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Abstract: This paper investigates an adaptive immunity HIV infection model with three types of
distributed time delays. The model describes the interaction between healthy CD4*T cells, silent in-
fected cells, active infected cells, free HIV particles, Cytotoxic T lymphocytes (CTLs) and antibodies.
The healthy CD4*T cells can be infected when they contacted by free HIV particles or silent infected
cells or active infected cells. The incidence rates of the healthy CD4*T cells with free HIV particles,
silent infected cells, and active infected cells are given by general functions. Moreover, the produc-
tion/proliferation and removal/death rates of the virus and cells are represented by general functions.
The model is an improvement of the existing HIV infection models which have neglected the infection
due to the incidence between the silent infected cells and healthy CD4* T cells. We show that the model
is well posed and it has five equilibria and their existence are governed by five threshold parameters.
Under a set of conditions on the general functions and the threshold parameters, we have proven the
global asymptotic stability of all equilibria by using Lyapunov method. We have illustrated the theo-
retical results via numerical simulations. We have studied the effect of cell-to-cell (CTC) transmission
and time delays on the dynamical behavior of the system. We have shown that the inclusion of time
delay can significantly increase the concentration of the healthy CD4" T cells and reduce the concen-
trations of the infected cells and free HIV particles. While the inclusion of CTC transmission decreases
the concentration of the healthy CD4" T cells and increases the concentrations of the infected cells and
free HIV particles.
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1. Introduction

During the last decades, mathematical modeling and analysis of within-host human immunodefi-
ciency virus (HIV) infection have become important and helpful tools for better understanding of HIV
dynamics [1]. HIV is the causative agent of acquired immunodeficiency syndrome (AIDS). The main
target cells of HIV is the healthy CD4*T cells which play an important role in the immune system.
The basic HIV dynamics model has been formulated by Nowak and Bangham [1], which describes
the interaction between CD4*T cells (S'), infected cells (1), and free HIV particles (V). The incidence
rate of infection has been given by bilinear form nS V. This form has been generalized by considering
saturation incidence [2, 3], Beddington-DeAngelis incidence [4, 5], general incidence [6—9]. The basic
model has also been extended by including time delay [10-13].

An adaptive immunity after viral infection plays a fundamental role in controlling the disease pro-
gression for long period up to 10 years. The adaptive immune response has two main arms, cell-
mediated immunity which based on the Cytotoxic T lymphocytes (CTLs) that kill the HIV-infected
cells, and humoral immunity which based on the B cells that produce antibodies to neutralize the HIV
particles. In the literature, many works have been published which are devoted to address the effect of
CTL-mediated immune response on the HIV infection (see e.g. [1] and [14, 15]). Moreover, antibody
immune response has been considered into mathematical models of viral infection in several works
(see e.g. [16-18]). In 2003, Wodarz [19] has presented a virus dynamics model which incorporates
the effect of both antibody and CTL-mediated immune responses. Dubey et al. [20] have extended the
model in [19] by adding a logistic growth term which represents the proliferation of healthy CD4*T
cells. Moreover, the model in [20] incorporates a combination of two classes of antiviral treatment,
protease inhibitor and reverse transcriptase. Su et al. [21] have developed the model presented in [19]
by considering Beddington-DeAngelis incidence rate to replace the mass-action incidence rate. Yousfi
et al. [22] have suggested a model to describe the dynamics of hepatitis B virus. In [20-22], it has
been assumed that the infection processes are instantaneous. However, it has been estimated that the
time between the HIV enters a target cell until producing new HIV particles is about 0.9 day [23].
Therefore, more realistic virus dynamics models are obtained when time delay is incorporated. Yan
and Wang [24] have extended the model of Wodarz [19] by incorporating a discrete-time delay for
production of active infected cells. The model of Yan and Wang [24] has been extended by Wang and
Liu [25] and Wang et al. [26] to include; saturated incidence rate and two types of distributed delays,
respectively. Elaiw and AlShamrani [27] have studied an adaptive immunity viral infection model with
distributed time delays and general incidence rate.

In [19-27], it has been assumed that the infection occurs due to virus-to-cell transmission (VTC).
It has been reported in several works that the healthy CD4*T cells can also be infected due to cell-
cell contact known as cell-to-cell transmission (CTC) (see e.g. [28-30]). Therefore, CTC transmission
plays an important role in the HIV infection process even during the antiviral treatment [31]. Guo et
al. [32] incorporated the CTC transmission and two discrete-time delays to the same model of Yan and
Wang [24]. Lin et al. [33] have replaced the VTC bilinear incidence rate by a saturated incidence one.
Adaptive immunity HIV dynamics model with two distributed-time delays and both VTC and CTC
transmission has been studied in [34].

Highly active anti-retroviral therapy is very effective in controlling HIV replication and reducing
disease progression, however, it can not completely remove the HIV from the body. The major barrier

Mathematical Biosciences and Engineering Volume 17, Issue 6, 6401-6458.



6403

to HIV clearance is the silent (latent) CD4*T infected cells [35]. Silent CD4*T infected cells are
considered as viral reservoirs for long time until they are activated to produce new HIV particles.
Mathematical models of HIV with silent infected cells have been considered in several works (see
e.g. [36-40]). Recently, Agosto et al. [41] have shown that both silent and active infected CD4*T
cells can infect the healthy CD4*T cells through CTC mechanism. Silent HIV-infected cells have been
included in the virus dynamics models with both VTC and CTC transmissions in [42-45], however,
the contribution of silent infected cells in the CTC transmission has been neglected. In [46,47] a class
of viral infection models have been formulated by assuming that both silent and active infected cells
can participate in cell-to-cell infection, however, the immune response has been neglected. In a very
recent work, Elaiw and Alshamrani [48] have investigated an HIV dynamics model with silent and
active CTC transmissions and CTL immune response. In [48] the antibody immune response has not
been included.

In this present paper, we extend on the research done in the above mentioned works by including
three distributed time delays and both VTC and CTC transmissions. The CTC mechanism consists
of silent HIV-infected CTC and active HIV-infected CTC transmissions. The incidence rates of the
healthy CD4*T cells with free HIV particles, silent HIV-infected cells, and active HIV-infected cells
are given by general functions. Moreover, the production/proliferation and removal/death rates of all
compartments are represented by general functions.

The rest of the paper is organized as follows: In Section 2, we formulate an HIV dynamics model.
In Section 3, we prove the nonnegativity and boundedness of solutions of the proposed model. Then we
study the existence of all possible equilibria of the model in Section 4, which depend on five threshold
parameters. In Section 5, we investigate the global stability of the five equilibria by constructing
suitable Lyapunov functionals. These results are supported with numerical simulations in Section 6.
The paper ends with a conclusion.

2. Model formulation

We formulate an adaptive immunity HIV infection model by assuming that the HIV virions can
replicate by two mechanisms, VTC and CTC transmissions. The CTC infection has two sources, (i)
the contact between healthy CD4*T cells and silent HIV-infected cells, and (ii) the contact between
healthy CD4*T cells and active HIV-infected cells. Under these assumptions we propose a model that
contains six compartments: healthy CD4* T cells, silent HIV-infected CD4*T cells, active HIV-infected
CD4*T cells, free HIV particles, HIV-specific CTLs and HIV-specific antibodies.

S(®) =¥ 1) = V(S (), V(1) = Ra(S (1), L(1)) = R3(S (1), 1(1)),
Lty = [ A(0)e™? [R1(S (2 = 6), V(e = 0)) + Ro(S (2 = 0), L( = )
0
+R3(S (1= 0), 1(t — )] db — (A + ) T1(L(2)),
(1) = A [ A(0)e™ T\ (L(t = 0))d6 — aT>(I(1)) = pTo(C) T2 (1)), 2.1)
0

V() = b [ As()e ™ Tr(I(1 = 0))d6 = £T3(V (1)) = mT5(AD)T3(V (1)),
0

C(t) = e THCO)T1(1) — 1T 4(C (1)),
A1) = 1J5(AN)T3(V (1) — LT 5(A)),
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where S (1), L(1), I(t), V(t), C(t) and A(r) are the concentrations of healthy CD4*T cells, silent HIV-
infected cells, active HIV-infected cells, free HIV particles, HIV-specific CTLs and HIV-specific an-
tibodies at time ¢, respectively. Function ¥(S) refers to the intrinsic growth rate of healthy CD4*T
cells accounting for both production and natural mortality. The virus-cell, silent infected cell-cell and
active infected cell-cell incidence rates are given by general nonlinear functions N;(S, V), 8,(S, L) and
N3(S, I), respectively. The terms A.(L) and y.J(L) are the rates of silent HIV-infected cells that be-
come active and the natural death of the silent HIV-infected cells, respectively. The term w7 4(C)J>(1)
is the killing rate of active HIV-infected cells due to their specific CTL-mediated immunity. The pro-
liferation rates for effective HIV-specific CTLs is given by 0 J4(C)J>(I). The proliferation rate for
K3

HIV-specific antibodies is given by 7.95(A)J3(V). The integral f A5(0)e ™ T (I(t — 6))d6 describes
0

the mature viral particles produced at time . The mature HIV particles die at rate £J3(V) and neutral-
ized from the plasma due to HIV-specific antibodies at rate @ J5(A)J3(V). In this proposed model, we
assume the following:

e The virus or silent HIV-infected cells or active HIV-infected cells contacts a healthy CD4*T cell
at time ¢ — 60, and the cell becomes silent HIV-infected cells at time ¢, where 0 is a random variable
taken from a probability distribution A;(6) over the time interval [0, k;], where «; is the limit
superior of this delay period. The term e represents the probability of surviving from time
t — 0 to time 0 [37].

e The silent HIV-infected cell takes @ time units to transmit to active HIV-infected cell, where 8 is a
random variable taken from a probability distribution A,(6) over the time interval [0, «,], where
K is the limit superior of this delay period. The term e "% represents the probability of surviving
from time 7 — 6 to time 6.

e The time necessary for the newly produced virions to become mature and infectious is a random
variable with a probability distribution A3(6) over the time interval [0, k3], where «;3 is the limit
superior of this delay period. The term ¢ denotes the probability of surviving the immature
virions during the delay period [37]. Here #;, i = 1, 2, 3 are positive constants.

The function A;(6), i = 1,2, 3 satisfies A;(6) > 0 and

f Ai(0)do = 1 and f Ai(0)e™do < oo,

0 0

where u > 0. Let us denote
H;(0) = Ai(0)e™0 and H; = f H(0)do, i =1,2,3.
0

Thus 0 < ‘H; < 1,7 = 1,2,3. The initial conditions of system (2.1) is given by:

S(€) = e(0), L(C) = &(0), I(€) = &(0), V({) = &(l), C(¢) = &(l), A(l) = &(0),
€i(0) 20, L €[-«,0], j=1,2,...,6, k = max{k, k2, K3}, 2.2)
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where €;({) € C([-«,0],Rs0), j = 1,2,...,6 and C = C([—«, 0], R5) is the Banach space of continuous
functions mapping the interval [—«, 0] into Ry with norm |l€j|| = sup |6j(m)| for €; € C. Therefore,

—k<m<0

system (2.1) with initial conditions (2.2) has a unique solution by using the standard theory of func-
tional differential equations (see [49,50]). All parameters and their definitions are summarized in Table
1.

Table 1. Parameters of model (2.1) and their interpretations.

Symbol Biological meaning
0% Death rate constant of silent HIV-infected cells
a Death rate constant of active HIV-infected cells

Killing rate constant of active HIV-infected cells due to
their specific CTL-mediated immunity
1 Transmission rate constant of silent HIV-infected cells
that become active HIV-infected cells
b Generation rate constant of new HIV particles
e Death rate constant of free HIV particles
o Proliferation rate constant of HIV-specific CTLs
Vs Decay rate constant of HIV-specific CTLs
Neutralization rate constant of HIV particles due to HIV-specific

antibodies
T Proliferation rate constant of HIV-specific antibodies
4 Decay rate constant of HIV-specific antibodies
0 Delay parameter
A (0) Probability distribution function

Functions ¥, N;, i = 1,2,3 and J}, k = 1,2,...,5, are continuously differentiable and satisfy the
following conditions in [6,51,52]:

Condition (H1). (i) there exists S such that ¥(S¢) = 0 and ¥(S) > O for § € [0, Sy),

(1) ¥'(S)<Oforall S >0,

(iii) there are p > 0 and @y > 0 such that ¥(§) < p — @S for § > 0.

Condition (H2). (i) 8;(S,U) > 0 and K;(0, U) = 8;(S5,0) =0forall§ >0, U >0,i=1,2,3,

(ii) WS, U) 0, WS U) 5 ang BSDN - pgorans > 0,U>0,i=1,2,3,

oS ou oUu  ly=o

(iii) % (% U=0) >(Qforall§ >0,i=1,2,3.

Condition (H3). (i) J(x) > 0 forall x > 0, 7,(0) =0,k =1,2,...,5,

(i) J((x) > Oforall x> 0,k = 1,2,...,5. Further, 7,(0) > 0,k = 1,2, 3,

(iii) there are a; > 0 such that J;(x) > yx forall x >0,k =1,2,...,5.

.. 0 (Ni(S,V) 0 (N(S,L)
Condition (H4). W( ) ) <0, G_L( 0 ) <0
(N3(S,I)

<Oforall S,L, 1,V >0.
Jo() )

0
d—
and —
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3. Well-posedness of solutions

Proposition 1. Suppose that conditions H1-H3 are satisfied. Then all solutions of system (2.1) with
initial conditions (2.2) are nonnegative and ultimately bounded.

Proof. First, we show the nonnegativity of solutions. The proof is similar to the one given in
[53]. System (2.1) can be written as: X(f) = W(X(1)), where X(t) = (S (¢), L(t), 1(1), V(¢), C(1),A(D)T,
W = (W[, Wz, (W3, (W4, WS, (W6)T, and

¥(S.(1)) = Ri(S (1), V(1)) — Ra(S (1), L(1)) — Ns(S (0. 1(1))
Wik y | | OIS0,V =0) + X(S - 0) Lt - 0)
Wi(X(1) PR3 (S (1 — 6). 1t — )1 — (A + ) T1(L(®)
%gg = | [ PO (Lt~ 0)d0 - aTo10) = kT LCOIT W)
Wi(X(1) G
We(X(1)) b Of H3(0).T2(1(t - 0)d6 — e T3(V(1) = BT 5(AD)T>(V(2)

T CONT2U(D) - 2T (C1))

tTSAMNT (V) - L T5(A®D)

It is easy to see that the function ‘W satisfies the following condition

WiX(1))| >0,i=1,2,..6.

