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Abstract: We study a spatial susceptible-infected-susceptible(SIS) model in heterogeneous environ-
ments with vary advective rate. We establish the asymptotic stability of the unique disease-free equi-
librium(DFE) when R, < 1 and the existence of the endemic equilibrium when R, > 1. Here R, is the
basic reproduction number. We also discuss the effect of diffusion on the stability of the DFE.
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1. Introduction

In this paper, we are concerned with the following susceptible-infected-susceptible(SIS) model

S, =dsS,—dx)S), —,B(x)% +y(x)I, O0<x<L,t>0,
I, =/, —adx)I),+pBx SS_+II —y(x)l, O<x<L,t>0,

dsS,—ad(x)S =d;l,—ad(x)] =0, x=0,L, t>0,
S(x,0) =So(x), I(x,0) = Iy(x), O<x<L.

Here S (x, 1) and I(x, t) denote the density of susceptible and infected individuals in a given spatial inter-
val (0, L), ds and d; are positive constants which stand for the diffusion coefficients for the susceptible
and infected populations, a’(x) is a smooth nonnegative function which represents the advection speed
rate, while S(x) and y(x) represent the rates of disease transmission and recovery at location x, which
are Holder continuous functions on (0, L). In addition, S ¢(x) and I(x) are continuous and satisfy

(1.1)

L
(Al) So(x) > 0and Ip(x) > 0 for x € (0, L), f Io(x)dx > 0.
0

We would like to give the survey of some results on SIS model. In [1], Allen et al. investigated
a discrete SIS model, in [2], they also proposed the SIS model with no advection in a given spatial
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region €, where they dealt with the existence, uniqueness and asymptotic behaviors of the endemic
equilibrium as the diffusion rate of the susceptible individuals approaches to zero. Many authors also
considered the SIS reaction—diffusion model, including the global stability of the endemic equilibrium,
the effects of large and small diffusion rates of the susceptible and infected population on the persis-
tence and extinction of the disease, discuss how the disease vanish or spreading in high-risk or low-risk
domain, and so on. For the dynamics and asymptotic profiles of steady states of an epidemic model
in advective environments, we can see[3]. For A SIS reaction-diffusion-advection model in a low-risk
and high-risk domain, we can see [4]. For Dynamics of an SIS reaction-diffusion epidemic model for
disease transmission, we can see[5], For Concentration profile of endemic equilibrium of a reaction-
diffusion-advection SIS epidemic model, we can see [6]. For the varying total population enhances
disease persistence, we can see [7]; For the asymptotic profiles of the positive steady state for an SIS
epidemic reaction-diffusion model, we can see [8]. For the global stability of the steady states of an
SIS epidemic reaction-diffusion model, we can see [9]. For the asymptotic profile of the positive steady
state for an SIS epidemic reaction- diffusion model: effects of epidemic risk and population movement,
we can see [10]; For reaction-diffusion SIS epidemic model in a time-periodic environment, we can
see [11]. For the global dynamics and traveling waves for a periodic and diffusive chemostat model
with two nutrients and one microorganism, we can see [12]. For more information about dynamical
systems in population biology, we also can refer to see [13] and the references therein. Recently, Cui
and Lou studied (1.1) when a’(x) = g for x € [0, L] in [14], that is, it is a constant advection. Besides
establishing the asymptotic stability of the unique disease-free equilibrium(DFE) when R, < 1 and the
existence of the endemic equilibrium when R, > 1, they found that the DFE changes its stability at
most once as d; varies from zero to infinity, which is strong contrast with the case of no advection.
Since (1.1) has vary advection, an natural and interesting question is whether we can establish the
similar results on (1.1) to those in the case of no advection or not.

Since the functions a’(x), B(x), y(x), S ¢o(x) and Iy(x) are continuous in (0, L), by the standard theory
for a system of semilinear parabolic equations, (1.1) is locally wellposedness in (0, Tpn.x). Notic-
ing (A1), by the maximum principle, S (x, ) and I(x, t) are positive and bounded for x € [0, L] and
t € (0, Tnax). Hence, by the results in [15], Tyx = oo and (1.1) posses a unique classical solution
(S (x, 1), I(x,1)) for all time.

It is easy to verify that

L L
f [S(x,0) + I(x,)]dx = f [S(x,0) + I(x,0)]dx :=N>0, t>0. (1.2)
0 0

Inspired by [2] and [14], we say that (0, L) is a low-risk domain if fOL B(x)dx < fOL v(x)dx and
high-risk domain if [ B(x)dx > [} y(x)dx.
The corresponding equilibrium system of (1.1) is

dsS.—a' (08, —BO)L +y(0)I=0, O0<x<L,

- 9 a3t -
(d/l, —a (x)I), +B(x % —y(x)I =0, O<x<lL, (1.3)
dsS,—ad xS =d/I, —ad(x)I =0, x=0,L.

The half trivial solution (S (x), 0) of (1.3) is called a disease-free equilibrium(DFE), while the solution
(S (x), I(x)) of (1.3) is called endemic equilibrium(EE) if 7(x) > 0 for some x € (0, L).
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We also introduce the following basic reproduction number as those in literatures [2] and [14].
We also can refer to [16] and see the definition and the computation of the basic reproduction ratio
Ry in models for infectious diseases in heterogeneous populations, refer to [17] and see reproduction
numbers and sub-threshold endemic equilibria for compartmental models of disease transmission, see
basic reproduction numbers for reaction-diffusion epidemic models [18].

L aw
i Bx)e o p*dx
Ro = sup 3 T ) .
d’fo e p2dx + fo y(x)e @ p*dx

(1.4)

peH((0,L1)),p+0

Our first result is concerned with the qualitative properties for Ry.
Theorem 1.1. Let Ry be the basic reproduction number when a(x) = 0 which was introduced in
[2]. Then the following conclusions hold.

L
(1) For any given a’(x) > 0, Ry — BL) g d;i = 0and Ry — o P as d; — +oo;

y(L) 5 L (x)dx
(2) For any given d; > 0, Ry — 7?0 as maxepo,r a’(x) = 0 and Ry — % as min,epo ) a’(x) — +oo;
(3) If B(x) > (<)y(x) on [0, L], then Ry > (< 1) for any given d; > 0 and a’(x) > 0.

Our second result deals with the stability of DFE, which will extend those of [2] and [14].

Theorem 1.2. The DFE is unstable if Ry > 1 while it is globally asymptotically stable if Ry < 1.

We will analyze (1.1) under the following assumptions on £(x) and y(x):

(C1) pB0)—-vy(0) <0 <pB(L)—y(L),1i.e., B(x)—y(x) changes sign from negative to positive,

or

(C2) B0)—-vy(0)>0>p(L)—-vy(L),i.e. B(x)—y(x) changes sign from positive to negative.

In the point view of biological,

(C1) all lower-risk sites are located at the upstream and all high-risk sites are at the downstream,

or

(C2) all high-risk sites are distributed at the upstream and lower-risk sites are at the downstream.

To state other results, in convenience, let ¢ = max,ejo ) @'(x) and denote a(x) = ga(x) sometimes in
the sequels.

We can get further properties of R, when fOL B(x)dx > fOL y(x)dx.

Theorem 1.3. Assume that fOL B(x)dx > fOL v(x)dx. Denote Ry = Ro(d;, q).
(i) If (C1) holds, then the DFE is unstable for any q > min,eqo 1y a’(x) > 0 and d; > 0;
(ii) If (C2) holds, then there exists a unique curve in d;—q plane

I't = {(d, p1(d)) : Roldr,p1(d) = 1, dj € (0, +o0)}

with the function p; = p1(d;) : (0, +00) — (0, +00) satisfying

lim pi(d) =0, lim 210
d[—>0+

d]—H—OO 1

=01,
and such that for every d; > 0, the DFE is unstable for 0 < min,eoz)a’(x) < g < pi(d;) and it is

globally and asymptotically stable for g > min,epo ) a’(x) > p1(d)).
Here 0, is the unique positive solution of

L
f [B(x) = y(x0)]e" ™ dx = 0.
0
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Similarly, we can get further properties of R, when fOL B(x)dx < fOL y(x)dx.

Theorem 1.4. Assume that fOL B(x)dx < fOL Y(x)dx. Let d; is the unique positive root of the equation

7?0 =1, where 7?30 was introduced in [2].
(1) If (C1) holds, then the DFE is unstable for any g > min;a’(x) > 0 and d; € (0,d;], while
for d; € (d;, +00) there exists a unique curve in di—q plane

[ = {(dr, p2(dp) - Rodp, p2(dp) = 1, dj € (d}, +0)}

with the monotone function p, = p,(d;) : (d;, +00) — (0, +00) satisfying

. _ . p2d))
o P =0 i

= 0,

and such that the DFE is unstable for 0 < min,e 1 a’'(x) < q < pa2(d;) and it is globally asymptotically
stable for q > min,ejo 1) a’(x) > pa(d)).
Here 60, is the unique positive solution of

L
f [B(x) = y(0)]e™"Wdx = 0.
0
(2) If (C2) holds, then for d; € (0,dy), there exists a unique curve in d; — q plane
I3 ={(d1, p3(d)) : Roldr, p3(dp) = 1, d; € (0,d))}
with the function p3 = p3(d;) : (0,d;) — (0, +00) satisfying

d}i_1)1()1+/03(d1) =0, dllirg_m(dz) =0,
and such that the DFE is unstable for 0 < min,co ) a’(x) < q < p3(d;) and it is globally and asymp-
totically stable for g > min,eo ) a’(x) > ps(d;), while for d; € (dj,+c0), the DFE is globally and
asymptotically stable for any g > min o a’(x) > 0.

