ20 = min

{
τ+

20
, τ−20

}
; and{

τ2l

}+∞

l=0 =
{
τ1,2,3

2l

}+∞

l=0
such that τ20 < τ21 < τ22 < · · · < τ2l < . . . , where τ20 = min

{
τ1

20
, τ2

20
, τ3

20

}
.
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Let λ(τ2) = α(τ2) + iω2(τ2) be a root of Eq. (.18) near τ2 = τ2 j and α(τ2 j) = 0, ω2(τ2 j) = ω′2,
j = 0, 1, 2, . . . . Further, differentiating Eq. (.18) with respect to τ2 and substituting λ = iω′2, τ2 = τ2 j ,
j = 0, 1, 2, . . . , we obtain

Re
(

dλ
dτ2

)−1

λ=iω′2,τ2=τ2 j

=
M21M23 + M22M24

M2
23 + M2

24

, (.23)

where

M21 =P16ω
′
2

3
(
− sin

(
τ2 jω

′
2

))
+ P18ω

′
2 sin

(
τ2 jω

′
2

)
− P17ω

′
2

2 cos
(
τ2 jω

′
2

)
,

M22 =P17ω
′
2

2 sin
(
τ2 jω

′
2

)
+ P16ω

′
2

3
(
− cos

(
τ2 jω

′
2

))
+ P18ω

′
2 cos

(
τ2 jω

′
2

)
,

M23 =2P16ω
′
2 sin

(
τ2 jω

′
2

)
− P17τ2 jω

′
2 sin

(
τ2 jω

′
2

)
+ P16τ2 jω

′
2

2 cos
(
τ2 jω

′
2

)
+ P17 cos

(
τ2 jω

′
2

)
− P18τ2 j cos

(
τ2 jω

′
2

)
+ P12 + P14 − 3ω′2

2,

M24 =P16τ2 jω
′
2

2
(
− sin

(
τ2 jω

′
2

))
− P17 sin

(
τ2 jω

′
2

)
+ P18τ2 j sin

(
τ2 jω

′
2

)
+ 2P16ω

′
2 cos

(
τ2 jω

′
2

)
− P17τ2 jω

′
2 cos

(
τ2 jω

′
2

)
+ 2P11ω

′
2.

Proof of Lemma 4.7 and Theorem 4.8: If τ1 = τ2 = τ, then the characteristic Eq. (4.3) becomes

λ3 + P11λ
2 + P12λ + P13 + (P16λ

2 + (P14 + P17)λ + P15 + P18)e−λτ = 0, (.24)

Let λ = iω3, (ω3 > 0) be a root of Eq. (.24). Putting λ = iω3 in Eq. (.24) and separating imaginary and
real parts, we have

(−P16ω
2
3 + P15 + P18) cos(ω3τ) + (P14 + P17)ω3 sin(ω3τ) = P11ω

2
3 − P13,

(P14 + P17)ω3 cos(ω3τ) − (−P16ω
2
3 + P15 + P18) sin(ω3τ) = ω3

3 − P12ω3.
(.25)

Squaring and adding above equations, we obtain

ω6
3 + e11ω

4
3 + e12ω

2
3 + e13 = 0, (.26)

where

e11 =P2
11 − 2P12 − P2

16, e12 = P2
12 − (P14 + P17)2 − 2P11P13 + 2P16(P15 + P18),

e13 =P2
13 − (P15 + P18)2

Let ω2
3 = v3, then Eq. (.26) becomes

v3
3 + e11v2

3 + e12v3 + e13 = 0. (.27)

1. If e11 > 0, e12 > 0, e13 > 0, then Eq. (.26) has no positive roots. Hence all roots of Eq. (.26) have
negative real parts when τ ∈ (0,+∞).

