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Abstract: In order to treat the diseases caused by hepatitis C virus (HCV) more efficiently, the
concentration of HCV in blood, cells, tissues and the body has attracted widespread attention from
related scholars. This paper studies a dynamic dependent HCV model (more specifically, including
age structure and treatment methods model) that concludes states of infection-free and infected
equilibrium. Through eigenvalue analysis and Volterra integral formula, it proves that E is globally
asymptotically stable when R < 1. After explaining the existence, uniqueness and positive properties
of the solution of the system, we have proved the global asymptotic stability of £ when R > 1
by constructing a suitable Lyapunov function. Through the above proofs, it can be concluded that
effective treatment measures can significantly reduce the number of HCVs, so many related researchers
are aware of the importance of highly efficient nursing methods and are committed to applying relevant
methods to practice.
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1. Introduction

In medicine, hepatitis C (HC) is generally divided into acute and chronic HC. It is worth noting that
the commonality of the two is that their early symptoms are not obvious, so it is easy to be ignored
by most people in the early stage of the disease. According to medical research, the root of HC is the
highly contagious hepatitis C virus (HCV), and once infected by this virus, it is difficult to be cured.
What is worrying is that if early HC patients are not treated promptly, they may develop cirrhosis and
liver cancer. Nowadays, there is neither an effective vaccine against HC nor a suitable treatment option.
And people infected with the virus can only use some antiviral drugs for intervention treatment, such
as ribavirin.

For decades, interferon (IFN)-based treatment [1, 2] is the standard treatment method for chronic
HCV infection, and about 50% to 60% of patients can obtain sustained virological response (SVR).
The SVR of the IFN inducer can reduce the incidence of hepatocellular carcinoma (HCC) by about
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four times [3,4]. During the past several years, major breakthrough has been made about the
treatment of HC. The use of new direct-acting antiviral agent (DAA) [5, 6] can effectively remove
HCV in a short time (generally 12 weeks) with an efficiency of up to 95%-99%. Above results has
been basically verified in a number of clinical trials. With more and more breakthroughs in the
research and development of new antiviral drugs, the cure of chronic HC has become within reach. In
that case, we have sufficient reasons to speculate that the number of people whose disease caused by
HC has deteriorated to liver cirrhosis and liver cancer will considerably be reduced.

Theoretical research on HCV with treatment has been focused on. In 1998, Neumannd et al. [7]
was utilized a mathematical model to illustrate the viral decline of patients under the antiviral effect
of IFN-a-2b. And they have used the model to show that the main initial function of IFN was to
prevent the production or drop of virus particles. It also proved that the early monitor of the virus
can help guide the treatment. In 2013, Guedj and Rong et al.were inspired by the HCV model [7]
and used the multi-scale age-structured model [8—10], combined with related dynamics knowledge, to
reasonably explain the changes of HCV virus under DAA, regardless of whether the patient has been
treated or not. In 2017, Goyal et al. [11] were regarded HCV-RNA as an infectious virus, and a model
was established to predict the time required for cure. The model has been successful in explaining the
effects of short-term drug interventions and is consistent with actual data. In the same year, Quintela
et al. [12] were considered the age structure of both the positive and negative strands of HCV-RNA.
They studied the earlier multiscale model and discovered that HCV-RNA cells can effectively prevent
the production and release of new viruses.

In the study of the treatment of HC, we found a key point worthy of attention. We cannot prevent
the re-infection with HC, and then the vaccine plays a role in terms of the prevention and treatment
of the disease. Echevarria et al. and Lombardo et al. [13, 14] combined the immune response and the
production of alanine-aminotransferase together. In particular, they took into account the treatment of
HCYV and the status of antibodies, to illustrated the importance of post-treatment vaccines.

In existing research, most HCV multiscale models are expressed in the form of a partial differential
equation (PDE). But its disadvantages such as time-consuming numerical calculation and poor
convergence cannot be ignored. In order to solve the above problems, Kitagawa and Nakaoka et
al. [15] considered “the problem of model aggregation” and converted the PDE model into an
ordinary differential equation (ODE) model, which greatly improved computational efficiency.

2. Preliminaries

In this paper, we mainly study the multiscale age-structured model of the treatment stage of HCV
infection. Let us first briefly review the following theorems, which will help to understand the proof
process and results of the theorem present in this article.

Theorem 1. (Theorem 2.33 in [16]) The following statements are equivalent:

(1) There exists a compact attractor of bounded sets (which is unique and contains every bounded
backward invariant set).

(i1) @ is point-dissipative, asymptotically smooth, and eventually bounded on every bounded set in
X.

Theorem 2. (Theorem 2.39 in [16]) Let the semiflow @ be state-continuous,uniformly in finite time,
and A be a compact forward invariant subset of X that attracts all compact subsets of a neighborhood
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of itself (e.g a local compact attractor of compact sets). Then A is locally asymptotically stable.
Theorem 3. (Theorem 2.46 in [16])
Let X be a closed subset of a Banach space E, J atime set and ® : J X X — X a state-continuous
semiflow. Then @ is asymptotically smooth if there are maps ¥, ® : J X X — X such that

D(t,x) = O, x) + Y(t, x)

and the following hold for any bounded closed set C that is forward invariant under ®:

(1) I}rarll _1>£10f diamé,(C) = 0,

(i1) there is some r¢ € J such that W,(C) has compact closure for all r € J, t > rc.