The following theorem deals with the existence of EE.

Theorem 1.5. Assume that B(x) — y(x) changes sign once in (0,L). If Ry > 1, then problem (1.3)
possesses at least one EE.

The last theorem will consider the results on (1.1) when (x) — y(x) changes sign twice in (0, L).

Theorem 1.6. Assume that 5(x) — y(x) changes sign twice in (0, L).

(1) If fOL B(x)dx > fOL v(x)dx and B(L) < y(L), then there exists some positive constant A which is
independent of d; and q such that for every d; > A, we can find a positive constant Q which depends
on dj such that Ry > 1 when 0 < min,¢o ) a’(x) < g < Q and Ry < 1 when g > Q.

(2) If fOL B(x)dx > fOL v(x)dx and B(L) > y(L), then there exists some positive constant A which is
independent of d; and q such that for every d; > A one of the following conclusions holds:

(i) Ro > 1 for any q > min,eo ) a’(x) > 0;

(i) There exists a positive constant Q which is independent of d; and satisfies that Ry > 1 for g # O
and Ry = 1 when g = Q,'

(iii) There exist two positive constants Q> > Qp both depending on d; such that Ry > 1 when
q € (0, Q1) U (Qy, +00) while Ry < 1 when q € (Q1, Q»).
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(3) If fOL Bx)dx < fOL y(x)dx and B(L) > y(L), then there exists some positive constant A > dj
which is independent of d; and q such that for every d; > A, we can find a positive constant Q which
depends on d; such that Ry < 1 when 0 < min,eoz)a’(x) < g < Q and Ry > 1 when g > Q.

(4) If fOL Bx)dx < fOL y(x)dx and B(L) < y(L), then there exists some positive constant A > dj
which is independent of d; and q such that for every d; > A one of the following conclusions holds:

(iv) Ro < 1 for any g > min,eo ) a’(x) > 0;

(v) There exists a positive constant Q which is independent of d; and satisfies that Ry < 1 for g # O
and Ry = 1 when q = Q;

(vi) There exist two positive constants Q> > Q; both depending on d; and satisfy that Ry < 1 when
q € (0, Q1) U (Q3, +00) while Ry > 1 when q € (Q1, Q»).

The rest of this paper is organized as follows. In Section 2, we give the proofs of Theorem 1.1 and
Theorem 1.2. In Section 3, we will prove Theorem 1.3. In Section 4, we will prove Theorem 1.4. In
Section 5, we will prove Theorem 1.5. In Section 6, we will prove Theorem 1.6.

2. Materials and method

2.1. The proofs of Theorem 1.1 and Theorem 1.2

In this section, we first give some qualitative properties of R, then we deal with the stability
of DFE, and we can finish the proofs of Theorem 1.1 and Theorem 1.2.
By the definition of R, there exits some positive function ®(x) € C?([0, L]) such that

~[d;®, — a'(X)P], + y(X)D = Rioﬁ(x)cb, 0<x<L, 51
d;®.(0) — & (0)®0) =0, d,D(L)—a'(L)YP(L) = 0. 1)
Letting ¢(x) = e_%) ®(x), we have
{ ~dip — d' (0¢; + Y = g, 0 <x <L, 2.2
@x(0) =0, (L) =0. '

Linearizing (1.1) around (S,0) and letting £(x,1) = S(x,1) — S(x,1), n(x,t) = I(x, t), we have

{ & =(dsé—ad (), - [BX) -y, 0<x<L,t>0,
e = (dii, — d (Of), + [Bx) =y, 0<x<L,t>0.

For the linear system, seeking for the solution which is separation of variables, i.e., &(x, 1) = e Y&(x)
and 7j(x, 1) = e~n(x), we have

(dséx = ad' (&) = [B(X) =y + A6 =0, 0<x<L, 2.3)
(dmx —a' (O + [BX) —y@WIn+ A =0, 0<x<L, '
subject to boundary conditions
{ ds&:(0) —a’(0)§0) =0, ds&(L) —a'(L)E(L) =0, (2.4)
ds1:(0) =a’(0)n(0) = 0,  dsn.(L) - a'(L)n(L) = 0. '
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By the conservation of total population, we need to impose that
L
f [£(x) + n(x)]dx = 0. (2.5)
0

Noticing that the second equation of (2.3) is independent of &, letting {(x) = e_%)n(x), we only
need to consider the following eigenvalue problem

{ dilex + d' ()4 + [BX) —y(0)I{(x) + AL (x) =0, O0<x<L, (2.6)

8x(0) = (L) = 0.

By the results of [19], all the eigenvalues are real, the smallest eigenvalue A,(d;, g) is simple, and its
corresponding eigenfunction ¢; can be chosen positive.

We will show a fact below.

Lemma 2.1.1. For any d; and q > min,ea’(x) > 0, 4;(dr,q) < 0if Ro > 1, 41(d;,q) = 0 if
Ro =1and 21(d;,q) > 0if Ry < 1.

Proof. Note that (1,(dy, q), ¢) satisfies

—di(P1)xx — &' (X)(PDx + [¥(x) = BD)]P1(x) = 4i(d), 1 (x), 0 < x <L,
2.7)

(61):(0) = (¢1)(L) = 0.

Multiplying (2.1) by e%) ¢; and (2.7) by e% ®, integrating by parts in (0, L), and subtracting the result-
ing equations, we get

L 1 L
f (7 ~ DB () = f A(dr, (I (X)d.
0 0 0

Using the mean value theorem of integrating, we have

1
(R_ = DBGx)D(x1)¢1(x1) = Ai(dp, ) P(x2)¢h1(x2)
0
for some 0 < x; < Land 0 < x, < L. Using B(x;)®(x1)¢(x;) > 0 and D(x,)p;(x,) > 0, we know that
1
(R_ — 1) has the same sign of A,(d}, q),
0

which implies the conclusions are true. O

Lemma 2.1.2. If%l — 0 and % — 0, @(x) > 6 > 0 for some constant 6, then Ry — %

Proof. Let w(x) = e 4" d(x), where ®(x) is the solution of (2.1), A is a constant which will be

chosen later. It is easy to verify that w satisfies

[L24D @ (1)) + g(A = Da"(x) + A=B(x) — y()]w
= —~dwy, + (1 = 24)a’ (xX)w,, O<x<L,t>0, (2.8)
dwi(0) = @' (0)(1 = Aw(0),  diwi(L) = a'(L)(1 = Ayw(L),

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5449-5477.
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C1d1

First we chose A =1 + , where C is a positive constant to be chosen later. Then (2.8) becomes

[C1(1 + SED)@ (1) + g1+ S5Ha" (x) + z-B(x) = y(0)]w
= —dw,, — (1 2C'd’)a (X)W, O0<x<L,t>0,
djw(0) = —4 & OW(O),  dwi(L) = — S (Lyw(L).

Assume that w(x,) = min,ejo ) w(x). We will show that x, = L below. w,(0) < 0 implies that x, # 0. If
x, € (0, L), then w,,(x,) > 0 and w,(x,) = 0, (2.9) means that

[Ci(1 +

d 1
a’ X )_ (X*)] <0
2 R Y
Taking C; = Kq with K large enough, we can get a contradiction. Therefore, x, = L and w(x) > w(L)
for x € [0, L], which implies that

O) -0+ hiaw-aco)
(L) '

(2.9)

Czdl

Next, we chose A = 1 — , where C, is a positive constant to be chosen later. Then (2.8) becomes

[C2(1 = SH)@ (1) + q(1 = FHa" (x) + 7:B(x) = y(0)]w
= —dw,, — (1 2Czdf)a (X)W, O0<x<L,t>0,
djw(0) = 24 ZOWO),  diwi(L) = L (Lyw(L).

Assume that w(x™) = max,ep ; w(x). We will show that x* = L below. w,(0) > 0 implies that x* # 0.
If x* € (0, L), then w,,(x*) > 0 and w,(x*) = 0, (2.10) means that

C
[Cy(1 — =@

Zdl ~1 * 1 * k
—)a’ (x R, - 1<0

Taking C, = K'q with K’ large enough, we can get a contradiction. Therefore, x* = L and w(x) < w(L)
for x € [0, L], which implies that

Q)(X) - 0= Z)aw)- ~a].