2. If e13 < 0, e11 > 0, e12 > 0 or e13 < 0, e11 > 0, e12 < 0 or e13 < 0, e11 < 0, e12 < 0, then Eq. (.26)

has a unique positive root ω
′

3 =

√
v′3. Eliminating sin(ω3τ) from Eq. (.25), we obtain

τ
′

j =
1

ω
′

3

cos−1

 (P14 + P17 − P11P16)ω
′

3
4

+ (P13P16 + P11(P15 + P18) − P12(P14 + P17))ω
′

3
2
− P13(P15 + P18)

((P14 + P17)ω′3)2 + (−P16ω
′

3
2

+ P15 + P18)2
+ 2 jπ

 , j = 0, 1, 2, . . . . (.28)
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3. If e11 > 0, e12 < 0, e13 > 0 or e11 < 0, e12 > 0, e13 > 0 or e11 < 0, e12 < 0, e13 > 0, then Eq. (.26)
has two positive roots ω±3 =

√
v±3 . Eliminating sin(ω3τ) from Eq. (.25), we obtain

τ±k =
1
ω±3

cos−1

 (P14 + P17 − P11P16)ω±3
4

+ (P13P16 + P11(P15 + P18) − P12(P14 + P17))ω±3
2
− P13(P15 + P18)

((P14 + P17)ω±3 )2 + (−P16ω
±
3

2 + P15 + P18)2
+ 2kπ

 , k = 0, 1, 2, . . . . (.29)

4. If e11 < 0, e12 > 0, e13 < 0, then Eq. (.26) has two positive roots ω1,2,3
3 =

√
v1,2,3

3 . Eliminating
sin(ω3τ) from Eq. (.25), we obtain

τ1,2,3
l =

1

ω1,2,3
3

cos−1

 (P14 + P17 − P11P16)ω1,2,3
3

4
+ (P13P16 + P11(P15 + P18) − P12(P14 + P17))ω1,2,3

3
2
− P13(P15 + P18)

((P14 + P17)ω1,2,3
3 )2 + (−P16ω

1,2,3
3

2
+ P15 + P18)2

+ 2lπ

 , l = 0, 1, 2, . . . . (.30)

Hence, Eq. (.24) has a pair of purely imaginary roots ±iω′3 with τ = τ′j, j = 0, 1, 2, . . . , a pair of purely
imaginary roots ±iω±3 with τ = τ±k , k = 0, 1, 2, . . . , and a pair of purely imaginary roots ±iω1,2,3

3 with
τ = τ1,2,3

l , l = 0, 1, 2, . . . . Let
{
τ j

}+∞

j=0
=

{
τ′j

}+∞

j=0
such that τ0 < τ1 < τ2 < · · · < τ j < . . . , {τk}

+∞
k=0 =

{
τ±k

}+∞

k=0

such that τ0 < τ1 < τ2 < · · · < τk < . . . , where τ0 = min
{
τ+

0 , τ
−
0

}
, and {τl}

+∞
l=0 =

{
τ1,2,3

l

}+∞

l=0
such that

τ0 < τ1 < τ2 < · · · < τl < . . . , where τ0 = min
{
τ1

0, τ
2
0, τ

3
0

}
.

Let λ(τ) = α(τ)+iω3(τ) be a root of Eq. (.24) near τ = τ j and α(τ j) = 0, ω3(τ j) = ω′3, j = 0, 1, 2, . . . .
Further, differentiating Eq. (.24) with respect to τ and substituting λ = iω′3, τ = τ j, j = 0, 1, 2, . . . , we
obtain

Re
(
dλ
dτ

)−1

λ=iω′3,τ=τ j

=
M31M33 + M32M34

M2
33 + M2

34

, (.31)

M31 = − P16ω
′
3

3 sin
(
τ jω

′
3

)
+ ω′3(P15 sin

(
τ jω

′
3

)
+ P18 sin

(
τ jω

′
3

)
)

− ω′3
2(P14 cos

(
τ jω

′
3

)
+ P17 cos

(
τ jω

′
3

)
),

M32 =ω′3
2(P14 sin

(
τ jω

′
3

)
+ P17 sin

(
τ jω

′
3

)
) − P16ω

′
3

3 cos
(
τ jω

′
3

)
+ ω′3(P15 cos

(
τ jω

′
3

)
+ P18 cos

(
τ jω

′
3

)
),

M33 =ω′3(−P14τ j sin
(
τ jω

′
3

)
+ 2P16 sin

(
τ jω

′
3

)
− P17τ j sin

(
τ jω

′
3

)
)

+ ω′3
2(P16τ j cos

(
τ jω

′
3

)
− 3) + P14 cos

(
τ jω

′
3

)
− P15τ j cos

(
τ jω

′
3

)
+ P17 cos

(
τ jω

′
3

)
− P18τ cos

(
τ jω

′
3

)
+ P12,

M34 = − P16τ jω
′
3

2 sin
(
τ jω

′
3

)
− P14 sin

(
τ jω

′
3

)
+ P15τ j sin

(
τ jω

′
3

)
− P17 sin

(
τ jω

′
3

)
+ P18τ j sin

(
τ jω

′
3

)
+ ω′3(−P14τ j cos

(
τ jω

′
3

)
+ 2P16 cos

(
τ jω

′
3

)
− P17τ j cos

(
τ jω

′
3

)
+ 2P11).