Xi(0=0.X(eCs, =

Due to Lemma 2 in [54], any solution of system (2.1) with initial conditions (2.2) satisfies X(¢) € Rgo
for all + > 0. It means that model (2.1) is biologically acceptable in the sense that no population

goes negative. In addition, the orthant Rgo is positively invariant for system (2.1). Next, we establish
the boundedness of the model’s solutions. The nonnegativity of the model’s solution together with

condition H1 implies that limsup, , . S(¢) < ﬁ. To show the ultimate boundedness of L(#) we let
@

Y1) = f?jl 1(O)S (t — 0)dO + L(t), then using conditions H1 and H3 we get
0
() = fﬂl (O¥(S (1 — 0))dO — (A +y) T1(L(1) < pH — g fﬂl (O)S (1 — 0)do — a, (1 +y) L(1)
0 0

<p-—¢ {fﬂl (0)S (1 — 0)do + L(f)] =p— ¢V,
0

where ¢; = min{ag, a; (1 +y)}. It follows that, limsup,_ . ¥;(¥) < Q,, where Q; = g Since
1

ki
f H,(0)S (t — 6)dO and L(r) are nonnegative, then limsup, , L(f) < Q,. Moreover, we let ¥,(r) =
0

I(t) + EC (1), then using condition H3 we obtain
o

% )
~

(1) = 1 fﬂz(e)jl (L(t = 0))d6 — aJ(1(1)) — 'ng4(C(t)) < AHJ1(Q1) — aanl(1) -
0
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u

< AT1(@) - acal()) = 200 < AT /@) - 4 (I<r> ¥ gcm) = AT1(Q) — 6:2¥5(0),

AJ:1(Q)

where ¢, = min{aa,, mas}. It follows that, limsup, . P2(r) < €,, where Q, = . Since
2

I(t) > 0 and C(?) > 0, then lim sup,_,, I(¢) < ©, and lim sup,_,, C(¥) < Q3, where Q3 = 292. Finally,
u

let W5(¢) = V(r) + EA(t), then applying condition H3 we get
T

¥s(r) = b f H3(0) T2t = 6))d6 — £T3(V(1)) ~ w—glf s(A(D) < bH3T2(E) — a3 V(D) -
0

T T

wlas

A(t)

wlas

< bTAQ) - £ V(1) — Z2LA() < bTo(Q) - b5 (V(r) + ?A(r)) = bT2(Q) — ¥ (0),

bJ>(£%)

where ¢3 = min{eas, {as}. It follows that, limsup,_ , ¥5(f) < Q4, where Q4 = . Since
3

V(t) > 0 and A(¢) > 0, then lim sup,_,, V() < Q4 and lim sup,_, , A(?) < Qs, where Qs = 194. O
w

According to Proposition 1 we can show that the region

T

0= {(S,L, LV,C,A) € CYy : IS < Qu, LIl < Q1. [H]] < 2, [IC1] < Qs, IVI] < Qu, [|A]l < Qs}

is positively invariant with respect to system (2.1).
4. Equilibria

In this section, we study the equilibria of the model and derive the conditions for their existence.
Letb; = (S,L,1,V,C,A) be any equilibrium satisfying the following system of algebraic equations:

0=¥(S)—-Ni(S,V) =Ra(S,L) —N3(S, 1), 4.1)
0 = H, [Ri(S, V) +8o(S, L) + 83(S, D] = (A +y) J1(D), (4.2)
0 = AHLT (L) — aJ>(D) — pT«(C)J(D), (4.3)
0 = bHJo(D) — eJ3(V) — wT5(A)T3(V), (4.4)
0 = (@J2(I) —m) J4(O), (4.5)
0= @J3(V) = O I5(A). (4.6)

If V = 0, then model (2.1) always admits an infection-free equilibrium, By = (S, 0,0, 0,0, 0), where
¥(So) = 0. This case describes the situation of healthy state where the HIV infection is absent. If
V # 0, then from Egs. (4.5) and (4.6) we have four possibilities:
(1) J4(C) = J5(A) = 0; which leads to C; = A; = 0. From Egs. (4.1)-(4.4) we get
a(dl+vy) ag(A+7y)

A
¥(S) =Ni(S, V) +Ro(S, L) + 83(8, D) = %ﬁ@) = 0 JD) =

AH, H, bmmﬂ{gj (W) @.7)

Condition H3 implies that J; ' exists, continuous and strictly increasing. From Eq. (4.7), we obtain

L=fi(S), 1=/(S), V=/fhIS), (4.8)
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where

H¥(S )

a(d+vy)

bAH  HLH¥(S) )

-l
)’ F8)=J; ( ag(A+7y)

fi$) =97 (

Obviously from condition H1, f;(S) > O forall S € [0,S() and fi(S¢) = 0,7 = 1,2, 3. Let us define

ag(1+7y)

F1(8) = NS, f5(S)) + RS, SN + Ns(8, S(8)) = o

J3(f3(5)) =0.

Then from conditions H1-H3, we have

ag(A+7y)

710 = T DAH, HoH;

J3(f3(0)) <0, F1(S0) =0.

Moreover,

ON ON 6N
ﬁ(S)-— f3(S>—1 —SZ+ff<S>a—L2 -2

ac(A1+vy) _, ,
o o SO NSG),

oN1(Sy,0 , oN1(Sy,0 0N»(So,0 oN S,O
F(So) = 1((950 )+f3(50) 1((9‘/0 )+ 2((950 ) + F(S0) 2( 0,0)

ON3(S 0, 0) 333(50,0) as(1+7y)
R T L ey e ST TR VR T2

fz(S)

j§(0)f3'(50)-

Condition H2 implies that A (SO 9 = =0,i=1,2,3. Also, from condition H3, we have J3(0) > 0, then

ac(A+vy) _, , bAH HyH;  ON((S o, 0)
b Hyry ) 3 OB G0 [ e+ TL0) vV

PAHIHH:f/(S0)  9Nx(S0,0) | DAMIHEH:f(S0)  985(50,0) 1}
ae A+ IJ30)f5(S0)  OL ac(A+y)J30)f;(S0) oI '

From Egs. (4.7) and (4.8), we obtain

F1 (So) =

, v bAH  HLH;  0N1(S ), 0)

FiSo) =¥ (SO)[aa(/l+y)j§(0) EY%

L H Rx(S0.0) | AHH  9Ny(S0.0) _ 1]
1+y)Ji0) OL a(+y)J50) 0ol '

From condition H1, we have ¥'(S() < 0. Therefore, if

DAH HLH;  08:1(S 0, 0) N H, ON1(S0,0) N AH H,  083(S0,0)
ags(A+y)J50) 9V A+y)TJ;0) oL a(d+7y)J;0) ol

then F/ (So) < 0 and there exists S| € (0, S) such that ¥ (S;) = 0. From Eq. (4.8) and condition H3,
we have

> 1,

bAH  HryH¥(S 1)
ag(1+7y)

A0 -0,

AHH¥(S
zjl_l( /l+y ;(]))>O’

_ —1
a(l+y) =J3 (

:jz_l(

Mathematical Biosciences and Engineering Volume 17, Issue 6, 6401-6458.



6409

It follows that b; = (S, L1, 11, V3,0, 0) exists when

bAH  HyH;  0N((So,0) N H, 0N1(S0,0) N AH(H,  0N3(S0,0)
ac(A+y)J30) oV 1 +y)J0) oL a(d+vy)J50) ol

We call D; as a chronic HIV infection equilibrium with inactive immune responses. In order to state the
threshold dynamics of infection-free equilibrium, it is necessary to define the basic HIV reproduction
number R, of the model. The basic HIV reproduction number of model (2.1) can be calculated by
different methods such as (a) the next-generation matrix method of van den Driessche and Watmough
[55], (b) local stability of the infection-free equilibrium, and (c) the existence of the chronic HIV
infection equilibrium with inactive immune responses. In the present paper, we derive Ry by method
(c) as follows:

> 1.

Ro = Ro1 + Rz + Ros,

where
% _ b/l?’[] 7'{27'[3 3N1 (S 0> 0)
"Tae+nJH0) v
Hy  OR(S),0)
Q%02 =

A+ Jj0) oL
AH{H, — 9N3(S 0, 0)
aQ+yJy0) a1

The parameter R determines whether or not the infection will be chronic. In fact, R; measures the
average number of secondary HIV-infected cells caused by free HIV particles due to VTC transmission,
while R, and R; measure the average numbers of secondary HIV-infected cells caused by silent and
active HIV-infected cells, respectively, due to CTC transmission

(1) J4(C) # 0, J5(A) = 0; which leads to J»>(l») = — Az = 0 and this gives I, = j2 ( ) From
o
Egs. (4.1)-(4.3) we get

03 =

¥(S) = Ni(S, V) + Ro(S, L) + Rs(S, ) = ()= - 7{ 7{ (@ +puToCO)ToD).  (4.9)
According to condition H3 and from Eq. (4.4) we have
T3 (Vo) = bHLT (D). (4.10)
Then, we obtain
V=75 (—b%‘zz(lz)) =75 (b:f*) >0,
From Eq. (4.9), we get
L=J7;" ((Hl¥(i)) £i(S). @.11)

Obviously from condition H1 we have f,(S) > O forall § € [0,S¢) and f4(Sg) =0. Let V=V,, I =1,
and using Eq. (4.11) in Eq. (4.1), we define

F2(S) =¥(S) —Ni(S, V2) = Ra(S, fa(§) = N3(5, L) =0
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Conditions H1 and H2 imply that 7,(0) = ¥(0) > 0 and 7, (So) = —[Ni1(So, V2) + 83(S¢, )] < 0.
Thus, from the intermediate value property there exists S, € (0,S) such that 7,(S,) = 0. From Eq.
(4.11) and condition H3, we obtain

L2 — jl—l (7_{1¥(S2)) > 0.

A+y
Further, from Eq. (4.9), we have

C, = ! (g [/17{17{2 {R1(S2, V2) + Ro(S2, Lo) + N3(S2, )} 1])
2T a(d+7y) Ja(l) '
Clearly, C; > 0 when AH T (8152, V2) + Ra(S, Lp) + 85(S», b)] > 1. Now we define the HIV-
a(d+vy)Jo(l)

specific CTL-mediated immunity reproduction number as follows:

R, = AHGH, [N1(S 2, Vo) + Ro(S2, L) + 83(52, 1b)]
1 a(A+y) Ja(h) '

From Eq. (4.10), we get

— b/l?‘[] 7_[27_{3N1 (S 25 VZ) /17_{1 7_[2?(2(5 25 LZ) /17‘{1 WZNT&(S 25 12)

R .
L T (V) alin D) | a@+y) Tal)

Thus, C; = g (E (R, - 1)). The parameter R determines whether or not the HIV-specific CTL-
u

mediated immune response is stimulated. Therefore, D, = (S», Ly, I, V>, C3,0) exists when R > 1.
We call D, as a chronic HIV infection equilibrium with only active CTL-mediated immune response.

(iii) J4(C) = 0, T5(A) # 0; which leads to Cs = 0, J3(V3) = g and this gives V3 = ;" (g) From

Egs. (4.1)-(4.4) we get

A
¥(S) = Ni(S, V) + Na(S, L) + 8s(S, ) = %JI(L)

_a(d+vy) _a@+y)(e+@T5(A))

= HH Jo) = DAH o H, J3(V). (4.12)
From Eq. (4.12), we get

H¥(S) AH HX(S)

L:jl_l( A+

» )=fs<s>, 1:351( ):f6<5>. (4.13)

a(dl+vy)

Obviously from condition H1 we have f;(S) > O for all S € [0, S) and f;(S¢) = 0,7 = 5, 6. Using Eq.
(4.13) and letting V = V3 in Eq. (4.1), we define

F3(S) =¥(S) — Ni(S, V3) = Na(S, f5(S)) = N3(S, f6(S)) = 0. (4.14)
Then, we get

#3(0) = ¥(0) > 0,
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F3(S0) =¥(S0) — Ni(So, V3) = N2(S0,0) — R3(50,0) = =8;(Sp, V3) < 0.

Since 73 (§) is continuous on [0, S ), then there exists S; € (0,S) such that F3(S¢) = 0. From Eq.
(4.13) and condition H3, we obtain

H¥(S
L3:j1_1( /i-i-(;)

/17117{2¥(S3)) 20

_ -1
)>0’ I3_j2( a(l+y)

Moreover, from Eq. (4.12) and condition H3, we have

Ay = ! (f [bﬂﬂﬂ‘{z?ﬁ {N1(S3, V3) + 8o(83, L3) + N3(S5, )} 1])
T\ ag (A +7) J3(V3) |
bA N N L N I
Clearly, A3 > 0 when FOHH: (81053, V3) + Na(S3, Ls) + Rs(S3, 1)) > 1. Now we define the HIV-
ag (A +y) J3(V3)

specific antibody immune response reproduction number

_ DAH HLH; [R1(S 3, V3) + Ro(S3, Ls) + 83(53, 13)]

ag (A1 +vy) J3(V3)
TOAH HLH5 [R1(S 3, V3) + Na(S3, Ls) + N3(S3, 13)]

agl (1+7y)

R,

Thus, A3 = J5 ! (i(‘Rz - 1)). The parameter R, determines whether or not the HIV-specific antibody
()

immune response is stimulated. It follows that, D; = (S5, L, I3, V3, 0, A3) exists when R, > 1. We call
b; as a chronic HIV infection equilibrium with only active antibody immune response.

(1v) T(C) # 0, Ts(A) # 0; which leads to Iy = 5 (= ) and V4 = 7" (é) From Eqs. (4.1)-(4.4)

a

we get
A A
¥(S) =Ni(S, V) + RS, L) + 83(S, 1) = ;{lyﬂ'l(L) = M{Jquyﬁ (a + uJ4(C)) Ja(1),
bH:T>(I) = (e+@J5(A) T3(V). (4.15)
From Eq. (4.15), we get
L[S
L—ji(ﬁ+y)—ﬁ6) (4.16)

Obviously from condition H1 we have f;(S) > O forall S € [0,S¢) and f7(So) =0. LetI = 1,, V=V,
and using Eq. (4.16) in Eq. (4.1), we define

Fa(S) =¥(S) — Ni(S, Va) = Ra(S, f2(S)) — N5(S, 1) = 0.

Conditions H1 and H2 imply that 74(0) = ¥(0) > 0 and 7, (So) = —[Ni1(So, V4) + 83(S¢,14)] < 0.
Thus, there exists S4 € (0,5 ) such that F4(S4) = 0. From Eq. (4.16) and condition H3, we obtain

7‘(1¥(S4)) 0.
A+y

L4:jl_l(
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Moreover, from Eq. (4.15), we have

L[ [AHHARI(S 4, Vi) + Ro(S 4, Ls) + N3(S 4, 1)}
C4 - j4 -1 )
a(d+vy) 1)
bH;J>(14) ))
Ay =95 ( ( - 1}f.
s eJ5(Va)
It follows that C4, > 0 and A4 > 0 only when
AHH, [N1(S 4, Vi) + Ro(S 4, La) + R3(S4, 1t)] o 1 ang ZHI2Us) bH; > (14)
a(d+y) (1) eJ3(Va)

The HIV-specific CTL-mediated immune competitive reproduction number and the HIV-specific anti-

body immune competitive reproduction number of system (2.1) are stated, respectively, as:

AHH [R1(S 4, Va) + Rao(S4, La) + N3(S 4, 14)]

> 1.

R a(+y) (1)
0'/17‘{17‘{2 [N1(S4, Va) + Ro(S4, Ly) + N3(S 4, 14)]
ar (A1 +y)
R, = b7‘{3j2(14) _ Tbﬂ'?"{3
4=

eTs(Vy)  oel

The parameters R; and R, together determine whether or not the HIV-specific CTL-mediated and
antibody immune responses are both stimulated. Clearly, By = (S4, L4, 14, V4, C4, Ay) exists when

R; > 1and Ry > 1 and we can write Cy = 7! (g (R; - 1)),A4 =J5! (i (R4 - 1)) We call B, as
u @

a chronic HIV infection equilibrium with active CTL-mediated and antibody immune responses.
The threshold parameters are given as follows:
_ DAH\ HLyH;  08(So,0) N H, 0NR,(S0,0) N AH\H,  0R5(S,0)
ag(A+y)J30) oV A+yJ;©0) oL a(d+vy)J50) or °
_ PAH HLHN (S 2, Vo) AH HORL(S 2, Ly)  AH FHLN(S 2, 1)

A+ TV a@+ NIl | ald+ )Tl
TOAH HyH5 [N1(S 3, Va) + Ra(S3, Ls) + N3(S%,13)]

R, = agl (1+y)
R = OTAH H, [R1(S 4, Vi) + Nao(S4, La) + N3(S 4, 14)]
3 arn (1 +y)
R, = 7 g 4.17)
oel

Considering the above discussion, we sum up the following result:

Lemma 1. Suppose that conditions H1-H3 are hold true, then there exist five positive threshold
parameters Rg, R, R,, Rz and R, such that

(i) if Ry < 1, then there exists only one equilibrium D,

(i) if R; < 1 < R and R, < 1 then there exist only two equilibria Dy and Dy,

(iii) if Ry > 1, then there exist three equilibria Dy, P; and D,,

(iv) if R, > 1, then there exist three equilibria Dy, P; and D3, and

(v) if R3 > 1 and R, > 1, then there exist five equilibria Dy, Dy, D,, D5 and D,.
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5. Global stability analysis

In this section we prove the global asymptotic stability of all equilibria by constructing Lyapunov
functional following the method presented in [56-59]. Let us state the function K : (0, c0) — [0, 00)
as K(€) = { — 1 — In¢. In addition, we define

. NS, V) . No(S,L) . N3(S,D)
Fi(S)=1 , Fx(S)=1 , F3(S)=lim ———. 5.1
=0 rw o PO o PO 0 G-
From conditions H2 and H3 we obtain
1 0Ni(S,0)
Fi(S) = 0,
1(8) Ji0) av >
1 90X, (S,0)
Fr(S) = 0,
2(8) T oL >
1 0N3(S,0)
F3(S) = 0 f S >0,
3(S) T0) ol > 0 for any S >
moreover,
F($)>0, i=1,2,3. (5.2)

Therefore, the parameter R can be rewritten as

_ bAH  HH5F (S o) N HiF2(S o) N AH HF5(S o)

Ro as (1 +7) A+y a(d+7y)

To investigate the next theorem we need the following condition [60]:

Condition (HS). (i) The supremum of Eg; is achieved at § = Sy forall § € (0,S],

(i1) The supremum of ﬁ?g; is achieved at § = S forall § € (0, S¢].
Theorem 1. Let 'Ry < 1 and conditions H1-HS5 are satisfied, then D, is globally asymptotically
stable (G.A.S).