2.10
o L) (2.10)
Dividing (2.1) by ®(L) and integrating the result in (0, L), we have
CD(X) f CIJ(JC)
i 2.11
f (x)(D(L) "R Blx )(D(L) (2.11)
Letting y = %ﬁ’m], ie,x=a'lall) - %], we have
~—1 dry
€_(1+%)y . ®(a'[a(L) - ]) - e_(l_%)y 2.12)
- d(L) - '
and
gla(L)-a0)] ~—1 d/y
—a d ®(a[a(L) - ])
Y@ aw) - ) _ dy
0 q @@ 'alL) - j’])CD(L)
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glaw)-ao) ~ 11 dry
P gy @A) - )

= — Ly-— dy. 2.13

2 fo A lal) = ~E) Eon” (2.13)

Using (2.12), by Lebesgue dominant convergence theorem, then passing to the limit in (2.13), we get

qla(L)-a(0)]

b T B@Ear) - )
lim Ry = lim dah)—a0)]

d;/q—0.d;/4*>—0 di/q—0.d;/g>—0 a ~{r d
b " ov@aw) - -

o@ ' [a(L)- ")
(@ 'aL)-LHar)

o@[a(L)- 1)
a (@ '[a(lL)- “"1)<I>(L)

B eVd
:fo a4 B(L) 2.14)

S (D)
fo Z(L)e Ydy 7%

We have the following corollary.
Corollary 2.1.1. The following statements hold.
(i) Givend; > 0, Ry — Ry as ¢ — 0;

ii) Given d; > 0, Ry — BD s g — +o00;
(ii) D 4
(iii) Given g > 0, Ry — 'BEL; asd; — 0;
: . dx
(iv) Given g > 0, Ry — I"Lﬁ(x) as d; — +oo.
Jo y@dx

Proof. (i) For any fixed ¢ € H'((0, L)), ¢ # 0, we have

lmdlfo e ©2dx + fo y(x)e @ £ 0*d dlj(‘) 2dx + fo (x)goza’x
~ [ Be ™ g2 Iy Bowdx

Taking inf e ;10,1420 Doth sides, we have RLO - 7%0 asqg — 0.

(i1) and (iii) are the direct conclusions of Lemma 2.2.
(iv) By the definition of z-, for ¢ = 1, we have

a(x)
fo yed dx  max,eor y(x)

a(x)

R f() ,B(x)e a dx B Ininx»&[O,L] B(x) ’

which implies that l is uniformly bounded for d; > 0, passing to a subsequence if necessary, it has a
finite hrnlt = as d; — oo.

On the other hand, by the standard elliptic regularity and the Sobolev embedding theorem, @ is
uniformly bounded for all d; > 1. Dividing both sides of (2.1) by d; and letting d; — +co0, we have
®,, — 0 for x € (0,L) and ®,(0) — 0, ®,(L) — 0. Consequently, there exists a positive constant ®
such that ®(x) — ® as d; — +oo. Integrating (2.1) by parts over (0, L), we can get

L :
dﬁ 6 [d D, — d ()DOdx + f ¢~ Ty (D) dx
1 0

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5449-5477.
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e
= R—O e U B(x)D(x)dx.

fo B(x)dx

Letting d; — +oo, we obtain R, = Frod
o Y(x X

Lemma 2.1.3. The following statements hold.
(i) If B(x) > y(x) on [0, L], then Ry > 1 for any d; > 0 and g > min o a’(x) > 0;
(i) If B(x) < y(x) on [0, L], then Ry < 1 for any d; > 0 and g > min o a’(x) > 0.

Proof. (i) If B(x) > y(x) on [0, L], by the definition of lo, for ¢ = 1, we have

a(x)

v(x)e i dx
R j(‘)— < 1,

a(x)

R fo B(x)e o dx

ie., Ro > 1.
(i1) Subtracting both sides of (2.2) by S(x)¢, multiplying by e%) ®, we have

a(x)

—dip.ce @ —a'(x)pxe ‘1190+[7(X) Bo)]e "190 —(——1),8(X)e ‘w

Integrating it by parts over (0, L), using ¢,(0) = ¢,(L) = 0, we obtain

L - L
d; fo e () dx + fo [y(x) ~ BO)le T sozdx—(——l) f BT

Since B(x) < y(x) on [0, L], the left side of the above equality is positive, and

(— - 1)f B(x)e i W gozdx >0,

which implies that Ry < 1. m|
Proof. Theorem 1.1 is the direct results of Lemma 2.1.2, Corollary 2.1.1 and Lemma 2.1.3. O

Next we will consider the stability of DFE.
Lemma 2.1.4. The DFE is stable if Ry < 1, while it is unstable if Ry > 1.

Proof. 1. Assume contradictorily the DFE is unstable if Ry, < 1. Then we can find (4, &, 17) which is a
solution of (2.3)—(2.4) subject to (2.5), with at least one of & and 7 is not identical zero, and R (1) < 0.
Suppose that 7 = 0, then € # 0 on [0, L]. Using (2.3)—(2.4), we have

{ _(dS‘fx - a/(x)é:)x = Aé:’ 0<x< L’ (2 15)
ds&(0) —a’(0)£(0) =0,  ds&(L) —a'(L)E(L) =0 '

It is easy to see that A is real and nonnegative, and therefore 4 = 0. We find that & = foe%a(x), where &

is some constant to be determined later. By (1.2), we impose that fOL[f(x) +n(x)]dx =0, & =0, i.e.,
& =0on [0, L]. This is a contradiction. Then we conclude that = 0 on [0, L]. From (2.6), A must be
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real and A < 0. Since 4,(d}, q) is the principal eigenvalue, then 4,(d;,q) < 4 < 0. Lemma 2.1 implies
that Ry > 1, which is a contradiction. Then we conclude that if (4,&,n) is a solution of (2.3)—(2.4),
with at least one of £ and 7 not identical zero on [0, L], then R (1) > 0. This proves the linear stability
of the DFE. o

2. Suppose that Ry, > 1. Since (4,(d}, q), ¢1) is the principal eigen-pair of (2.6), (1,(d;, q), e ¢1)
satisfies

{ [di(¢1) — @' (X)P1], + [B(x) — y(X0)]p1 + 11(d1, g)p1 =0, 0<x<L,
di(¢))c—ad'(x)¢ =0, x=0, L.

By the result of Lemma 2.1.1, 4,(d;, g¢) < 0. On the other hand,
(dsé; — d (DE), + A = [B) — y()]eT ¢y, 0<x<L 2.16)
dsé.(0) —a’(0)6(0) =0, dsé(L) —a’(L)E(L) = 0.

There exists a unique solution &; of (2.16). And (2.5) becomes
L atx)
f [£1(x) + e % ¢1(x)]dx = 0,
0

which implies that (2.3)—(2.4) has a solution (/ll(dl,q),fl,e%qﬁl(x)) satisfying A,(d;,q) < 0 and
a(x)
e ¢1(x) > 01in (0, L). Therefore, the DFE is linearly unstable.
O
Lemma 2.1.5. If Ry < 1, then (S,1) — (S,0)in C([0, L)) as t — +oo.
Proof. If Ry < 1, letting u(x, t) = Me‘*l(d"‘f)fe%qbl(x), then we have

u, = [diu, — a’(xul, + [B(x) —y(x)]u, O0<x<L, t>0,
diu(0,8) —a’O)u0,t) =0, du(L,t)—a (L)u(L,t)=0, t> 0.

Here (1,(d}, q), ¢1) is the principal eigen-pair, A,(d;, g) > 0 and ¢(x) > 0 on [0, L]. M is large enough
such that /(x, 0) < u(x, 0) for every x € (0, L). Noticing that

I =[dl,—adX)I],+[f(x)—yx)]l, O0<x<L, >0,
diu(0,1) —a’ Ou(0,r) =0, du(L,t)—aLyulL,t)=0,t>0.

By the comparison principle, we have I(x,7) < u(x,t) for every x € (0,L) and # > 0. Obviously,
u(x,t) — 0 for every x € (0, L) as t — oo, which implies that /(x, r) — O for every x € (0, L) as t — oo.
Now we will show that S — S as r — +oo. Since

S
+1

S, = (dsS . — a'(®)S), — B(x) +y()L 0<x<L, t>0,

S

we have
1IS; = (dsS = d' (0)S). < (|Bllee + IYlle)] < Ce_/ll(dhq)l’

for 0 < x < L, t > 0. Noticing that

~lidrgt

lim e -0

t—+0o
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as t — +oo, we know that there exists a positive function S (x) such that

L
tlim S(x, 1) =S (x), f S(x)dx = N.
—+00 0

Therefore, lim,_,.c S (x,7) = S (x) = S (x).

Proof. Theorem 1.2 is the direct results of Lemma 2.1.4 and Lemma 2.1.5.

2.2. Further properties of Ry: B(x) — y(x) changing sign once

In this section, we will study further properties of R, in the case of (x) — y(x) changing sign
once.