Proof of Lemma 4.9 and Theorem 4.10: If τ1 > 0, τ2 ∈ (0, τ2 j). In this case, we take τ1 as a
bifurcation parameter and τ2 is in stable interval. Let λ = iω4, (ω4 > 0) be a root of Eq. (4.3). Putting
λ = iω4 in Eq. (4.3) and separating imaginary and real parts, we have

P15 cos(ω4τ1) + P14ω4 sin(ω4τ1) =P11ω
2
4 − P13 − (P18 − P16ω

2
4) cos(ω4τ2) − P17ω4 sin(ω4τ2),

P14ω4 cos(ω4τ1) − P15 sin(ω4τ1) = − P12ω4 + ω3
4 − P17ω4 cos(ω4τ2) + (P18 − P16ω

2
4) sin(ω4τ2).

(.32)
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From above equation, we obtain the following equation with respect to ω4

h11(ω4) + h12(ω4) cos(ω4τ2) + h13(ω4) sin(ω4τ2) = 0, (.33)

with

h11(ω4) =ω6
4 + (P2

11 − 2P12 + P2
16)ω4

4 + (P2
12 + P17 − 2P11P13 − 2P16P18 − P2

14)ω2
4

+ P2
13 − P2

15 + P2
18,

h12(ω4) = − 2ω4
4(P17 − P11P16) + 2(P12P17 + P13P16 − P11P18)ω2

4 + 2P13P18,

h13(ω4) = − 2ω5
4P16 + 2ω4(P13P17 − P18P12) − 2ω3

4(P11P17 − P16P12 − P18).

Assume that H1: Eq. (.33) has a positive root ω∗4. Eliminating sin(ω4τ1) from Eq. (.32), we obtain

τ∗1 j
=

1
ω∗4

cos−1

 P14ω
∗
4

4 + (P11P15 − P12P14)ω∗4
2 − P13P15 − (P15P18 + (P17P14 − P15P16)ω∗4

2) cos(τ2ω
∗
4) + ((P18P14 − P15P17)ω∗4 − P14P16ω

∗
4

3) sin(τ2ω
∗
4)

P2
15 + (P14ω

∗
4)2

+ 2 jπ

 , (.34)

j = 0, 1, 2, . . . . Now differentiating Eq. (4.3) with respect to τ1 and substituting λ = iω∗4, τ1 = τ∗1 j
,

j = 0, 1, 2, . . . , we obtain

Re
(

dλ
dτ1

)−1

λ=iω∗4,τ1=τ∗1 j

=
M41M43 + M42M44

M2
43 + M2

44

, (.35)

where

M41 =P15ω
∗
4 sin

(
τ∗1 j
ω∗4

)
− P11ω

∗
4

2 cos
(
τ∗1 j
ω∗4

)
,

M42 =P11ω
∗
4

2 sin
(
τ∗1 j
ω∗4

)
+ P15ω

∗
4 cos

(
τ∗1 j
ω∗4

)
,

M43 =ω∗4(−2P16 sin
(
τ2ω

∗
4
)
− P11τ

∗
1 j

sin
(
τ∗1 j
ω∗4

)
+ P17τ2 sin

(
τ2ω

∗
4
)
)

− ω∗4
2(P16τ2 cos

(
τ2ω

∗
4
)
− 3) + P11 cos

(
τ∗1 j
ω∗4

)
− P17 cos

(
τ2ω

∗
4
)

− P15τ
∗
1 j

cos
(
τ∗1 j
ω∗4

)
+ P18τ2 cos

(
τ2ω

∗
4
)

+ P12,

M44 = − P11 sin
(
τ∗1 j
ω∗4

)
+ P17 sin

(
τ2ω

∗
4
)

+ P15τ
∗
1 j

sin
(
τ∗1 j
ω∗4

)
− P18τ2 sin

(
τ2ω

∗
4
)

ω∗4(−2P16 cos
(
τ2ω

∗
4
)
− P11τ1 cos

(
τ∗1 j
ω∗4

)
+ P17τ2 cos

(
τ2ω

∗
4
)

+ 2P11)

+ P16τ2ω
∗
4

2 sin
(
τ2ω

∗
4
)
.