Theorem 4. (Theorem 5.2 in [16]) If Xy # 0, p o @ is continuous, and @ is uniformly weakly
p-persistent, then @ is uniformly p-persistent.

Theorem 5. (Theorem 5.7 in [16])

Assume that X, # 0, ® is uniformly weakly p-persistent, p o ® is continuous, and

(H1) there exists no total ®-trajectory with range in A such that

p(d(=r)) > 0, p(¢(0)) =0, and p(¢(s)) > O with r, s€ J

Then the attractor A is the disjoint union
A= A() UuCcu A]

of three invariant sets Ay, C, A;. Ay and A, are compact and the following hold.

(1) Ap = AN X, is compact attractor of comparct subsets of Xj; more strongly, every compact subset
K of X, has a neighborhood in X, that is attracted by A,. Further, A attracts every subset of X, that is
attracted by A .

(i1) A, is uniformly p-persistent and is the compact attractor of neighborhoods of compact sets in
X\ Xp. It also attracts all sets that are attracted by A and on which @ is eventually uniformly p-persistent.
In particular, A, is stable.

(1) If x € X\A| and ¢ is a total ®-trajectory through x with pre-compact range, then ¢(r) — A, for
t — —o0.

If x € X\Ap and ¢ is a total ®-trajectory through x with pre-compact range, then ¢(r) — A; for
t — oo.

In particular, the set C consists of those points x € A through which there exists a total trajectory ¢
with ¢(—t) — Ap and ¢(r) — A as t — oo.

Corollary 1. (Corollary B.6 in [16]) Let w, r and g be nonnegative and locally integrable,

w(t) > f k(s)w(t — s)ds + g(1).
0

Assume that & is not zero a.e. Then there exists some b > 0, which only depends on k and not on g,
such that w(z) > O for all r > b with fot_b g(s)ds > 0.

In particular, if g is continuous at 0 and g(0) > 0, then w(¢) > O for all ¢ > b.

Theorem 6. (Theorem 3.1 in [17]) Let K be a subset of L!(R*). Then K has compact closure if and
only if the following conditions hold:

Mathematical Biosciences and Engineering Volume 18, Issue 3, 2182-2205.



2185

(i) sup [|f(@)lda < oo ,

feK o

(i1) lim f |f(a)|da = 0 uniformly in f € K,

(iii) lim [1f(a+h) - f(@]da = 0 uniformly in f € K,
—0* 0

h

(iv) lim [1f(a)|da = 0 uniformly in f € K.
—0t 0

Lemma 1. (Lemma 5.6 in [18]) The following alternative holds: either B is O everywhere on R or
B is positive everywhere on R.

3. The model

In order to study the problem that HCV decreases rapidly in the early stage but slowly in the later
treatment with IFN, the following model [7] has been constructed

dTr

— =5 —-BVT - dT,

a =P

d/

— =pBVT =461, 3.1
dr p G-
dv

E:(l—s)pl—cv.

The intracellular viral dynamics were incorporated into the multi-scale model and another variable
R [9] was introduced, which is expressed by the following formula:

= 0@ - (@ + p@IR @), (32)
R represents the quantity of intracellular genomic RNA (i.e., positive-strand HCV RNA) within an
infected cell.
Combining Eqgs (1) and (2), the multi-scale model was obtained that include the dynamics of
intracellular viral RNA replication and extracellular viral infection, which were described by the
following partial differential equations (PDEs).

%T(t) — 5~ BV(OT (1) — dT (1),

9 o
El(t’ a) + %l(t’ Cl) - _5(a)l(t’ Cl),
i(t, 0) = pV(OT (1), 0, a) = iy(a),
9 9 3.3)
—r(t, a)+ —r(t, a) = (1 — )a(a) — [(1 - )p(a) + ku(@)]r(t, a),
ot oa

r(z, 0) =1, r0, a) = ry(a),

%V(r) =(1-¢) f"o p(a)r(t, a)i(t, a)da — cV(1).
0
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The detailed parameters of the model are explained as follows:

(1) The amount of uninfected target cells at time ¢ within unit volume is denoted by 7(¢); V(¥) is the
number of free virus.

(2) i(t, a) and r(t, a) are numbers of infected cells and positive-strand HCV RNA at time ¢ with
infection age a.

(3) s presents the production rate, d is per capita death rate of target cells, in addition, BV (¢)T (¢) is the
viral infection rate.

(4) a is the age of infection, and a — d(a) is assumed to be the mortality of infected cells at the infection
age of a. We take the second equation of (3.3) as an example to explain the influence of infection age
on infected cells. The fourth equation can be obtained similarly. Let a, be the upper limit of the age of
infection and it is reasonable to consider i(¢, a,) = 0. Obviously,

2 A+
f i(t, a)da, f i(t, a)da
aj 0

can respectively represent the population number in the interval [a;, a,] of infection age at time ¢ and
total population number. If Aa is small, then

i(t, a)Aa, 0(a)i(t, a)ra

respectively represent the approximate values of the population number and the number of deaths in
the interval [a, a + Aa] of infection age at time ¢. Given a small time interval At, the population with
infection age a at time ¢ becomes that with infection age a + At at time ¢ + At. Therefore, i(t, a)Aa
becomes

i(t+ At, a+ At)Aa

after Arz. Combined the mortality rate in Af, an equation can be established
i(t+ At, a+ At)Aa — i(t, a)ha = —6(a)i(t, a)AaAt.