Lemma 2.2.1. Assume that ¢, is a positive eigenfunction corresponding to Ry = 1, B(x) — y(x)
changes sign once in (0, L). If assumption (CI)(or (C2)) holds, then (¢,), > O(or (¢1), < 0) in (0, L).

Proof. If B(x) — y(x) changes sign once in (0, L) and assumption (C1) holds, then there exists some
X € (0, L) such that B(x) — y(x) < 01in (0, xo), B(x9) = Y(x0) and B(x) — y(x) > 0 in (xo, L).
By the definition of ¢;, we have

{ —di($1)ex — @' (X)(P1)x = [B(X) —y(D)]p1, O <x<L,

(01):(0) = (91)«(L) = 0. (2.17)

Multiplying (2.17) by e , we obtain

@ (@) = [BG) — y(D)]e D 1.

Under the assumptions on B(x) and y(x), we can obtain (e%(gb D)y > 01n (0, xp), (e%)(¢ Do) = 0at xg
and (e%)(m)x)x < 01n (xg, L). That is, e%)(m)x is strictly increasing in (0, xo) and strictly decreasing
in (xo, L). Noticing that (¢,),(0) = (¢1),(L) = 0, we can get e%)(dn)x > 01in (0,L). So (¢1)x > 0in
(0, L).

Similarly, if B(x) — y(x) changes sign once in (0, L) and assumption (C2) holds, (¢;), < 01in (0, L).
We omit the details here. ]

Now we prove two general lemmas below.
For any continuous function m(x) on [0, L], define

L
F(n) = f a' (x)e"™Om(x)dx, 0<n< oo.
0

Lemma 2.2.2. Assume that m(x) € C'([0, L]) and m(L) > O(or m(L) < 0). Then there exists some
positive constant M such that F(n) > O(or F(n) < 0) for any n > M.
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Proof. Since m’(x) and a’(x) is uniformly bounded independent of 1, we have

L

lim ne™PF@) = lim na’ (x)e MDDl ) dx
n—+00 n—o+oo )

L
m(L) — lim (m(O)e"W@-&(Lﬂ - f m’(x)e”[a(x)_z‘(mdx)
0

n—+o00

L
m(L) — lim (m(O)e”[a(O)_a(L)] - f m'(x)ea’@[x-”dx)
0

n—+o0

m(L) > 0(< 0).
Therefore, there exists some positive constant M such that F(r7) > 0(< 0) forn > M. O

Lemma 2.2.3. Assume that m(x) changes sign once in (0, L). Then

(i) If m(L) > 0 and fOL a’'(x)ym(x)dx > 0, then F(n) > 0 for any n > 0;

(ii) If m(L) < 0 and fOL a’'(x)m(x)dx < O, then F(n) < 0 for any n > 0;

(iii) If m(L) > 0 and fOL a’'(x)ym(x)dx < 0, then there exists a unique n; € (0, +00) such that F(n,) =0
and F’(n;) > 0;

(iv) If m(L) < 0 and fOL a’(x)m(x)dx > 0, then there exists a unique 1, € (0, +00) such that F(n;) = 0
and F'(n,) <O.

Proof. We only prove part (i) and part (iii). The proofs of part (ii) and part (iv) are similar.

(i) If m(L) > 0 and m(x) changes sign once in (0, L), then there exists x; € (0, L) such that m(x) < 0
for x € (0, x;) and m(x) > O for x € (x1, L). Since a(x) is increasing, we have m(x)[a(x) — a(x;)] > 0
for x € (0,L) and x # x;. And

[ G = e IF () — ey F ()]

L
= pmatam f [a(x) — a(x))]m(x)d (x)e™ dx > 0, (2.18)
0

which implies that e ®*V7F(n) is strictly increasing in n € (0,00), e @ VF@) > F0) =
fOL a’'(x)ym(x)dx > 0. Consequently, F(n) > O for any > 0. Here the prime notation denotes dif-
ferentiation by 7. Part (i) is proved.

(ii1) fOL a’'(x)m(x)dx < 0 means that F(0) < 0, while, by the result of Lemma 2.2.2, m(L) > 0 means
that F(n7) > O for n > M with M large enough. By continuity, there at least exists a positive root for
F(n) = 0. But e ®*F () is increasing in € (0, 0), so F(17) = 0 only has a unique positive root 7;.
By (2.18), we have F’(n;) > a(x;)F(n;) = 0. Part (iii) is proved.

|

2.3. The stability of DFE

In this section, we consider the stability of DFE. First we have
Lemma 2.3.1. Assume that B(x) — y(x) changes sign once in (0, L) and fOL B(x)dx > fOL v(x)dx.
(i) If B(x) and y(x) satisfy (C1), then Ry > 1 for d; > 0 and g > min,ejo ) a’(x) > 0;
(ii) If B(x) and y(x) satisfy (C2), then for every d; > 0, there exists a unique g = g(d;) such that
Ro > 1 for 0 < minyeorya’(x) <g< g, Ro=1forqg=gand Ry <1 for g > q.
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a(x)

Proof. (i) Subtracting both sides of (2.2) by S(x)¢, multiplying by , we have

4 alv) 1 atx)
[—dipn — @ (Dp]— + [y(x) = BD)]e T = (= — DB(x)e .
@ Ro

Integrating it by parts over (0, L), using ¢,(0) = ¢,(L) = 0, we obtain

a(x)

d f (SOX)Z d f d _ fL ll‘(lix)
1 + | [Bx) —y(x)]ed dx = (1-—=) | Bxeddx.
0 90 Ro™ Jo

Using Lemma 2.2.3(i) with m(x) = L2-Y01 fOL[,B(x) —y(0le dx > 0, and

a’(x)

1 aw
I--) ,B(X)e W prdx > 0,
Ro
which implies that Ry > 1.
(i1) Differentiating both sides of (2.2) with respect to g, denoting the differentiation with respect to
q by the dot notation, we obtain

~dipe = & (Dpy = & (e + YOG = ~BPXG + g pX)G, 0 <x<L, 2.19)
()Ox(o) = ()Ox(L) =0
Multiplying (2.19) by e%)go and integrating the resulting equation in (0, L), we have
L a0 Lww L atx)
d f H s [ Fogutoder [ ymeT ppds
f B(x)e 7 <p2dx + — f B(x)e £ ppdx. (2.20)
Multiplying (2.2) by e % ¢ and integrating the resulting equation in (0, L), we get
L a(x) a(x)
d,f e gupdx + f v(x)e g 0 pedx = — f B(x)e & ppdx. (2.21)
0
Subtracting (2.20) and (2.21), we obtain
Ry _Rs T ppi Codx
o Rk (2.22)

0
1 BT 2
By the result of Corollary 2.1.1, we know that

L
lim Ry = ’@ 1.
Meanwhile, we have
limRy = Ry > 1

q—0

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5449-5477.



5462

for any d;. Then there must exist at least some g such that Ry(g) = 1. By Lemma 2.1.1, for any g > 0
satisfying Ro(g) = 1, (¢1), < 01in (0, L). Recalling (2.22), we have

L Ly
R _ b " G0pidx
98 [ peh™())dx

which implies that g is the unique point satisfying Ry(g) = 1.
O

The following lemma will tell us that there exists a function g = p;(d;) such that Ry(d;, p1(d;)) = 1
and give the asymptotic profile of p;(d;) if fOL B(x)dx > fOL y(x)dx.

Lemma 2.3.2. Assume that B(x) — y(x) changes sign once in (0, L), fOL B(x)dx > fOL v(x)dx, and 6,
is the unique solution of

L
f [B(x) — y(x)]e"*dx = 0.
0

Suppose that B(x) and y(x) satisfy (C2). Then there exists a function p; : (0,00) — (0, o) such that
Ro(d;, p1(d))) = 1. And p, satisfies

d
lim pi(d) = 0, lim pldn)

0.
dI—)OO d]

Proof. 1. Let’s first consider the limit of p%f’) as d; — oco. Assume that ‘%‘Ii’) — o0 as d; — oo. Under
the assumption (C2), by Lemma 2.1.4, we have

lim  Redppi(d)) = P <1,

p1(dp) =00, 2L 00 y(L)

which is a contradiction to Ry(d;, p1(d;)) = 1.
Next, we will prove that ‘%ﬁl’) — 6, as d; — oo. Here 6, is the unique positive root of fOL[B(x) -
¥(x)]1e®¥@dx = 0. By the discussions above, we know that p%j”) is bounded for large d;. Passing to a

subsequence if necessary, we suppose that ’%ﬁi’) — 6, for some nonnegative number 6, as d; — oo. Let
@ be the unique normalized eigenfunction of the eigenvalue Ry(d;, p1(d;)) = 1. Then

1

219D 5y 219D 7 %)
—di(e 4 @) + [y(x) = B(x)]e @ =0, O<x<lL, (2.23)
(;NDX(O) = ‘;bx(L) =0.

