' % MBE, 18(1): 643-672.

AIMS DOI: 10.3934/mbe.2021035

@ Received: 16 August 2020

Accepted: 01 December 2020
http://www.aimspress.com/journal/ MBE Published: 15 December 2020

Research article

Global dynamics of an SI epidemic model with nonlinear incidence rate,
feedback controls and time delays

Ke Guo and Wanbiao Ma*

School of Mathematics and Physics, University of Science and Technology Beijing, Beijing100083,
China

* Correspondence: Email: wanbiao_ma@ustb.edu.cn.
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1. Introduction

Infectious diseases (such as influenza, malaria, cholera, tuberculosis, hepatitis, AIDS, etc) have
always seriously threatened humans’ life and health. With in-depth understanding of infectious
diseases, scientists have been continuing to explore effective methods to prevent and control the
outbreaks of various infectious diseases. It is well known that mathematical models have played very
important roles in analysis of control strategies for disease transmission [1-10].

When studying the long-term evolutionary behavior of an ecological system, as pointed in [11], the
equilibrium of biological system may not be the desirable one, and smaller value is required. This can
be achieved by introducing suitable feedback control variable. The feedback control mechanism might
be implemented through harvesting or culling procedures or certain biological control schemes [12]. In
addition, in a control system, the time delay factor generally exists in the signal transmission process.
Thus, feedback control with coupled time delay may have better biological significance [12] and has
been extensively introduced into some important population ecological systems (see, for example,
[13-16] and the references cited therein).

In recent years, feedback control has also been successfully applied to some infectious disease
dynamical systems. For example, in [17], the authors considered the following SI epidemic model
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with two feedback control variables:

S(1) =S ()(r — aS (1) — bI(1) — ciuy (1)),
1(t) =1()(bS (1) — p = fI(1) — coux(D)),

(1) = —equs () + diS (o),

(1) = — eur(t) + dol(2).

(1.1)

In model (1.1), the state variables S (¢) and I(¢) represent the numbers of susceptibles and infectives
at time ¢, respectively; u;(#) and u,(t) are feedback control variables. The number of susceptibles
grows according to the regulation of a logistic curve with the capacity r/a (r > 0, a > 0) and a constant
recruitment rate r; the constant b > 0 is the transmission rate when susceptibles contact with infectives;
the constants u > 0 and f > 0 are the death rates of the infectives with respect to single and mutiple of
infectives, respectively; the constants ¢; > 0, ¢, > 0,d; > 0,d, > 0, e; > 0 and e, > 0 are the feedback
control parameters. By constructing suitable Lyapunov functions, the authors established threshold
dynamics of model (1.1) completely determined by the threshold parameter y, = (br — aw)e,/(c1di ).
The results in [17] indicate that, by appropriately choosing feedback control parameters, it can make
the disease infection endemic or extinct. In [18], the author considered a two-group SI epidemic model
with feedback control only in the susceptible individuals, and showed that the disease outbreaks can
be controlled by adjusting feedback control parameters. In addition, in [19], the authors further extend
model (1.1) to the case of patchy environment.

Since the authors of [20] have introduced a nonlinear incidence rate g(/)S into classic
Kermack-McKendrick SIR model, nonlinear incidence rate has been further introduced into more
general SIR/SIRS epidemic models with time delays or infection age etc (see, for example, [21-27]
and the references cited therein). Usually, the function g(/) takes the following two types: (i)
saturated, such as g(I) = bI/(1 + kI), or g(I) = bI*/(1 + kI?); (ii) unimodal, such as
g(I) = bI/(1 + kI?), here k > 0 is constant. In biology, bl or bI> measures the infection force of the
disease, 1/(1 + kI) or 1/(1 + kI?) measures the inhibition effect from the behavioral change of the
susceptible individuals when their number increases or from the crowding effect of the infective
individuals [21,22].

Recently, in [28], the authors further extended model (1.1) to the following more general case with
the saturated incidence rate bS 1/(1 + kI) and feedback controls:

) bl
$(1) =5 () (r —aS () - T,ﬁ?@) - clul(t)),

. bS (1)

I(r) =I(1) (Tk](t) —u—fI) - Czuz(l)) ; (1.2)
(1) = —equ (1) + diS (1),
ix (1) = — eur (1) + dyr (1),

and some sufficient conditions for global asymptotic stability of the disease-free equilibrium and the
endemic equilibrium of model (1.2) are established by the method of Lyapunov functions. In addition,
the authors also considered permanence and existence of almost periodic solutions for a class of non-
autonomous system based on model (1.2).
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Motivated by the above works and model (1.2), we further consider the following SI epidemic
model with saturated incidence rate, two feedback control variables and four time delays:

) bl
S =S () (r ~aS () - ,E?(t) — et - n)),

. bS

i =10 ( - k(zt) = IO - coun(t Tz)) , (13)
(1) =—eu(t) +d\S(t —13),
ip (1) = — equ(t) + dod(t — 74).

The biological significance of all the parameters of model (1.3) are the same as in model (1.2) except
time delays 7; > 0 (i = 1,2,3,4). In model (1.3), u;(#) and u,(t) are introduced as control variables.
Usually, there always exist time delays in the transmission of information. Therefore, 7; and 7, can be
understood as the result of transmission of information, and while 75 and 74 represent usual feedback
control delays.

The purpose in this paper focuses on global dynamics of the equilibria of model (1.3) by
constructing appropriate Lyapunov functionals, and our results further extend and improve works
in [17,28].

The rest of the paper is organized as follows. In Section 2, we provide some preliminary results,
including the well-posedness and dissipativeness of the solutions of model (1.3), the expression of the
basic reproduction number and the classification of the equilibria of model (1.3). In Sections 3 and 4,
we establish some sufficient conditions for global asymptotic stability and global attractivity of the
disease-free equilibrium and the endemic equilibrium of model (1.3), which are the main results of this
paper. In the last section, the conclusions and some numerical simulations are given.

2. Preliminary results

2.1. The well-posedness and dissipativeness

Let C* = C([-7,0],R%) be the Banach space of continuous functions mapping the interval [, 0]
into R‘}r equipped with the supremum norm, where 7 = max{r, 75,73, 74}. The initial condition of
model (1.3) is given as follows,

S(6) = ¢1(6), 1(0) = ¢2(6), ui(6) = $3(0), u2(0) = ¢4(6), 6 € [-7,0], 2.1)

where ¢ = (‘pl(e)a ¢2(0)7 ¢3(0), ¢4(0)) € C+'
By using the standard theory of delay differential equations (DDEs) (see, for example, [29-31]), we
can easily establish the following result.

Theorem 2.1. The solution (S (1), 1(t),u,(t), u,(t)) of model (1.3) with the initial condition (2.1) is
existent, unique and nonnegative on [0, ), and satisfies

b d bd
limsupS(H) < =, limsupI(r) < 22, limsupu () < "2, limsupur(d) < 2. (2.2)
af ae afe,

r
f—+00 a t—+00 t—+00 1 t—+00

Moreover, the following bounded set

r rb rd rbd
Q:= {¢ eC: gl < =, lidall < —., ligsll < —, ligull < 2}
a af ae; afe,
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is positively invariant with respect to model (1.3).