Divide Aaat on both sides of the above formula, and let A+ — 0, we can get our equation.

a — a(a),a — u(a) are assumed to be age-dependent rates of intracellular viral RNA production
and degradation at a, respectively. And p(a) represents the rate with infection age a at which RNA is
assembled/secreted.

The age-dependent relationship of d(a), a(a), u(a) and p(a) can be given by data fitting (such as
least squares regression) of experimental data.
(5) Virus increases by fooo p(a)r(t, a)i(t, a)da and disappears at rate c.
(6) €, €, k are assumed to be the effects of inhibiting intracellular viral RNA production, blocking
assembly/ secretion as virus into plasma, and enhancing RNA degradation, respectively, and
0<e¢,e6<1,k>1.
(7) ip(a) and ro(a) stand for the initial distributions of infected cells and intracellular viral RNA;
“r(t, 0) = 17 declares that the infected cell has one viral RNA at the beginning.

In the beginning, we need the following assumption to analyze the model (3.3).

Assumption 1. a — d(a), a — a(a) as well as a — p(a) belong to LT(0, + o0) and ¢(a) =
min{d(a), c} > d for almost every a > 0.
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Taking m(t, a) = i(t,a)r(t, a), the model (3.3) is transformed into

%T(z) = 5= BV()T(¢) — dT (1),

d . 0.
6_tl(t’ a) + %z(t, a) = —o0(a)i(t, a),

i(t, 0) =pV(OT (@), i0, a)=iya),

9 9 (3.4)
—m(t, a) + —m(t, a) = (1 — €)a(a)i(t, a) —y(a)m(t, a),
ot Oa

m(t, 0) = BV(O)T(¢), m(0, a) = ip(a)ro(a),

iV(t) =(1- es)f p(a)ym(t, a)yda — cV(t)

dr 0

where y(a) = (1 — €)p(a) + ku(a) + é(a).
Define X := R x L'(R*) x L'(R*) x R to be a functional space holding norm
(T, i, m, V)llx =T+ f li(a)lda + f Im(a)lda + |V,
0 0
T, VeR, i, meL'R"),

and X, = R* x LI (R*) x LL(R") x R* is the positive cone of X.
According to the results from Theorem 1.1 in [19], we draw the following conclusion.
Theorem 7. The problem (3.4) has a unique non-negative solution (7, i, m,
V) e CY(R") x C(RY, L} (R")) x C(R*, LL(R")) x C'(R*, R*) for the initial condition in X,.
Utilizing the method in section 8.2.1 in [20], add R(¢) satisfying

d 0 0
R0 = fo (6(a) = (1 - &)a(a) — )i(t, a)da + fo (v(a) = (1 = &)p(a)

—d)m(t, a)da + (c — d)V(t) — dR(?),
R() =Ry >0

into (3.4). R(0) > 0 gives R(¢) > 0 (VY ¢t > 0) by Assumption 1. Denote N(¢) := T'(¢) + fooo i(t, a)da +
;" m(t, a)da + V(©) + R(t) and
%N(r) =s—dN()-BV()T(t)
< s—dN(1),

N@O) =Ty + f ip(a)da + f mo(a)da + Vy + Ry.
0 0

Therefore, it is followed that
Theorem 8. N(r) < M := max{N(0), s/d} for t > 0 and lim,_,., N(¢) = s/d. We also have

N
liminf T(r) > ———.
Mt = s

Mathematical Biosciences and Engineering Volume 18, Issue 3, 2182-2205.



2188

4. Existence of equilibria

The equilibrium (7', i(a), m(a), V) of (3.4) satisfies
s—BVT —dT =0,

4@ _ _swjica),
da
i0) = BVT,
dm _ 4.1
’Zﬁf‘) - (1 - e)al@)i@) - y(@ym(a), D
a(0) = VT,

(1-¢) f ) p(a)m(a)da = cV.
0

The solutions of initial value problem for i(a) and m(a) are as follows:
i(a) = VT w(a),
m(a) = BVT(a)

where 1(a) = n(@)[1 + (1 — &,) foa %ds], w(a) = e b oV 7(q) = ¢~ k04,

LetK =(1-¢) [, p(a)r(a)da, then we have

cV =BVTK “4.2)
: Fo_ o _ s—dT _ PBsK-dc
leadingto T = R and V = A
As aresult, define 8
sK
R="—o,
dc

then E*(T, i(a), m(a), V) is the unique positive equilibrium of (3.4) when R > 1, and there always
exists an infection-free equilibrium marked by Ey(s/d, 0, 0, 0).

5. Global stability about infection-free equilibrium
The linearized system of (3.4) at Ej is

d

ET(I) = —dT(t) — Bs/dV(1),

0 0 . B .