Integrating (2.23) in (0, L), we get
- LD 5 )
f [B(x) = y(x)]e & “Cpdx = 0. (2.24)
0

Recalling that, up to a subsequence if necessary, @ — 1 in C([0, 1]) as d; — oo. Letting d; — oo in
(2.24), we have

L
f [B(x) = y(x0)]e"*Pdx = 0.
0
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By Lemma 2.2.3 with m(x) = Byl (1) has a unique positive root, i.e., 6, = 6;.

a'(x)
2. Contradictorily, assume that g = p1(d;) — ¢* > 0 or g = pi(d;) = o as d; — 0. By Lemma
2.1.4, we know that
B(L)

lim Roldp,pr(dp) = —= <1

pr(dn—g" 2L o y(L)

" B
lim — Rod,pi(d) = —— <1,

pr(dp)—o0, 10 oo y(L)

which is a contradiction to Ry(d;, p1(d;)) = 1. Therefore, we have limy, o p1(d;) = 0.
O

To study the properties of R, when fOL B(x)dx < fOL v(x)dx, we need the following results which
were stated in [2]:

Proposition 2.3.1. Assume that 5(x) — y(x) changes sign in (0, L).

(i) 7?0 is a monotone decreasing function of d; with 7?0 — max{B(x)/y(x) : x € [0,L]} asd; — 0O
and Ry — fOL B(x)dx/ fOL v(x)dx as d; — +oo;

(ii) Ry > 1 forall d; > O if fOL B(x)dx > fOL y(x)dx;

(iii) There exists a threshold value d; € (0, +00) such that 7?0 > 1 ford; < d; and YAQO <1 ford;>d
if ) Bdx < [} y(x)dx.

Lemma 2.3.3. Assume that 5(x)—y(x) changes sign once in (0, L) and fOL Bx)dx < fOL y(x)dx. Then
there exists some constant d; > 0 such that d; is the unique positive root of the equation Ro(d)) = 1
and the following statements hold.

1. If B(x) and y(x) satisfy (Cl), then

(i) for d; € (0,d;], Ro > 1 for any q > minyepo ya’(x) > 0;

(ii) for d; € (d;, ), there exists a unique g = g(d;) such that Ry < 1 for any 0 < min o a’(x) <
q < gand Ry > 1 forany q > g.

2. If B(x) and y(x) satisfy (C2), then

(iii) for d; € (0,d}], there exists a unique q = g(dy) such that Ry > 1 for any 0 < min,cpo r;a’(x) <
qg < gand Ry < 1 forany q > g;

(iv) for d; € (dj, o), Ry < 1 for any q > min,eo ) a’(x) > 0.

Proof. (i) Noticing that S(x) and y(x) satisfy (C1), similar to the proof of (ii) in Lemma 2.1.4, we can
prove that there exists a unique g > 0 satisfying Ro(g) = 1 and R{(§) > 0. Hence, the conclusion is
true for d; € (dj, +o0).

For d; € (0,d;], by the results of Proposition 2.3.1, we have lim,_,o Ry = ﬁo > 1. By the results of
Corollary 2.1.1, lim,_, .. Ro = B(L)/7v(L) > 1 under the condition (C1). Hence R, > 1 for any g > 0.

(i1) The proof of Lemma 2.3.3 under the condition (C2) is similar to that of Lemma 2.1.4, we omit
the details here.

O

Lemma 2.3.4. Assume that B(x) — y(x) changes sign once in (0, L) and fOL Bx)dx < fOL y(x)dx.

Then there exists a constant d; > 0 such that dj is the unique positive root of the equation Ro(d)) = 1
and the following statements hold.
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1. If B(x) and y(x) satisfy (C1), then there exists a function p, : (d;,0) — (0, c0) such that p; is a
monotone increasing function of d; and Ro(d;, p2(d;)) = 1. Let 6, be the unique solution of

L
f [B(x) = y(x)]1e”*Vdx = 0.
0

Then 4
lim pa(d) =0, lim £ 2(d))

di—d+ dj—oo d[

2. If B(x) and y(x) satisfy (C2), then there exists a function p3 : (0,d;) — (0,00) such that
Ro(dy, p3(dp)) = 1 and

= 92.

. _ . p3ld) _
d}g{)l+p3(d1) =0, dhm =0.

1—dj - I

Proof. 1. If we can prove that p,(d;) > 0 for d; € (d;, o), then p,(d;) is a monotone increasing function
of d;. Here the prime notation denotes differentiation by d;. Since Ry(d;, po(d;)) = 1, we can get
0Ro 0Ro

—P'z(dz) a2 = (2.25)
1

By Lemma 2.3.1, ‘m‘) > 0 for Ro(d;, po(d;)) = 1. So we need to prove that % < 0.
Differentiating both sides of (2.2) with respect to d;, denoting the dlfferentlatlon with respect to d;
by the dot notation, we obtain

~pus = digpr = (s + YW = ~ BB + B0, 0<x <L 226
¢:(0) = @.(L) =0
Multiplying (2.26) by e%)go and integrating the resulting equation in (0, L), we obtain
L atx) L ww L at)
— f e pdx + d,f e updx + f y(x)e i ppdx
0 0
f BT Gdx + o f BT ppdx. (2.27)
Multiplying (2.2) by e % ¢ and integrating the resulting equation in (0, L), we get
L aw L aw 1 )
d,f e g dx + f y(x)e i ppdx = — f B(x)e % ppdx. (2.28)
0 0 Ro Jo
Subtracting (2.27) and (2.28), we have
L d) L ) L )
ORy Ry fy e pupdx R [Te (9)Pdx RE e pupd (N)dx (229,

ad, fOL,B(x)e%)(pzdx fOLﬁ(x)e%) @>dx d; fOL,B(x)e%) ©*dx -
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By Lemma 2.2.1, for any d; satisfying Ry(d;, q) = 1, (¢1), > 0, we can get

R R 2 e [(g).Pdx R 2 [Few (P):d (D)dx
di [TpweT Fdx  dy ) Bx)e™ gdx

(2.25) and (2.30) imply that p’,(d;) > 0 for d; € (d;, ).

The proof of limy, ., 2 2[(5’ ) = §,(6, is the unique solution of fOL[ﬂ(x) — y(x)]e”*Pdx = 0) is similar
to the proof of Lemma 2.3.2, we omit the details here.

Now we will prove that limy, 4+ p2(d;) = 0. Assume that there exists ¢" such that g = p2(d;) — ¢*
as d; — dj+. Then there exists a positive function ¢*(x) € C?([0, L]) such that

{ ~dipt, — ()P + (0P = B¢, 0<x<L, 231)
¢:(0) = ¢:(L) = 0 '

(2.30)

Noticing that d; is the unique positive root of R, = 1 and the definition of R, implies g = 0, there
exists a positive function ¢(x) € C>([0, L]) such that

_d;(;xx + V(x)é = ,B(X)&, O<x<lL,
{ &x(o) = &x(L) =0 (2.32)

Multiplying (2.31) by &, (2.32) by ¢*, subtracting the two resulting equations, then integrating by parts

over (0, L), we get
L
q" f Zz'(x)cﬁﬁdx =0
0

Since ¢; is positive(by Lemma 2.2.1), we have ¢g* = 0. Therefore, limd,ﬁd;ur 02(d) =0
2. Using the arguments above, similar to the proof of Lemma 2.3.2, we can obtain the conclusions.
]

2.4. The endemic equilibrium

In this section, we will show that: If the disease-free equilibrium is unstable, then we can use
the bifurcation analysis and degree theory to study the existence of endemic equilibrium.

a(x) _ ax) _

LettlngS =e% S,I=e% I, we have

a(x)

dsS o+ a' (x)S , — Bx) 5SS +y(x)e(d1 B0 0<x<lL,

ds S+e £
dil. +a (x)I, +,B(X)H —y(x)I =0, O0<x<L, (2.33)
eds S+e dr I
§.0) = x(L) 0, L(0)=1I(L)=

ax) _

f [eds S +edl Ildx = N.

Since the structure of the solution set of (2.33) is the same as that of (1.3), We study (2.33) instead of
(1.3). Denote the unique disease-free equilibrium of (2.33) by (S 0) =(—= ,,(X) ,0). We will consider a
dg

e S
branch of positive solutions of (2.33) bifurcating from the branch of semi- “trivial solutions given by

= {(¢,(5,0)) : 0 < min &'(x) < g < o0}
x€[0,L]
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through using the local and global bifurcation theorems. For fixed ds, d; > 0, we take ¢ as the
bifurcation parameter. Let

X ={ue W*((0,L)) : u(0) = u(L) =0}, Y =L"((0,L))
for p > 1 and the set of positive solution of (2.33) to be

={(g,(S,D)eR" XXxX:q> xrel[lglz] a(x)>0,8 >0,1>0,(q,(S,I)) satisfies (2.33)}.

