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Abstract: In this paper, we present a detailed study of the following system of difference equations

a
,y}’H—l: ,HENO,

Xn+1 =
1+ X1

1+ YnXn-1
where the parameters a, b, and the initial values x_;, xo, y_1, Yo are arbitrary real numbers such that x,
and y, are defined. We mainly show by using a practical method that the general solution of the above
system can be represented by characteristic zeros of the associated third-order linear equation. Also,
we characterized the well-defined solutions of the system. Finally, we study long-term behavior of the
well-defined solutions by using the obtained representation forms.

Keywords: behavior of solutions; characteristic equation; general solution; system of difference
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1. Introduction and preliminaries

Nonlinear difference equations have long interested both mathematics and other sciences. Since
these equations play a key role in many applications such as the natural model of a discrete process,
they appear in many disciplines such as population biology, optics, economics, probability theory,
genetics, psychology. See e.g., [1-6] and the references therein. For the last two decades, there has
been interest in studying the global attractivity, the boundedness character and the periodic nature of
nonlinear difference equations. For some recent results see, for example, [7-16]. However, for the last
decade, some researchers have focused on the solvability of nonlinear difference equations and their
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systems. For some recent results see, for example, [17-33].
In this paper, we consider the following system of second-order nonlinear difference equations
a b
X, = — = —_,nec N , 11
n+1 1+ VX1 Yn+1 1+ XVt 0 ( )
where the parameters a, b, and the initial values x_;, xy, y_1, yo are arbitrary real numbers such that
the solution {( x,, y,)},=_; exists. System (1.1) can be obtained systematically as follows. First, we
consider the following difference equation

a+ bx,
c+dx,’

Xpel = ad # bc, d #0, n € Ny, (1.2)
where the parameters a, b, c, d, and the initial value x, are arbitrary such that x, are defined. Equation
(1.2) is called a first order linear fractional difference equation. Equation (1.2) is solvable by virtue
of several changes of variables. The most common method is to transform Eq (1.2) into the second
order linear equation by using the change of variables ¢ + dx,, = z,,/z,-1. For a detailed background on
Eq (1.2), see e.g, [34,35]. Also, for other equations related to Eq (1.2), see [36-39]. A different case
occurs when we get b = 0. This case yields the following difference equation

acd # 0, n € Ny. (1.3)

xl’l+1 = c+ d_xn’
Equation (1.3) can also be transformed into the second order linear equation by using the change of
variables x,, = z,-1/z, and so is solvable. Some generalizations of Eq (1.3) can inherit its solvability
property. For example, the following difference equation

Yot = ————— acd # 0, n € Ny, (1.4)

c+dx,x,_1
where the parameters a, ¢, d, and the initial values x_;, x, are arbitrary such that x, are defined, is
also solvable by using the change of variables x, = z,-1/z,. Hence, the general solutions of (1.2)—(1.4)
follow from the general solutions of the associated linear equations and the corresponding changes of
variables. Note that both Eq (1.2) and Eq (1.3) can be reduced equations with one parameter or two

parameters. If we choose x,, = gun, ‘;—f =a,and x, = \/gv,,, % \/g = 3, then they are reduced equations
with one parameter in u, and v,, respectively. Therefore, we can take ¢ = d = 1 under favorable
conditions.

Based on the above considerations, we investigate a two-dimensional generalization that maintains
the solvability characteristic of Eq (1.4). So, we get a further generalization of (1.4), that is, the system
given in (1.1). System (1.1) can also be transformed into a system of third-order linear equations by
using the changes of variables x, = w,_1/v,, y» = v,—1/u,, and so can be solved. But, we will use a
more practical method introduced firstly in [40] to solve the system.

We need to the following two results in the sequel of our study.

Lemma 1.1. [41] Consider the cubic equation
P()=7 —az?—Bz-y=0. (1.5)
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Equation (1.5) has the discriminant
A = —a?B* - 4B° + 4’y + 27y* + 18aBy. (1.6)

Then, the following statements are true:
(i) If A < O, then the polynomial P has three distinct real zeros py, P2, p3.
(ii) If A = O, then there are two subcases:
(a) if B = _szz andy = ;2’—;, then the polynomial P has the triple root p = %,
(D) if B # =5 ory # 35, then the polynomial P has the double root r and the simplg root p.
(iii) If A > 0, then the polynomial P has one real root p and two complex roots re*?, 6 € (0, r).