Appendix B

Let p1 = S − S ∗, p2 = E − E∗, p3 = I − I∗ and τ1 = ζ + τ∗1, where ζ ∈ R. Normalize the delay
τ1 by the time-scaling t → t/τ1. Then, the reduced system (4.1) becomes in the following functional
differential form:

ṗ(t) = Lζ(pt) + F(ζ, pt), (.36)

where Lζ : C → R3 and F : R ×C → R3 are defined as

Lζϕ = (ζ + τ∗1)
(
∆1 maxϕ(0) + ∆2 maxϕ

(
−
τ∗2
τ∗1

)
+ ∆3 maxϕ(−1)

)
,
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and

F(ζ, ϕ) =


α11ϕ1(0)ϕ3(0) + α12ϕ1(0)ϕ3(−1) + α13ϕ3(0)ϕ3(−1)
α21ϕ1(0)ϕ3(0) + α22ϕ1(0)ϕ3(−1) + α23ϕ3(0)ϕ3(−1)

α31ϕ
2
3( τ

∗
2
τ∗1

)

 ,
with

∆1 max =


J11 0 J12

J13 J14 J15

0 J16 J17

 , ∆3 max =


0 0 J18

0 0 J19

0 0 0

 , ∆2 max =


0 0 0
0 0 0
0 0 J20

 ,
and

α11 = −
β

f (I∗)
= −α21, α12 =

βI∗ f ′(I∗)
f (I∗)2 = −α22, α13 =

βS ∗ f ′(I∗)
f (I∗)2 = −α23,

α31 =
γI∗

g(I∗)

[
g′(I∗)2

g(I∗)
−

g′(I∗)
g(I∗)2 −

g′′(I∗)
2g(I∗)

]
.

By the Riesz representation theorem [58], there exists a function ϑ(θ, ζ), whose components are of
bounded variation for θ ∈ [−1, 0] such that

Lζϕ =

∫ 0

−1
dϑ(θ, ζ)ϕ(θ).

We can choose

ϑ(θ, ζ) =



(τ∗1 + ζ)(∆1 max + ∆2 max + ∆3 max), θ = 0,

(τ∗1 + ζ)(∆2 max + ∆3 max), θ ∈
[
−
τ∗2
τ∗1
, 0

)
,

(τ∗1 + ζ)(∆3 max), θ ∈
(
−1,− τ

∗
2
τ∗1

)
,

0, θ = −1,

with δ(θ) =

{
0, θ , 0,
1, θ = 1.

For ϕ ∈ C([−1, 0],R3), define

A(ζ)ϕ =

 dϕ(θ)
dθ , −1 ≤ θ < 0,∫ 0

−1
dϑ(θ, ζ)ϕ(θ), θ = 0,

R(ζ)ϕ =

{
0, −1 ≤ θ < 0,

F(ζ, θ), θ = 0.

Then, the system (.36) is equivalent to the following system

ṗ(t) = A(ζ)p(t) + R(ζ)p(t). (.37)

For κ ∈ C′([0, 1], (R3)∗), the adjoint operator A∗ of A(0) is defined by

A∗(κ) =

 −
dκ(s)

ds , 0 < s ≤ 1,∫ 0

−1
dϑT (s, 0)κ(−s), s = 0.
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For ϕ ∈ C([−1, 0],R3) and κ ∈ C′([0, 1], (R3)∗), we define the following bilinear inner form:

〈κ(s), ϕ(s)〉 = κ̄(0)ϕ(0) −
∫ 0

θ=−1

∫ θ

ν=0
κ̄(ν − θ)dϑ(θ)ϕ(ν)dν, (.38)

where ϑ(θ) = ϑ(θ, 0).
From subsection 4.3, it can be seen that ±iτ∗1ω

∗
4 are the eigenvalues of A(0), therefore, ±iτ∗1ω

∗
4

are also the eigenvalues of A∗(0). Let p(θ) = (1, p2, p3)T eiτ∗1ω
∗
4θ and p∗(s) = D(1, p∗2, p∗3)T eiτ∗1ω

∗
4 s be

the eigenvectors of A(0) and A∗(0) corresponding to the eigenvalues +iτ∗1ω
∗
4 and −iτ∗1ω

∗
4, respectively.