Lemma 2.4.1 Assume that ds, d; > 0 and 5(x) — y(x) changes sign once in (0, L). Then

1. g. > 0 is a bifurcation point for the positive solutions of (2.33) from the semi-trivial branch Ts if
and only if q. satisfies Ry(d;, q.) = 1. That is,

(1) If fOL Bx)dx > fOL v(x)dx, then such q. exists uniquely for any d; > 0 if and only if assumption
(C2) holds;

(I)If fOL B(x)dx < fOL y(x)dx, let d; be the unique positive root of Ry = 1, then such q, exists
uniquely for any d; > 0 if and only if either B(x) and y(x) satisfy condition (C1) and d > dj or they
satisfy condition (C2) and 0 < d < dj.

2. There exits some 6 > 0 such that all positive solutions of (2.33) near (q., (§, 0) e RXxX XX can
be parameterized as

= {(q). S + 5@, L(@) : 7€ [0,6)}, (2.34)

where (q(7), (§’ + 8 1(1), I,(1))) is a smooth curve with respect to T and satisfies q(0) = q., $,(0) =
Li(0)=0

3. There exists a connected component X of O satisfying I C T, and X possesses some properties as
follows.

Case (I) Assume that fOL B(x)dx > fOL v(x)dx and (C2) holds. Then there exists some endemic
equilibrium (S, 1) of (2.33) when q = 0 such that for X, the projection of X to the g-axis satisfies
Proj,x = [0, q.] and the connected component X connects to (0, S.,1)).

Case (1) Assume that fOL B(x)dx < fOL v(x)dx. Then

(i) If (C1) holds and d; > d; , then (2.33) has no positive solution for 0 < min,e ) a’(x) < g < gq.
and for X, the projection of X to the g-axis satisfies Proj,X = [q., o).

(ii) If (C2) holds and 0 < d; < d} , then there exists some endemic equilibrium S.. 1) of (2.33)
when q = 0 such that for X, the projection of X to the g-axis satisfies Proj, X = [0, q.] and the connected
component X connects to (0, (S‘ o f*)).

Proof. 1. Let F : R* x X X X — Y X Y X R be the mapping as follows.

a(x)

dSSXX+a’(x)S ﬂ(.x) a(f) [y +,y(x)e(d1 dS) (x)I

a(x)
ds S+e a7

Fq.(S.D)=| 4.+ a0, +,8(x)%—7(x)1

eds S+edr |

fo [eWS + eWI_]dx -N

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5449-5477.



5467

It is to verify that the pair (§,1) is a solution of (2.33) if only if F(gq,(S,I)) = 0. Obviously,
F(q, (§ ,0)) = 0 for any ¢ > min,oa’(x) > 0. The Fréchet derivatives of F at (§ ,0) are given
by
o [P0+ ) - Bl
D nF(q, (S,O))[ p ] = dI\Pxi(:' ﬁ'(x)g;x + [B(x) = y(0)I¥Y ,
J1e® @+ e Wldx

& (D, + (42 — Sy(x) - BLled

2 () - d
Dq,(S,I_)F(q, (Sa O)) [ \P ] = . (i:)gx)\}’x ) ’
Jy [42e s @ + %2 Wdx

S%ﬁ(x)ez(%—%)&(x)l}ﬂ
11
_ %ﬁ(x)e(dfl—@)a(x)\lﬂ

(D]z_
0

D 5.s.0F(q.(S,0)) [ ¥

If (®y,Y¥)) is a nontrivial solution of the following problem

ds®,, + & (XD, + [y(x) — B(x)]e T TP =0, 0<x<L,
di¥ .+ a ()Y, + [B(x) — y(0)]¥ =0, 0<x<L,
D,(0) =0, (L) =Y,(0) =F(L) =0,

L aw atw)
fo [eds ®+ed Y]dx =0,

(2.35)

then (q., (§ ,0))) is degenerate solution of (2.33). The second equation of (2.33) has a positive solution
Y, only if ¢ = g. satisfies Ry(d}, g.) = 1. And @, satisfies

ds (1) + & (@), + [y(x) = BT 509, =0, 0<x<L,

(@1)x(0) = (D)(L) =0, (2.36)

[F1e® @, + W 1dx = 0,
Obviously, @, is uniquely determined by ¥, in (2.36). Therefore, ¢ = g.. is the only possible bifurcation
point along I's where positive solutions of (2.33) bifurcates and such g. exists if and only if Ry = 1. We
can obtain the necessary and sufficient conditions for the occurrence of bifurcation by Lemma 2.3.1

and Lemma 2.3.3. A
2. At (q,(S, D) = (g.,(S,0)), the kernel

Ker(Ds 1, F(qs, (S, 0))) = span{(®y, V),

where (@, ¥,) is the solutionAof (2.35) with g = ¢.. Up to a multiple of constant, (O, '¥;) is unique.
And the range of D5 ,F(g., (S,0)) is given by

L .
Range(Ds 1 F (4., (S,0)) = {(f.g,k) € Y X ¥ xRV : f g¥1e dx = 0),
0

and it is co-dimension one. By the result of Lemma 2.1.1, (¥;), keeps one sign in (0,L) and
a(x)
[F®). W6 dx # 0, which implies that

Dy 5.1 F(qs. (5, 0)[(@1, ¥1)] & Range(D, s 1 F(q.. (5., 0)).
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Therefore, using the local bifurcation theorem in [20] to F(g, (S, I)) at (g., ($,0)), we know that the set
of positive solutions of (2.33) is a smooth curve

I = {(@(®).S +851(0).Li(1) : T € [0,6)}

satisfying g(0) = g., §1(1) = 5 + o(|t]) and I;(t) = o(|r]). Similar to the procedure in [21] and [22],
(also see [23]), we can compute

2 L - Uyaix
<1, Ds 5,5.0F (@, S 0)[@L WP > [ B 5 Vpidx
2 < LDy spF(ge. S.O)@L¥D]  § [Fe gy (g

/ —_—

a(x)

Here [ is the linear functional on ¥ X Y X R defined by < [, [ f, g, k] >= fOL g¥ied dx.

3. By the global bifurcation theorem in [23] and [24], we can get the exisAtence of the connected
component X. Moreover, X is either unbounded, or connects to another (g, (S,0)), or £ connects to
another point on the boundary of O.

Case (I) Assume that fOL B(x)dx > fOL v(x)dx and (C2) holds. By Lemma 2.2.1 and the proof of part

2, we see that there exits a unique ¢. such that the local bifurcation occurs at (g., (§ ,0))and ¢’(0) < O,
which means that the bifurcation direction is subcritical. Therefore, there exists some small 6 > 0 such
that (2.33) has a positive solution if ¢g.—96 < ¢ < ¢.. By Lemma2.1.4, Ry > 1if¢g.—6 < g < g.ford > 0
small enough. By Lemma 2.1.5, (2.33) has no positive solution if Ry < 1, which implies that (2.33) has
no positive solution if ¢ > g,. Consequently, the projection of X to the g-axis Proj, X C [0,q.]. And X
must be bounded in O because the positive solutions are uniformly bounded in L™ for 0 < g < ¢g,. So
the third option must happen here. Hence £ must connect to (0, (S, 1.)), so 0 € Proj,X. Here (S., L)
is the unique endemic equilibrium of (2.33) when g = 0.

Case (II) Assume that [ B(x)dx < [ y(x)dx.

(1) If (C1) holds and d; > d;, by Lemma 2.2.1 and the bifurcation analysis above, there exists unique
bifurcation point g. satisfying ¢’(0) > 0, which means the bifurcation direction is supercritical. Then
there exists some small 6 > 0 such that (2.33) has a positive solution if g, < g < ¢. + J. By Lemma
2.3.3, Ry > 1if g. < g < g. + 6 for some § > 0 small enough. By Lemma 2.1.5, (2.33) has no positive
solution if Ry < 1, which implies that (2.33) has no positive solution if 0 < g < g.. So the first option
must happen here. If there exists some finite g* > g, such that Proj,X = [q., g"), then it contradicts to
the fact that all positive solutions are uniformly bounded in L™ for ¢ = ¢*. Consequently, the projection
of X to the g-axis Proj,X = [q., ).

(i1) If (C2) holds and 0 < d; < dj, the proof is similar to that of Case (I), we omit the details here.

O

We will give the Leray-Schauder degree argument.
Lemma 2.4.2. For any € > 0, there exist two constants C and C which depend on d;, €, ||Bllco, |17l
and N such that if Ry # 1, then for any positive solution of (2.33),

C<8(x),I(x)<C forany x€[0,L] (2.37)
forany e <ds < %andOSqS i
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Proof. fOL[ead(TX)S +en T ]dx = N means that S (x) and I(x) are bounded in L! space. Using the standard
theory of elliptic equation, it is easy to see that § and I have the upper bound C depending on dj, e,
1Bllc- Il and N. o
Therefore, we just need to prove that S and 7 have lower bounds.
Suppose contradictorily that there exist a sequence of {(ds;, g;)}>, satisfies € < dg; < é and 0 <
q; < % and Ry # 1, and {(S;(x), I_,-(x))}l?’il are the corresponding positive solutions of (2.33) satisfying
max l;(x) - 0, asi— oo,
x€[0.L]
and (S ;(x), I;(x)) satisfies

qi

— — a(x) i _ i \acx) =
%A&m+qﬂuxxn—mmfrg—%7;+ﬂméw@9“L=a 0<x<lL,
Si+ L

= S (X)_._. =
cmmm+wuwa»+ﬂm<ﬁ§—%%;—wML:a O<x<L (2398
ds.i Sited L

(S i)x(qo)~ = (S x(L) = 0, (IN«(0) = I)(L)=0
fOL[eF’»ia(X)S’,- + e‘%&(x)l_,-]dx = N.