Theorem 1.1 (Kronecker’s theorem). [42] If 0 is irrational, the set of points u, = nf — [n0] is dense
in the interval (0, 1).

In the above theorem, # is an integer and [n6)] is greatest integer function of nf.
2. Main results
This section, which contains our main results, is examined in three subsections.

2.1. Representation forms of the general solution

In this subsection, by using an interesting and practical method, we solve system (1.1). If we take
a = 0in system (1.1), then we have x,, = O foreveryn > 1 and y, = b forevery n > 2. If we take b = 0
in system (1.1), then we have x,, = a for every n > 2 and y, = 0 for every n > 1. So, to enable the use
of the method, we suppose ab # 0 in the sequel of our study.

We start by writing system (1.1) in the following

1 1 X0
= = g2zl @.1)
X2n+1 a a
1 1 a1 X2
_ 14 Yan+1X2 , 2.2)
X2n+2 a a
1 1 wYon—
= g il 2.3)
Yon+1 b b
1 I Xops1y2m
= -4+ — 2.4)
Yon+2 b b
for every n > 0. By multiplying (2.1), (2.2), (2.3) and (2.4) by
1
n n ’ (25)
[T x2%-1 [Ty
k=0 k=0
1
) (2.6)

n+1

n
[T x2x [T yor-1
k=0 k=0
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1
[T x2x [T Y21
k=0 k=0
1
, 28)
H X2k-1 H Yok
we have the followings
1 1 1
n+1 = n n + n—1 n—1 d (29)
H Xok—1 H v @l xu-1 [Ty a ] xuor [Tym
k=0 k=0 k=0 k=0
1 1 1
= + , (2.10)
n+1 n+l1 n+l n-1 n
[T xox TT yar- a H X2k H Va1 a [T xox [T yar-
k=0 k=0 k= k=0 k=0
1 1 1
nrl -~ T n + — (2.11)
H Xk H YVok-1 bkg)x% kl})ka—l b H Xk H Vak-1
1 1 1
n+1 n+1 - n+1 + 1 (212)

[T xok-1 IT yox b H X2k-1 H v bIT xop-1 Ty
k=0 k=0 k=0 k=0

for every n > 0, respectively. In fact, the equalities (2.9)—(2.12) constitute a linear system with respect
to (2.5)—-(2.8). Hence, we should solve (2.9)—(2.12). By using (2.9) in (2.12), (2.12) in (2.9) and
similarly by using (2.10) in (2.11), (2.11) in (2.10), we have the following statements

1 1 2 1
= +
n+l n+l1 n n n—1 n—1 n-2 n-2

[Txu [Tyw @b Tl X [Tyvae  ab [ xopet [Tyne @b [T Xt [1 v
k=0 k=0 k=0 k=0 k=0 k=0 k=0 k=0

, (2.13)

1 1 2 1
= + + , (2.14)
n+1 n n—1 n—1 n-2 n-3
H X2k-1 H ya  ab []xy-1 [Ty  ab ] xu-1 [1yu ab H X2k-1 H Yok
k=0 k=0 k=0 k=0
1 1 2 1
= + + , (2.15)
n+l1 n—1 n n-2 n—1 n-2

n-3
H Xok H Y-t ab [T xox [Tyu—1  ab [1 xu [1yu—1  ab [T xok [1 you—1
k=0 k=0 k=0 k=0 k=0 k=0

and 1 1 2 1
_ N N (2.16)

n+l n+1 n n n—1 n—1 - n-2

[T xo [Tyt ab Tl Xk [1yau-1 ab [1 xo [T ymes  ab H Xok H Vok-1
k=0 k=0 k=0 k=0 k=0 k=0

for every n > 2. Note that the equations in (2.13)—(2.16) are linear with respect to (2.5), (2.8), (2.6)
and (2.7), respectively, and they can be represented by the following third-order difference equation
1 2 1

N - R — > .
abzn abzn—l abZn—Z O, nz 25 (2 17)

Zn+l —
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whose characteristic equation is the following equation

1 2 1
PA=2-—12-=0-— =
@ ab ab ab

By Lemma 1.1, we see that there are three cases to be considered.