Proof. 1t is not difficult to show that the solution (S (¢), 1(¢), u,(t), u,(¢)) of model (1.3) with the initial
condition (2.1) is existent, unique and nonnegative on [0, o). Let us consider ultimate boundedness of
model (1.3). According to the first equation of model (1.3), we have that for 7 > 0,

S < SO —aS ), (2.3)

which implies limsup, ., S(7) < Z. For any sufficiently small &£ > 0, there exists a't > 0 such that
S <Z+eforr> 1. Further, according to the second equation of model (1.3), we have for ¢ > 7,

i) < 1) [b (2 ; e) - fl(t)],

which implies

) rb b
limsup I(¢) < ZC + ]—(8. 2.4)

—+00

Since inequality (2.4) holds for arbitrary € > 0, we obtain limsup,_,, . I (t) < ’b . Similarly, according

to the last two equations of model (1.3), we can obtain lim sup,_,, ., u;(¢) < =+ hm Sup,_, o Ua(t) < Z’fg

Let (S(2),1(t),u;(t),u(tr)) be the solution of model (1.3) Wlth the initial function
¢ = (¢1,¢2, 3, ¢4) € Q. Fort >0, we have S(¢) < S(¢) (r — aS (¢)), which implies that for 7 > 0,
S < -¢1( ) < f,
$1(0) + [5 — ¢1(0)]e™
where ¢1(0) < £ is used. Further combining the second equation of model (1.3), for z > 0, we
have I(¢) < I (t)(% — fI(¢)), which implies that for ¢ > 0,

ﬁ¢2(0) rb
$2(0) + [ — o (0)]e 5" ~ = af

I(r) <

where ¢,(0) < % is used. Thus, for # > 0, we have ii;(f) < ™ — e ui(¢), (r) < ’bd2 — eyur(1). This
implies that for > 0,

rd, d d rbd, bd bd
() < 0+ | 43(0) - ’"—‘] < T ) < 22 4 6400 - 2] el < 2
ae ae afer afer le e’
where ¢3(0) < Zii and ¢4(0) < Z?‘Z are used. Hence, it has that € is positively invariant with respect to
model (1.3).
The proof is completed. O

2.2. The basic reproduction number and the equilibria
Obviously, model (1.3) always has a trivial equilibrium E = (0,0,0,0) and a disease-free
equilibrium Ey = (S 0.0, u(l), 0), where

0 re; 0 rd)

_ = —
ae; +dc; ! ae; +dc;
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Then, by the methods in [32,33], we can derive the expression of the basic reproduction number of
model (1.3) as follows. First we define matrices F and V as

bS® 0 g 0
=% o) -4 o)

Then the basic reproduction number Ry is defined as the spectral radius of FV~!. Therefore,

bS° B bre;
ulaey +dicy)

Ry := p(FV™!) =

Suppose (S, I, u;, uy) is an endemic equilibrium (positive equilibrium) of model (1.3), where S > 0,
I >0, u; >0, u, >0 satisfy the following equations

bl
r—as —m—clul —O,
bS
—e1l +d15 =0,

—esir, +drI = 0.
From Eq (2.5), it is not difficult to obtain the following relationships

_ dg d] S € ( bl )

= — 2.6
() 4] ae; +djc : 1+ kI ( )

Through Eq (2.6) and combining the second equation of Eq (2.5), we can obtain that / satisfies the
following equation,

be, bl d>rcy
F() = - —u - — |1 =0.
D= e T diend + kD) (r 1+k1) K (f+ e )

According to Eq (2.6), in order to ensure that S > 0, we need to consider the following two cases:
()rk<b, 0<I<;L =T,

() rk>b, 1>0.

Clearly, for both case (i) and case (ii), we have that

. be k bl b*e drcr
F(l) = - - - —|f+— ) <0
@ (aey + dycy)(1 + kI)? (r 1+ kl) (ae; +dyc)(1 + kI (f ’ € )

Hence, F(I) is monotonically decreasing with respect to I and

lim F() = —27¢!

— —u=uRy-1).
Jim we v die u=uRy—1)

If Ry < 1, then lim;_,o+ F(I) < 0 and F(I) = 0 has no positive roots. If Ry > 1, then lim,;_,o+ F(I) > 0.
For case (i), we have that

lim F(I) = —u — (f+ &)7< 0.

2
I-1I- €
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For case (ii), we have that

( rbe e, ) rbe, _( N dzcz) rbe e, _0
(aey +dici)(fe, +dycr)) ae; +dic ey | (aey +dic))(fer + dacr)

Therefore, for cases (i) and (ii), F'(/) = 0 has a unique positive root I = I* if Ry > 1.
From the above discussions, we have the following result.

Theorem 2.2. The following statements are true.

(i) Model (1.3) always has a trivial equilibrium E =(0,0,0,0).

(ii) Model (1.3) always has a disease-free equilibrium Ey = (S°,0, u?, 0).

(iii) Only for Ry > 1, model (1.3) has a unique endemic equilibrium E* = (S*,I", u}, u5), where

€1 br* dl dz
S = ——|r- , up=—S8% wu=-—I,
ae; +dc; ( 1+ kl*) ! 2] 2 e

and I is the unique positive root of the equation F(I) = 0.

Remak 2.1. In fact, the classifications of the equilibria of models (1.2) and (1.3) are exactly the same
for any t; > 0. Clearly, comparing with the reference [28], our Theorem 2.2 gives more complete
classification of the equilibria of model (1.2) and clearer expression of the basic reproduction number
Ry.

3. Global stability of the disease-free equilibrium
Let E = (S,1,u;, ) be any equilibrium of model (1.3). In order to investigate local stability of the

equilibrium E, we easily have that the characteristic equation of the corresponding linearized system
of model (1.3) at E is given by

< bl — bS QAT
/1—(r—2aS _Tki_clul) Tair c1Se™ 0
bl bS 53 - 7,-At
T A= ((1+k7)2 —H-2f1- 02”2) 0 ale™ o @
—d, A 0 A+ e 0
0 ~dye '™ 0 A+e
At the trivial equilibrium E = (0,0,0,0), the characteristic Eq (3.1) becomes
A=A+ pA+e)(d+e)=0,
which has a positive real root A = r. Hence, E is unstable for any7; >0(=1,2,3,4).
At the disease-free equilibrium E, = (S°,0, u?, 0), the characteristic Eq (3.1) becomes
A+ pu—=bS")A + e)[A* + (aS° + e+ ae;S° + dyc; ST+ = 0. (3.2)

It is clear that Eq (3.2) has two real roots 4, = —e; < 0and A, = —u+bS O = u(Ry—1). Obviously, when
Ry > 1, Eq (3.2) has a positive real root A, > 0, and hence, E| is unstable for any 7; > 0 (i = 1,2, 3,4).
When R < 1, then 4, < 0. When Ry = 1, then 4, = 0 is a simple root of Eq (3.2).
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Let
Fi(A,11,713) = 22+ (@S° + e)A + ae;S° + djc; S e+ = . (3.3)

The distribution of the roots of Eq (3.3) in the complex plane has been discussed in detail in [30,31,34].
Therefore, we have the following conclusions.

Lemma 3.1. The following statements are true.
(i) If dici < aey, then all the roots of Eq (3.3) have negative real parts.
(ii) If dicy > aey, then all the roots of Eq (3.3) have negative real parts for T| + 13 < 7?3, and Eq (3.3)
has at least one root which has positive real part for T + 13 > 7(1)3, where

0 1

T3 = — arccos[

w?* —ae;S°
w b

d1C1SO

—|@s®? + 3| + \/ [(a$0)2 + &2 — 4(SO(aer + dicy)(aey - dc1) 2
5 .

According to the discussions above and Lemma 3.1, it follows from stability theory and Hopf
bifurcation theorem for DDEs (see, for example, [29-31]) that the following results hold.

Theorem 3.1. The trivial equilibrium E of model (1.3) is unstable for any t; > 0 (i = 1,2,3,4).

Theorem 3.2. For any 7, > 0 and 14 > 0, the following statements are true.

(i) If Ry > 1, then the disease-free equilibrium E is unstable for any Ty > 0 and 753 > 0.