El(t’ a) + al(l, a) = —6(a)i(t, a),

i(t, 0) = Bs/dV(2),

(5.1)

ﬁm(t, a) + im(t, a) = (1 — e)a(a)i(t, a) —y(a)ym(t, a),
ot oa

m(t, 0) = Bs/dV(1),

EV()f) =(1-¢) f‘x’ p(aym(t, a)da — cV(t)
dr 0
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leading to the characteristic equation

=0

A+d 0 0 Bs/d
0 1 0 —Bw(a)s/d
0 0 1 —pr(a)s/d
0 0 0 A+c-Bs/dl-¢) [ pl@r(@eda

that is,

A+ d) A+ c—Bs/d(l —€) f‘” p(a)t(a)e*da) = 0.
0

Obviously, one eigenvalue marks A = —d and others are produced by

A+c=Bs/d(l - es)f p(a)t(a)e *da,
0
therefore
[+ c| = [Bs/d(1 — &) f pla)t(a)e**dal
0
< BsK/d.
When R < 1, if there is an eigenvalue A, such that Red, > 0, then

¢ <|dg+c| <BsK/d

i.e. R > 1. This means a contradiction. It is declared that all eigenvalues of (5.1) at E, are negative

while R < 1.

Theorem 9. When R < 1, the infection-free equilibrium E| is locally asymptotically stable.
Next, we study the global stability of E,. By using Volterra integral formulation, we get

i(t—a, O)w(a), a<t
i(t, a) =1 . w(a) (5.2)
i(0, a_t)a)(a—t)’ >
Thus, it is obtained that
w(@)Bi(t—a), a<t
i(t, a) =y w(a) . (5.3)
o t)lO(a -1, a>t
where B;(?) := i(¢, 0).
m(t — a, (@) + (1 — &) fﬂ ”(fr)(csx)(s) i(t—a+s, s)ds,
0
t, @ “! (5.4)
m(t, a) = ’ .
m(0, a—1) (@) +(1 - ea)f (@als) i(t—a+s, s)ds,
n(a—1) at 7(S)
az>t.

Mathematical Biosciences and Engineering
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That is,
Byt — ayn(a) + (1 — €,) f M) Bt - ayds.
0
(t, a) “st (5.5)
m a) = .
’ (a) “ n(a)a(s) w(s) |
mo(a — 1) - —&) | 2G) w@=-1 io(a — nds,
a=>t.
where B,(¢) := m(t, 0). In fact, B,(¢) = B,(t) := B(t) gives that
B(t - a)n(a)r(a), a<t
m(t, a) = . (a)[mo(a —1) . (1 - &)ig(a—1) f a/(s)w(s) L ast (5.6)
n(a—1) w(a—1) . 7(s)

and

dV(l) —(1—¢) f p(a)n(a)tr(a)B(t — a)da + (1 — €,) f pla)n(a)

mo(a — 1) N (1 — &)io(a—1) f“ a(S)w(S)
m(a—1) w(a—1t) . ()

(5.7)

slda — cV(1).

From Theorem 8 and fluctuation method Proposition A.14 in [16], there exist sequences
tws Sps Ty Uy — 00 (n — o0) such that as n — oo

I(t,) > T%, T'(ty) = 0, B(s,) = B,

B(r,) = B”, V(3,) - V=, V'(#,) - 0

where
(T, B*, B®, V) =limsup(T(¢), B(t), B(1), V(1)).

t—+0c0

Plugging ¢, into (5.7) and letting n — oo, we deduce that

B®K B BVCT*K
c c ’

Ve < (5.8)

Theorem 2 produces that
< BsKV
dc
so V* = 0 when R < 1. Furthermore, it is also proved that B* = 0 and T(¢) as t — oo obeys the
equation (%T(t) = s —dT(t), implying that 7(t) — s/d (t — oc0). As a result, it is received that
Theorem 10. Provided that R < 1, the infection-free equilibrium E, exhibits global asymptotic
stability.

VOO

= RV®,

Mathematical Biosciences and Engineering Volume 18, Issue 3, 2182-2205.
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6. The semiflow and global attractor

In this part, we focus on a compact attractor of all bounded subset of X*. The unique solution of
(3.4) can generate the semiflow ® : R* X X* — X* with

q)(t’ (T()’ iO(')a mO(')’ VO)) = (T(t)’ l(ta ')a m(t’ ')a V(t))a (6 1)
(TO’ iO(')’ mO('), VO) € X+' '
Indeed, the semiflow is continuous.

Theorem 11. There exists a compact attractor A of bounded subsets of X* of the semiflow @.
Proof. In order to prove this conclusion, we need to get that @ is eventually bounded, point-dissipative
on every bounded set of X* and asymptotically smooth followed by Theorem 1 (Theorem 2.33 in [16]).
The first two parts hold from Theorem 7. We only prove that ® is asymptotically smooth applying
Theorem 3 (Theorem 2.46 in [16]). Denote

O(t, (To, io(-), mo(+), Vo)) =@(z, (To, io(-), mo(-), Vo))
+ D1, (To, io(-), mo(-), Vo))

with
(I)l(t’ (TO’ iO(')7 mO(')’ VO)) = (O’ ul(t7 ')’ Vl(t’ ')a O)a
(I)Z(t’ (TOa iO(')a mO(')’ VO)) = (T(t)’ MZ(I’ ')7 VZ(t’ ')’ V(t))
where
0, a<t,
u(t, a) =3 w(a)

igla —1), a>t,
@1 ola—1)

w(a)B(t — a), a<t,
MZ(l’ Cl) = O a>t

0, a<t,
vi(t, a) = [mo(a - (1-¢)igla—1) a/(s)a)(s)d
(@) m(a—1) w(a—1) aet  T(S) S

{B(r —a)n(a)t(a), a<t,
va(t, a) =

0, a>t.