0. (2.18)

2.1.1. The case 4/ab < =27

In this case P has three real distinct zeros denoted by p;, p2, p3, respectively. Hence, from (2.13)
and (2.17), we can write

1
zn = Cip| + Coph + Cap = - ; (2.19)
[T x2%-1 TTyox
k=0 k=0
from which it follows that | c c c
e R T (2.20)
Xon-1Yon - C1p17 + Copy + C3pf
where C;, C,, C5 are arbitrary real constants given by
P203X1y2X3y4 — (02 + p3) X3y4 + 1
Ci (x-1,)0) ,
(p1 — p2) (P1 — P3) X_1Y0X1Y2X3Y4
P1P3X1Y2X3y4 — (01 + p3) X3y4 + 1
Ca (x-1,¥0) ,
(02 — p1) (02 — P3) X_1Y0X1Y2X3Y4
_ p1pax1yaxs3ys — (p1 + 02) X3y4 + 1
C3(x_1,y0) = ,
(03 = p1) (P3 — P2) X_1Y0X1Y2X3Y4
for every n > 0. By using (2.20) in the first equation of system (1.1), we have
a(Cip} + Cops + C3p5
Xonsl = ( ) (2.21)

Ci(or+ D +Crloa+ Dt + C3(ps + 1D pi™!
for every n > —1. On the other hand, the first equation of system (1.1) can be written as follows
Yo = oL (2.22)

X2n+1X2n-1

for every n > 0. By using (2.21) and its backward shifted one from n to n — 1 in (2.22), we have

_Ci(pr + D2+ Calpr+ Dps 2+ C3 (o3 + 1) pi 2

(2.23)
a(Cip} + Caply + C3ph)

Yon

for every n > 0. Now, we consider Eq (2.16), which is linear with respect to (2.7) and (2.17). Hence,
we have

! n ! n ’ n l
zn = Cip] + Cypy + C3p5 = — n (2:24)
[T xox [Ty
k=0 k=0
from which it follows that . ) n ) on
1 Cpl+Cph + Cipl (2.25)

XY Clptt + Copy !t + Clpi!
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where C|, C}, C} are arbitrary real constants given by
Ci=Ci(y-1,x), C; =Cy(y-1,x), C; = C3(y_1, X0),
for every n > 0. By using (2.25) in the second equation of system (1.1), we have
b(Ciot + Ciply + Cipt)
Cllp1 + Dol T+ Cy(pa+ Dl + Gy (o3 + Dl

for every n > —1. On the other hand, the second equation of system (1.1) can be written as follows

(2.26)

Yon+1 =

_ b — Yo

- (2.27)
Y2n+1Y2n-1

X2n

for every n > 0. By using (2.26) and its backward shifted one from n to n — 1 in (2.27), we have

Cllon + D+ Cpr + D + Chps + 1 pl 2
b(cgp’; + Chlt + cgpg)

X (2.28)

for every n > 0. Consequently, in the case % < =27, the representation forms of the general solution
of system (1.1) are given by (2.21), (2.23), (2.26) and (2.28).

2.1.2. Case 4/ab = =27

In this case P (1) has the simple root p and the double root r. Moreover, since ab = —24—7, we have
p =—-3/4 and r = —3. Hence, from (2.13) and (2.17), we have
1
7 =Cip" +1"(Cy + C3n) = ————— (2.29)
[T x2k—1 IT y
k=0 k=0
from which it follows that
1 Cipt+r'(Cy+C
_ llp I’ (Cy + C3n) ’ (2.30)
Xon-1Y2n  C1p"t+ 7 (Cr+ C3(n— 1))
where C;, C,, C; are arbitrary real constants given by
2 -2 +1
Cr (x1,v0) = r x1y2x32y4 rx3ys4 ’
(o — )" X_1YoX1Y2X3Y4
_ p o= 2r) x1y2X3y4 + 2rx3y, — 1
Cy (x-1,y0) = > :
(0 = )" X_1Y0X1Y2X3Y4
prxiy2xsys — (o +r) x3ys + 1
Cs (x-1,)0)
(r — p) rX_1yoX1y2X3y4
for every n > 0. By substituting (2.30) in the first equation of system (1.1), we have
Cipt+r'(Cr,+C
Xop| = a(Cp r"(C 31)) 2.31)

Cilo+Dpt+r 1 (Co(r+ 1)+ Cs(nr+n-1))
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for every n > —1. On the other hand, by using (2.31) and its backward shifted one from n ton — 1 in
(2.22), we have