Remark 1. From conditions H2 and H4 we get

RiS, V) NS, Vi)
J3(V) NELD)

(x](S?V)_Nl(S’Vl))( )SO’ S5‘/7Vi>0’ i:1’273,4a

which leads to

(1 ) xl(s,vi))(ms,m W
Nl(Sa V) Nl(Sa Vl) jS(Vl)

Define the following functions [60]:

N2(S9 L)
Ni(S, V)’

)SO, S,V,Vi>0,i=1,2,3,4. (5.3)

N8, D)

I
Gi5.0)= Ni(S, V)’

G¥(S,L) = i=1,2,3,4. (5.4)

We state the following condition
Condition (H6)

GIS.L) _GHSaL)) _
VA RSN e

@) (61, L) - GHSi, L) (
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(S,I !Sl‘, Ii
(i) (Q{(S,I) - g{(Si,Ii))(géz(I)) B gjf(z(l-) ) =0

forall L, L;, I, 1; >0,i=1,2,3,4, S €(0,S).
Remark 2. From Condition H6 we get

(1 ) gf(Si,L»)( GHS,L)  Ju(L)
GHs, L) J\GHS» Ly Ty
(1 ) g{(Si,m)( GIS. D ()

Gls. D \Gis 1y~ Top

We consider the following equalities to be used in the proceeding theorems:

ln(xl(s(f -0), V(- 9))) _ ln(Nl(S(t —-0), V(- 9))31(%)) N ln(xl(Sn’ Vn))
Ni(S,V) Ni(S 0, Vi) IJ1(L) Ni(S, V)
31(L)jz(1 )) I (32(1)33(‘/;1))+ln(N1(S,Vn)jz(V))
1(L) I 2(1) J2(1)T3(V) RS, VTV’
No(S (1= 0), L(t — 0) T 1 (L, )) N ln(Nl(Sn’ Vn))
No (S L)1 (L) Ni(S, V)

)SO, S eS8y, L, L;,>0,i=1,2,3,4,

)SO, S€©,50),1,1;,>0,i=1,2,3,4. (5.5)

| (&(S(z— 0). L(t - 0)))
! N,(S, L)

+ln( 15, VWZ(SmL)JI(L))
N1(S 1, VRS, DT (L)

(N3(S (t-0),1(t - 0)))
In

R3S (1= 0), 1t - 0)J 1 (L )) +ln(81(5n, Vn))
N3(S, D)

N3 (S, LI 1 (L) Ni(S, V)
jl(L)j2(l )) ln( 1S, Vn)N3(San)j2(1))
1(L)T2(D) Ri(S o, VR3S, DT>’
ln(jl(L(t - 9))) J1(L(t = 0) (I, )) N ln(jl(Ln)jZ(I))
J1(L) J1(L)T (D) J(DI1,) )’
In (jz(l(l - 9))) (jz(l(f -NJ3(V, )) I (jZ(In)j3(V))’
NEIV)) J2(1)T3(V) J2(DT3(Vy)

Theorem 2. Suppose that R; < 1 < Ry, R, < 1 and conditions H1-H4, H6 are hold true, then D is
G.AS.

Theorem 3. Let R > 1, R4 < 1 and conditions H1-H4, H6 are satisfied, then D, is G.A.S.

Theorem 4. Suppose that R, > 1, R3 < 1 and conditions H1-H4, H6 are satisfied, then D5 is
G.A.S.

Theorem 5. If 'R; > 1, R, > 1 and conditions H1-H4, H6 are hold true, then D, is G.A.S.

=1,2,3,4. (5.6)

6. Example and numerical simulations

In this section we present an example and perform some numerical simulations to illustrate our
theoretical results. For numerical purposes we transform the distributed-time delay model (2.1) to a
discrete-time delay one by a dirac delta function A(.) as a specific form of the kernel A;(¢) as [14]:

Aie)=A(s—6), 6;€l0k], i=123.
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The constants 6; € [0,«;], i = 1,2,3 are discrete-time delays which are special cases of the three
distributed-time delays presented in model (2.1). Let «; tends to oo, then using the properties of Dirac
delta function we get

(9] (9]

fAj(s‘)dg =1, H;= f[\(g— 91‘) eMSdg = e, j=1,2,3,

0 0

Then, model (2.1) reduces to the following model with discrete-time delays:

S(1) =¥(S (1) = Ri(S (1), V(1) = V(S (1), (1)) = R3(S (1), 1(1)),
L(t) = e [N(S (1 = 61), V(t = 61)) + Ro(S (£ = 61), L(t — 61))
+R3(S (- 600), It — 01)] = (A + ) T1(L(1)),
I(r) = 22 J1(L(t ~ 62)) — aJ>(1(1) — pTs(CO)T2 (1)), (6.1)
V(1) = be ™5 Jo(I(1 = 63)) — eT3(V (1) = @ T5(AD)T3(V (1)),
C(1) = e JHCO)T21(1) — 1T 4(C (1)),
A@) = tJ5(A0)T3(V (1) — LT 5(AD).

From Theorems 1-5, the corresponding stability results of system (6.1) reads as:
Corollary 1. Let R;,i = 0, 1, ..., 4 be defined as in (4.17). The following statements hold true.
(1) If R < 1 and conditions H1-HS5 are satisfied, then D is G.A.S.
(1) If R; <1 <Ry, R, <1 and conditions H1-H4, H6 are statisfied, then D, is G.A.S.
(i) If Ry > 1, R4 < 1 and conditions H1-H4, H6 are satisfied, then D, is G.A.S.
(iv) If R, > 1, R; < 1 and conditions H1-H4, H6 are satisfied, then D5 is G.A.S.
(V) If R3 > 1, R4 > 1 and conditions H1-H4, H6 are hold true, then D, is G.A.S.
Let us consider the following example:

S)_ S (771V+ 772L+ 7731)
Smax] 1+6S9\1+8V 1+BL 1+B1)°
_e"”"’IS‘J(t—eo( mV=-6) _mLe=-6)  mlc—6)
146889t —-0)\1+B8V(E—-60) 1+BLE—-6) 1+B1(t—6)
I =2e™%L(t - 0,) — al — uClI,

V = be %5t — 6;) — eV — wAY,

C =0CI -nC,

A =1AV - CA.

S:p—aS+pS(1—

) —(A+yL,
(6.2)

This example is a special case of system (6.1) by considering the following particular forms:

e The intrinsic growth rate of healthy CD4*T cells is chosen as

S
Smax .

Here we consider another source for producing healthy CD4*T cells which is the proliferation
of existing healthy cells in the body [61]. The maximum proliferation rate of healthy CD4"T
cells is given by p > 0. It is well known that there is a maximum level of healthy CD4*T cell
concentration in the body which is described by the parameter S ., > 0. If the concentration

¥S)=p—-asS +pS(1—
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reaches S ., it should decrease. We assume that p < a [62]. It is clear that ¥(0) = p > 0 and

¥(Sy) =0, where
S max 4pp
So = - —a)?+—|.
0 2 (p a+ \/(p a)” + Smax)

In addition, we have

2pS
¥S)=p-a- Sp <0. (6.3)

Clearly, ¥(S) > 0 whereas ¥'(S) < O forall § € [0, S(). Hence, condition H1 is hold true.

e The virus-cell, silent infected cell-cell, and active infected cell-cell incidence rates of infection
are, respectively, given by:

msSv
N =
15, V) (1+6S9)(1+p,V)
_ mS9IL
MO D= T s+ ALy
ay
Ny(S. 1) = 153

(1 +6S9)(1+BsI)
The parameters n; > 0, i = 1,2,3 account for the infection rate constants. Parameters g, 6, 5,
i = 1,2, 3 are positive constants. It is clear that
Ni1(S,V) >0, K(S,L) >0, N3(5,I) >0forall S,L,1,V >0,
N1(0,V) =8,(0,L) =N;3(0,7) =0forall L,1,V > 0,
N1(S,0) = R,(5,0) = N3(5,0) =0forall § > 0.

Further, we have

MRS, V) _ qm SV so ML _ gnST'L -0
oS (1+6S9°(1+B,V) oS (14659 (1 +B,L)
OR3(S. D) _ qnsSa'l >0 IR.(S, V) _ mS? 0
a9 (1+6S0* (1L +BsD) v (1+6SH(A+p V)2~ 7
0N, (S, L) _ 17,81 S ON3(S, 1) _ 1357 >0
AL (146591 +B,L)? " 7 ol (1+6S9)(1+B50)2 "
ORi(S,0) _ mS* >0, ORy(S,0) _ _mS* >0, OR3(S,0) _ 1,S8* >0,
ov 1+ 684 oL 1+6S54 ol 1+6S54

forall S, L, I, V > 0. Furthermore, we have

d oR(S5,0)) g ST

ds\ oV | (1+6S9)

d (388,00 _ gm,S*!

ds oL (1 +659)?

d (08:(5,0)\  qnSe!

s P, = 0 +059) >0, forall § > 0.

All above discussion ensures that condition H2 is confirmed.
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e The natural death rate of the silent/active HIV-infected cells, HIV particles, HIV-specific CTLs
and HIV-specific antibodies are given by

Jx)=x, k=1,2,..5.
Obviously, condition H3 is valid.

In addition, we have

d (Ni(S,V)) _ 9 nS4 1,818
_(3'30/) V((1+6S‘1)(1+ﬁ1V)) TU+BVEA+059)
8 (Na(S,L)) 9 1S 1,B,8 4
_(:L(L) _ﬁ((1+(53q)(1+ﬁ2L)) T4 BLE (1680
0 (N:(S,D\ 0 n3S8 4 13835 ¢
_( _E((1+554)(1+,831)) (1+,83I)2(1+654) :

J2(D)

forall §, L, I, V > 0. Therefore, condition H4 is also verified. On the other hand, we have J/(x) = 1
and then

oNi(S,0) _ mS?

Fi(S) =

oV 1+687
_ON:(S,0) 1,87
Fa(8) = oL 140684
_ON3(S,0)  maSe
F3(8) = oL  1+6S4

F»(S) _m dFa(S)

K] .. . . ..
Clearly, an = —, hence, condition H5 is satisfied. In addition,
Fi(S) m Fi(S) m
N S,L 1+ V)L N Si,L,‘ 1+ V)L,
QiL(S,L) _ 2( ) _ (1 +8,V) ’ giL(Si,Li) _ 2( ) _ (1 + 6, V) ’
NS, V) n(1+B,L)V; Ni(Si, V) (1 +B,L)V;
N3(S, 1 1+6,V)l N3(S 4, I; 1+B6,Vol;
Q{(S,I)z 3(S, 1) _ n5( BV ’ Q{(Si,li): 3( ) _ ns( BiVi) ,
Ni(S, V) (1 +BDV; NS, V) i +61)V;
and

]

LS, L LS., L; 148, V)*L - L)?
(Qf(S,L)—gf(Si,Li)) Gi(S,.L) Gi( )) _ ,32772( B1V)( i) <0
L L; 2V2(1 + B, Li)*(1 + B,L)?
)(QI(S 1) Q{(Si,li)) Bams (1 + B, V(I = Iy
I; 2V2(1 + B51)X(1 + 517
forall L, 1 >0,S € (0,S¢), where i = 1,2,3,4. Hence, condition H6 is ensured. Consequently, the

validity of conditions H1-H6 guarantees that the global stability results demonstrated in Theorems 1-5
are valid for this example. Thus, the threshold parameters for system (6.2) are given by:

(6/(S.D - Gi(S. 1)

b

% _ e [asnz + de7™? (br]le‘f’ﬁ3 + 87]3)]
- ag (A +7) (1 +559) ’
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R
1 - b
ar (1 +7)(1+65%) \eo +bnfre™® 1+ fLy o +7fs
R, = Tb’le(hlglngﬁh%)sg( {m mLs sl )
2 - b

as{ (A +y)(1+6S)\T+Ep1 1+pls  1+psls
%3 _ O-/le—(h191+h292)SZ ( 5771 + T]2L4 + 3 )

ar(A+y)(1+6S)\T+ B 1+fals o+ 7B ’

b —f’l393
R, = ¢ 6.4)
oel

To solve system (6.2) numerically we fix the values of some parameters (see Table 2) and the others
will be varied. In the coming subsections, we present some numerical simulations for model (6.2)

Table 2. Some values of the parameters of model (6.2).

Parameter Value Parameter Value Parameter Value Parameter Value

o, 10 3 Varied By 0.1 o 0.1

o’ 0.01 a 0.5 B, 0.2 3 0.1

p 0.005 vy 0.2 B 0.3 0, Varied
S max 1200 A 0.2 o Varied 6, Varied

o 0.7 b 5 w 0.3 65 Varied

q 2 n 0.1 T Varied

m Varied u 0.2 4 0.2

m Varied e 2 hy 0.1

to illustrate the theoretical results. Moreover, we study the influence of time delays and silent HIV-
infected CTC transmission on the stability behavior of equilibria and HIV dynamics.

6.1. Stability of the equilibria

In this subsection, we illustrate the stability results given in Theorems 1-5. To do so, we fix the
values 6, = 3, 6, = 2 and 65 = 1. We consider the following initial conditions for model (6.2):

Initial-1: (S (), L(6), 1(8), V(6), C(0), A(H)) = (1000, 2.5,0.5,0.3,1.75, 8),

Initial-2: (S (9), L(6), 1(8), V(6), C(0), A(0)) = (950,2.75,0.55,0.5,2.25,11),

Initial-3: (S (0), L(0), 1(9), V(6), C(0), A(0)) = (850,3,0.6,0.7,2.8, 15), where 6 € [-3,0].

We choose the values 1y, 172, 73, 0 and 7 as follows:

Stability of Dy: n; = 0.1, 7, = 0.05, 73 = 0.2, 0 = 0.02 and 7 = 0.004. For this set of parameters,
we have Ry = 0.50 < 1. Figure 1 displays that the trajectories initiating with Initial-1, Initial-2 and
Initial-3 reach the equilibrium by = (1061.32,0,0, 0,0, 0). This shows that B, is G.A.S according to
Theorem 1. In this case, the HIV particles will be cleared from the body.
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1100 T T T T T 3 T - -
Initial-1 = = = Initial-2 ---#%--Initial-3 Initial-1 = = = Initial-2 ---#%--Initial-3
1050 " N — 2.5 )
e
2 |

1000

S(t)

950t ,

900§ 8 i
*
850 ‘ ‘ ‘ ‘ ‘ ‘
0 100 200 300 400 500 600 700 40 60 80 100
t t
(a) Healthy CD4*T cells (b) Silent HIV-infected CD4*T cells
0.6 T T T T 0.7 T T T T T
é ‘ Initial-1 = = = Initial-2 ---#--Initial-3 ‘ Initial-1 = = = Initial-2 --#--Initial-3

60 80 100 60 80 100

t t

(¢) Active HIV-infected CD4* T cells (d) Free HIV particles
3 : : : 15 ‘ : : :
"‘f ‘ Initial-1 = = = Initial-2 % Initial-3 ‘ Initial-1 = = = Initial-2 % Initial-3
2.5 % B *

60 80 100 20 30 40 50

t t

(e) HIV-specific CTLs (f) HIV-specific antibodies

Figure 1. The behavior of solution trajectories of system (6.2) in case of R < 1.