Mathematical Biosciences and Engineering Volume 18, Issue 3, 2182-2205.



2192

Let C be a bounded closed set that is forward invariant under ®.

1Dl —f |y (2, a)lda+f lvi(z, a)lda

_ fo' w(a(+)t)l0 (@da

+ foo n(a + t)[mO(a) L U~ &io(@) T a(s)w(s)
0 n(a) w(a) . (s)

:e_dt[f e—_L (5(1)—d)dli0(a)da+f e_fa (7(1)—d)dlmo(a)da
0 0

00 +1
+(1-€) f io(a)( fﬂ a(s)e k0Dl g= [ 0=l g5)q )
0 a

—dt/n .
<e “(lliolly + llmolly + (1 — €)llioll1lllle?),

as a result, ®; — 0 as t — oo uniformly for (T, iy, my, Vo) € C. Next, it is necessary to show that
@, has a compact closure. Thus, we have to check assertions of Theorem 6 (Theorem 3.1 in [17]).
Obviously, it is easy to check (i), (i1) and (iv) and let us prove (iii). Set

I, = ‘f()m lux(t, a+ h) —uy(t, a)|lda
= jo\l_h lw(a + h)B({ —a —h) — w(a)B(t — a)|da
+ f th (W(@B(t - a)lda,
and [* |w(@)B(t - @)lda — 0 as h — 0. The first term of I, satisfies

f:_h |w(a + h)B(t —a — h) — w(a)B(t — a)lda
< j:_h |w(a + h)(B(t —a — h) — B(t — a))|da

" fo " wa+ ) - w(@)B( - alda
=0 ‘f:_h lw(a+h)(ViEt—a-hTt—a—-h)—V(i—-a)T(t—a))lda

(—h
+ﬁf |Vt —a)T(t — a)(w(a + h) — w(a))|da
0

t—h
Sﬁ\fo wa+h)Vit—a-nh|IT(t—-a—-h)—-T( - a)|lda
t—h
+ﬁf wa+h)|Tt-a)||lViEt—a—-h)—-V(t-a)lda
0
t—h
+Bf lw(a + h) — w(a)||V(t — o)||T(t — a)lda.
0

Mathematical Biosciences and Engineering Volume 18, Issue 3, 2182-2205.
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Referring to Theorem 8, it is observed that

N(t) < max{To + lligly + llmolly + Vo + Ro, s/d}.

Let
M, = sup{To + |liolls + lImolls + Vo + Ro, (T, i, mo, Vo) € C}
and
M, = {M,, s/d}.
Then

t—h
f |w(a + h)B(t —a — h) — w(a)B(t — a)|da
0
—h 1—h
<BM, f w@a+h)|T(t—a—-h)-T(t—-a)da+ LM, f w(a + h)
0 0

t—h
|V(t—a—-h)—V(t—a)lda +BM§ f |w(a + h) — w(a)|lda
0
—0 (h— 0").

Hence, I, goes to 0 uniformly in C as h — 0*.
Let ¢ : R — X* be the total ®-trajectories, ¢(r) = (T(¢), i(t, -), m(t, -), V(¢)) and ¢(¢t + r) =
@z, ¢(r)), t > 0, r € R. Following the discussions in [16, 17], the trajectory is illustrated by

T'(t) = s —BV(®T(t) —dT (),
i(t, a) = Bw(@)V(t—a)T(t — a),
m(t, a) = Br(a)V(t — a)T(t — a),
it, 0) = m(t, 0) = BV(OT (1),

V()= (1 —¢) fm pla)m(t, ayda — cV(t)
0

(6.2)

for ¢t e R.

We can give the estimates on total trajectories.
Lemma 2. For all (T, io(+), mo(+), Vp) € A, the estimates hold for all r € R

Ty + f io(a)da < s/uy,
0
(o) + N
Ty +f mo(a)da < Cy := M’
’ M2

Vo < llpllCo/c,
in(a) < BllollC3/c,

mo@) < BllolleC2(1 + (1 - &) f T AOS) goe
o 7(s)
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R)
To>——
= BlpllwCo/c +d

where y; = min{d, inf,r{6(a)}}, u» = min{d, inf,r{y(a)}}.
Proof. Consider

1(1) :fooo i(t, a)da
B j(;m w(@)V(t—a)T(t —a)da
:ﬁft w(t - DHV(IDT (D!
and we have
I'(t)y =pV(HT (1) —ﬂft o(t = Dw(t = HV (DT (DHAL.
Then

T(t)+ I'(t) =s — dT(¢) —ﬁft ot — Dw( - DHVIT (DHdl
<s—u (T(t) + I(_t;o)
where y; = min{d, inf,z{6(a)}}. By comparison theorem,
T(t)+1(t) < s/uy, teR. (6.3)
Similarly, in terms of m(¢, a), calculation leads to
M’ () =(£w m(t, a)da)
svoro-p | i~ Iyt~ VTN
“p-e [ i~ Duott ~ V(T
and
T' )+ M'(t) =s —dT(t) - B ft vt — Dt — DHV(DHT (Al