_Ci(p+ D2 +r2(Co(r+ D+ C3((n—1r+n-2))

n 2.32
Y2 a (Clp" + (C2 + C3I’l)) ( )
for every n > 0. Now, by considering Eqs (2.16) and (2.17). we have
1
7 =Cip"+1r"(Cy+ Cin) = ——F—— (2.33)
[T X2k T[T yar-1
k=0 k=0
from which it follows that
1 Cp'+r(C,+Cin
= 1 (€ + Cin) : (2.34)
XonYan—1 Cipn—1 + -l (Cé +C(n— 1))
where C|, C), C} are arbitrary real constants given by
Ci =C (y-1,x0), Cé =C (y-1,x%0), Cé = C3(y-1,x0),
for every n > 0. By substituting (2.34) in the second equation of system (1.1), we have
b(Cp" +7"(C)+ Cin
Yon+1 = ( ( )) (2.35)

Cip+Dpt + - (Cy(r+ 1)+ Cy(nr +n - 1))

for every n > —1. On the other hand, by using (2.35) and its backward shifted one from n ton — 1 in
(2.27), it follows that

_Clo+Dp 7+ P2 (Cyr+ 1)+ Cy((n =D r+n-2))
B b(Cipr +r (Cy + Cyn))

(2.36)

X2n

for every n > 0. Consequently, in the case (;ib = —27, the representation forms of the general solution

of system (1.1) are given by (2.31), (2.32), (2.35) and (2.36).
2.1.3. Case 4/ab > =27

In this case P (A1) has one real root and two complex roots denoted by p and re*”, 6 € (0,n),
respectively. Hence, from (2.13) and (2.17), we have

1
7y = C1p" + 1" (Cycosnf + C3sinnf)) = ———— (2.37)

[T %okt TT yox
k=0 k=0
from which it follows that

1 B Cp" + 1" (C, cosnb + Cs sin nf)
Xon_1yan  Cip™ ' + 1 (Cycos (n—1)0 + Cysin(n —1)6)°

(2.38)
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where C;, C,, C5 are arbitrary real constants given by

r2X1y2x3y4 — 21 cos Ox3y, + 1

Ci(x_q, = )
1 (x-1,.30) (0? — 2prcos @ + r?) X_1yoX1y2X3Y4
p(p —2rcosf) x;y,x3y4 + 2rcos Oxzy, — 1
C2 (x—l’y()) = ) )
(0? — 2prcos 0 + r?) X_1yoX1y2X3Y4
pr (rcos 26 — p cos ) x,y,x3y4 + (p2 —r?cos 29) X3y4 +rcosf —p
Cs(x_1,y0) = ;

rsin @ (p* — 2prcos 6 + r?) x_1yoX1y2X3Y4
for every n > 0. By using (2.38) in the first equation of system (1.1), we have

a(C1p" + 1" (Cy cos nf + C; sin nb))
Ci(o+1)pr! + 1 (Cycosnf + Cssinnb)’

(2.39)

Xon+l =

where Cy = C, (r + cosf) — C3sinf, Cs = C3(r + cos ) + C, sin 6, for every n > —1. On the other
hand, by using (2.39) and its backward shifted one from n to n — 1 in (2.22), we have

_Cip+ )"+ 72 (Cycos(n—1)0 + Cssin(n—1)6)

2.40
a(Cip" + r*(C, cos nf + C; sin nf)) ( )

Yon

for every n > 0. Now, by considering Eqs (2.16) and (2.17), we have

1
7, = Cip" + 1" (Cycosnf + Cisinnf) = ————— (2.41)
[T xo [T you-1
k=0 k=0

from which it follows that

1 Cip" + 1 (C4 cos nd + C4 sin nf)

— , (2.42)
XonYon-1 - Cipn=t + il (Cé cos(n—1)0+ Cjsin(n—1) 9)

where C|, C), C} are arbitrary real constants given by
C; = Cl (y—17-x0) 5 Cé = C2 (Y—la-x()) 5 C; = C3 (y—lax()) 5
for every n > 0. By using (2.38) in the second equation of system (1.1), we have

b(Cip" + r" (Cy cos nd + Cy sin nb))

(2.43)

Yon+1 = ] ) (i .
Cllo+ Dpr=t +r (C4cosn9+C551nn9)

where C; = C} (r + cos ) — C}sinf, C; = C;(r +cosf) + C;sin6, for every n > —1. On the other
hand, by using (2.43) and its backward shifted one from n to n — 1 in (2.27), we have