Mathematical Biosciences and Engineering Volume 17, Issue 6, 6401-6458.



6420

Stability of D,: n; = 0.5, 17, = 0.3, 73 = 0.7, 0 = 0.02 and 7 = 0.004. With such choice we get
Ri =089 <1 <238 =Rgand R, = 0.27 < 1. It is clear that the equilibrium point D exists
with D; = (456.98, 12.68,4.15,9.39, 0, 0). Figure 2 displays that the trajectories initiating with Initial-
1, Initial-2 and Initial-3 tend to P;. Therefore, the numerical results supports Theorem 2. This case

represents the persistence of the HIV infection but with unstimulated immune responses.
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Figure 2. The behavior of solution trajectories of system (6.2) in case of R < 1 < R, and
R, < 1.
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Stability of D,: 7, = 0.5, 7, = 03,73 = 0.7, 0 = 0.2 and 7 = 0.04. Then, we calculate
Ri =2.54 > 1and Ry = 0.23 < 1. In Figure 3 we show that b, = (902.20, 3.88,0.50, 1.13, 3.86, 0)
exists and it is G.A.S and this agrees with Theorem 3. Hence, a chronic HIV infection with only
CTL-mediated immune response is attained.
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Figure 3. The behavior of solution trajectories of system (6.2) in case of R; > 1 and R4 < 1.

Stability of DB;. n, = 05,7, = 03,73 = 0.7, 0 = 0.02 and T = 0.4. Then, we calculate
R, = 6.37 > 1 and R; = 043 < 1. The numerical results plotted in Figure 4 show that D; =
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(884.32,4.30,1.41,0.50, 0, 35.77) exists and it is G.A.S and this agrees with Theorem 4. As a result, a
chronic HIV infection with only antibody immune response is attained.
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Figure 4. The behavior of solution trajectories of system (6.2) in case of R, > 1 and R; < 1.

Stability of b,. 1, = 05,7, = 03, 73 = 07, 0 = 02 and 7 = 0.4. Then, we calcu-
late R; = 1.89 > 1 and Ry = 2.26 > 1. The numerical results displayed in Figure 5 show that
b, = (944.58,2.89,0.50,0.50,2.23,8.41) exists and it is G.A.S according to Theorem 5. In this case,
a chronic HIV infection is attained where both CTL-mediated and antibody immune responses are
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Figure 5. The behavior of solution trajectories of system (6.2) in case of R; > 1 and R, > 1.
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6.2. Effect of silent HIV-infected CTC transmission

In this subsection, we investigate the influence of silent HIV-infected CTC transmission on the HIV
dynamics (6.2). We use the parameters given in Table 2 and fix the parameters n;, = 0.5, ;3 = 0.7,
oc=0.1,7=04,6, =3,60, =2,60; = 1. We consider the following initial condition:

Initial-4: (S (0), L(0), 1(0), V(0), C(0), A(9)) = (600, 10, 1,0.5, 5, 15), where 6 € [-3,0].

We vary the parameter 7, as shown in Table 3 which displays that as the silent cell-cell incidence
rate constant 7, is changed the dynamical behavior is also changed. Figure 6 and Table 3 illustrate the
effect of parameter 77, on the solution trajectories of the system. We observe that, as 1, is decreased, the
concentration of the healthy cells is increased, while the concentrations of silent/active HIV-infected
cells, free HIV particles, HIV-specific CTLs and HIV-specific antibodies are decreased.

Table 3. The equilibria related to different values of silent cell-cell incidence rate constant

2.
Value of 7, Equilibrium point
1.5 b, =(104.23,17.48,1,0.50,11.81,23.49)
1.0 b, =(543.92,11.20,1,0.50, 6.67,23.49)
0.5 b, = (829.58,5.53,1,0.50,2.03,23.49)
0.1 b; =(979.39,2.05,0.67,0.50,0, 13.57)
0.0 b; = (1007.59, 1.36,0.44,0.50, 0, 6.72)

800 *ji *,—*‘

7]2=1.5 4
- 7]2=1.0
- - 712=0.5 b
............ 7,=0.0 ] .
0 : : : ; 0 : : :
0 200 400 600 800 1000 0 50 100 150 200
t t
(a) Healthy CD4*T cells (b) Silent HIV-infected cells

Figure 6. The evolution of HIV dynamics (6.2) under different values of silent cell-cell
incidence rate constant 7.
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Figure 6. The evolution of HIV dynamics (6.2) under different values of silent cell-cell
incidence rate constant 77,. (cont.)

6.3. Effect of time delays on the HIV dynamics

In this subsection, we study the influence of time delays 6, 6, and 85 on the stability of the equilibria.
We fix the parameters ; = 0.6, 17, = 0.5, 173 = 0.7, 0 = 0.1 and 7 = 0.2 and the remaining values will
be used as given in Table 2. We observe from Eq. (6.4) that the threshold parameter R depends on
the delay parameters which leads to a significant change in the stability of the equilibria. To illustrate
this situation, we consider the following initial condition:

Initial-5: (S(6),L(9),1(6),V(9),C(H),A0)) = (900,4,0.7,0.5,3,10), where 6 €
[- max {6;, 6,, 65}, 0].

Further, we choose the following sets of parameters 6;, 6, and 6;:

Set(D:0,=0,=6;=0,

SetII): 6, =4,0, =3 and 0; = 2,

Set III): 6, = 8,6, =7 and 65 = 6,

Set (IV): 6, = 15,6, = 14 and 65 = 13.

Table 4 demonstrates that as the delay parameters 6,, 6, and 65 are increased the threshold parameter
Ry is decreased and the stability behavior of the infection-free equilibrium Dy is changed. Figure 7
shows the effect of time delay on the solution trajectories of the system. We observe that as time
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delays are increased, the concentration of the healthy cells is increased, while the concentrations of
silent/active HIV-infected cells, free HIV particles, HIV-specific CTLs and HIV-specific antibodies are
decreased. Let us fix the parameters 6, and 65. Using Eq. (6.4) we can define the threshold parameter
Ry as a function of 0, as:

e—hlelsg [asnz + Ae—hz@z (b?]le—h393 + 8773)]

ae(A+y)(1+65¢)

Ro(61) =

When R (6;) < 1, we obtain

. . 1 S4 asn _l_/le—fn@z bn e—h303 +eén
6, > 01"", where 6" = max {(), - ln[ 0 { 2 ( 1 3)}
1

as(A+7)(1+068)

Therefore, if 6, > 9‘1““’, then the infection-free equilibrium D, is G.A.S. We select the values 6, = 7
and 65 = 6 to compute #"" as ™" = 10.5302. As a result, we have the following scenarios:

(i) If 6, > 10.5302, then Ry(6;) < 1 and Dy is G.A.S,

(i) If 6; < 10.5302, then R((#;) > 1 and one of the other equilibria is G.A.S.

The above discussion gives us a significant insights that the increase of time delays period can play
the same influence as antiviral treatment

Table 4. The values of R for selected values of delay parameters.

Value of delay parameters Threshold parameter R, Equilibrium point

0,=06,=6;=0 4.92857 b, =(749.53,9.78,1,1,7.28, 10)
0,=3,6,b=0,6,=0 3.65117 b, =(778.18,6.64,1,1,4.14,10)
0,=3,6,=0,0; =1 3.5001 b, =(778.18,6.64,1,1,4.14,8.41)
0,=3,6b=2,6,=1 3.10544 b, =(778.18,6.64,1,1,2.94,8.41)
0,=4,6,=3,6=2 2.5648 b, =(788.38,5.81,1,1,1.81,6.98)
" 60,=5,0,=4,0,=3 2.13507 b, = (798.77,5.08,1,1,0.90,5.68)
0,=6,6,b=5,0,=4 1.79103 b, =(809.23,4.43,1,1,0.18,4.51)
0,=7,6,b=6,0;=5 1.5135 b; = (834.56,3.63,0.80, 1,0, 1.39)
0,=8,6b=7,6,=06 1.28791 b, =(911.73,2.22,0.44,0.61,0,0)
0, =10,6,=9,0; =8 0.950507 by = (1061.32,0,0,0,0,0)
0, =15,60, =14,6; = 13 0.485603 b, =(1061.32,0,0,0,0,0)
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Figure 7. The influence of time delay parameters on the behavior of solution trajectories of
system (6.2).
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7. Conclusion

In this paper, we formulated an HIV dynamics model with three types of distributed-time delays.
Both CTL and antibody immune responses were considered. The model incorporated two routes of
transmission, VTC and CTC. The CTC transmission is due to (i) the contact between healthy CD4*T
cells and silent HIV-infected cells, and (ii) the contact between healthy CD4*T cells and active HIV-
infected cells. We proved that the solutions of the model are nonnegative and bounded. We showed that
the model has five possible equilibria, and their existence is determined by five threshold parameters.
The global asymptotic stability of all equilibria was investigated by constructing Lyapunov functionals
and utilizing LaSalle’s invariance principle. Theorems 1-5 and Corollary 1 extend many existing results
in the literature. We performed numerical simulations to support our theoretical results. We studied
the effect of the time delay and CTC transmission on the HIV dynamics. We showed that the inclusion
of time delay can significantly increase the concentration of the healthy CD4* T cells and reduce the
concentrations of the infected cells and free HIV particles. This gives us a significant observation that
increasing the delay period can play the same influence of antiviral treatment. We showed that the
presence of CTC transmission reduces the number of healthy CD4" T cells and raises the numbers
of infected cells and free HIV particles. We observed that the presence of silent and active HIV-
infected CTC transmissions into the HIV infection model increases the basic HIV reproduction number
R, since Ry = Zle Roi > Ro;. Therefore, neglecting the CTC transmission will lead to under-
evaluated basic HIV reproduction number. Our proposed HIV dynamics model can be generalized
and extended to incorporate different biological phenomena such as reaction-diffusion [63—-68] and
stochastic interactions [69].
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Appendix

In this appendix we present the proof of Theorems 1-5.
Proof of Theorem 1. Constructing a Lyapunov functional candidate:

S Fi(So) 1 bH;F (S o) +8F3(So)l

®o(S,L,1,V,C,A) = S — So - A9+ —1L +
of ) ’ fs Fio) " H, ae
N Fl(So)V+/l[b7’(3F1(So)+8F3(SO)]C+ WFl(So)A
£ oae TE

1 K1 ) t
YH> f Hi(6) f [R1(S (), V20)) + N (S (%), L)) + R3(S (), 1(%))] ded
0

-6
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A [b?‘(yEl(So) + 8F3(S

ae

ol f F(0) f Ti(LG)dxdo

t—6

bFl(SO)

f F,(0) f TallG))dsedo.

t—6

We note that, ®y(S,L,I,V,C,A) > 0 for all S,L,I,V,C,A > 0, and ®y(S(,0,0,0,0,0) = 0. We

d(DO

calculate along the solutions of model (2.1) as:

dP, _ (1 _Fi(So)

dt FI(S))(¥(S)_NI(S’V)_NZ(S7L)—N3(S,I))+—

1| 1
= f F,(0)
0

X{N1SE—0),V(E—0)+R(S(t—0),L(t—0)) + R3(S(t—0),1(t — 6))}dO
bH;F (S o) + &F3(S o)

ae

—A+nJiD)] + [/1 f F(0)T 1 (L(t — 6))d6 — aT>(I)
0

F.(S
T CO)T ()] + 1(8 )

[b fﬂs(O)Jz(I(t —0)df — J53(V) - wJ5(A)TJ3(V)

0
HIPPERSO 2 S0 g0 - meraccy + T

gace

1 (-
X (tI5(A)T3(V) = {T5(A)) + H f7’(1(9) [Ni(S, V) +Na(S, L) + 83(5, D] db
0

1 (-
T f7‘(1(9) [Ni(S(—0),V(t—6)+N:(S(t—6),L(t - 0))
0

A[BHF1(So) + 6F5(So)] fﬂzw)

ae

+83(S (- 0),1(t—0))]1do +

bF1(So)
&

X [J(L) = J1(L(t = 0))] db + fﬂa(@ [T2(D) = J2U( - 6))]db
0

Collecting terms of Eq. (8.1), we get

d®dy _FiSo) F1(So) F1(So) F1(So)
d_ ¥(S )(1 FI(S))+81(S,V)F1(S) +N2(S,L)F1(S) +N3(S,I)F1(S)
_ A ST + A, [DHF o) 380l o 1y~ Fys o)
bHF F F
RSy (v) - LT EDAEL ol 7.c) - @& 0 74,

(8.1)

(8.2)
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From condition H4 and Eq. (5.1), we get

NI(S’ V) <

J3(V)
N (S, L)

J(L)
R3S, D) _

Jo()

Then,
Ni(S,V) <Fi(5)T3(V),

Therefore, Eq. (8.2) will become

Ra(S, L) < F($)T (D),

Fi(So)F2(S)

NS, V) _
< lm 720 Fi(S),
RS, L) _
=B g O

N1
= T e

Fi(So)F3(S)

dt

Fi(So)
HGJ+

4%, S¥(S)(1—

T+ ———J2(D)

Fi(S) Fi(S)
A+ Y + /17’{2 [b?'{3F1(So) + 8F3(S())]

J1(L) = F3(S0)J2(D)

um [bHF1(So) + F3(S0)]

ae

F4(C) - WfFl(So)

Js(A)

gae

1(S0)F3(S)

:¥(S)(1 —FI(SO))+ [F

Fi(S)
A+y

HIF1(S0)F2(S)

F.S) —Fa(So)]jz(I)
AHHLADHEF (S ) + eF3(S0))

Hi

A+ )Fi(S)
_ ur [bHAF (S o) + eF5(S0)]

ag(1+7y) B 1]j1(L)

WfFl(So)js(A)

oag

Condition HS implies that

F1(So)F2(S)
Fi(S)
FiSoFs(S) _
F1i(S)

=FiSoz

< 1(50)

J4(C) -

F2(So)
Fi(So)
F3(So)
F1(So)

F2(So),

_Fg(S())fOI‘O<S SSO

Substituting inequality (8.4) into Eq. (8.3) and using ¥(S() = 0, we get

1ﬁ<mw&ww@—

A+
+ Y

@)
Fi(S)
bAH HLH5F (S o) N

HIF2(So)  AHIHF3(So) 1| 7.0

H,

ag(1l+7y)
_ ur [bHGF (S o) + &F3(S0)]

A+y * a(d+vy)
F.(S
mw)w“(%mm

gae

(Ro-1)TJ1(L)

= (¥(5) —¥(So))(1 -

FI(SO))+ A+y
Fi(S)
ur [b?‘(gF](S()) + 8F3(SO)]

H,
wal(So)

J4(C) - T5(A).

gae

Mathematical Biosciences and Engineering

N3(S, D) < F5($)T2(D).

(8.3)

(8.4)
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Conditions H1, H2 and Eq. (5.2) provide that ¥(§) is a strictly decreasing function of S, while F(S)
is a strictly increasing function of S. Then,

(S) —¥(So))(1 _ FI(SO)) <0,

Fi(S)

Therefore, % <Oforall §,L,1,V,C,A > 0 with equality holding when S = Spand L=C = A = 0.

Let Yy = {(S ,L,1LV,C,A) : d% = 0} and ‘I';) be the largest invariant subset of Ty. Therefore, the

solutions of system (2.1) converge to ‘Y% [49]. The set T;) is invariant and contains elements which
satisfy S(f) = S and L(¢) = C(t) = A(t) = 0. According to LaSalle’s invariance principle we have lim

t—00

S(t) =S and lim L(¢) = lim C(t) = lim A(t) = 0. Then, S(¢) = 0 and L(¢) = C(¢) = A(¢) = 0. From the
—00 t—o00 t—o00

third and fourth equations of system (2.1), we have

I=—agx(D), (8.5)
V=>b f?%(@)jﬂ(r — 0))df — eJ5(V). (8.6)
0

Let us define a Lyapunov function as follows:

a

a —
2bH, V(t”z—% f H;(6) f To(1(%))dxdb.
0

t—0

Oy = I1(r) +

Therefore, the time derivative of @, along the solutions of system (8.5)-(8.6) can be calculated as
follows:

dd, a &

— =—= D+ ——93(V)| <0.