+ 601 - ea)f a(t — Do - HV(I)T (DI

<s — (T + M©®) + (1 - &)llallx1()
<s — (T + M®) + (1 - &)llalles/m

where u, = min{d, inf,r{y(a)}}.
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By integrating from r to ¢ and letting r — —oco,
T(1)+ M(1) < Cy (6.4)
with C, = — suuts(-e)lldlo
H1p2 )
Vi(®) =1 - &) f playm(t, a)da — cV(1)
0

<(I = €)llpllM(7) = V(1)
<(I = €)llplleeCo = cV (1),

gives us
V(#) < (1 = €e)llpllwColc. (6.5)

Furthermore, adopting conclusions above, the following facts are correct
i(t, a) < B(1 = &)lpllCi /¢,
it @ B0 = el G + (1 - ) [ 0 agc
From (6.2), we also have
T'(1) = s = B(1 = €)llpllwCoT (1) /c — dT (1),

producing

S

T .
0 2 T elpllColc+d

7. Global stability of infected equilibrium with therapy

Our main purpose is to discuss the global stability of E*. Firstly, according to Theorem 4 (Theorem
5.2 in [16]), the uniform persistence of the disease is investigated.
Set the subset X, of X* defined by

Xo = {(To, io(:), mo(-), Vo) € X™|Vo + j(; my(o)r(o)do
+ foo ip(o)w(o)do > 0}
0

with i) = (1 - ) [~ f%d& o) =(1-€e)1-¢€) [ pm%()m 9 ( f“” a%@ dyds. Clearly,
we have the lemma as follows:

Lemma 3. If (T, io(-), my(+), Vy) € Xo, then there exists 7o > 0 such that B(z) > O for all ¢ > ¢,. If
(Ty, io(+), my(+), Vo) € X* \ Xo, then B(¢) = 0 forall ¢t > 0.

Proof. Solving the last equation in (3.4) gives us
t 00
V() = Voe ™ + (1 — €) f e~ t7( f p(o)m(s, o)do)ds,
0 0
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implying

B(1) =BT ()[Voe™ + (1 - €) f e f SP(O' )n(o)T(0)B(s — o)dor

mo(o-—5) (1 = €&)ip(o— )
(o —s) w(o —5)

+(-¢€) f plo)n(o)(

a(Dhw(l)
j:s Ty ODdods]

If Vo > 0, then B(r) > O for all r > 0. Set

mo(o =) (1~ &)io(o — 5)

Io(s) :=(1 - €) f p(o)m(o)(

(o — ) w(o —5)
7 a(Dw(l)
fa T hde
—(1-¢) f oo+ syn(o + 5y (L= &)io(@)
n(o) w(o)
7 a(Dw(l)
L ) hde

Suppose (Ty, io(-), mo(-), Vo) € Xo, and then integrating I, yields

f s =(1 - €) f " oo )do f Cplo o +s)
° 0 0 n(o)

+ (1 —¢€)(1 —¢,) f‘x’ io(o)do foo plo + s)m(o + )
0 0

w(o)
7 a(Dw(l)
(f(; —71'(1) dhds

= f ) mo(o)a(o)do + f ) io(o)w(o)do
0 0
>0.

Moreover, by Theorem 8, we have

B() > _@S(l e /e;) i fo o)) B(s — )dor)ds
,BS(I — es)e“ —ct ! _ ' —cs
—c( 4+ Bs/d) [—e j(: p(o)n(o)t(o)B(t — o)do + jo‘ e

( f p(o)n(@)t(0)B' (s — o)do + p(s)n(s)7(s)B(0))ds]

,BS(I —€)e!
c(d + Bs/d)

+ f e “p(s)m(s)r(s)B(0)ds].
0

[—e f p(o)m(o)t(o)B(t — o)do
0

(7.1)

(7.2)
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Using Corollary 1 (Corollary B.6 in [16]),

_ Bs(l-¢)
k(t) := diBld d+ Bs/d) p(r(H)T(t) # 0 forall t > 0,
and ,
_ Bs(1 = e)VoToe" [ _ .,
gt := od + ps/d) j(; e “p(s)r(s)r(s)ds

demonstrate 7y > 0 such that B(t) > O for any ¢ > ¢, provided that 7y > 0.
If (T, ip(-), mo(-), Vy) € Xt \ X, then it is demonstrated that

B(t) < pM(1 — es)f e_c(s_t)(fsp(O’)T[(O’)T(O‘)B(S —o)do)ds
0 0

Fubini’s Theorem leads to

M(1 — € !
Bmsi%fﬂmmwﬂﬂmmm

Applying Gronwall’s inequality, it is declared that B(¢) = O for all # > 0.
Denote the persistence function by p : X* — R*, that is,

p(To, in(-), my(-), Vo) = BTV,

p(@(t, (To, io(-), mo(-), Vo)) = B(0).