(ii) Assume that d\c, < ae,. If Ry < 1, then the disease-free equilibrium E is locally asymptotically
stable for any T > 0 and t3 > 0; If Ry = 1, then the disease-free equilibrium E, is linearly stable for
any Ty > 0and t;3 > 0.

(iii) Assume that dicy > ae;. If Ry < 1, then the disease-free equilibrium E is locally asymptotically
stable for T + 13 < 7?3, and is unstable for T; + 13 > 7‘1)3. Moreover, model (1.3) undergoes a Hopf
bifurcation at the disease-free equilibrium Ey when 1 + 73 = 7?3.

Remak 3.1. Theorem 3.2 indicates that time delays T, and 14 do not affect local asymptotic stability
of the disease-free equilibrium E, and under the condition of dic; < aey, time delays v, and 75 also
do not affect local asymptotic stability of Ey. But under the condition dic, > ae,, for larger time delay
T or T3, stability of Ey will be lost.

In the following discussions, we establish some sufficient conditions for global asymptotic stability
of the disease-free equilibrium E|.

Theorem 3.3. Assume that dic; < aey. Forany t; > 0 (i = 1,2,3,4), the following statements are
true.

(i) If Ry < 1, then the disease-free equilibrium E is globally asymptotically stable in Q; = {¢ € Q :
¢1(0) > 0}.

(ii) If Ry = 1, then the disease-free equilibrium E is globally attractive in ).

Proof. First, it is easy to show that the set Q; is positively invariant for model (1.3). If Ry < 1, by
Theorem 3.2, we only need to show that the disease-free equilibrium Ej, is globally attractive.
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Define a Lyapunov functional L; on €, as follows,

0 0
Li=Vi+ s f (@16 - 57de + St f (63(8) — W),

where

(0)
Vi =610 = 5" = 5"1n 42 4 42000 + T (03(0) )’
I_tis clear that L, is continuous on ; and satisfies the condition (11) of Lemma 3.1 in [35] on 0Q; =
Q\ Q.

Calculating the derivative of L; along any solution (S (), I(#), u,(2), u»(¢)) of model (1.3), it follows
that, for ¢ > 0,

dL dV
d—; =d—; —(S(r) §0? - —(S(t—Ts)—S )? +2_dl(u1(t)_u1) - 2—dl<u1(r—n> W02, (3.4)
where
dV bl
avy _(S (t) — 0) [a(SO -S(@) - — ]2)0) + cl(u? —u(t— Tl))]

bS
+ 1) [ O 1) - count - m]

1+ kI(2)
+ 200 = udl=e (0 = ) + di(S (1 = 75) = 5] G-
0
=—a(s(n -5 - [u T rm | 1O~ PO — el ult ~72) - —( (0 = u)y’

+c1(S (1) = SO = ur(t = 71)) + 1w (8) = u))(S (1 = 73) = §°),

here r = aS° + cju? and e;u® = d,8° are used. Using the following inequality of arithmetic and
geometric means,

Ay = er(S(0) = SO = ur(t = 71) + er(un (1) = u))(S (1 = 73) = §°)

d
< ‘/alcl [a(S(t) SO + 2—dl(u1(t n)—u?)2+g(5(t—73)—50)2 Z—dI(ul(t)—ul)

we further have that

dL d
d—tls—g(l— N lC‘)[(S(r) SO +(S(t —13) — S

b§> I(f I(t I1(Duy(t 3.6
_'u_1+k1(t) () = fI°(t) — col(Dus(t — 72) (3.6)

d
_ 621_2(1 - /al:llJ[(ul(t)—ul) +(u1(t—7'1)—u1)]

Note that, if Ry < 1, we have that

bS"° [ — bSO+ ukl(r) B
_l_l+kl(t)]1(t)__[ 1+ k() ]I(t)__

pd = Ro) _pkl(@)
L+kI(t) 1+ kl(t)

]I(t) <0. (3.7)
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Assume that dic; < ae; and Ry < 1. By inequalities (3.6) and (3.7), we can obtain that % < 0 for
t > 0. Let M be the largest invariant set in the following set G:

— L
GI={¢€Ql 1 L <ooandd—1:0}.
dt
Then, it follows from inequalities (3.6) and (3.7) that

GclpeQr: ¢1(0) =S5 $0) =0, $30) = uf}.

We can easily have from model (1.3) and the invariance of M that M = {E,}. Therefore, it follows
from Lemma 3.1 in [35] that the disease-free equilibrium E|, is globally attractive.

Assume that dic; = ae; and Ry < 1. In this case, it is not easy to conclude that the largest invariant
set M is the singleton {E(}. Hence, it is necessary to analyze Eq (3.4).

Note that
- g(sm — 502 - 3—;@1@ —1) =02 + i (S (1) = SO — uy(t — 1)
1
— 2_e1 (S(t) -SV+ d—l(ul(t—ﬁ) — ul)) ,
- §<S<r —13) = SO - Czl—;wl(z) — U + 1y (D) — XS (1 - 15) — §°)
1
dic 0o €1 0 ?
= — 2—61(S(I—T3)—S - Z(ul(t)—ul))
_ dlcl el 2
= — 2_81 (S(t — T3) — d—lul(t)) .

Hence, Eq (3.4) can be rewritten as

dL,  d ’ ’
d_tl =— 217011 l(S(t) -S04 %(ul(t— 7)) — u?)) + (S(t— 73) = %Ml(t)) l

(3.8)
. [u(l ~Ro) | _pkI(®)

2
L+kl(t) 1+ kl(t)l 1(t) = fI2(1) — cal(Dua(t — 12).

dLy

By inequality (3.7) and Eq (3.8), we can obtain that ==

set in the following set G:

< 0 forz > 0. Let M, be the largest invariant

— dL
Gy I:{¢€Q11 L1<ooandd—t1:0}.

Then, it follows from Eq (3.8) that

€1

G C {¢ €Q: ¢1(0)+ f71¢3(—T1) =S+ d_u(l)’ $1(-13) — :%%(0) =0, $(0) = 0}-
! i |

For any ¢ = (¢1, 2, 03, 04) € My, let (S (1), I(t), u (1), u>(t)) be the solution of model (1.3) with the
initial function ¢. From the invariance of M, we have that (S, I,, uy,, us,) € My C G, for any t € R.
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Obviously, /() = 0 for any ¢ € R, and then from the fourth equation of model (1.3) and the invariance
of My, it is not difficult to obtain u,(¢) = 0 for any r € R. In addition, according to the first and third
equations of model (1.3), we can obtain, for any 7 € R,

$(0) = SW(r—aS @) -yt =) = SO r - %sm —cun(t-1)| =0,
1

I;tl(l') = —elul(t) + d]S(Z - T3) =0.

Thus, there exist constants d; and d, such that S (¢) = 6; and u,(¢) = 9, for any ¢ € R. It is not difficult
to find that §; and ¢, satisfy
(4] 0 €1 o €1
01+ —0,=8S"+—u;,, 6,——06,=0,
1 d; 2 d; 1221 1 4, 2

which imply that 6; = S° and 6, = u{. Hence, S(r) = S® and u;(¢) = u? for any 7 € R. This shows that
M, = {Ey}. Then, it follows from Lemma 3.1 in [35] that the disease-free equilibrium E; is globally
attractive.

The proof is completed. O

Remak 3.2. Note the conclusion (ii) of Theorem 3.2, where we see that Theorem 3.3 gives complete
conclusion of the global dynamics of the disease-free equilibrium E in the case of d\c, < ae.

Now, we continue to discuss global dynamics of the disease-free equilibrium Ej in the absence of
condition dyc; < ae;. The following lemmas will be used.