Ci(p+1)p"2 +r2(C,cos (n—1)0 + Cy sin (n - 1) 6)
Xon =
b(Cip + r1(Cycos nf + Cy sinnd))

(2.44)

for every n > 0. Consequently, in the case % > —27, the representation forms of the general solution
of system (1.1) are given by (2.39), (2.40), (2.43) and (2.44).
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2.2. Forbidden set and well-defined solutions

The representation forms given in the previous subsection are valid where the denominators are not
zero. That is, we can obtain the set of initial values that make the solutions of the system undefined
from the forms by equating their denominators to zero. This operation enables us to obtain a set
of initial values that produce the well-defined solutions of system (1.1). In the following we give a
theorem that helps us characterize such solutions.

Theorem 2.1. Consider system (1.1). Then, the following statements are true:
(a) If % < =27, then the forbidden set of system (1.1) is given by

F = {(x-1,%0.y-1,%0) : @, = 0 0r B, = 0 or a, = 0 0r B, = 0},
where
@, = Cipf+Cyph+ Cyp5n 20,

By = Cilopr+Dp"  +Ca(or+ D + Ci(ps + D™, n> —1,
a, = Cip]j+Cpy+Csp5, n>0,

B, = Cilpi+Dpi™" +Chloa+ Doy + Cilps + Dpy™', n = —1.
(b) If & = —27, then the forbidden set of system (1.1) is given by
ab
F ={(x_1,x0,¥-1,y0) : @, =0o0rB,=00ra, =0o0rp, =0},
where
@, = Cp"+r(C,+Cin),n>0,
By = Cilo+Dp" '+ (Co(r+ 1)+ C3(nr+n—-1)), n> -1,

a, = Cip"+r"(C+Csn), n>0,
B, = Cilo+Dp" '+ (Cor+ D)+ Cy(nmr+n-1), n> -1,

andp = -3/4, r = 3.
(c) If ;—b > =27, then the forbidden set of system (1.1) is given by

F ={(x_1,x0,¥-1,¥0) : @, =0o0rB,=0o0ra, =0orp, =0},

where
a, = Cip"+r"(Cycosnf+ C;sinnd), n>0
By = Ci(o+1)p" '+ (Cscosnd+ Cssinnd), n> -1
a, = Cip"+r"(Cycosnf+ Cssinnf), n>0

B, = Ci(p+1)p" '+ (C,cosnd + Clsinnd), n > —1.

Proof. The proof is simple and follows by equalizing denominators of the representation forms ob-
tained in the previous section to zero. O

By considering this theorem, we say that a well-defined solution of system (1.1) is a solution
{(xn, Yn)},>_; obtained using the initial values such that (x_;, xo, y_1,¥0) € R*\F.

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5392-5408.
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2.3. Long-term behavior of the solutions

In this subsection we study the long-term behavior of the solutions of system (1.1) by using the
representation forms obtained in the first subsection. We analyze the solutions in the following cases
of the parameter ab:

i) Case % < —27: in this case we have ab € ( 27,0)

ii) Case L;ib = —27: in this case we have ab = ‘—.

111) Case % > —27: in this case we have ab € (—oo ——) U (0, +00).

2.3.1. Case 4/ab < =27

This case yields the following result.

Theorem 2.2. Let {(x,,y,)},-_, be a well-defined solution of system (1.1). Suppose that % < =27.
Then, the following statements are true:

(a) If C; # O fori € {1,2,3} and |p|

b
max {lpil, |2l losl}, then xope1 — S5 and yo, — -5 as

n — oo,
(b) If C; # 0 for i € {1,2,3} and lo| = max{lpul.loal, lpsl), then xau — 5 and youn — 25 as
n — oo,

(c) If C; = 0 and C;C; # O for i, j.k € {1,2,3) with i # j # k and |p| = max{p,|.lpul}, then

Xope] = % and y», — =& asn — .

b
Py
(d) If C; = 0 and C'C; # 0 for i, j.k € {1,2,3} with i # j # k and |p| = max{|p,].

ap
Xon = 09 and yyns1 —

}, then

b0 s n — oo
p+1 :