Hence, we obtain

p2 =
ω∗4

2 − (J11 + J17)iω∗4 + J11J17 + J20(J11 − iω∗4)e−iτ∗2ω
∗
4

J16(J12 + J18e−iτ∗1ω
∗
4)

, p3 =
iω∗4 − J11

J12 + J18e−iτ∗1ω
∗
4

p∗2 =
−iω∗4 − J11

J13
, p∗3 =

J11(J13 − J15) − J15iω∗4 + (J13J18 − J19(J11 + iω∗4))eiτ∗1ω
∗
4

J13(−iω∗4 − J17 − J20eiτ∗2ω
∗
4)

In order to show that 〈p∗, p̄〉 = 0 and 〈p∗, p〉 = 1, we need to compute the value of D̄. In view of Eq.
(.38), we may choose

D̄ =
[
1 + p2 p̄∗2 + p3 p̄∗3 + τ∗1e−iτ∗1ω

∗
4(J18 p3 + J19 p3 p̄∗3) + τ∗2e−iτ∗2ω

∗
4 J20 p2 p̄∗2

]−1
.

Using the same notation as in Hassard et al. [57], we compute the coordinates to describe the center
manifold C0 at ζ = 0. Let pt be the solution of Eq. (.36), when ζ = 0. Define

z(t) = 〈p∗, pt〉,

W(t, θ) = pt(θ) − 2Re {z(t)p(θ)} .
(.39)

On the center manifold C0, we have

W(t, θ) = W(z(t), z̄(t), θ),

where
W(z(t), z̄(t), θ) =W(z, z̄),

=W20(θ)
z2

2
+ W11(θ)zz̄ + W02(θ)

z̄2

2
+ W30(θ)

z3

2
+ . . . ,

and z and z̄ are local coordinates for center manifold C0 in the direction of p∗ and p̄∗. Note that W is
also real if pt is real, we consider only real solutions. For solutions pt ∈ C0 of Eq. (.36), since ζ = 0,

ż(t) =iτ∗1ω
∗
4z + p̄∗(0)F(0,W(z, z̄, θ)) + 2Re {z(t)p(θ)} ,

=iτ∗1ω
∗
4z + g(z, z̄),

where

g(z, z̄) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄
2

+ . . . , (.40)

then it follows from Eq. (.36), that

pt =W(t, θ) + 2Re {z(t)p(θ)} ,

=W20(θ)
z2

2
+ W11(θ)zz̄ + W02(θ)

z̄2

2
+ (1, p2)eiτ∗1ω

∗
4θz + (1, p̄2)e−iτ∗1ω

∗
4θz̄ + . . . .

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5865–5920.



5919

Hence, we have
g(z, z̄) = p̄∗(0)F(0, pt).

After some algebraic calculation and comparing the coefficients with (.40), we obtain

g20 =2D̄τ∗1[(α11 p3 + α12 p3 + α13 p2
3) + p∗2(α21 p3 + α22 p3 + α23 p2

3) + p∗3(α31 p2
3)],

g11 =D̄τ∗1[(α11 p̄3 + α11 p3 + α12 p3 + α12 p̄3 + 2α13 p3 p̄3) + p∗2(α21 p̄3 + α21 p3

+ α22 p̄3 + α22 p3 + 2α23 p3 p̄3) + p∗3(2α31 p3 p̄3)],
g02 =2D̄τ∗1[(α11 p̄3 + α12 p̄3 + α13 p̄2

3) + p∗2(α21 p̄3 + α22 p̄3 + α23 p̄2
3) + p∗3(α31 p̄2

3)],

g21 =D̄τ∗1[(α11 p̄3W (1)
20 (0) + 2α11 p3W (1)

11 (0) + 2α11W (3)
11 (0) + α11W (3)

20 (0)

+ α12W (1)
20 (0)p̄3 + 2α12 p3W (1)

11 (0) + 2α12W (3)
11 (−1) + α12W (3)

20 (−1)

+ α13 p̄3W (3)
20 (0) + 2α13 p3W (3)

11 (0) + 2p3W (3)
11 (−1) + W (3)