Lemma 3.2. (Barbalat’s lemma [36, 37]) Let x(t) be a real valued differentiable function defined on
some half line [a, +0), a € (—o0, +00). If

(i) lim,_ 0 x(¢) = @; || < oo.

(ii) x(t) is uniformly continuous for t > a.

Then lim,_, ., x(t) = 0.

Lemma 3.3. Let (S(2), I(?), u\(t), ux(t)) be any solution of model (1.3) with the initial condition (2.1),
then the following statements are true.

(i) If rb < au (which implies Ry < 1), then lim,_, ., I(t) = 0, lim,_, o, up(¢) = 0.

(ii) If rb > au, then limsup,_, . I(t) < Iy, where

kit £ +4 fl (2 )~ (k
~ (ku+f)>+4fk(Z, /1)(#+f)>0, k>0,
Iy = 2fk
rb—au k=0
af -

Proof. By inequality (2.2), for arbitrary & > 0, there exists a T > 0 such that S(7) < Z- + e fort > T.
Then, it follows from the second equation of model (1.3) that, for ¢ > T,

b~ + &)
1+ kI(D)
1(1)

- i [fkﬂ(r) T (uk + PIG) — b (2 n g) ; u] .

I(n) < I(t)( —p- fl(t))

(3.9)
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If rb < ap, by inequality (3.9), it follows that, forz > T,

It < -

which implies

1(?)
1 +kI(r)

[(uk + HI@) - be]

limsup I(?) < .
t—>+oop ( ) ,Uk + f

(3.10)

Since I(¢) > 0 and inequality (3.10) holds for arbitrary € > 0, we obtain that lim,_,, ., I(f) = 0. Further,

according to the last equation of model (1.3), lim,_, ., u>(¢) = 0 can be easily obtained.

If rb > au, it follows from inequality (3.9) that, for > T,

I(r) < {

where

~(uk + 1) = \J(k + )2+ AFkCE + be — g

—L55 U0 - L)) - L(e)), k>0,
—fU(1) - L(e)), k=0.

Ii(e) =

2fk

b(r+age)—au

(k4 )+ (ke+ >+ R +be—p)
>0
L(e) =

af
Similarly, it follows that

limsup I(¢) < I(g), and limsup I(?) < I,(0) = .

[—+00

The proof is completed.

For convenience, let us give the following conditions (H,), (H,) and (H3):

(Hy)

(H>)

(H3)

We can obtain the following result.

k>0,
k=0.

2fk ’

t—+0o

ci(ey +2d1 cr
%‘ﬁ +—713<a.

2
%Tl + é(a +b+ 213 < :71.
rclb

2—aT3 < f+,uk

<0, k>0

(3.11)

Theorem 3.4. Assume that Ry < 1. For any 1, > 0 and 74 > 0, the following statements are true.
(i) If rb < au and conditions (H,)—(H,) hold, then the disease-free equilibrium E is globally attractive

in X, := {¢ eC*: ¢1(0) > O}

(ii) If rb > au and conditions (H,)—(H3) hold, then the disease-free equilibrium E is globally attractive

in Xl.

Proof. It is easy to show that X; is positively invariant for model (1.3). Let (S (¢), I(t), u;(t), u»(¢)) be
the solution of model (1.3) with any initial function ¢ € X,. By inequality (2.2), for any sufficiently
small gy > 0, there exists a t; > 0 such that § (1) < = + &9 = § (&) for 1 > 1.
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We continue to analyze % given by Eq (3.5). From Eq (3.5) and inequality (3.7), we have that, for
t>0,

avy _ o MO =Ro) o pk 5o
ar - ASO=S5 -y O T @O G12)
- calWus(t = 72) = S (0 — ) + A,
1

Note that, for r > 7; + 73, A; can be rewritten as
Ay =ci(S@) = SOwi(t) — ui(t — 1)) + c1(ui () = u))(S (t — 13) = S (1)) 1= Ay + As,
where
Ay =c1(S (1) = SO () — uy(t = 11)) = c1(S (1) = S°) f i (§)dé
=c1(S(@) - So)f (—e1(ui (&) — u)) + di(S (€ — 13) — S))d¢,
Az =ci(ui (D) — u))(S @t = 13) = S@) = —c1(ui (1) — M?)f S(&)dé

! bl
=—Cl(ul(t)—u?)ft_ﬁS(f)(a(So—S(f))— 1+]§z§) + o1 () — (€ = 1)) | dé.

In addition, for r > 7; + 73, we have

As s% (S (1) = SO + (uy (&) — u)?)de
D (0 - 80P + (5 - - ") (3.13)
D50 - 5+ B [ @@ - drde+ B[ @ - - 50

Similarly, for ¢ > t; + 7, + 73, we have

bI(£)

TYGH cilu = w (€ = T))dé

Az <c1S (eo)lun (1) — ud| f (@S’ - S @)+

s“aSZ(SO) () = u))* + (S" = S (©)))dé

c1bS (g9) ! 02 12(§)
M R R e 727

29 !
e f (1) = 1)) + ) = wr (€ = 7)))dé

2015(80)

3

(3.14)

—+

(a+b+c)rs(u(t) — ud)* + @ (S0 - S(&)*dé

—73

c1bS (&) 4 [2(5) C%S (&) (" . .
YT )L @Rt T2 f - =Ty,
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here S (¥) < S(gp) for ¢ > 1, is used. For t > #; + 7| + 73, let us define the following function L,,

where V is defined as in the proof of Theorem 3.3,

VZ:MI f (5@ - 5°) dedo,

_ah f f S@E-13)-5°) dédo + C“Q“ f NGENSFS

C1bS(80) ) ce
v=se [ f T+ ki@p e 1= f [ e deae

2 2
Ve = 152(‘90) f f (& = 1) - u0)ddd + 2( U f (u1(&) — u))é.
1-7T3 6 =7

For t > t; + 7| + 73, we calculate the derivatives of V; (i = 2,--- , 6) as follows,

dcxz _ C1£152'(80) [T3(S(t) _ 50 _f (S(&) - SO)de] ’ (3.15)
% = Cldl[ (S ()-8 - f (S(f—ra)—SO)zdf], (3.16)
dV4 _ Cle(So) Iz(t) ' Iz(é:)
a2 [73(1 T KID)? ft_ﬁ a1+ kl(g))zdg] G.19
ddl; - a4 [Tl(ul(t) —uly’ - f (&) = u°>2d§] (3-18)
dVs 1S
£e=2 2(80) E ORI f <u1<§—n>—u?>2df]- 319
Combining (3.12)—(3.19), for t > #; + 71 + 73, we finally have
dL, dV | _alen+2d) a8 (&) _Qq0y2
— = oS [a > T 5 T3] S@®H-5)
ll(1 - Rp) c1bS (&o) (1)
B kI( Y Ot T S k) (3.20)
200 _
T kI(t) P(0) = fIX(t) — ol (Bua(t — 12)
S
_ [661:1 - 612617'1 _a 2(80) (a+b+ 2c1)73] (ul(t) — u(l))z .

Let us show global attractivity of the disease-free equilibrium Ej in the following two cases.
Case (i) rb < au (which implies Ry < 1) and (H;)-(H>) hold.
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From conditions (H;)—(H,), it has that, for sufficiently small &y > 0, the inequalities
C1(€1 +2d1) ClaS(Eo)
a-— T —
2 : 2
e el S(go)
d 2" 2
hold. Furthermore, from Lemma 3.3, we have that lim,_,, /() = 0 and lim,_,, u5(¢#) = 0. Thus, there
exists a t, > 0 such that, for ¢ > ¢,

73> 0,
(3.21)

(a+b+2c)r3>0

udc
bS Ity < ———.
c1bS (&9)731(1) dertdic
In addition, note that
| —Ry=1- bre; _ u(aey +dycy) — bre; > dic ,
u(aey +dcy) u(aey +dcy) aey +d;c

from which we have that, for ¢ > 1,,
_ u(1 = Ry) c1bS (o) (1)

Ayi=———I(¢
4 1+ kI(t) O+ 2 O (1 + kI(1))?
1(?) udicy c1bS (&9)
— — 1(t 3.22
T 14kl |ae; +dic 2 7l) ( )
<_ udic 1(2) <0.
2(aey +dicy) 1 + kI(¢)

Hence, it follows from inequalities (3.20)—(3.22) that ‘% <0 fort>T := max{t; + 7| + 73,5}

This indicates that, for ¢t > 7, the function L,(¢) is monotonically decreasing and bounded. Thus, the
limitation lim,_, ., L,(¢) exists.