Proof. (a)—(b) Let us assume without losing generality that |p| = max {|o1], |02|, |o3|}. Then, we have
the following limits

m s = lim P2 Ci(pr + 1)+ Ch (o2 + 1)(/’3—) +C} (o3 + 1)(2—?)"_2
Y ACETAE ErEAmy

_ Pt 1

=

Since p; is a zero of the polynomial P, we have the relation

p1+1 _ _9p
bp% pP1+ 1
from (2.18). Hence, we have
: ap,
lim x,, =
n—oo p1+ 1
and
n o3
. T o (C1+C2(p) +C3(Pl))
lim xp,.; = lim — -1
e n_)oopl Cl(p1+1)+C2(,02+1)( ) +C3(p3+1)(z—7)

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5392-5408.
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_ _4m
pr+ 1
n—-2 n-2
_ G+ DG+ D(B) T+ G+ D(2)
limy,, = lim — PRC N
n—oo n—oo 2 3
/i ERYACH YA EY
_ pi+l
- e
pr+ 1
n ’ ’ ,0_ n ’ P_ n
| o b(Ci+G(2) +c5(2))
lim ys, = lim == p p
P Cl (o +1)+c§(p2+1)(g—f) +c;(p3+1)(;j—j)
_ bp,
pr+1
The proofs of other cases are similar and so they will be omitted. O
Remark 2.1. Note that the cases |Cy| +|Cs| +Cs| = |Ci| and |C}| + |C3| +|C3| = |C)| i, j € {1,2,3} are

impossible. Because, for example, if C1 = C, = 0, then we need to the common solution of the system

P203X1Y2X3Y4 — (P2 + p3) X3y4 + 1 = 0, p1p3x1y2X3y4 — (p1 + p3) X394 + 1 = 0.

This case requires that p; = p, which is a contradiction.

Corollary 2.1. Suppose that % < =27. Then, every well-defined solution of system (1.1) has a finite

limit point.

2.3.2. Case 4/ab = =27

This case yields the following result.

Theorem 2.3. Let {(x,,y,)},-_; be a well-defined solution of system (1.1). Suppose that % = =27.
Then, the following statements are true:

(a) If|ICa| + |C5| # 0, then xy,41 — 32and ys, > 2 asn — .

(b)If|C§ + |C5| # 0, then xp, — %" and yy,.1 — % as n — oo,

(c)IfCy =C5 =0and C; #0, then x,,,1 = —3a and y,, — —3b asn — oco.

(d) If C;, = C; = 0 and C| # O, then x;, — —3a, and y,.1 — —3basn — .

Proof. (a)-(b) Since p = —3/4 and r = -3, we have |p| < |r|. So, from (2.31), (2.32), (2.35) and (2.36),
we have the following limits

) ) ranC;(p+1)(§)n_2+C§(r+1)+C§((n—1)r+n—2)
im x,, = lim n
moe T s b c;(2) + (¢, + i)

Mathematical Biosciences and Engineering Volume 18, Issue 5, 5392-5408.



5403

r+1

ar’ C, (é)n +Cy + C3I’l

lim x5,,; = lim — —
s e+ D(E) T+ G D+ Ci(art - 1)
ar

r+1
3a

2

n-2
2 Crip+ () +Cr+ D+ C((n=Dr+n-2)

limy,, = lim - m
e T ar ¢ (2 + Cot Com
_or+1
—ar?
=2
Y
3D
= o
| b Ci(8) +Cy+ Cin
lim yy,.; = lim — —
e T+ D(8) +C G+ D)+ Cyr+n=1)
_ br
o+l
_ 3D
= o
The proofs of (c) and (d) are clear from the forms in (2.31), (2.32), (2.35) and (2.36). |

Corollary 2.2. Suppose that ;ib = =27. Then, every well-defined solution of system (1.1) has a finite
limit point.

2.3.3. Case 4/ab > =27

For this case we first prove the following lemma.

Lemma 2.1. Suppose that ;—h > —27 and the zeros of the polynomial P(A) are p and re*®, r > 0,

0 € (0, ). Then, the following statements are true:
(a) If ab € (0, +0), then r < p
(b) If ab € (—c0,—3), then r > |p|
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Proof. Let % > —27. Then, since p and re*™ are the zeros of the polynomial P (1), the relations

1 1
2 3 2
=—andp’ - —(p+1)"=0
pro=—pandp’ = — (p+1)
are satisfied. We conclude from these relations that abp > 0. This implies that if ab < 0, then p < 0
and if ab > 0, then p > 0. Also, from (2.18), we have