Up to a subsequence, We assume that dg; — ds > 0 and ¢; — ¢ > 0. Note that |||, are uniformly

bounded. Letting I; = e 1” , we have
= = = er’i ')—_ =
di(I)we + Gl VI + B =i —3— =y =0, 0<x<L,
eds.i S,-+edlaxl_,-

(1)x(0) = (I)(L) = 0

By standard regularity and Sobolev embedding theorem in [25], up to a subsequence, I, - 0in
C'([0,L]) and there exists I* > 0 such that I; — I* in C'([0,L]) and ||[[*|l = 1. Since I; — 0 in
C'([0,L]) and fOL[e%a(x)S_ i+ e%a(x)l_,-]dx = N implies that §; is bounded in L'([0, L]), using the equa-
tion of S;, we get S; — S > 0in C([0, L]). Letting i — oo in the equation of /;, we have

{ iy, +d' (0L + [B() —y()I* =0, 0<x<L, (2.39)

[(0)=I(L)=0

Since I* > 0, (2.39) means that 0 is the principle eigenvalue, which is a contradiction of the assumption
of Ry # 1 forany d; > 0and 0 < g < é Therefore, there must exist some positive constant C such that
max e, [(x) > C. Similar to the argument in [26], by Harnack inequality, we have

max I(x) < C* mm I(x)

x€[0,L] xe[0,L
for some constant C* depending on dj, €, ||Bllw., lIYlls and N, which implies that /(x) has uniformly
positive lower bound.

Now we prove that S (x) has a uniform positive lower bound. Let S (xp) = min,e ;S (x). Using the
minimum principle in [27], we have
Fa(xo) S v
Bl (el 5 g,
e 8 (x0) + e [(xo)
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Consequently,
Laxo) g
B(x. O)S(XO) _ﬁ(xo) _ el S(fO) > ’)/(X )e d[ ds) ai(xo)
I(xo) e85 VT (x0) + e J(xp)

and (F-7)axo) 7

B 4 ag M)y

S(xg) > Y)e® & (%o )I(xo) >C mm I(x)

B(xo)

which completes the proof. O

Lemma 2.4.3. Assume that B(x) — y(x) changes sign once in (0, L) and one of the following condi-
tions holds: . .
(i)d; > 0, g > minyeopya'(x) > 0, [ B(x)dx > [ y(x)dx and (C2) holds;

(ii) 0 < d; < dj, g > minyepo ;a’(x) > 0, fOLﬁ(x)dx < fOL v(x)dx and (C1) holds.

Then (2.33) has at least an endemic equilibrium.

Proof. Note that we can extend the ranges of f and g properly for any nonnegative pair (f,g) €
C([0, L)) x C([0, L]) such that the function —Js g Lipschitz continuous for f,g € R and

Ta(x) Ta(x)
e ds f+e i g

7 € [0,1]. Therefore we define the following compact operator family from C([0, L]) x C([0, L])
to C([0, L]) x C([0, L]):

(rds + (1 = T)dpu,, + 7a’ (Xu, + ’)/(x)e(i_é)a(x)v

m(r)

—,B(X)m, O0<x<lL,

fe I +ge I

Ta(x)

dlvxx + Ta’(x)vx - ’y(x)v = —IB()C)%, 0<x< L, (240)
fe ds +ge U

u(0) = u (L) =0, v, (0)=v(L)=0

f;[eﬁu + e vldx = N.

Since the operator d,;l—; + Ta’(x)% — y(x) is invertible, then for any 7 € [0, 1] and (f, g) € C([0, L]) X

C([0, L)), by the second equation of (2.40), v is uniquely determined. Substituting this v into the first

and last equations of (2.40), u is also uniquely determined. Therefore, we can define G.(f, g) := (u, V).
Under conditions (i) and (ii), Ry, > 1 for any 7 € [0, 1]. Here

Ta(x)

,B(x)e i pd

ROT = sup fo Ta(x)
eeH (0.L)).9#0 | d; f B(x)e G pidx + fO y(x)e

d, gozdx

By the result of Lemma 2.4.2, for any 7 € [0, 1], there exist two positive constant C and C depending
on ds, d;, q, ||Blle, IYlle and N such that C < u, v < C for any solution of (2.40).
Let c
= {(u,v) € C([0, L]) X C([0, L]) : 5 Suvs 2C}.
Then (§,1) # G(z,(S,I)) for any v € [0,1] and (S,]) € AD, which implies that Leray-Schauder
degree deg(I — G(, (-, -)), D, 0) is well defined, and it is independent of 7. Here I is the identity map.
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Moreover, (S, 1) is a solution of (2.33) if and only if (S, I) satisfies (S,I) = G(1,(S,1)). If (S,I) € D
and (I - G(0, (, ))(S,I) = 0, then (S, I) is a positive solution of

diS o = B L + ¥y =0, 0<x<L,
dil + B(x SS—+II- —y(x)I =0, O<x<lL,
$x0)=8.(L)=0, LO0)=1I(L)=0,
JY1S + Ndx = N.

(2.41)

By the result of [2], (2.41) has a unique positive solution (S ., I.) satisfying S, + I. = % if the basic
reproduction number Ry > 1. Linearizing (2.41) around (S ., I,), we get

2 2
~di Dy + BN 57 @ + B Gz ¥ — Y)W = u®, 0<x<L,
2 2
—d ¥ — B GV + YO - B G ® = ¥, 0<x<L,
O,(0) =D (L) =0, Y.(0)=Y(L)=0,
[ 1@ +Wldx = N.

(2.42)

Adding the first two equations of (2.42) and using the boundary condition ®, = ¥, = 0, x = 0, L, we
get

- dl(q)xx + \Pxx) = ,u((l) + T)’ DS (Oa L)’
@®@+¥),=0, x=0,L.

Solving it, we have ® = —\V. Substituting this relation into the first equation of (2.42), we obtain

2Lp(x)
N

_dlq)xx + ( I* + ’)/()C) _IB(X) D = ,Ll(D

Since I, is a positive solution of (2.40), we know that —d,j—; + %,B(X)I* + y(x) — B(x) is a positive
operator, so u > 0. Hence the unique positive solution (S ., 1,) is linearly stable. Using Leray-Schauder
degree index (see Theorem 1.2.8.1 in [28]), we obtain

deg(I-G(0,(-,-)),D,0) = 1.
Consequently, using the homotopy invariance of Leray-Schauder degree, we have
deg(I-G(1,(,-), D,0) = deg1 - G(0,(-,-)), D,0) = 1

for (d;, q) € Q}%UQ%‘ . By the properties of degree, G(1, (-, -) has a fixed point in D if (d}, q) € foh UQ%' ,

which implies that (2.33) has at least one positive solution.
]

2.5. Properties of Ry when (x) — y(x) changes sign twice

In this section, we consider the properties of Ry when S(x) — y(x) changes sign twice. We also
need the results on the positive roots of F(r7) which is defined as

L
F(n) = f @' ()m(x)e™Vdx, 0 << oo,
0
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for any given continuous function m(x) on [0, L].

Lemma 2.5.1. Assume that there exists 0 < x; < x, < L such that m(x;) = m(x,) = 0, i.e., m(x)
change sign twice for x € [0, L]. Then

(i) If m(L) < 0 and fOL a’ (x)ym(x)dx > 0, then F(n) has a unique positive root 1, for n € (0, +00)
satisfying F'(n;) < 0;

(ii) If m(L) > 0 and fOL a'(x)ym(x)dx < 0, then F(n) has a unique positive root n; for n € (0, +00)
satisfying F'(n,) > 0;

(iii) If m(L) > 0 and fOL a’'(x)ym(x)dx > 0, then F(n) has at most two positive roots for n € (0, +0);

(iv) If m(L) < 0 and fOL a’' (x)m(x)dx < 0, then F(n) has at most two positive roots for n € (0, +0c0).

Proof. We only prove part (i) and part (iii). The proofs of part (ii) and part (iv) are similar.