7 2(Jz() b7{3‘73( ))
Utilizing condition H3 it is clear that % = 0 if and only if I(?) =
Ve = 0 for all . Let T, = {S.LLV.CAeT,:“=0 Then, T, =

{(S,L, LLV,.CA)e ‘Y';) S =80, L=1=V=C=A= O} = {by}. Hence, all solutions trajecto-
ries approach D, and this means that By is G.A.S [49]. O
Proof of Theorem 2. Define ®,(S,L,1,V,C,A) as:

S L
e o Ni(S1, Vi) N Y V(o))
O, =5-5 j;l —Nl(%, VD) dx + 7—{] (L Ly . —jl ) d%)

N bHT(I)N(S 1, Vi) + eT3(VDR3(S 1, 1)) (1—11 B Ijz(ll)d%)

agJ>(1)NT3 (V1) n J2%)
Ni(S1, Vi) Y T5(Vy) )
ALLCALRALY SVRNRTANE d
NPT ( S S Y%
LM [bHT(1)R(S 1, V) + 853(V1)N3(51,11)]C N @®i(S1, V1)
ocas>,(1)J3 (V1) eJ3(V1)
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Ri(S1, Vl)f f ( 1(S (), V(%)))
Hi0) | K T L

S5 [ [

N%(Sl ) fq{(g)fq((&zis((;) ﬁ(;t)))d%de
3814

A[PHT )RS 1, Vi) + eT5(VDR3(S 1, D] T1 (L) fﬂ o
aed>(1)J3(V1) z

t J1(L(») bxl(Sl,Vl)jZ(Il)f ” f (jz(l(%)))
K dndf H;(0) | K dndé.
Xi ( T ) o) PO Ty )

Calculating = d‘D‘

do, :(1_ Ni(S1.V)

1 (1 B jl(Ll))
dt Nl(S,Vl)

)(¥(S)—N1(S,V)—N2(S,L) Ni(S, I))+771 7.(L)

X f?_{l(ﬁ) (R SE-0),V(t—0) +Ra(S(t—0),L(t — 0)) + R3(S(t — 0),I(t — 6))} dO

— A+ JiD)] +

bHI(1)N1(S 1, Vi) + eT3(VDR3(S 1, 1)) (1 B jz(ll))
agJ>(11)J3 (V1) J>(D)

Ni(S1, V)

eJ3(Vh)

X /lfﬂz(H)jl(L(t—9))d9—a52(1)—Mﬂ(C)Jz(I) +

x(1-

js(Vl))
J3(V)

w[DHT(1DN1(S 1, V1) + eT3(V1)N3(S 1, )]
ocas(1)J3(V1)

@ (51, V1) NISLV) (o [ RIS, V)
+W(T~7§(A)j3(v)—{js(z4))+ H, fﬂl(g) [m

RS-0,V -90) N 1n(N1(S(t -0),V( - 9)))] d0 + No(S1,Ly)
Ni(S1, Vi) Ni(S,V) H,

No(S, L) NZ(S (t—6),L(t-06)) No(S(t=0),L(t - 09))
f 0 [&(sl NS Ly ln( 825, D) )] a0

b fﬂz(e)jz(l(f — 0)db — eJ3(V) — wJ5(A)T3(V)
0

(e TH(O)T2(D) — 1 4(C))
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N3(S 1) R3(S, 1) N3(S(t—6),1(1 - 6))
fﬂlw)[xg(sl,ll) - N3(S1.11)

N3(S, 1) acd>(1)J3(V1)

F o T TL-0) (T - 0)
H,(6 — 1 do
Xof 2 )[m(u) Ty “( T1(D) )]

+1n(x3(5(t —0),I(t— 9)))] J0+ AbHI DR (S 1, Vi) + eT3(V)R3(S 1, 1) ] T (Ly)

N bNI(SlaVI)jZ(Il)fq_—{3(9)|:j2(1) Dol -0)) +ln(jz(1(t—9)))]d0_

8.7
eJ3(V) Jo) Jo1y) Jo) 7

Collecting terms of Eq. (8.7), we derive

v, NG L) N1(S1, V) N(S1, V1)
W‘%)(l N1<S,v1))+xl(5’v) M v TS DR
NSV Aty ‘_f R1(S(t = 0), V(i — )T (L)
NS D - F,(0) e do

L f 1,628 ¢ = 0). Lt = O Ti(L)

) Ji(L)
XN3(S(f—9)J(1—9))51(L1) J0 4 /l+yj1(L1) Rs(S, 11)52(1)

J(L) J2(1h)

4 [bHT(1)R1(S 1, Vi) + eT3(VN3(S 1, 11)] fﬂ (Q)jl(L(t - 9))32(11)619
aeJ>(1NT>(V1) ? J(0)

bHT(I)N(S 1, Vi) + eT3(VDR3(S 1, 1))
1
’ e T INTA(V1) Jah)
LK [bHT(1)R1(S 1, Vi) + eT3(VNR3(S 1, )]
acd>(1)J3(V1)

J3(V)  bN(Sy, Vl)f _ Tt -0)T5(V)
-N - H N
181, Vl)jS(Vl) eJ3(Vy) (0) J3(V) W+ /1)

oS, V1) _pr [BHTIDR(S 1, V) + eF5(VOR3(S 1, 11)]
ega vy AT as T NIV

(NS, V1) 1(5 Vi) f ( 1(SE—-0),V(- 9)))
_ TN L) gy DO LV In
vy W Hh® TR A

d@——fﬂl(Q)

J«(O)F2(I)

J4(C)

NS LL) (g (MaSE=0,LE=0)) NS LI [
- 2L f ,(6) ln( . )d9+ = f F4,(6)
0 0
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(N3(S (t—0),1(t - 9))) AH, [BHT (IR (S 1, Vi) + eT3(VN3(S 1, 11)]
X In do +

N3(S, D) asJ>(1NTJ3 (V1)

ABHTUDR(S 1, Vi) + eT3(VOR3(S 1, ID] T1(L1) fﬂw)

X J1(L) + agd>(1)J3(V1)

J1(L(t - 0)) bR(S 1, V1) J>(1y) f (Jz(l(f 9)))
In|—————~~ ‘H 0) In deé.
% “( Ji(L) )d9+ e T>(V) 3(0) T2

Using the equilibrium conditions for D, we get

A
¥(S1) = Ni(S 1, Vi) + Ra(S 1, L) + 8551, 1)) = ;lyzf](m,
A L bH Ji
VI _ gy, vy = LTI
In addition,
bHIL(1)R1(S 1, V1) + eT3(VIN3(S 1, 1)
1) = 1
Ni(S1, Vi) +R3(51, 1) e T-(INT>(V1) Jo1h)
_ AH, [bHT(1)R(S 1, V) + 833(V1)N3(51,11)]j (L)
asJ>(INT>(V) ne

Then, we obtain

d®d,

S = HGs) - ¥(S1)>(1— AICIRAY

Ri(S, V1)

) + (NS, VD) +Ra(S 1, L) + 83(51, 1)

Ni(S1, V1) Ni(S,V) No(S, L)N1(S1, V1)

% (1 TRG.VY )+ NS LVOR v TS I G IR s, v
Ns(S, DR1(S 1, V1) TL)  RSLV) (-

B N A TR A SR N AT fﬂl(e)

Ri(S@—-0), V(- NI 1Ly) ,y_ Ro(S1.L1) fﬂl(@ Ro(S (1 - 0), L(t - 0)J (L)
1

Ni(S1, VIJ1(L) No(S1, LI (L)

B N3(§_{1,I]) fﬂl(e)x3(5(t_6),l(t_0))j1(L1)d9+Nl(Sl’Vl)+N2(S1’L1)
1

N3(S1, INIJ(L)

T NS V) + RS L) |

(L= ONTLL)

) (- T
— RS, T - 0
RS 1 1) = Ns(S 1. 1) 7 f o= T

0
U BHT(IDN1(S 1, V1) + eT3(VR3(S 1, 1))
agJ>(1)J3(V1)

TV) NS V) f (- )TV
- N - 0
SOz v o= mm

+ NS LV)+ R385, 1) +

d9+N1(Sl,V1)

J4(O)J(1)
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@wN1(S1, V1) urt [bHT>(IDNR1(S 1, Vi) + eT3(V)R3(S 1, 1))]
b TV gA - C
gy vy IS ATV oaeJ>(1)T3(Vy) J4E)
@RS L) Ri(S1, vl)f (&(S(r 0), V(t—e») 0
ey vy I F(6)n R1(S, V)

Nz(S L) fﬂl(g)l (Nz(S(lN—(?,i,;t—H)))dg_i_33(5_{1,11) fﬂl(g)
2(8S, 1
0

Ns(S(- 0.1 -0)\ RS V) +NsSnl) [~
Xln( o5 D) )d0+ 7 f?(z(g)

TLE-0))  R8i(S1. V) f _ (Ja(l(t - 9)))
In[=/——— —_— In|=—/—/———|d6.
X n( D )d@ + H 0 H;(0) In 7o)

Considering the equalities given by (5.6) in case of n = 1 and after some calculations we get

S,V
@—G«S) ¥(Sl>>( AlCH 1))—(Nl(sl,vo+N2<SI,L1)+N3<SI,11)>
Ni(S, V)
Ri(S 1, V) RiSLVO\] NSV (-
X[Nms,vl) ”‘“‘(ws,vo )]‘ #, Oflew)
[ms (t = 0), Vit = O)T(L) (xl(s (t =), V(i - 9))5“1@1))]
X —1—-1In do
N CRAVAD) N CIRAVA)

x2<s L) Ra(S(t = 0), L(t — )T (L)
f 7{(9)[ WAL A

_ln(xz(S(t—9),L(t—9))[fl(L1))] 83(51 h) f%(e)

No(S1, LT (L)
y [83(5(1 —0),1(t-0)J:1 (L) | - ln(&(s(t - 9),I(l = 9))31@1))] 40
N3(S1, 1NI(L) N3(S 1, 1)NI(L)
N](Sl,Vl)‘l‘Na(Sl,Il)f - [jl(L(t_e))jQ(Il)
_ 2] -1
H, e AT
J1(L(t - 0)T(1) NS, Vl)f
_ 2]
1“( T T )] T6(®)
y [jz(l(l -0)IJ:(V) | —1In (jz(l(f - 9))33(‘/1))] 40
J1)T3(V) NEVANERD)
NS, VI3(V) Ni(S,VDI3(V)
-N \% -1-1
S ”[&(S,vmm) “(&(S,vm(vl))]
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NS L )[Nl(s,vl)&(Sl,L])J](L) . _ln(ms,voxz(Sl,L])j](L))]
2L EIRIS 1L VRS, LT (Ly) Ni(S1, VNS, L)1 (L)
_Ry(S I)[Nl(SaVI)N3(Sl,Il)j2(I) 1 _ln(Nl(S,Vl)N3(51,11)jz(1))]
PP IRS 1L VORS(S, DI Ni(S 1, VRs(S, DT (1)
Ni(S,V)  J3(V) Ni(S, VDI3(V)
N — —
¥ I(SI’V‘)[ws,vl) TV +N1(S,V>ff3<v1>]
No(S,DN1(S1, V) Ji(L) Ni(S, VRS 1, L)T (L)
N>(S, L — -1
+ Sy ‘)[xz(sl,Llws,vl) J(Ly) +x1(51,v1)xz<s,L>jl(Ll>]
R:(S.DR(S1, V) T R1(S, VR3(S 1, 1) T (1)
N3(S5 4,1 — -1
+ 8l ”[Ng(sl,ll)xl(s,vl) T +N1<Sl,vl>x3(s,l>jz(m]
w[bHT(I)N1(S 1, V1) + eT3(V)N3(S 1, )] n
as T (INT+(V1) (‘7 2(h) - E)j (©)
@Ni(S1, V1) ¢

eJ3(Vh)

(7370 - 2) 5.

Using the definition of Qi] (S, U) given in (5.4), we obtain

NS, DNiSL V) Ji(D)

No(S 1. LONI(S. V1)
_gis.D g
gf(Sl’Ll)

and

R3(S,DRi(S1, V) J(D)

JiLy)

Ji(Ly)

N3(S1, 1HN(S, V)
_ Gi(S, I V)
Gi(S1. 1)

Then,

Ni(S1, V)

o)

o)

Ni(S, VOR(S 1, L) T (L)
Ni(S1, VOR(S, DI (Ly)

j1(L)QL(S L)

jl(Ll)gL(S Ly’

Ni(S, VOR3(S 1, 1) T(D)
Ni(S 1, VON3(S, DT> 1)

jz(l)gl(sl h)
jz(ll)gl(s D

dd, _ -
7_(¥(5) ¥(Sl))(1 RS, V)

+7(( 1(S(t—9) V(= 0)IJ1(L1)

Ri(S1, VIJ(L)

Nz(S ,Ly) fﬂl(‘g)[ ( 1(55‘ ‘Yl))
Ny |

+7<( 1(S, VI)NZ(SI,LI)«TI(L))]
Ni(S1, VOR(S, LT (L)

N3(S (1 - 0). It — )Ty (L)
+7(( Rs(S 1 1T (L)
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Nl(sl,vl)f _ [ (&(sl,vo)
— H,0)|K
) H, X 1©) Ni(S, V)

) 7<(3“¢1(S, Vl)jS(V))] 40

Ri(S, VT3(V1)

) 7<(Nz(S (t—0), Lt - 9))3'1@1))

No(S1, LT (L)

N3(51 Iy) fﬂl(e)[ ( 1(591,“//1)))
1 s V1

)+,](( 1(5,Vl)x3(51,11)jz(1))]d9

Ni(S 1, VOR3(S, DI (1)
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RS, VD) + RS L) (- L(t — )Tl RiSLVD) [
_ NS, V) + R5(S 1)]‘7_{2(9)7((51( (t —0)J( 1))d0— 1((]}3 1)[7{3(9)
0

H, T1L)T>(T) 0
Tt — 0)T5(V1) RIS, VD[RS, V) T5(V)
K do+ RS, VDIl - -
% ( TN T>(V) ) R 1)( Nl(s,w)(xms,vl) Js(vl))
gf(sl,LO)(g%(S,L) jl(u) ( gi(SI,m)
N (S, L)1 - — NS, I -
MRS 1)( 6.0 )\GESLLy  TiLn)” #5141 GI(S, 1)
X( GiS.D T ) , BIEHT(ONS 1. V) + 6T5(VONs(S 1, 1)
Gi(S1.I) Tl agJ>(1NT3(V1)
@oN1(S1, V)
X (Jo(Iy) = To(1) Ta(C) + — "L (F3(V}) = T3(V3)) T5(A). (8.8)
eJ3(Vy)

We have C, = ! (g (R, - 1)) < 0 when R, < 1. It follows that C(¢) = U(jz(l(t)) - g)J:;(C(f)) =
o (JL(1)) = T2(h) T4(C(t)) < 0 for all C > 0, which implies that J»(I;) < J>(I»). Further,

= 5 (£Ro- 1) < 0 when Ry < 1. This implies that A) = 7(T3(V0) - &) TA®) =
T(J3(V(1) — J3(V3)) Ts5(A(t)) < 0 for all A > 0, which ensures the inequality J3(V;) < J3(V3). Fur-

thermore, @, is always positive and approaches its global minimum at B,. Therefore, from Eq. (8.8)

we have df‘ <Oforall §,L,1,V,C,A > 0 with equality holding when S = S, L(t) = Ly, I(¥) = I,
V(t) = Vi and C = A = 0. Let T} be the largest invariant subset of 1 = {(S,L,1,V,C,A) : %+ = 0},