In addition, by Theorem 2.1, it is not difficult to show that, for r > T the second derivative L7 (r)
is also bounded. This implies that L (¢) is uniformly continuous for 7 > T. Therefore, it follows from
Lemma 3.1 that lim,_,., L(f) = 0. Again from inequalities (3.20)—(3.22), it follows that
limS(t) = S°, lim u, (1) = ul.

=00
This shows that the disease-free equilibrium E is globally attractive.
Case (i) rb > au and (H;)—(H3) hold.
Similarly, from condition (H3), we have that the inequality
c1bS (&y)
2
holds for sufficiently small gy > 0. From Lemma 3.3, there exists a t3 > 0 such that I(¢) < I, + &, for
t > t3. Then, we have that, for ¢ > 3,
_c1bS (g) I’(f) wk
T2 CU+k0?  1+k0)
__ I
T (L+ k(D))
(@)
= (1 + k(g + &0))

T3 < f+ uk (3.23)

As () - I

c1bS (80)7'3]

F+KI() + pk(1 + kI(2)) — (3.24)

2

f+ uk

c1bS (gy)
_T] <0,
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Hence, by inequalities (3.20), (3.21) and (3.24), we can also obtain ‘% <Ofort>T :=max{t; + 71 +
73, 13}. By the same arguments as in Case (i), we can obtain
limS(H) =S° limI(t) =0, limu(t) = u).
t—00 t—o00 t—0o0
Furthermore, from the last equation of model (1.3), we can easily have lim,_,, u,(f) = 0. This shows
that the disease-free equilibrium E| is globally attractive.
The proof is completed. O

From Theorems 3.2 and 3.4, we have the following two corollaries.

Corollary 3.1. Assume that Ry < 1, dicy > ae; and 7 + 13 < 7?3. For any t; > 0 and 14 > 0, the
following statements are true.

(i) If rb < au and conditions (H,) — (H,) hold, then the disease-free equilibrium E, is globally
asymptotically stable in X.

(ii) If rb > au and conditions (H,) — (H3) hold, then the disease-free equilibrium E is globally
asymptotically stable in X,.

Corollary 3.2. Assume that Ry < 1 and 71 = 73 = 0. For any 7, > 0 and 74 > 0, then the disease-free
equilibrium E is globally asymptotically stable in X;.

Remak 3.3. If 7, =0 (i = 1,2, 3,4), then model (1.3) reduces into model (1.2). Clearly, Theorems 3.2,
3.3 and 3.4 extend and improve Theorem 1 in [28]. Further, if k = 0, model (1.2) becomes the model
discussed in [17]. Hence, Theorems 3.2, 3.3 and 3.4 also include Theorem 2.1 in [17] as a special
case.

4. Global stability of the endemic equilibrium

Theoretical analysis of the distribution of the characteristic roots of characteristic equation (3.1) at
the endemic equilibrium E* = (§*,I*, u}, u3) usually involves some complicated computations, since
there are four time delays 7; > 0 (i = 1,2, 3,4) in model (1.3). However, the numerical simulations
in Section 5 show that, each of time delays 7; (i = 1,2,3,4) can destroy stability of the endemic
equilibrium E* of model (1.3) by properly choosing parameters. Hence, it is natural to consider the
following two problems.

(i) Under what conditions, the time delays 7; > 0 (i = 1, 2, 3, 4) are harmless for global asymptotic
stability of the endemic equilibrium E* of model (1.3).

(i1)) Under what conditions, the time delays 7; > 0 (i = 1,2,3,4) may be harmful for global
asymptotic stability of the endemic equilibrium E* of model (1.3).

In this section, we study the above problems (i)—(ii) by constructing suitable Lyapunov functionals.

For convenience, let us denote the following conditions,

(Hy) 1= =13=74=0.

(Hs) dicy <ae;, 1120, 71320, 1, =14 =0.

(Ho) dycr < fer, 7020, 7420, 11 =73 =0.

(H7) dic) < aey, drcs < fer, 1120, 7> 0, 13 >0, 74 > 0.

For problem (i) above, we have the following result.

Mathematical Biosciences and Engineering Volume 18, Issue 1, 643-672.



658
Theorem 4.1. Assume that Ry > 1. If one of conditions (H,)—(H7) holds, then the endemic equilibrium
E* is globally asymptotically stable in X, := {¢p € C* : ¢;(0) >0, i = 1,2}.

Proof. 1t is easy to show that the set X, is positively invariant for model (1.3).
equilibrium of model (1.3), the following equalities hold,

Since E* is the

r—as T A =0,

bS*
_ _ I* _ o O,
Tear KT e

4.1)
—€1Lt>i< +d15* = 0,
- 8214; + dzl* =0.

Define a Lyapunov functional W; on X, as follows,

Wi =(1+ k) (¢1(0) - 5° —s*m""s—ﬂ‘” + 620 =T — ' 1n 2O

I*
1+ kI*
Cl( )

rg @O -+ 20—;2@4(0) — ).

It is clear that W, is continuous on X, and positive definite with respect to E*.

Calculating the derivative of W, along any solution (S (¢), I(), u;(t), u,(¢)) of model (1.3), it follows
that, for r > 0,

dw, i} . . bI bI(1) .
=KD - S )[a(S SO+ T~ T T OW w =)
[ bS() bS* bS* bS*
O -1 )[1 TR 1+ kIG)

1+kI(t) 1+kI*
+ f(I" = 1(2)) + c2(u; — us(t — 12))
1+ kI

+ cl(d—Jrl)(ul(t) —u)[—ei(ui (@) —u) +di (St —13)—SH)]
+ %(uz(r) — ) [—ex(us(t) — 11l) + (It — 74) - I')],

here Eq (4.1) is used. Note that

bl bI(t) bS (1) bS*
1+ kI" -5 - I(t)-TI" - =
L+ kS @ =S )(1+kl* 1+kl(t))+( ® )(1+kl(t) 1+kl(t)) ’
from which we have that, for r > O,

aw, e e bkS* .
7 a(l + kIS () —S7) [f + T+ k) + kI*)] I -TI) W)
- %f"”(um —u)? - Cé—f(uzm — )% + (1 + kI')Y +11,,
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where
Ty =c(S@) = SH)W) —ui(t —11) + i (St —713) = S)(ui (1) — uy),

Il = c2(I(1) = I")(uy — up(t — 12)) + 2(I(t — 74) = I")(uz(2) — ;).
We consider global asymptotic stability of the endemic equilibrium E* in the following four cases.
If condition (H,4) holds, it has that Yy = II; = 0 and % is negative definite with respect to E™.

Hence, the endemic equilibrium E* is globally asymptotically stable (see, for example, [29,30]).
If condition (Hs) holds, we have that IT; = 0. Let us consider another functional as follows,

1+kl* (° 1+kl* (°
Wy = w, + LD f (¢1<§)—S*>2d§+% f (65(©) — u; )\ de.