Theorem 4 (Theorem 5.2 in [16]) gives information that weakly uniform persistence produces
strongly uniformly persistence.
Lemma 4. Suppose that x € X, then there is some & > 0 such that

lim sup p(®D(¢, x)) > €

>0

for each solution of (3.4) while R > 1.
Proof. It is assumed that @ is not weakly uniformly persistent. In other words, there is an arbitrarily
small gy > 0 giving

lim sup p(D(¢, x)) < &o.

t—00

Denote T, = liminf,,, T(¢), and t; — oo (k — +0o0) is a sequence satisfying 7(#;,) — T together
with 77(t;) — 0. Thus,
§— &
T >
d

Owing to R > 1, there is a small positive constant &; giving

l-¢€) (7 -
h(g) = % i p(a)t(a)e ®da > 1. (7.3)
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On the other hand, for any > 0,
V() =(1 - &) fo  plam(t, ayda - ev()
>(1 —€) Ltp(a)m(t, a)da — cV ()
=(1 —¢) fom p(a)t(a)B(t — a)da — cV(1).
For A > 0, Laplace transform to the above inequality leads to
AV() = V(0) = p()B1(D) + ED)BI(D) = V()
where
Bi(1) = fo ) B(a)e*da,
P =(1 - &) f " plon(@e " da,
ED =(1 - €)1 - &) f playm(@e ™ f “(S)“’(S) ds)da.

Now, we obtain

‘7(,1) MBI(/D

Because B(r) = BV()T(t) > @V(r), it is deduced that

B(s = &o) o B(s 80)p(/1)+§(/l)A

B2 =——VW) 2 =——————BW,
causing
B(s — £) p(A) + §(ﬂ)
d A+c
Choosing A = &y, we have
h(gp) < 1

which contradicts (7.3).

Based on Lemma 4, we need another hypothesis (H;) of Theorem 4 (Theorem 5.2 in [16]). It is
quite easy to check the following result.

Lemma 5. If p(¢(¢)) = O for any ¢ < 0, it holds that p(¢(¢)) = O for all 7 > 0.

Referring to the proving method of Lemma 1 (Lemma 5.6 in [18] ), we can also show that

Lemma 6. Either B(¢) = 0 or B(¢) > 0 for all # € R holds.

On account of Lemmas 4-6, Theorem 4 (Theorem 5.2 in [16]) produces the strong uniform
persistence of the disease.

Theorem 12. Provided that R > 1, each solution of (3.4) is strongly uniformly persistent for
(To, io(+), mo(*), Vo) € Xo.
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Furthermore, we obtain the result in view of Theorem 5 (Theorem 5.7 in [16]).
Theorem 13. There is a compact invariant set A; that is uniformly p-positive. In other words, there
exists some ¢ > 0 such that

p(@(t, (To, io(-), mo(-), Vo)) =6, for (T, io(-), mo(-), Vo) € Ay,

attracting every solution as (T, iy(-), mo(-), Vo) € Xo.
The next part is devote to the main conclusion about the global asymptotic stability of E™.
Theorem 14. If R > 1, then it is demonstrated that E* of (6.2) has globally asymptotical stability
in X().
Proof. Let ¥ : R — Aj be a total ®-trajectory, where W(¢) = (T(¢), i(t, -), m(t, -), V(¢)) is the solution
of (6.2) with initial value (T, io(), mo(), Vo). Denote the function H(y) =y — 1 —Iny, Q = #Z and
fora > 0,

VT
d(a) =(1 - 65)'8— f p(s)m(s)ds,

(@) =(1 — e)(1 - ea)ﬁ f p(H(s)( f Mda)cls.

For Y(r) = (T(v), i(t, -), m(t, -), V(t)) € A;, define Lyapunov functional V(¥(?)) = V,(¥(?)) +
Vo(P(1)) + V3(P (1)) + V4(P(¢)) where

(7.4)

B T
Vi@) =T - T - f —dn,
T 7

Vo((1)) = f H(l(t “))as(a)da
m(t, a)
V, (W (1) = f HE Dy ayda
0 m(a)
and
V@)

Va(¥(0) = QH (—)

Using the initial equation of (6.2), we have

d
3 @) =d —m)(s—ﬁV(t)T(t) dT (1))

=d(T - T(t))(l—m) ﬁ(l—m)(VT V(DT (1)).

After a process of Lemma 9.18 in [16], it is obtained that
d
5 () () H( (0) D4 f #a )H(z(t ;1)

Vv T
—$(0)H( (” “) f e )H(’(t( ;’)>
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and

d o m,0) (T, m(, a)
3 VO =Y OH ) + f W @H(— =2)da

Vv T
W (O)H( (t) —9) f o (@H( ” f)

Next, the last equation of (6.2) gives us

d |%
V) —TH'( f”)((l—e) f pla@ym(t, a)da — V(D)
=—( _W)(V V)
VH%m)(l—es) f payia) "~ S 0da
Vv Vv
<i))<ﬁ—1)<1 e f p@yma)da,
Finally, we have
VOB(0) =L, V(W (1)
—d(T - T(r))(l—m> B(l—m)(VT VOT(®)
Vv T
+ (O)H( (’) 0, f e )H(’(
w(O)H<V(”T“)
—( —mxv o)
\% , \%
—H (ﬁ)(l - €°)f p(a)m(a )(mft(a;l) - ﬂ)d
V(l‘) V()

—H'( = )(— - D _Es)f pl@)m(a)da.
|4 0
Noticing that fow pla)ym(a)da = cV,

V(t)T(t) V(t)T( )