» 1, 2 1
p abpp abpp abp

:p2_r2p2_2r2p_r2:(),

which implies
P
= |—]. 2.45
r=|45] (2.45)

We must consider the following two cases:
(a) If ab € (0, +00), then p > 0 and so, from (2.45), we have
0

=—— <p.
d p+1 P

(b) Ifab € (—oo, —24—7) , then we see from (2.45) that p < —1. So, from (2.45), we have

o
= |—) > .
r \pﬂ‘ ol

So, the proof is completed. O

lb = p* which

a

Remark 2.2. Note that the equality r = |p| is impossible. Because, in this case we have
vields ab = —% ¢ (—00, —%).
Theorem 2.4. Let {(x,,y,)},-_, be a well-defined solution of system (1.1). Suppose that ;ib > =27.
Then, the following statements are true:

bp

(a) If ab € (0, +00) and C # 0, then x,,1 — % and y,, — ~iyasn — co.

(b) If ab € (0, +o0) and C}| # 0, then x;, — F% and yyu41 — F% asn — oo,

(c) If ab € (—oo, —%) and |C,| + |C3| # O, then both x,,,1 and Yy, are periodic or converge to a
periodic solution or dense in R.

(d) If ab € (o0, —2) and |C}

periodic solution or dense in R.

—+

C;| # 0, then both x,, and y,,,, are periodic or converge to a

Proof. (a)—(b) The proof follows from the formulas given in (2.39), (2.40), (2.43), (2.44) and Lemma
2.1 by taking the limit.

(c)—(d) Since the proof is similar for the forms given in (2.39), (2.40), (2.43), (2.44), we only prove
for (2.44). Suppose that C| = 0. Then, from (2.44), we have

1 Cicos(n—1)0+Cisin(n—1)0
Xon = 75

= 2.46
br? C’, cosnf + C; sinnf ’ ( )
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where C) = C), (r + cos 0) — C} sin6, C; = C} (r + cos 6) + C;, sin 6. Also, we see that the form given in
(2.46) can be written as

Xop (rcos @ + cos 20 + (rsin 6 + sin 26) tan (n6 — y)),

=
where 7y is an arbitrary constant, which corresponds to the arbitrary constants C’, C%, and satisfies the
equality

cosy siny &
) C; 2

<y<

N

Now, we consider the following two cases:
1) Ifo= P such that p, g are co-prime integers, we have

1
Xop = o (rcos @+ cos 26 + (rsinf + sin 26) tan (g8 — y))
r

1
= 2 (rcos @+ cos 26 + (rsin @ + sin 26) tan (pmr — y))
r

1
= o (rcos@ + cos 20 + (rsin 6 + sin 26) tan (—y))
r
which implies x5,+, = Xx2,. Suppose that C| # 0. Then, since the inequality r > [p| holds, from (2.44),
we have ,
1 Cio+1)(2) " +Cjcos(n—1)8+ Cysin(n—1)6

Xop =

2

br* C, (é)n + C) cosnb + C; sinnf

which leads to
1 Cicos(n—1)0+Cisin(n—1)0

H . .
br? C’, cosnf + C} sinnf

X2n

for large enough values of n. Hence, the sequence (x;,),so converges to a periodic solution obtained in
the case C| = 0.

(i1) If 6 = ¢ such that ¢ is irrational, then we have by virtue of the Kronecker’s Theorem that the set
{(nt — [nt]) 7 : n € Ny and ¢ is irrational} is dense in the interval (0, 7). Hence, we have

tan (nf — y) = tan (ntr — y) = tan (ntr — [nt]w —y)

which implies the sequence (x;,),s( 1s dense in (—co, +00). O
3. Conclusions

In this paper we conducted a detailed analysis on all solutions of system (1.1). To do this analysis,
we obtained the representation forms of general solution of the system by using a practical method. By
using these forms, we characterized the well-defined solutions of system (1.1). Finally, we studied the
long-term behavior of the well-defined solutions. We can summarize our results as follows:

Consider system (1.1). Then,

(a)Ifab € (—%, 0), then every well-defined solution of system (1.1) has a finite limit point.
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(b) If ab € (0, +o0) and C,C # 0, then every well-defined solution of system (1.1) has a finite limit
point.

() If ab € (—o0, 3 ) and (ICy| + |Cs]) (|C3| + |
(1.1) is periodic or converges to a periodic solution or dense in R.

) # 0, then every well-defined solution of system
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