W, is continuous on X, positive definite with respect to E*, and satisfies condition (i1) of Lemma 3.1
in [35] on X, = X, \ Xo.

Calculating the derivative of W, along any solution (S (¢), I(), u;(¢), u,(¢)) of model (1.3), it follows
that, for # > 0,

dw, dw, N a(l +kI")

ik el (UCEL RGO ER Y

. 4.3)
clel(l + kI ) " "
g @ =) — G- - wy?].
By Eqgs (4.2) and (4.3), and the following inequality of arithmetic and geometric means:
dicy |a ~2  C1€] w2 o a w2 , C1€] #72
T < 4/— | =S - —u(t—1y) - —~(St-13)-8 —(uy (1) - ,

1< 4 ” [2(5() ST+ 2 (i (t = 11) —up)” + 2(S( 73) )"+ 2 (ur (1) — uy)

4.4)

we have that, for ¢ > 0,

sz Cl(l +k1*) d]Cl 2 Vi
- <- 5 (1_ ‘/a—el)[(S(t)—S) +(S(t—T3)—S)]

_ %d-:km[l _ i‘—:J [(ul(t)—u*l‘)2 + (uy(t — 1)) —u’{)z]
bkS* L ea 0o
- [f+ YO +kI*)](I(t) I") A (ux(t) — uy)".

aw,

It follows from condition (Hs) that <2 < 0 for 7 > 0. Hence, the endemic equilibrium E* is stable.
Furthermore, 4%

= = 0implies I(r) = I and uy(1) = u;.
Let M, be the largest invariant set in the set

- dw,
FQZ:{QSGXQZ W2<ooandd—t2:0}.

Then, it follows that

I g€ Xa: 2(0) =17, ¢4(0) = u3).
From model (1.3) and the invariance of M,, we can easily get that M, = {E*}. Thus, it follows from
Lemma 3.1 in [35] that the endemic equilibrium E* is globally asymptotically stable.
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If condition (Hg) holds, it follows that Y'; = 0. Let us consider a functional as follows,

B f 2 cer [0 )2
W =W, + 5 (92(&) = I')" dé + S (¢4(&) — uy)” dé.
—T4 2 )

W3 is continuous on X5, positive definite with respect to E*, and satisfies condition (ii) of Lemma 3.1
in [35] on 6X2 = X2 \X2

Calculating the derivative of W5 along any solution (S (), 1(f), u;(¢), u»(¢)) of model (1.3), it follows
that, for ¢ > 0,

dws dw, f 2 2

o= |00y = =) = Y|+ S e - ) - Gt =)~ )] @5)

By Eqgs (4.2) and (4.5), and the following inequality of arithmetic and geometric means:

d.
I, < /fzczz [f DIV + 22—;22(u2(t -T) — )’ + g(m —t) =)+ 2_612(”2(’) - uZ)Z],

(4.6)
we have that, for ¢ > 0,
W5 < a+ kIS - S = DAL iy ey
dr d,
_[ _ d2C2 2 _ _TN\27 ka* _r\2
2[1 ’/f ][(I(t) )+t —714) = I)] (1+k1(t))(1+k1*)(1(t) I)
dyc
—C;—;j[l ;j][wz(r)—uz) + (unt = 72) — u)?].

It follows from condition (Hg) that % < 0 for ¢ > 0. Furthermore, <% dt = 0 implies S(r) = $* and
u(t) = uj. By the same arguments as in the situation of condition (Hs), we can also show that the
endemic equilibrium E™ is globally asymptotically stable.

If condition (H7) holds, let us consider the following Lyapunov functional,

a(l +kI")

Wy =W+ ——— (¢1(§) S )2d§+—f (¢2(&) = I')* d¢

L+ kI%) (°
+% f (63 — i) dé + 5 f ($4(6) — u3)" dg.

W, is continuous on X,, positive definite with respect to E*, and satisfies condition (ii) of Lemma 3.1
in [35] on 80X, = X, \ Xo.

Calculating the derivative of W, along any solution (S (), I(), u;(¢), u»(¢)) of model (1.3), it follows
that, for ¢ > 0,

dWy dW 1+ kI
dz4:dtl+a( ! )[(S() S = (St —13) - S)]+f[(1(t) Iy =t =14) = I')]

1+ kI ;
+ %[(ul(t)—u) = Gt =) =+ 50 = ) = ol =) = )’)
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Further, by Eq (4.2) and inequalities (4.4) and (4.6), we have that, for t > 0,

d:latq _aa -;k]*) (1 ~ \/ﬁ] (S =57 + (St - )~ 5°7]
_ §{1 \/%) [(I(t) I + (- 14) - I*)Z] " klft];)s(*l " kI*)(I(t) —-I)?
_ %{Z“*) [1 - \/‘Zl) |Ga(0) = 1) + ¢ = 1) = 7]
022;22 {1 - \/%] |Cua(0) = u5)? + (ua(t = 72) — 3%
aws

It follows from condition (H;) that dW“ < 0 for t > 0. Furthermore, if dic; < aey, then =7* = 0
implies that S(#) = §* and u(¢) = ”1 By the same arguments as in the situation of condition (Hs),
we can show that the endemic equilibrium E* is globally asymptotically stable. If dic; = ae;, also by
the same arguments as in the situation of dyc; = ae; in Theorem 3.3, we can show that E* is globally
asymptotically stable.

The proof is completed. O

Remak 4.1. In the situation of condition (H;), Theorem 4.1 indicates that the time delays t; > 0
(i =1,2,3,4) are harmless for global asymptotic stability of the endemic equilibrium E*.

brej

Now, let us consider problem (ii). Note that Ry = > 1 implies rb > au. Let us denote the

following conditions, placrrdien
(Hy) 2 ; U+ %73 s kcl%kl;(1¥+ K ¢
(H) 02(62; e C;Zr“ " % Hu+ 33 :ﬁfg}z kIM)] AT kllzl)c(i: )
(Hip) 6—217'1 + é (a+ T + 2c1)‘r3 < c%
(i) Foa s ; 1 iIIZM Hh* 3 Iflﬁf(*lllj- Ky 2| T < %

In conditions (Hg)—(H;;) above, the definition of ), is given in Lemma 3.3 (i1). We have the following
result.

Theorem 4.2. Assume that Ry > 1. If conditions (Hg)—(H1,) hold, then the endemic equilibrium E* is
globally attractive in X,.

Proof. Let (S (1), 1(?), u,(t), u>()) be the solution of model (1.3) with any initial function ¢ € X,. From
Theorem 2.1 and Lemma 3.3, for sufficient small £; > 0, there exists a 7 > O such that, for ¢ > 77,

SO <L 4e:=8,e), 10)<Iy+e = Iy
a
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Hence, from Eq (4.2), it has that, for t > T,

dc% <—a(l +kI")S () - S*)* - [f+

bkS*
(1 + kly(e) + kI*)

. (65Y4 « "
i () — ) — 2—22<u2<r) —u5)? + (1 + kI + [0 .