$(0)H( )+ ¥(0)H(

) =BVIOT (1) - VT)
~BVT(In V(1T (1) — In VT),
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and some simple calculation to ¢’(a), ¥’(a), then V’(¥(¢)) becomes

, BT
V'(¥(1) =d(T - T(t))(l—m)—m(VT V(T (1)

—BVT(n V(OT(1) - In VT)
f«»()H(’(’ da +f v (@HE D4

(@)
ALy (@)(1_6) f p(aym(a) ™) —@ma
Vv m(a)
T() T
+ﬁVTH(Vft)> : o e f plaaH == g
_H'(@)a_ &) f p@)m(a )(V(’_”Q?’_“) V(’)>d
o T
V(t) Vit —-a)T(t—a)
*fO[H(v) e
H,(V@)(va _ 43;0 0 Vér))](l _ es)s%_ﬁxa)m(a) .

Basedon —In(1/x) —x+ 1 <0and H(b) — H(a) + (a — b)H'(b) < 0, it is derived that
V'(¥P@)) <0.

Obviously, V'(P(¢)) = 0 implies W = E*. LaSalle’s Invariance Principle tells us that the largest
invariant set satisfying V'(W(¢)) = 0 is {E*}. In that Ay is compact, @ and w-limit sets are compact,
invariant, non-empty and attract ‘\P(¢) as t — +oo, respectively. V'(*P(¢)) < 0, as a consequence, V = 0
on w and a-limit sets that includes only E*. Therefore, WY(r) — E* ast — +oo, that is,

V(¥(1)) » V(E™) as t — %oo0.

Due to
Aim V@) < V(F(@) < lim V(F(@D),

V(¥(r)) = V(E¥) for any ¢ € R meaning Y(r) = E*. Then, Ay is E” in reality, linked to the local

asymptotical stability of Ay of Theorem 2 (Theorem 2.39 in [16]), consequently, E* is globally
asymptotically stable.

8. Numerical simulation

In this part, we choose a set of parameters to display the theoretical part above. s = 1.3 x 10*
cellsymL, d = 1 day™, 8 = 5 x 107 mL day~! virion™!, ¢ = 223 day!, ¢, = 0.5, ¢, = 0.01, k = 4
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and p(a), 6(a), u (a), a(a) are seen as constants p = 2 day™!, 6§ = 0.3 day !, u = 1 day™ !, @ = 7
day~'. Calculations gives that R = 0.1164 < 1, s/d = 1.3 x 10* and F(a) = 0.5853 + 0.4147¢7%%¢,
Transfer (3.3) into an ODE system by discretizing a and MATLAB ODE solver provides the solutions
in Figure 1. At this time, the equilibrium (s/d, 0, 7(a), 0) of (3.3) corresponding to E, in system (3.4)
is globally asymptotically stable, where 7(a) = ~2

w(a)”

(© (@)
Figure 1. (a) & (b): Wave plots of 7(¢) and V(¢). (c) & (d): Surfaces of i(¢, a) and r(¢, a).
The infection-free equilibrium (s/d, 0, 7(a), 0) is globally asymptotically stable. Infected
cells and virus tends to zero in large time from the figure.

Setting 8 = 5 x 107 mL day™! virion™! and unchanged other parameters leads to R = 1.1641 >

1, T =1.188 x 10%, i(a) = 1.8322 x 10%™%, #(a) = 0.5853 + 0.4147¢7>%% Vv = 189. Considering
the case of model (3.3) without therapy, i.e., ¢, = € = 0 and x = 1, we have R = 4.2986 > 1
under the parameters above. At this time, there exists an infected equilibrium (7, i(a), #(a), V), where
T =3.0242 x 10°, i(a) = 9.9758 x 10°e™%3, #a) = 2.3333 — 1.3333¢73, V = 6.5972 x 10°. In order
to observe the effect of treatment, we choose (T, i(a), #(a), V) as the initial value in our simulation.
According to both the theory above and Figure 2, we obtain a globally asymptotically stable infected
equilibrium (T, i(a), #(a), V) of (3.3). Also, it is clear that the quantity of HCV RNA, viruses and
infected cells are all decreasing, and the treatment is effective.
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Figure 2. (a) & (b): Wave plots of 7'(¢) and V(¢). (c) & (d): Surfaces of i(t, @) and r(z, a). The
infected equilibrium (7', i(a), #(a), V) is globally asymptotically stable. The state variable
of (3.3) goes to (T, i(a), #(a), V) in large time from the figure.

9. Conclusions

In the present paper, the global stability of an age-dependent HCV model under the treatment with
multiscale structure is explored. Two equilibria including infection-free E, and infected ones E* of
this model are obtained initially for the deformed model (3.4). Subsequently, we define a quantity
R to separate the existence of infected equilibrium or not. Provided that R < 1, Ej is locally and
globally asymptotically stable by means of the eigenvalue analysis and Volterra integral formulation.
Furthermore, the existence, uniqueness and positivity of solutions of (3.4) are able to be proved, based
on that we construct a Lyapunov functional declaring the globally asymptotical stability of infected
equilibrium E* under therapy.

Our results demonstrate that virus is extinct with R < 1, on the contrary, it continues to exist with
R > 1. However, from the numerical simulation, it can be seen that the amount of virus significantly
reduces after the treatment.
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