(). Let G () := e %*2[G(x,)F(n)—F’(n)] and the prime notation denote differentiation with respect
to n7. Since m(L) < 0 and m(x) changes sign twice, it is easy to see that m(x) < 0 for x € (0, x;) U (x;, L)
and m(x) > 0 for x € (x1, x;). Note that a(x) is increasing. We know that

m(x)[a(x) — a(xp][a(x) — a(xz)] <0
for x € (0, L) and x # x;(i = 1,2). As aresult, for any n > 0, we have
G () = —e " (F” () — [a(x,) + @(x)1F' () + a(x))a(x) F (1))

L
=- f MDA (oym(x)[a(x) — alxp)][a(x) — alxy)ldx > 0,
0

which implies that G/ (n) is a strictly increasing function for n € (0, 00). By Lemma 2.2.2 and m(L) < 0,

F() < 0 forn > M if M is large enough. But F(0) = fOL a’(x)m(x)dx > 0, so there exits at least a
positive root of F(n). Let n7; be the smallest positive one, then F’(1;) < 0.
If F'(n,) = 0, since

F"(m) — [a(x1) + a(x)1F' () + a(x)a(x)F(n)

L
= f M8’ (ym(x)[a(x) — aCx)]alx) - alx)ldx < 0,
0

then
F”(m) = [a(x)) + a(x)1F' (my) + a(x))a(x)F(p) = F” () < 0.

That is, 77y is a strict local maximum value point of F' (), which is a contradiction. So F’(17;) < 0. Now
we will prove that 7, is the unique positive root of F(7). Assume contradictorily that n, > 1, is the
first number such that F(r,) = 0. Since F(n;) = 0 and F’(17;) < 0, then F(n) < 0 in (11, 7,), which
implies that F'(n7,) > 0. By the definition of G(17), and noticing that F(n;) = F(n,) = 0, we have
Gi(m)) = —a(x)e®@MF'(n)) > 0 and G,(17,) = —a(x;)e?™F’(n,) < 0, which is a contradiction to the
fact that G(n) is strictly increasing.

(iii)) By Lemma 2.2.2 and m(L) > 0, we see that F(n) > 0 for n > M if M is large enough. Then
either F(17) > 0 for any 17 > 0 or F(17) has positive roots in (0, o). Let G,(17) = e ®[F’(n)—a(x;)F(1)]
and n; be the first positive root of F(r7) = 0. Similar to the proof of part (i), it is easy to prove that
G,(n) is strictly monotone increasing in (0, +o0) and F’(1;) < 0. We discuss in two cases.
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Case 1: F'(n,) = 0. We will show that 7, is the unique positive root of F (). Since

F"(n) — [a(x1) + aQ)1F' () + a(x)alx)F(n)

L
= f eMaO=a 7’ (oym(x)[a(x) — a(x)][ax) — ax,)]dx > 0
0

then F”(ny) — [a(x;) + a(x)1F' (1) + a(xy)a(xx)F(ny) = F” () > 0. That is, F(n) attains a strict local
minimum at 77;. Now we will prove that 7, is the unique positive root of F(r7). Assume contradictorily
that 7, > 7, is the first number such that F(1,) = 0. Since 7, is a strict local minimum value point, we
have F(n) > 0 in (1, 7,), which implies that F'(17,) < 0. By the definition of G,(#), and noticing that
F(m) = F(11,) = 0, we have G»(17;) = 0 and G, (13,) = *®»™ F’(1,) < 0, which is a contradiction to the
fact that G,(n) is strictly increasing. So F(n7) only has a unique positive root 77, in this case.

Case 2. F'(m1) < 0. Since F(n;) = 0, so F(n) < 0if n > n; and 7 close to n; enough. By Lemma
3.2 and m(L) > 0, F(n) > 0 for np > M if M is large enough. Therefore, there exists at least a root of
F(n) = 01n (11, 00). Assume that 7, is the first root of F(17) = 0 in (11, 00). Then F(n) < 0 in (171, 172)
and F’(1,) > 0. If F’(13,) = 0, then

F"(m) = F" () = [a(x1) + a(e) 1F'(2) + a(xp)a(x:) F ()

L
=j‘ﬂﬁm%mmﬂﬂmuﬂﬂﬂ—&@UHMM—&uﬁMx>0
0

And F(n) attains a strict local minimum at 7,, which is a contradiction. Hence F’(1,) > 0.

We need to show that there is no positive root of F(n) =) for n > 1n,. Assume contradictorily
that there exists 3 > 1, such that F(n;3) = 0 and F(n) > O in (1,73). Then F’(n3) < 0. And
G,() = €D F'(17,) > 0 and G,(173) = e F’(;33) < 0, which contradicts the fact that G,(7) is
strictly increasing. Therefore we have proved that there exists a unique 7, > n; such that F(n,) = 0
and F’(n,) > 0.

O

Now we give the proof of Theorem 1.6 below.

Proof. We only prove part(i) and (iii). The proofs of (ii) and (iv) are similar.

Part (i): Similar to the proofs of Lemma 2.3.2 and 2.3.3, it is easy to prove that there exists some
positive constant A which is independent of d; and g and for each d; > A, there exists some g = g(d;)
which satisfies Ry(d;, §) = 1 and d—ql — 179 as d; — oo. Here 7 is the unique positive root of F(n) = 0.

Next, we will prove that

oRy, .
a—(dbq) <0
q

for any g satisfying Ro(d,, §) = 1 if d; is large enough.

Let  be the unique normalized eigenfunction of the eigenvalue Ry(d;, g) = 1, i.e., maxjo & = 1
and

~d(e ™ P, + Yx) ~ Ble TP =0, 0<x<L, (2.43)
3.(0) = §.(L) = 0.
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By (2.22), we have

L 2 a(x) ~ Jo
oRy . R [Ten ™ p.pa (x)dx
da (dr,q) = 3 T .
1 Bt ™ g2dx

(2.44)

Multiplying (2.43) by fox @(s)ds and integrating it over (0, L), we get

L L _ X
d; f et ™ g (x)dx + f [y(x) — B(x)]ed “D( f @(s)ds)dx = 0.
0 0 0
Substitute it into (2.44), we obtain

R B — vl e [ pls)ds)dx
d[ 0 (dla Q) = 7 e .
K I Boet™gdx

Asd1—>oo,dil—>noandgb—>1,wehave

L -
. OR x[B(x) = y(x)]e™*Pdx
lim d;—-2(d;. §) = h . - .
q fo B(x)emnd™dx

d1—><>o

By Lemma 2.5.1(1),
L
f x[B(x) = y(x)]e™Vdx = F'(no) < 0.
0

Hence, there exists some constant Q > O(dependent on d;) such that Ry > 1 for0 < g < Q and R, < 1
for g > Q.

Part (iii). According to the results of Lemma 2.5.1(iii), we divide into three cases to prove it.

Case 1. F(n) > 0 for any n > 0. It is easy to show that there exists some positive constant A
independent of d; and g such that Ry > 1 for every d; > A and any ¢g > 0.

Case 2. F(n) has a unique positive root 1i7; for € (0, +00) and F”’(n7;) = 0. Similar to the proof of
part (i), we can prove that there exists some positive constant A independent of d; and ¢ such that for
every d; > A, there exists some § = §(d;) such that Ry(d;,q) = 1 and di] — 19 as d; — oo, where 1y
is the unique positive root of F () = 0. Moreover, ‘9—7;0(411, g) = 0. Therefore there exists some positive
constant A which is independent of d; and ¢ such that for every d; > A, there exists a constant Q > 0
dependent on d; satisfying Ry = 1 for g = Q and Ry > 1 for g € (0, Q) U (Q, o).

Case 3. F(n) has two positive roots i7; and 1,(1; < 17,) for € (0, +o0) and F’(17;) < 0, F'(132) > O.
Similar to the discussion of part (i), for each d; > 0, there exist §; = §1(d;) and g, = §»(d;) such that

92

Ro(ds, G;) = 1 = 1,2) and & — 1y, £ — 1y as d; — co. And

oRy, . . Ry .
(dl, 611) < 0’ _(dI,QQ) > 0.
8q aq

Consequently, there exist two constants Q, > Q; > 0 which depend on d; and satisfy that R, > 1 for
g € (0,01) U (Q2,), Ry < 1 for g € (Q1, 02).

O
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3. Results

In this section, we will summarize the main results of this paper.

Theorem 1.1 gives some properties for the basic reproduction number R, and Theorem 1.2 says
that Ry = 1 is the watershed for judging whether the DFE is stable or not. Theorem 1.3 and Theorem
1.4 deal with the stable and unstable regions of the DFE. Theorem 1.5 establishes the existence of EE.
Theorem 1.6 considers the results on (1.1) when B(x) — y(x) changes sign twice in (0, L).

4. Discussion

We only establish the results on (1.1) under the assumption of @’(x) > 0 in this paper. However, it is
much more difficult to obtain the results on (1.1) if there exists some x, € (0, L) satisfying a’(xy) = O.

5. Conclusion

Biologically, the influence of advection is from the upstream to the downstream, small diffusion or
large advection tends to force the individuals to concentrate at the downstream end. Therefore, the
disease persists for arbitrary advection rate if the habitat is a high-risk domain and the downstream end
is a high-risk site. While the advection transports the individuals to a favorable location and thus it can
help eliminate the disease if the downstream end is a low-risk site. In conclusion, when advection is
strong or the diffusion is small, the disease will be eliminated if the downstream end is a low-risk site,
while the disease will persist if the downstream end is a high-risk site.
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