] (@) - Iy
_ clel(l +kl*) (47)

dy

For simplicity, denote
bkS*

Aler) = (f T A+ kYA + k@)
Note that T, and II; can be rewritten as
Ti=ci(SE = SHui () —uy(t —71) + 1 (St —73) = S@O) w1 (1) — uy) == Tr + T3,
IL) = c2(I(t) — I")(ua(t) — up(t — 12)) + co(I(t — 74) — 1(1))(uz(t) — u3) := Il + 115,

)IM(Sl)-

Let us give appropriate estimations on | 5|, |13, [[1;| and |T15].
It follows that, ¢ > TI+T+13+14+ T,

2] =|01(S(t)—5*)f i (§)dé]

=lc1(S (1) - S*)f (—e1ui(§) —up) + di(S(§ —13) = §7)) dé]|

t

< () =S + (@ - ) dé + Clel f (S0 =S +(SE-13)—5"))d¢

2 -1

et ) s -5ty + - f (&) - up)dé + C‘zi f (S (€ ~15) — Ve,

2
(4.8)

3] =] = c1(us (1) = u’{)f S (¢)dé|

! bl bl
=lc1(ui (1) = MT)‘[_T3 S (&) [a(S* SO T T 1 ISE&) + i (uy —uy (& - Tl))] dé|

! b(I"—1
=le1(ui (1) - uT)f S (&) [a(S* =S5+ ( ) __, ey —u (€ - TI))] dé|

(1 + kI*)(1 + kI(€))

' b
<c18 1(e)|ur(t) — ujl fm (alS* -S|+ T i \I" = I(E)] + cluy — ui(§ - ﬁ)l)df

S ' bS !
<A [ () =+ (5" =5 @) de+ 21 [ (00 =)+ (1 - 1))

ZS t
+ 4 ‘2(8‘) f (D) = up)? + @ = (& = 7)) de

S S ’
ot [a+ e e | S -s@yde
cibSi(e) 7. 2 ciSien) (1, 2
ol IO G | (€~ T

4.9)
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T =|02(1(t)—1*)f b'tz(§)d§|=|62(1(t)—1*)f (—e2(ux() — u3) + do(I(§ — 74) — I')) dé]

! , d .
<2 | (00 =17+ @0© - up)?)de + 52 f () = 1) + (€ = 74) - I')?) dé
SCZ(eZT_FdZ)Tz(I(I) — I+ % f (x(&) — 12 dé + Cszz f UG —12)— I'Vde.

[ (4.10)
T3] =] = c2(ua(?) - u;)f 1(¢)d¢|

bS (&) bS*

=lea(ua(1) - uz)f UGl Ean k@  Tek T JUIT = 1) + e2(u; — up(§ - Tz))] dé|

bI(£) ) bkS*1(£) .
=lea(ua (1) - ”2)f 1+kl(§)(S(§)_S )+ T+ k0 +kl(§))(1 - 1(%))

+ fIEUI" = 1(©) + c2l(§)(u; — ua(§ - Tz))]dfl

bl
<colun(t) — uj f [ ZI(;E)[) IS (&) = S| + A" = 1@ + cal(e)lu — up(é - r2>|] dé

COIED) [T () - up? + (5(€) - 57) de

“2(1+ k(1) Jie,
+ZAG) | (@0 - )+ 1@ - 1Y) de

1—T4
csIu(er)

f ((a(®) = 1) + (€ = 72) — u3)’) dé

_C| _blu(e)
) 1+ kly(e))

cobly(er) '
21 + kIy(&1)) Ji-r,

f (& - 72) — WV dE.

+A(g)) + CZIM(gl)] T4(un(t) — u5)* + (S(€) - S*)dé

cslu(er)

+ EA(sl) f (@) - I'Ydé +
-
) @.11)
Fort > 71 + 75 + 73 + 74 + T4, let us define the following function,

U=W,+0+kI"U, + U,,

where
U, :Clel [ f (SE-713)-SVdédo+7, | S©E-S *)2d§]
t—11 JO =73
caSi(e) 1 (7 PN cabSie) M (" . 2
P2 || s@-snrdeds S f ) f@ (I - 1) dédo,

ciS1(e1)
+
2

L f (w(® — ut)dedo,
t—-11 JO

[ f (& = 11) — u})*dédO + T3 f (U1 (&) — ui)zdf]
t ‘1'3 [ -7
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U, =627dz [ f UE-1)-I)Vdédo+T, | (1) - 1*>2d§]
t—1p JO =14
c2bly(ey)

+ %A(eo (&) — I')’dédo + (S (&) — S*)2deds

e Jo 20+ klu(er) Jre Jo
2 t t t
+CZIM(‘91) [ f f (Ua(€ — ) — 1)2dEd + 74 f (uz@)—u;)zdf]
1— T4 [ -7

202 f &) — 1) dedb.
t—1p JO

Computing the derlvauves of U; and U,, we easily get that, fort > 7y + 1, + 13 + 74 + T,

du d S d (" .
S [“2 Ly 4 LEHED 73] Sw-57 =G [ -8
craS () (7 2 c1bS (1) 2
- ft_n(S(é") = 87)dé + 20 +kl*)73(1(t) =TI
clel(sl) I; cié; CZSI(SI) (412)
*\2 1 *\2
_m 1_73(1(§)_1)d€:+[ 3 T 2 73](u1(t)—u1)
ZS t
_asie) f (i (& —11) — uY2dE - =1 f (i (&) — ) dE,
dU,  cbly(ey) o2 Cobly(e) ! o2
T T s e Ty g Kli(e1)) @Sy
+ szﬁrz + —A(sl)u] ()~ I) - 22‘12 (I(& — 1) — IV dé
Y > ’I‘;(El) (4.13)
- —A(sl) @ -IYdE+ [ 221y + 2 > u] (ua(1) — u3)?
I !
_2 ”;(81) (a6 = 72) =g = 22 [ (wal€) -y,
In summary, by (4.7)—(4.13), we have that, fort > 7, + 1, + 13 + 74 + T4,
du _dw, dU, dU,
= ar Pk
X (2d; + ey)c ciaS (&) crbly(er) 2
<—-(1+kl )[a— — T — > T3 — BV +kIM(81))T4] SH-59
B bkS* _ (2d2 + 62)C2 _ C]bS](é‘l) _ 2 2
[f Tt k)1 + kI 2 2 T2 A(SI)T“] @ -1
b
— (1 + kI")c, [E - %]Tl - 1(281) (a + Tt il + 261)T3] (i (1) - MT)Z
1{ bl
—C % — %Tg — E (#(Ajéil) + A(S]) + 2C21M(8])) T4] (Mg(t) - M;)2

== (L+kI)Qi(e)(S (1) = ™) = Qa(e)U (1) = I')?

— (1 +kI")e1 Q3 (e1)(ui (f) — u})* — c2Quer)(ua(t) — u5)>.
(4.14)
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Furthermore, from conditions (Hg)—(H;), we see that, for sufficiently small £, > 0, we have that
Qi(e1) > 0 (i = 1,2,3,4). This shows that &2 < 0 for t > 7| + 7, + 73 + 74 + T. By similar arguments
as in the proof of Theorem 3.4, we can have

lim S(»)=S8" lim I(t) =1", lim u(t) =u;, lim ux(?) = u;.
t—+00 1—+00 t—+00 t—+00
This proves that the endemic equilibrium E* is globally attractive.
The proof is completed. O

Remak 4.2. Ifr; = 0 (i = 1,2,3,4), then model (1.3) reduces into model (1.2). Clearly, Theorem 4.1
extends and improves Theorem 2 in [28]. Further, if k = 0, Theorem 4.1 also include Theorem 2.2
in [17] as a special case.

5. Conclusions and numerical simulations

In this paper, we consider the SI epidemic model (1.3) with two feedback control variables and
four time delays. In biology, model (1.3) has more general biological significance. Then, by skillfully
constructing appropriate Lyapunov functionals, and combining Lyapunov-LaSalle invariance principle
and Barbalat’s lemma, some sufficient conditions for global dynamics of the equilibria of model (1.3)
are established. In the case of dic; < ae;, Theorem 3.3 gives complete conclusion on global asymptotic
stability of the disease-free equilibrium Ej. In the case of d;c; > ae;, in Theorem 3.4, global attractivity
of the disease-free equilibrium E is considered under conditions (H;)—(H3). Note that, in the case, it
has from Theorem 3.2 that local asymptotic stability of the disease-free equilibrium E; also depends on
the time delays 7, and 73. Hence, The set of conditions (H;)—(H3) has certain rationality. Furthermore,
as a special case, Theorems 3.2, 3.3 and 3.4 improve and generalize Theorem 1 in [28] and Theorem 2.1
in [17].