The solutions of system (2.1) are confined to ‘I"]. It can be seen that 1"} = {D;} and D, is G.A. S using
LaSalle’s invariance principle. O
Proof of Theorem 3. Define a function ®,(S,L,1,V,C,A) as:

_ S NS, Va) 1 L Ti(L)
@2_5_52_f2 IPRALLE TS (L‘Lz_ L m)d”)

N bHI(1)R1(S 2, Va) + eT3(V2)N3(S 2, ) (I L ! jz(lz)d%)
£ (@ + 1J1(C2) To(L)T5(V2) 2 JL T2
Ni1(S2, V) Y T3(Va) )
D2 Py _y, o [ LRy
T e T (V) ( 27 ), T
U DHT(L)N1(S 2, Vo) + £T3(V2)NR3(S 2, 1)) (C o < 34(C2)d%)
oe(a+ puJ4(Cr) J2(1)T3(V2) ? c, Jalx)

aNi(S -, Vz) Ni(S, Vz)f f ( 1(S (%), V(%)))
+ A H©O) | K TN dndo

Nz(S Ra(S2, Lo) f H,(6) f %(Nzggz g’;)))dxdm &%2112) f F,(0)
0

f(K(z’%(S (%), I(%’))) dwdd + AbHT2(L)NR (S 2, Vo) + e T3(V2)R3(S 2, [)] J1(Lo)
N3(S2, 1) g(a+ uJs(Cr) J>(1)J3(V2)

Mathematical Biosciences and Engineering Volume 17, Issue 6, 6401-6458.
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Xf _z(e)f(]((jl(L(%)))d%d9+ bR1(S 2, VZ)‘%(IZ)f%(@)f(}((jz(l(%)))d%d@.
0 0 t—6

J1(Lo) eJ3(V2) J2(1)

t—0

We calculate d% as:

o, (1 NS V)

1
dt N](S, VZ) )(¥(S) - Nl(S, V) — NZ(S,L) _ N3(S,I)) 4y (1

B jl(LZ))
H,

J(L)

X

f‘f_{l(é’) RiSE=0),V(t—0) +Na(S(t—0), L(t — 0)) + R3(S(t = 0), I(t — 0))} dO
0

N bHGT (1R (S 2, V) + 3(V2)N3(S 2, ) (1 B jz(lz))
g(a+ uJ4(Cr) J2(1)T3(V>) Jo(I)
Ni(S2, V2)
eJ3(V2)

—@+J@]

X /lfﬂz(Q)J](L(t—9))d9—ajz(1)—MJ4(C)jz(1)}+
L 0

| — ja(Vz))
J3(V)

LM [bH: T2 (1)R1(S 2, Va) + eT3(V2)R5(S 2, )] (1 _Jd&)

b fﬂs(é’)jz(l(t = 0)d0 - eJ3(V) - @ J5(A)T3(V)
0

)(0174(C)j2(1) — 1 J4(C))

oo @+ 1T C) ToTAV2) F4(©)
T ) (T TV) - s + f 74,0) [;féfz -
_N](S (;1—(;2,’ “2; - 6)) tIn (N](S (tN—l(i): “j;t - 9)))] d; N 82(2; L)
frafsn scoue mooun),

N3(S2, 1) f - [ N3 (S, 1) N3(S(t—-0),1(t-6))
AL 9 -
i H, X Hh®) N3(S2, 1) N3(S2, 1)

n (33(5 (t—0),I1(t - 0)) )] 40+ AbHT2(L)R1(S 2, Vo) + eT3(V2)R5(S 2, L) J1 (L)
N3(S, D) g(a+ pJs(Cr) J2(1)T3(V2)

. f 7-{2(9)[31@) RGO Hn(m(ur—e)))] "
0

J1(Ly) J1(Ly) J1(L)
bN.(S2, Vz)Jz(Iz)f _ [3’2(1) _DUe-0) (Jz(l(f—G)))] o ‘o
HP A 0 e AT R T A S W ' (8.9
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Collecting terms of Eq. (8.9), we derive

TR TR
R A TR ST
NS =0, V=T (L)

J(L)

dq)z _¥( )( 1(SZ’V2)

7 1(S,Vz))+2*¢1(S,V)

Ni(S2,V2) A+vy

NS DR G T

1
jl(L)_q__{lfwl(e)
0

do

I (o NSE-0.Le-T(L) 1 f NS (- 0),1(t - O)T (L)
- 0 do — — 0
1f ) T.D 7, ) T T.D

0
/1 + )’j (L) — a[bH;T2(1)N1(S 2, Vo) + T3 (V2)N3(S 2, 1) ]
e &(a + puJ4(C2)) T2 T5(V2)

ADHT(L)NR((S 2, Vo) + eT3(V2)R5(S 2, )] fq:{ (e)jl (L(t = 0)J2(1>)
& (a +pJ4(C2) To(1L).T3(V) ? Ja(D)

a [bH:T2(L)N1(S 2, Vo) + eT3(V2)R5(S 2, 12)]j )
e(a+uJa(C2) () T3(V2) 2
LM [bHT2(1L)R1(S 2, Va) + £T3(V2)N3(S 2, )] J3(V)

C L) —NR((S,, V.
£ (a4 AT TATAV JdOTAL) = RS2 Vo) gy

_DRi(S2, V) f oIt = 0)T3(V2) @N (52, V2)
2] do+ N8((S,,V. _ A V.
5TV H;(6) TV +Ri(S2, Vo) + 2 T(V) J5(A)T3(V2)
_pm [bW&Tz(Iz)N (82, Vo) + eT3(V2)N3(S 2, )]
oe(a+ pJ4(C) J2(1)T3(V>)
U [DHT(L)N1(S 2, Vo) + T3(V2)R3(S 2, 1)
_ 1 C
o @+ BT C) Tl Ta (V) DI
U [bHT2(L)R1(S 2, Vo) + e T3(V2)R5(S 2, 12)]j (Cy) - TR (52, V)
7e @ + pT(Co) ToIDT2(V2) e rea(Va)

81(52 Va) 1S —-0),V(-0) Nz(Sz L)
fﬂ‘w)l ( Ri(S, V) ) f%w)

T2

do

J4(0)

J5(A)

MO DL D) ) NlSah) N(S (1 = 6). [t~ )
X ln( %5 0) ) f?‘[l(e)l ( Ra(5. 1) )d9

N AH, [bHT(L)N1(S 2, Vo) + 83'3(V2)83(5 2, 1))
g(a+pJs(Cr) J>(1)T3(V2)

AbHT ()R (S 2, Vo) + e T3(V2)R5(S 2, L) T1(Ly) fﬂz(e’)l (jl(L(t - 9))) 40

J(L)

e(a+ pug4(Cy) J2(1)TI3(V2) J1(L)
BR1(S, V) BRA(S 2, V) Ta(l) f (Jz(l(r e)))
_— = I 0 1In do.
F o) O HO| =7
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Using the equilibrium conditions for D,:

¥(S2) = Ni(S2, Vo) + Na(S, Ln) + N3(Sa, 1) = ﬂ;lyjl (L),
AHLT (L) = (a + pT4(C2) Ta(l),  Ja(l) = g, J3(V2) = w
Moreover,
RS Vi) 4 NS ) = PHOTAIINS2. Vo) + 6T (VINA(S 2. 1) o

eJ(1)T3(V2)
_ AH, [bHT(L)R1(S 2, V) + £T3(V2)R3(S 2, 1))

g(a+ pJ4(Cy) J2(1)T3(V2)

J1(Ly).

Therefore, we obtain

a0, ) B Ni1(S2, V2)
= (¥(S) ¥(Sz))(1 Ni(S, V)

Ni1(S2, V)
1- N —— ~ +RN L
X ( Ni(S,Va) ) ML VZ)Nl(S, Va) ¥ RS, 2)Nz(Sz, Ly)N(S, V,)

N3(S, DN/ (S2, V2) S NI(SWZ’ = f(fﬂ )
1
0

) + (R1(S2, Vo) + 8o(S2, Lr) + N3(S2, 1))
Ni(S,V) No(S, LNR(52, V)

NS D RS vy S L)

do

RS-0,V —-6)J1(Ly) No(S2, L) jl7:{1(9) No(S(—0),L(t—0)T1(Ly)
0

do —
Ri(S2, V2))J1(L) Hi Ro(S2, L) J1(L)

2:3(52512) fﬂl(g)x3(5(t—9)al(t—0))«]1(142) 19 ?:1(5' ,V) 2: (S, ,l ) 3( ’ )
]il
0

N3(S2, L) I (L)

- N3(S2, 1) dO +N(S2, V)

oD Ri(S2, V) + Ry(S2. b) f ooy DL = T
Ja(1) H, J ? J1L)J>(1)

+ N3(S2, ) = N1(S2, Vo) dé + Ni(S2, V2)

T(V) mfhzé V) f% T2 = T (V)
0

J>(V2) To()T3(V)
aNi(S5, Va) TN (S2, V) NS Vo) (-
TS BT ATV - TR () 4 of H,(6)

RS =0 V=) NalSnle) [z o (NalS(—0). Lt~ 6)
Xln( R.G5.Y) )d9+ H, f?‘(l(Q) ln( %05, 0) )d9
0

+

)d0+

7'{ N3(5’1)

N3(S2, 1) fﬂ‘ ©1n (83(5 (1-0),1(t-0))
roy H,

Ni(S2, Vo) + 83(S2, 1) fﬂz(e)
0
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J1(L(t - 0)) N1(S2,V2) f ~ (jz(l(l - 9)))
H:(0) In| =————= | d6.
% 1“( (D )d9+ Ho S A

Considering the equalities given by (5.6) in case of n = 2 and after some calculations we get

dd S, V.
2—<¥<S> ¥(52))(1— Ri(Ss 2))—(Nl(Sz,Vz)‘i'Nz(Sz,L2)+N3(Sz,12))
Ni(S, V)
Ni(S2, V2) Ni(S2, V) Ni1(S2, Va) -
SRR e R e

y [Nl(S -0.Ve-Jla) | (81(5 (1-0),V( - 9))51@2))] 40
Ri(S2, V)T (L) Ri(S2, V2)J(L)

N S,, L N (S(t—-0),L(t—-6 L
2( 2, L) fwl(e)[ 2( (;2(5)2 L(zl)jl()l)f—l( 2)_

No(S(t=0), L(t — 0)J1(L>) 2“3(52 b) f
—1 _
n( NOWAXAD) )] do H,(0)

y [&(S(f — 0,1t -0)J1(L2) | - ln(&(s(f - 9),10 - 9))j1(L2))] 40
N3(S2, L)J (L) N3(S2, )T (L)

Ni(S2, V) + Ra(S 2, 1) f oo [m@(r ~ T
H, ’ Ti(La)To(D)

J1(L(t = ) J2(]>) Nl(Sz V) f
-1 do — 0
“( T T )] F(6)

« [jz(l(l - 0)J5(Va) | —1In (jz(l(f - 9))j3(V2))] 40
J2(1)J3(V) J2(1)T3(V)
NS, V)I5(V) | — ln(xl(Sa Vz)js(V))]

Ni(S, VT3(V2) Ni(S, VT3(V2)

Ri(S, VIR(S2, LT (L) | —1n (&(S, Vo)Ra(S 2, L2)jl(L))]

Ni(S2, VO)N2(S, )T 1(L2) Ni(S2, Va)N2(S, DT 1 (L)

Ri(S, V2IR3(S2, ) I (D) - ln(Nl(S, Vz)N3(52,Iz)jz(1))]

N1(S2, V2IN3(S, DT> (1) N1(S2, V2)N3(S, DT> (1)
IOV 14 Ni(S, Vz)j3(V)]

Ni(S, Vo) J3(V2) Ni(S, T3(V2)

Ro(S, DR1(S2, Vo) T 1+ Nl(S,Vz)Nz(Sz,Lz)j1(L)]

No(S2, L)NR((S, V) Ji(Ln) Ni(S2, V)RS, DT (L)
R3S, DRi(S2, V) S N Nl(S,Vz)N3(52,Iz)j2(1)]

N3(S2, L)N((S,V2)  Ta(l) N1(S2, V2)IN3(S, DT2(1>)

- Ni(S2, Vz)[

—No(S2, L) [

- N3(S2, 1) [

+Ni(S2, V) [

+N2(S2, L) [

+N3(52, 1)
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@N1(S2, V2) ¢
AR (33(‘/2) -

Using the definition of G (S, U) given in (5.4), we obtain

)73,

Ro(S, DN1(S2, Vo) Ji(D) N Ni(S, V2)R2(S2, L) T 1 (L)
No(S2, L)N((S, V2)  Ji(Lo) Ni(S2, VIINRL(S, )T 1(L2)
_GiS, D) VIS, s J(L)G5(S 2, L)
CGHSy L) Tl JL)G5S, L)’

and
R3(S, DN1(S2, Vo) JoD) N Ni(S, V2)N3(S2, ) T>()
N3(S2, L)N(S, Vo) o) Ni1(S2, V2IN3(S, DT(]>)
_ Gi(S, D) ) | +Jz(1)gé(52,12)
G (S2, b)) Jah) Jo(L)GKS, D)
Then,

dq)z Ri(S2V2)| Ri(S2 Vo) [ - Ni(S2, V2)
__ ¥ _
&) - (S”)( 1(S,v2)) #, f ) [W(Nl(s,vz))

0
RIS (=0, V(- ONTi(Lo)\  (Ni(S, V) Ts(V)
”(( N CRAGATS) )”(( l(s,vm(vz))]d@

Nz(Sz L) 1082, V2) No(S(t=6), L(t — )T 1(Ly)
f %(9)[ ( RIS v2>) 7(( ReS2 LT (D) )

(S, VO)Ra(S 2, LT (L) Ni(Sal) (- Ni(S 2, Va)
x| df - f 0 [7(( )
¥ (&(Sz, vzmz(s,L)Jl(Lz))] 7 J MOK R G

R(S (1 - 0), 1(t - 0) T (Lo) R (S, V)R (S 2, 1))
do
+7(( R3S )T 1(L) ) i 7((wsz, Va)Ra(S, 1)33(5))]

R1(Sa, Vo) + Ry(S0s B) (- L(t - )T (1 RS, Vo) [
1082, V) + R3(52, 1) fﬂz(Q)(K(jl( (t—0)I( 2))d9— 1(;{3 2) f%(g)
0

H, J1(L)I>(I)

0
Tt = 0).T3(Va) RS, V) (NS, V) T3(V)
K do+ RX(S,, Vo)1 - -
% ( To(I)T5(V) ) RS2 2)( Nl(s,w)(xl(s,\/z) ja(Vz))
gé(sz,u))( GLXS, L) Ji(L) ) ( g§<sz,12))
N> (S5, L)1 - - N3(SH, L)1 -
RS2 2)( Gis.D )\l Ti) " 352 b) GL(S, 1)
GxS,h () ) @N(S2, V2)
— V5) — V. A). 8.10
X(Qg(sz,b) o) " ey S T SOOI (8.10)

Hence, if R4 < 1, then D, does not exists since Ay, = J5 ! (% (R4 — 1)) < 0. This implies that,
A =1 (j}(V(t)) - é;V)\TS(A(I)) =1(J3(V() — J3(V4)) I5(A()) < 0 for all A > 0, which ensures the
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inequality (J5(V2) < J3(V4). Hence, if Ry > 1, then €2 < 0 forall S,L,1,V,C,A > 0 and £2 = 0
when § =S5, L(t) = Ly, I(t) = I, V(t) = V, and A = 0. Define T = {(S, L, 1, V,C,A) : %2 = 0} and
‘I"Z is the largest invariant subset of Y,. The solutions of system (2.1) converge to ‘I' Wthh contains
elements with L(¢) = L, and I(¢) = I,. Hence, I(t) = 0 and from the third equation of system (2.1), we
have 0 = I(t) = AHT1(Ly) — aJ> (1) — uJ+(C(1))T>(I,), which gives C(t) = C, for all t. Therefore,
‘Y"z = {D,}. Applying LaSalle’s invariance principle we get that D, is G.A.S. O

Proof of Theorem 4. Define a function ®5(S,L,1,V,C,A) as:

S Ri(S3, V3) 1 b T(Ls)
P55 Ny P (L B T d")
N bHT(I3)N1(S 3, V3) + (& + @ T5(A3)) T3(V3)N3(S 3, I3) (I - ! jz(ls)d%)
a(e +@Js5(Az)) j2(13)js(V3) n Ja2%)
Ni(S3,V3) (V A j%(Vs) )
(8 +@J5(A3)) J3(V3) e a0
U [bHT (13N (S 3, V3) + (& + @ T5(A3)) T3(V3)N3(S 3, 13)]C
oa(e +@J5(A3) J2(13)T3(V3)

RS, V) (A_Ag_ RVEGDIAN ) Ni(Sa, V3)f7—{1(9)

T+ a5 (A) TV sy 500
(56, V) x2<S3,L3>f - f (&(S(m,m»)
do 0) | K\ ——5——|dxdb
f 7(( Ni(S5, V) )d” T ) M TN )

x3(53 15) fq_{l(e)f(}((&;f((;) i(?)))d%de
3(S3, 13

AbHT (BN 1(S 3, V) + (€ + @ T5(A3) T3(V3)NR5(S 3, 1) T1(Ls) fﬂ ©)
a (e + @T5(A3) Tr(I5)T5(V3) ?