20 (−1))

+ p∗2(α21 p̄3W (1)
20 (0) + 2α21 p3W (1)

11 (0) + 2α21W (3)
11 (0) + α21W (3)

20 (0)

+ α22W (1)
20 (0)p̄3 + 2α22 p3W (1)

11 (0) + 2α22W (3)
11 (−1) + α22W (3)

20 (−1)

+ α23 p̄3W (3)
20 (0) + 2α23 p3W (3)

11 (0) + 2p3W (3)
11 (−1) + W (3)

20 (−1))

+ p∗3(2α31W (3)
20

(
−
τ∗2
τ∗1

)
p̄3 + 4α31W (3)

11

(
−
τ∗2
τ∗1

)
)].

with

W20(θ) =
ig20 p(0)
τ∗1ω

∗
4

eiτ∗1ω
∗
4θ +

iḡ02 p̄(0)
3τ∗1ω

∗
4

e−iτ∗1ω
∗
4θ + E1e2iτ∗1ω

∗
4θ,

W11(θ) = −
ig11 p(0)
τ∗1ω

∗
4

eiτ∗1ω
∗
4θ +

iḡ11 p̄(0)
τ∗1ω

∗
4

e−iτ∗1ω
∗
4θ + E2.

E1 and E2 can be determined by the following equations

E1 = 2


J∗11 0 −J12 + J∗18
−J13 J∗14 −J15 + J∗19

0 −J16 −J17 + J∗20


−1

×


E′11
E′12
E′13

 ,

E2 = −


J11 0 J12 + J18

J13 J14 J15 + J19

0 J16 J17 + J20


−1

×


E′14
E′15
E′16

 ,
where

J∗11 =2iω∗4 − J11, J∗18 = −J18e−2iτ∗1ω
∗
4 , J∗14 = 2iω∗4 − J14,

J∗19 = − J19e−2iτ∗1ω
∗
4 , J∗20 = 2iω∗4 − J20e−2iτ∗2ω

∗
4 ,

E′11 =α11 p3 + α12 p3 + α13 p2
3, E′12 = α21 p3 + α22 p3 + α23 p2

3, E′13 = α31 p2
3,

E′14 =α11 p̄3 + α11 p3 + α12 p3 + α12 p̄3 + 2α13 p3 p̄3, E′16 = 2α31 p3 p̄3,

E′15 =α21 p̄3 + α21 p3 + α22 p̄3 + α22 p3 + 2α23 p3 p̄3.
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Hence, we can determine the following values

c1(0) =
i

2τ∗1ω
∗
4

(
g20g11 − 2|g11|

2 −
|g02|

2

3

)
+

g21

2
,

β2 = 2Re {c1(0)} ,

µ2 = −
Re {c1(0)}

Re
{
λ′(τ∗1)

} ,
T2 = −

Im {c1(0)} + µ2Im
{
λ′(τ∗1)

}
τ∗1ω

∗
4

.

The above expressions regulate the behavior of bifurcating periodic solution at the critical value τ∗1.
Specifically, µ2 regulates the direction of Hopf bifurcation: if µ2 > 0 (µ2 < 0) then the Hopf bifurcation
is supercritical (subcritical) and bifurcating periodic solution exists for τ1 > τ∗1 (τ1 < τ∗1). β2 regulates
the stability of the bifurcating periodic solution: the bifurcating periodic solution is stable (unstable) if
β2 < 0 (β2 > 0). T2 regulates the period of bifurcating periodic solution: if T2 > 0, the period increases,
otherwise decreases.

Appendix C

Proof of Theorem 5.1: To prove this theorem, we use Theorem 4.3 of [60]. We note that disease-
free equilibrium (D0) is unstable whenever R0 > 1 for both systems (2.2) and (2.3). To show that (2.2)
and (2.3) satisfy all the conditions of Theorem 4.3, when R0 > 1, we choose X = R4 and E = f. The
maximal invariant set M on the boundary ∂f is the singleton D0 and is isolated. Thus the hypothesis
of Theorem 4.3 of [60] holds for both systems (2.2) and (2.3). We obtained that our systems have
a unique endemic equilibrium whenever R0 > 1. Hence the necessary and sufficient condition for
uniform persistence in Theorem 4.3 of [60] is equivalent to D0 being unstable.
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