We also establish some sufficient conditions for global dynamics of the endemic equilibrium E* of
model (1.3). Theorem 4.1 shows that, if condition (Hs), or (Hg), or (H7) holds, the time delays 7, and
T3, or T, and 74, or 7; (i = 1,2,3,4) are harmless for global asymptotic stability of the endemic
equilibrium E* of model (1.3). If condition (H,) holds, i.e., 7, = 0 (i = 1,2,3,4), we see that
Theorem 4.1 includes Theorem 2 in [28] and Theorem 2.2 in [17] as a special case. Furthermore, in
Theorem 4.2, under condition Ry > 1, a set of sufficient conditions (Hg)—(H;) is obtained to ensure
global attractivity of the endemic equilibrium E* of model (1.3). Note that the subsequent numerical
simulations imply that any one of time delays 7; (i = 1,2, 3,4) may destroy local asymptotic stability
of the endemic equilibrium E* of model (1.3) and result in the occurrence of periodic oscillations etc..
Hence, in the set of conditions (Hg)—(H;;) , it should be feasible to have some certain limits on the
lengths of time delays 7; (i = 1,2, 3,4).

In the following, let us give some numerical simulations to summarize the applications of
Theorem 3.4, Corollary 3.1 and Theorem 4.2.

Firstly, let us choose the values of a set of parameters as follows,

r=12,a=1,b=04, k=1, ¢, =08, u=0.25,

5.1
f=1Lc=1e=06,d =12,¢e,=1,d,=1. ©-1)
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Figure 1. The phase trajectories and solution curves of the model (1.3) with Ry = 0.738 < 1.
(a) (Hy)—(H3) hold, and E| is globally asymptotically stable. (b) (H;)—(H3) do not hold, but
71+ 73 < 19,. Ey is locally asymptotically stable. (c) (H,)—(H3) do not hold, but 7y + 73 > 7,
holds. Ey is unstable and periodic oscillations occur.

10 Uy —— 0,0

S(t)

-

i

0.5

. . . . . . . . .
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time t
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time t
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time t

(b) 71 = 1.6,75 = 1.4, 73 = 0.4, 74 = 0.48
Figure 2. The phase trajectories and solution curves of the model (1.3) with Ry =~ 3.678 > 1.

(a) (Hg)—(H;1) hold, and E™ is globally attractive. (b) (Hg)—(H,;) do not hold, but £* may be
still attractive. (c) (Hg)—(H;;) do not hold, and E* is unstable and periodic oscillations occur.

By computations, we have that 0.96 = dic; > ae; = 0.6, 048 = rb > au = 0.25, Ry = 0.738 < 1,
Ey = (0.462,0,0.923,0) and 7(1’3 ~ 4.542. Furthermore, conditions (H;)—(H3) become the following
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inequalities,
(H) 127, +04875 <1, 0.37, + 1.873 <0.5.

It has from Theorem 3.2 that the disease-free equilibrium E is locally asymptotically stable for 7; +
T3 < 7?3 ~ 4.542 and unstable for T +73 > 1?3 ~ 4.542. If time delays 7, and 73 satisfy more restrictive
condition (H), it has from Theorem 3.4 or Corollary 3.1 that the disease-free equilibrium E; is also
globally asymptotically stable.

Let us choose 7; = 0.75 and 73 = 0.15. We see that conditions 7 + 73 < 7(1’3 ~ 4.542 and (H) are
satisfied. Figure 1(a) shows that the disease-free equilibrium Ej is globally asymptotically stable.

Let us choose 7, = 2 and 73 = 1.25. We see that condition (H) does not hold, but condition
T+ T3 < 79, ~ 4.542 is still satisfied. Figure 1(b) shows that the disease-free equilibrium Ej is locally
asymptotically stable.

Let us further choose 7; = 2.75 and 73 = 2. We see that condition 7 + 73 > 7(1’3 ~ 4.542 holds.
Figure 1(c) shows that the disease-free equilibrium E, becomes unstable and periodic oscillations
occur. In Figure 1(a)—(c), for simplicity, 7, and 74 are fixed as 7, = 3 and 74, = 6, respectively.

15 : T T T T T
() u, ‘

ANARNANANANAANSN AN AN

T T
I(t) u,©

ASAMAMAAMAAAARAARY
o PR AR

1 . 1
0 100 200 300 400 500 600 0 100 200 300 400 500 600 700 800 900 1000
time t time t

@ 11=32,1m=13=14=0 ) =13, 11=13=14=0

s

1) U, () ——u,() ‘

15 T T T T T T

0 100 200 300 400 500 600 700 800 900 1000
time t

(C)T3:3,T1:T2:T4:0 (d)T4:10,T1:T2:T3:0

Figure 3. The phase trajectories and solution curves of the model (1.3) with Ry = 3.678 > 1.
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Secondly, let us give numerical simulations in the situation of the basic reproduction number Ry > 1.

Let us choose the values of set of parameters as follows,

r=2,a=08,b=1,k=15,c =11, u=0.25,

5.2
f=08,¢=08,¢=08,d, =1,e,=05,d, =1.8. G2)

By computations, we have that Ry =~ 3.678 > 1, E* ~ (0.870,0.130, 1.087,0.467). Furthermore,
conditions (Hg)—(H;) approximately become the following inequalities,

0 1.547; + 1.173 + 0.13274 < 0.8, 1.647, + 1.37573 + 0.4817,4 < 1.246,
0.47, +4.79673 < 0.8, 0.257, +1.57074 < 0.278.

If time delays 7; (i = 1,2,3,4) satisfy condition (H), it has from Theorem 4.2 that the endemic
equilibrium E* is globally attractive.

Let us choose 71 = 0.4, 7, = 0.35, 73 = 0.1 and 74 = 0.12. We see that condition (H) is satisfied.
Figure 2(a) shows that the endemic equilibrium E* is globally attractive.

Let us choose larger values here, 7; = 1.6, 7, = 1.4, 73 = 0.4 and 74, = 0.48. We see that condition
(H) does not hold. Figure 2(b) show that the endemic equilibrium E* may be still attractive.

Let us further choose 7, = 2, 7, = 1.75, 73 = 0.6 and 74 = 0.8. We see that condition (H) does not
hold. Figure 2(c) shows that the endemic equilibrium E* becomes unstable and periodic oscillations
occur.

Moreover, Figure 3(a)—(d) show that any one of time delays 7; (i = 1,2,3,4) can destroy local
asymptotic stability of the endemic equilibrium E* of model (1.3). Here, the values of the parameters
of model (1.3) are the same as Eq (5.2).
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Figure 4. The phase trajectories and solution curves of the model (1.3) with Ry = 3.678 > 1.

At the end of the paper, in view of Figure 1(b) and Figure 2(b) above, we would like to point
out that conditions (H;)—(H3) in Theorem 3.3 and conditions (Hg)—(H;;) in Theorem 4.2 are actually
conservative and worth of further improving. In addition, for global asymptotic stability of the endemic
equilibrium E* of model (1.3), in the case of dic; > aje; or dyc, > fe;, to give some sufficient
conditions which are different from conditions (Hg)—(H;;) may be also interesting, since Figure 4(a)—
(d) show that model (1.3) may have richer dynamic behaviors. Here, the values of the parameters of
model (1.3) are also the same as Eq (5.2). Further, it would be interesting to extend model (1.3) to
the case of non-autonomous model and to consider the uniform persistence and existence of almost
periodic solutions etc. [38,39].
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