T1(L0) RS 3, V). Ta(ls) f f (Jz(l(%») e
f W(ﬂ](h)) Ot v oTaan Ty ) TEO | KTy ) e

Calculating = & as:

dos _ (1 B N1(S3,V3)

1 J1(L3)
dt Nl(S,Vg))@(S)_NI(S’V) NZ(S L) - Ng(S I)) ( )

H, Ji(L)

X f?rll @O {N(SE=0),V(t—-0)+R(S(t—0),L(t —0)) + R3(S( - 0),I(t — 6))} dO

bHTL(I3)R1(S 3, V3) + (& + @ T5(A3)) T3(V3)N3(S 3, I3)

- L
(/1+’)’)j1( )] + a(8+wj5(A3))j2(13)j3(V3)
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( jz(lz))

TA(D) f LOT1(L(t — 0)do — aT>(I) — pT4(C) T 2(1)}

0

N Ni(S3,V3) (1 B 53(V3))
(e +®@T5(A3)) T3(V3) J3(V)

u [bHT2(I)N1(S 3, V3) + (€ + @ T5(A3)) T3(V3)R3(S 3, 13)]
oa(e +@J5(A3) J2(13)T3(V3)
@N(S3, V3) (1 B j5(A3))
T(e + @J5(A3)) J3(V3) Js(A)

b f H3(0) T (t — 0))dO — eT5(V)
0

-wJ5(A)T5(V)] +

X (0 J{(O)T2(D) — 1 4(C)) +

Si, V. NS,V
X (tJ5(A)T3(V) = LT5(A)) + (3 ) f 1()[ 13, V)
N1(S3,V3)

RS -0,V(I-0)  (N(S(—6),V(—6) No(S3, L) (-
T RS V) ”n( R1(S,V) )]d9+ H, f%(g)

[ No(S,L) _ Ro(SC—0),Lt—6) ln(?“¢z(S(t— 6), L(t - 9)))] go+ 38 1)

N2 (S3, L) N> (S3, L) Na2(S, L) H,
I _ N3(S, 1) N3(S(t=0),1(t — 0)) N3(S(t—-0),1(t - 0))
X f o [&(53,13) T NG D) ”n( (5. D) )] @

AbHT>(I3)N1(S 3, V3) + (€ + @ T5(A3)) T3(V3)N3(S 3, 13)] J1(L3)
a(e +@wJs5(A3)) J2(13)T3(V3)

C o T TWL  Tuli-0) Ji(L(t - )
_ In (<22 9V
Xf 6) [J}(u) Ty n( T.D )] 0

bR (S 3, V3)J2(13) fﬂ3(9) [ NEORRNEU L)) I (jz(l(f —-0)

. 11
+<e+wJ5<A3)>J’3(v3)O Ty Jaly) T )]de 610

Collecting terms of Eq. (8.11), we derive

dd; N85, V3) Ni(S3,V3) Ni(S3,V3)
dr _¥(S)(1 ms,Vg))m‘(S’V) M. v TS PRE
Ni(§3,V3) A+y f Ni(St-0),V(t-0)T1(Ls)
N 1 - L)— — 0 do
+ N3(S, )Nl(S,V3) H Ji(L) H,(0) T(0)

) % fﬂlw)xz(S(r—e),m—9))3'1@3) o L f%(@)
1

) J(L)
XN3(S(I_9)’I(t_9))j1(L3) 40 + /l+yjl(L3)—N3(S3 13)3'2(1)

J(L) H, J2(13)
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do

a(e +@Js5(A3)) J2(13)T3(V3) Jo(I)

N bHT>(I3)N1(S 3, V3) + (e + @ T5(A3)) T3(V3)N3(S 3, 13)
(& +@T5(A3)) J2(13)T3(V3)

4 [bHT2(13)R1(S 3, V3) + (8 + @ T5(A3)) T3(V3)N5(S 3, [5)] f -z(g)jl(L(f - 0)J2(13)
0

J2(13)
U bHT(B)N1(S 3, V3) + (6 + T T5(A3) T3(V3)R5(S 3, I5)]

C I
a (e + @Ts5(A3) To(13).T3(Va) T
N1 (S5, V) bR,(S3, V5) f (- 0)T (V)
- V) — 0 de
et 7.0 20 T G r g ) (V) J ) T5(V)
eN1(S3,V3) @N1(S3,V3)
V. A V.
R Py AT SAC R s ATTAC LN
_ um [DHT 2 (1)NR1(S 3, V3) + (e + WJS(A3))33(V3)N3(53,[3)]j ©)
oa(e + wT5(A3) To(I13)T3(Vs) !
@w{N(S3,V3) N 1(S3, Va)
- A) — A \%
et m T A TN T % sz(As))Ja(Vz)j s(A:)T5(V)

@N(S3,V5) 1<S3 V) f ( (S(t—0), V(t—en)
A 0) In do
T+ oA Ja(vy S AD* ®) RS, V)

L NS, L3)f7{1(9)1 (NZ(S(tN—(GS),gz—e)))dm N3(§;Js)fﬂlw)
2 ) 1
0

y 1n(N3(S (t—0),1(t— 9)))d9 N AH, [bBHTH(1)N1(S 3, V3) + (6 + @ T5(A3)) T3(V3)R5(S 3, I5)]
N3(S,1) a(e +@Js5(A3)) J2(13)T3(V3)

AbHT>(I3)R1(S 3, V3) + (€ + @ T5(A3)) T3(V3)N3(S 3, 13)] T1(L3) fq_{ ©)
a(e +@Js5(A3)) J2(13)T3(V3)

X (L) +

do.

J1(L(t - 6)) bR (S35, V3)T2(13) f (jz(l(f 9)))
—— 2 \df 0) In
X 1“( T ) t et oday T J PO =20

Using the equilibrium conditions for D3, we get

¥(53) = Ni(83, V3) + Na(S3, L3) + N3(53, ) =

A L
@ = To(l), Ts3(V3) = g bH:J(1) = (& + @ T5(A3)) T3(V3).

A+
%731 (Ls),

In addition,

b L)X (S5, V. A V3)N3(S3, T
R1(S2. Va) + Ny(Ss. Is) = H3T>(13) 1((83+ ;;:((Ai‘)i‘)?iz()ﬁ)(“%)( 3)N3(S3 3)32(13)
_ AH, [bHT()R1(S 3, V3) + (8 + @ T5(A3)) T3(V3)R5(S 3, I5)]

a(e +@HJs5(A3)) J2(13)J3(V3)

J1(L3).
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Then, we obtain

a’CI)g (1 3 Ni1(S3,V3)

— = (¥(S) —¥(S3) R,(5. V) ) + (R1(S3, V3) + 8a(S3, L3) + N3(S53,13))

N1(S3, Va) Ni(S,V) No(S, L)N(S 3, Va)
(1 T RS, V) ) RS VISV TS B S TR v
Ns(S, DR1(S3, V) TL) NSV [ -
NS D RS, vy SR L s f Hh®)

RS -6), Vi - 0)T1(Ls) N,(S3, L) f )
do — P
N1(S3, V3)J1(L) ] Hi(9)

o S8 = 0). Lt - )T 1(Ly) ) Na(S5.15) fﬂl(Q)N3(S (t=0),1t - 0)TJ:1(L3)

do
82(S5. L) T (L) N3(S3, 1) T (L)
1 Ni(S3, V. N3(S3, T
+N1(S3,V3)+N2(S3,L3)+N3(S3,13)—N3(53,13)}722((I3))— 15 3)(;2 #03: 1)
(o Tt - 0)Tals) T5(V)
X fﬂz(e) T Tl dO+ N1(S3, V3) + N3(53, 1) — Ny (S5, V3)j3(V3)

1(53 vs) f () zf;_(; (;)?féévﬁdeml(sg,vg 1(83 ¥a) f H,(6)

(SU=0.Ve=0)) ) ¥Su L) NaS (1 = 6). Lt ~ 6)
xln( o )de fﬂl(a)l( oK )de

N3(S3,I3) fﬂl(e)l (N3(S(1N—(?,;§f - 9)))d6 N Ni(S3, V3)7‘{F N3(S3,13)
3 ’ 2

J1(L(t - 0)) Ni(S3, Vs)f (52(1(1—9)))
0)In 0+ O In| ———=1do
fﬂ( : ( Ji(L) )d ) J(I)
p[bHT(13)N1(S3, V3) + (e + WJS(A3))J3(V3)N3(S3, I3)]
a(e +@Js5(A3)) J2(13)T3(V3)

Considering the equalities given by (5.6) in case of n = 3 and after some calculations we get

dd Ni(S3, V.
Tj=(¥<5>—¥<53>>(1— 183, V2)

(7219 - Z) 700

) = (R1(83, V3) + 8a(S3, L3) + N3(S3, 13))

Ni1(S, V3)
Ni(S3, V3) N1(S3, V3) xl(sg,vgf _
-1-1 — 0
X[ms,vg) n(xl(s,w) )] o Hi(0)

NS -6),Vi-0)J1(Ls) |- ln(xl(s(f -60), V(- 9))71@3))} 20
Ni(S3, V3)J1(L) Ni(S3, V3)J1(L)
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No(S3, L) ( No(S(t—=6), L(t - 0)J1(L3)
T, Of 7{1(9)[ NGy Lo

_ln(Nz(S(t— 6), L(t - 9))51(L3))] go_ NS, 1) f H,(6)
0

No(S3, L3) (L) H,
y [N3(S(t —0),1t-0)J:1(L3) | - ln(x3(s(t —0),1(t— 9))31@3))] 20
N3(S3, 1) J1(L) N3(S3, 1) J1(L)
Ni1(S3, V3) + R83(53, 1) f - [ffl(L(l - 0)J>(13)
_ 4] -1
H, J O™ 3 50
(T (L= 0)T2(T3) NS5, V3) f -
h’( T To(0) )] T2 O 7560
« [jz(l(l - 0)J3(V3) -1 (jz(l(f - 9))33(‘/3))]
—1-1In do
J2(13)T3(V) Jo(1)T3(V)
Ni(S, V3)T3(V) Ni(S, V3)T3(V)
-N Vv -1-1
155, V5) [xl(s, N T>(V3) “(ms, vm(Vg))]

Ni(S3, V3)N2(S, )T 1(L3) N1(S3, V3)N2(S, DT 1(L3)
CRy(S5. 1) [Nl(S, V3R3(S3, 13)J>(D) | —1n (NI(S, V3)N3(S 3, 13)j2(1))]
N1(S3, V3)N3(S, DT> (13) N1(S3, V3)N3(S, DI (13)
NS, V) J() 1+ Nl(S,V3)J3(V)]
Ni(S,V3)  J3(V3) Ni(S, T3(V3)
RS, Ls) [ Ro(S, DNi(S3,V3) T 14 Ni(S, V3)82(S3,L3)j1(L)]
No(S3, L)N((S, V3)  J1(Ls) N1(S3, V3)N(S, )T 1(L3)
T+ Ry(S5. ) [ N3(S,DRi(S3,V3)  Jo) N Ni(S, V3)x3(53,13)jz(1)]
N3(S3, L)R1(S, V3)  Jal3) N1(S3, V3)N3(S, DI 2(13)
u [bHTH(I3)N1(S 3, V3) + (8 + @ T5(A3)) T3(V3)N3(S 3, [3)]
: 0 (e + BT A) Tol)Ts(V3) (Fah) = Tl T,
Using the definition of ng (S, U) given in (5.4), we obtain

Ro(S, DR1(S3,V3) T 1+ Ni(S, V3)Ra(S3, L) T 1 (L)
No(S3, L3)N((S,V3)  J1(Ls) N1(83, V)RS, LI 1(L3)
_ GYS, L) VIO - J(D)G5(S 3, Ls)
CGKSs, L) Tl J(L3)G5S, L)’

~ RS Ls) [&(S, VR(S3, LT (L) - ln(Nl(S, V3RS 3, L3)51(L))]

+Ni(S3,V3) [

and
R3(S, DR1(S5,V5)  JolD) 1+ Ni(S, V3)R3(S83, 1) T2(1)
N3(S3, L)N(S,V3)  Ja(l3) N1(S3, V3)N3(S, DT> (13)
_G8D g TDGSa )
CGiSs L) Jal) JAL)GAES, D)
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Then,

d(I)3 Ni(§3,V3)|  Ni(S3,V3) (- Ni(53,V3)
&8 ¥ _
= (¥(S) - (53))( RS Va) ) A, bfﬂl(g) [7(( RS Vo) )

RIS (=0, V(- ONTi(Ls)\  (Ri(S V) Ta(V)
”(( NG AT )”(( 1(S,V)J'3(V3))]d9

N2(53 Ls) 183, V3) No(S(t—-0), Lt — 0)J1(Ls)
f %(9)[ ( RIS, v3>) 7(( RS LT (D) )

(S, V3)Ra(S3, L3) 1 (L) N3(S3,13) (- Ni1(S3,V3)
K| do — f 0 [7(( )
" (N1(53, V3N (S, L)jl(L3))] H, ) () N1(S, V3)

N(S (1 - 6), 1(t - 6).T(Ls) R1(S, VoR3(S 3, 1).To(0)
”(( R3(S 3, 1) (L) )”((msg,V3>N3<S,I>jz(13>)]d9

Ni(S3, V3) + R83(53, 1) f - (jl(L(t - 9))32(13))
70 HOM = g g )Y

Ni(S3,V3) f - (jz(l(t - 9))53(‘/3))
7 I TR U AT R

Ni(S, V3)) NS, V) J3(V) )
Ni(S, V) JARi(S, V3)  T3(V3)
G5(S3,Ls) ( Gi(S.L) g )
Gy(S,L) J\G5(S3, L) Ji(L3)
NSa L) (1 ) g§<53,13)) GiS. D Tl )
Gi(S.D J\Gi(S3, 1) Ta(l3)
u [bHTH(I3)N1(S 3, V3) + (8 + @ 5(A3)) T3(V3)R3(S 3, [3)]
a(e +@Js5(A3)) J2(1)T3(V3)
We have Cy = 75" (£ (Rs - 1)) < 0 when R < 1. Tt follows that C(¢) = o (J2(I(1)) — £) Ta(C(1)) =
o (J2(1) — J2(14)) J4(C(2)) < 0 for all C > 0, which implies that J,(13) < J>(14). Hence, % <0
forall S,L,1,V,C,A > 0 and d®3 =0whenS =83, L=1L3,1 =13V =V;and C = 0. Let T be the
largest invariant subset of '3 = {(S L 1,V,CA): d(b‘ = O}. The solutions of system (2.1) converge to
‘I’ which contains elements with 1(r) = I3 and V(t) = V3. Then V(¢) = 0 and from the fourth equation
of system (2.1) we have 0 = V() = bH:9>(13) — £93(V3) — @ J5(A(1)J3(V3), which gives A(f) = A;
for all 7. Then, I, = {D3} and utilizing LaSalle’s invariance principle we can say that D3 is G.A.S. O
Proof of Theorem 5. Define ®4(S,L,1,V,C,A) as:

S R1(S4, Vi) 1 ( LT 1(Ly) )
d L—-L d

s, Ni(x, Va) o H, e . Ji1() §
N bHI(11)R1(S 4, Va) + (e + T 5(A4)) T3(VaIN3(S 4, L) (I - ! 32(14)03%)

(a+pJ4(Cy) (€ + wT5(A4)) T2(19)T3(Vs) L J2(%)

+N1(53,V3) (1 -

+ No(S3, Ls) (1 -

(J2(I3) = J2(14)) T4(C).

Dy=5-S54-
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N1(S4, Va) (V V- f j3(V4) %)
(8 + @J5(A4)) T3(Va) ve J3(%)
LK [bHT ()N (S 4, Vi) + (& + @T5(A4) T3(VHNR3(S 4, 1))
o(a+ ,uj4(C4)) (e + @T5(A1) T2(I)T3(Vs)

< Ju( 4) N1 (S4, Va) js(A4)
C—-Cy- A—A,—
x( YT e Tat0 ”)+ T(8+sz(A4))53(V4)( T T )
1(54 V4) fﬂl(g)f(](( 108 (), V(%)))d%de N2(54 Ly) f7‘{1(9)
Ni1(S4,Vs)

No(S (%), L(x)) N3(S4, 14)f f (?’43(5(%) I(%)))
f?(( RoS4. Lo )a’%d@ H ) | K NTIWA) dx»df

AbHT (1R (S 4, V) + (€ + @T5(A4) T3(Va)N3(S 4, 1) | T1(La) fﬂ ©)
(a+ uJ4(Cy)) (e + @T5(A4)) T2(1)T3(Va)

J1(Ls) (8 + @J5(A4)) T3(Vs) J2(1s)

fq((jl(L(%))) bR1(S4, V) To(1s) f%( ) f«(jz(l(%))) Jdd.

We calculate dq)“ as:

dd, (1 NS4, V)

a?a _ 1 (l_jl(L4))
dt Ni(S, Vi)

)(¥(S)_N1(S,V)—NZ(S,L)—Ng(S,I))"‘ #\'" 70

bHT (IR 1(S 4, Va) + (e + @ T5(A4)) T3(VaIN3(S 4, Ls)

~ AN T T TC) & + T T5(A) Taln T (Va)
(1 . M) 2 f FO)T (Lt — 0))d6 — aT>(I) — pTo(O)T(0)
70|

+ 81(54, V4) (1 _ jS(Vét))
(e +®@T5(A4) T3(Va) J3(V)

U DHT (1N (S 4, Vi) + (& + @ T5(A4)) T3(VaIN3(S 4, 14)]

b f H3(0) T~ (t — 0))dO — eT5(V)
0

- A \%
TS AT T (Co) (& + 5T 5(As) TallTo(Va)
J4(Cy) @N1(S4, Va) Js5(As)
1 - C - C 1 -
X ( F40) )((’j {OTAD = 1T O+ T To(Ve) ( T5A) )

81(54,‘/4) ( - NI(S’V)
X (RISATS(V) = £T5(A) + =27 Of 7{1(9)[&@4, Vo)

X f?rll O {N(SE=-0),V(t—-0)+Ro(S(t—0),L(t —0)) + R3(S( - 0),I(t — 6))} dO
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Ni(S(—-0),V(-0) Ni(S(t—-0),V(-0) N2(54 L)
B N1(S4, V) +1n( Ni(S,V) )] fﬂl(g)

[ NS, L) _ R(SC—0),Lt—6) ln(Nz(S (t=0), Lt - 9)))] go+ 3841y

No(S4 L) N2(S 4, Ly) 82(S,L) H,
R3S, D) Ns(S(t—0),1(t - 6)) R3(S (1 = 0),I(t — 0))
— 1
f ) [N3(S4,14> NSaly n( NTI) )] a0

AbHI (IR (S 4, Vi) + (€ + @T5(A4) T3(Va)N3(S 4, 1) T1(La)
(a+puJ4(Cy)) (e + @T5(A4) T2(11)T3(Vs)

f o 19w _ Ji(Li-6) Ji(L(t - )
Xf 7h(6) [f/'l(L4) Ti(La) ”n( Ti(L) )]dg

bR1(S4, V)T (1s) fﬂ3(9) [ Do) pdE-0) ([fz(l(t —0)

deo. 8.12
+(8+WJ5(A4))53(V4)0 Tl Tolla) T )] (8:12)

Collecting terms of Eq. (8.12), we derive

o, N1(S4, Vi) R1(S4, Vi) R1(S4, Vi)
ar ¥(S)( R1(S, Va) ) RS NR v TR DRE
Ni(Sa Vi) A+y 1(S (1= 0), V(I — 0)T1(Ly)
FNS D Gy~ e i) - —f%w) D do
1 (- N(S(t—6), Lt - 0)T, (L) f N3(S (1 - 0), I(t — )T, (Ly)
- — 0 0 de
f Hh®) TD) H(®) T
/1 + Vj (L) - a|bH:J>r(1)N1(S 4, Vy) + (e + sz(Azt)) J3(VR3(S 4, 14)]3. 0
e (@ +uT4(Cy)) (€ + BT 5(A2) To(I)T+(Vs) ?
ADHT,(IDR((S 4, Vi) + (€ + @ T5(A4)) T3(VN3(S 4, Ly) ] fﬂ (9)31 (L(t - 9))32(14)d0
(a + uT4(Cy)) (& + ©T5(A) To(I)Ta(Vs) ? Jo(I)
a[bH;T>(1)N1(S 4, V) + (e + @ T5(A4)) T3(Va)N3(S 4, 14)]j L)
(@ + 1T4(Cy)) (& + TT5(A2) To(L) T5(Va) 2
w [bHT2(1)N1(S 4, V) + (e + @ T5(A1)) T3(VNR3(S 4, 14)]j (OT(Ly)
(@ + 1To(Cy)) (& + BT 5(A2) To(L) T5(Va) AR
eN1(S 4, Vi) bN(S4, Vi) f Tyt - 0)T5(Va)
- V) — 0 do
e+ o750 T Y T G mdyAn T2V J H:0) F(V)
eR1(S4,V4) @N1(S4, Va)
V. A V.
Y et 070 TV e T Ga v STV

_ pr [BH T (1)R1(S 4, Vi) + (8 + @ 5(A1)) T3(Va)R3(S 4, 1)

C
o (a+pJu(Cy)) (e +@T5(A4) T2U1)T3(Vs) J40)
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_H[PH TR 1(S 4, Vi) + (& + @T5(A1) T3(Va)N3(S 4, 14)]j (DTA(Cy)
(a +uTa(Ca) (& + BT 5(A)) To1)T5(Vi) BN
ur [bHT (1N (S 4, Vi) + (& + @ 5(A4) T3(VHR3(S 4, 1))
o (a+ pJ4(Cy)) (e + @T5(A4) T2(1)T3(Vs)

B @{NR(S4,Vs) Te(A) - N (S4, Vs)
(e + wT5(A)) T3 (V)" (e+ st(A4))js(V4)

w{N1(S4,Vs) 1(54 Vs) f ( 1SE—-0),V(- 9)))
A 0 In do
NI Ay ATA Th(®) Ri(S,V)

N2(54 L4)f%(9)1 (NZ(S(t—Q),L(t—H))) 83(84 I“)fﬂl(é))

J4(Cy)

Js5(AT3(V)

No(S, L)

In (83(5 (t—0),1(t - 9))) 40+ AH, [BHT (IR (S 4, Vi) + (& + T 5(A4)) T3(Va)N3(S 4, )]
N3(S, D) (a+ pJ4(Cy)) (e + @T5(A4) T2(1)T3(Vs)
ABHT (IR (S 4, Vi) + (& + @ T 5(A4)) T3(Va)N3(S 4, 1)] T1(Ls)
(a+pJ4(Cy)) (& + @T5(A4) T2(I1) T3 (Vs)

J1(L(t - 0)) bHN(S 4, Vy)
In I
f o) ( A0, ) W v w2 D

X J(L) +

bR1(S 4, V) T>(1y) f (jz(l(l‘ 9)))
H In )
t e adsn v ) THO )Y

Using the equilibrium conditions for D4, we get

L 7Ly,

AHLT((Ls) = (a + pJ4(Cs)) T2 (1), bH3T>(1s) = (€ + @T5(A4)) T3(Vs)

Py =Z Jwn=t
g T

A+
¥(S4) = Ni(S4, Vi) + Ro(S4, Ly) + R3(S4, Iy) = 7
1

In addition,

bH ION((S4,V, A VON3(S 4, L
Ry (S0, Vi) + Ry(Sa s) = 3J2(14) 1((84+ ;?;(E;;?i;:)ﬁ)(gs( N3(S 4 4)3_2(14)
_ AH, [DHT2(10)N1(S 4, Vi) + (& + @ T5(A4)) T3(V)N3(S 4, 14)]
(a+ uJ4(Cy)) (e + @T5(A4) T2(1)T3(Vs)

J1(Ly).

Then, we obtain

d(l) NS4, V.
— = (¥(S) - ¥(S4))( xll((;, V:))) + (N1(S4, Vi) + No(S4, Ly) + Na(S4, 1))
Ni1(S4, Vy) Ni(S,V) No(S, L)N1(S 4, V)
(1 T RG. V) ) FRELVOR vy P LG S NS )
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R3S ) N3(S, DN1(S4, Vi) —Ry(S. L) JiL)  Ni(S4, V4)fﬂl(9)

N3(S4, 1)N(S, Va) J1(Ls)

Ni(S(=6),V(t-0)T1(Ls) No(S 4, Ly) f _
do — 9
N1(S4, Vo) J1(L) 1 H,(6)

o B8 = 0), Lt — T 1(Ly) ) N3(Sa. La) jﬂl(g)&(s (t-0), 1 - 6)J1(Ls)

do
No(S4, L) T (L) N3(S4, 1) T (L)
1 Ni(S4, V. N3(S 4, L
+ NS4, Vi) + Ro(S4, La) + R3(S4, 11) — R3(S 4, 14)37.22((14)) _ BilSs 4)7:;2 304, 1a)
o Tuldt = )To(Ly) Tx(V)
X fﬂz(e) T LT d6 + N(S4, V) + 83(S4, 1s) — Ri(S4, V4)j3(V4)

1(S4 V4) f?‘[3(9)j‘2f;_(2t(;)6;5‘i()V4)d0+N](S4,V4) 1(S4 V4) fq_{l(e)

(SU=DVe=0)) ) ¥SaL NaS (1 = 6). Lt ~ 6)
Xln( R, V) )d@ f?‘(l(G)l ( %, 0) )d@

N3(54,14) fﬂl(g)l (N3(S(tx_(i~),§;t - 0)))410 N Ni(S4, V4)7:|{' N3(S4, 1)
30, 2

Ti(L(t - 0)) Nl(s4,v4>f _ (Jz(l(t—G)))
In In|=—/—/———|d6.
f o) ( T:(D) ) O+ 5 ) HON =TT

Considering the equalities given by (5.6) in case of n = 4 and after some calculations we get

dd Ni1(S4, V.
d—t“ = (¥(S) —¥(S4))(1 - :~<ll((S4, V:))) — (N1(S4, Vi) + 8o(S 4, Ly) + N3(S 4, 1))
N1(S4, Vi) NiSa Vo NiSaVe) (-
X[&(S,m _1_1“(x1<s,v4) )]‘ 7, Of%w)

y [NI(S(I -0, Ve -0)J:1(Ls) - ln(Nl(S(f -0), V(- 9))51(144))] 40
N1(S4, Va)J1(L) N1(S4, V)T (L)

N S4, L N> (S(t—0),L(t—6 L
2( 4, Ls) fﬂl(g)[ 2( (;2(5)4 L(:)jl()l):)j—l( 4)_

No(S(t - 6), L(t — 0) T (Ls) N3(Sa, L) f )
_1 B 0
n( No(S4, L) T1(L) )] do H, H1(6)

Mathematical Biosciences and Engineering Volume 17, Issue 6, 6401-6458.



6457

[Nz(S (1=0),1(t = 0)J1(Ls) (83(5 (1=60),1(t - IJ, (L4))]
X -1-1In de
N3(S 4, 1T (L) N3(S 4, 1T (L)

RIS V) + Rs(S 4, ) f o0 [Jl(m -~
0

H, J1(Ly) I ()

J1(L(t — ) T(1y) N1(S4, Vi) o
—1 _
n( TL2ToD) )] T Of 7(0)

« [jz(l(f —0)IJ5(Va) | —1n (Jz(l(f - 9))53("4))] 40
J204)T3(V) J2(1)T3(V)
Ri(S, VT3(V) | —In (Nl(S, V4)j3(V))]

Ni1(S, V)T3(Va) Ni1(S, V)T3(Va)

Ri(S, VaR(S4, LT (L) |- ln(Nl(S, V4)Nz(54,L4)j1(L))]
Ni1(S4, VoR(S, L) T 1(Ls) Ni1(S4, VORao(S, L) I 1(Ls)
Ri(S, VIR3(S 4, 1DI>) 1 ln(NI(S’ V4)N3(S4,I4)jz(1))]
N1(S4, VON3(S, DT 2(14) N1(S4, VOR3(S, DT2(14)
Ni(S,V)  J5(V) L+ Ni(S, V4)j3(V)]

- Ni(S4, Va) [

- 82(54,L4)[

—N3(S4, 1) [

Ni(S,Vy)  T3(Va) Ni(S, T3(Vy)

Ro(S, DN1(S4, V) JW(D) 1+ Nl(S,V4)Nz(S4,L4)jl(L)]
No(S4, LON1(S, Va)  J1(Ly) Ni(S4, VOR(S, )T 1(Ls)
R3S, DRi(S4, V) JoD) 14 Ni(S, V4)N3(S4,I4)J2(1)]
N3(S4, L)N((S,Va)  Tols) Ri(S4, VOR3(S, DT>(1) |

Using the definition of gf{ (S, U) given in (5.4), we obtain

Ro(S, DR1(S4, V) Ti(L) 1+ Ni(S, Va)N2(S 4, L) T 1 (L)
Ro(S4, LORI(S,Va)  J1(Ls) Ri(S 4, VRS, LT 1(Ly)
_ 66D g | TGS Ly
CGHS4 L) Ji(Ls) J(Ly)GES, L)’

+N1(S4, V) [

+No(S4, Ly) [

+N3(S4, 1y) [

and
R3(S, DN1(S4, V) Jo) N Ni(S, VOIR3(S 4, 19)T>()
N3(S4, LON1(S, Ve)  Ja(ly) Ni(S4, ViIR3(S, DT> (14)
_ Gi(S,D _ S | +jz(1)§ﬁ(54,14)
G\(Sa L) Jaly) TGS, D
Then,

dd, B RIS V) NS4, V) ( Ni(S4,Va)
ar - ) ¥(S4))(1 ms,w)) 7, f o [«(xl(s,vn)
0

Ni(S (=0, V=T I(LD\  (Ri(S, VOT>(V)
”(( YAV ) ¥ 7((ws, vmwn)] a0
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_N2<S4,L4>f - [ (N1<S4,v4)) (NZ(S(t—0>,L<r—e)>Jl<L4>)
7 ) 7O Nevn )TN Ree g

Ni(S, VOIR(S 4, L) T (L) - N384, 1) f - [ (81(54, V4))
K (N1<S4, A L)JM))] @ O\ S 5.7

N3(S(t=0),1(t — 0) T 1(Ls) N1(S, VoR3(S 4, 1) T (1)
do
”(( s 5 DT (L) ) i W(Nlm, VaRs (S, 1)3‘2(14))]

Ni(S4, Va) + 83(S4, 14) fﬂzwﬂ( (fﬁ(L(l - 9))j2(14))d9

70 T T
3 N1(S4,Vy) f - (ffz(l(t - 9))33(‘/4)) ( 3 Ni(S, V4))
) ORI T gy O RGSeVoll = e

X(Nl(S,V) J3(V)

_ Qﬁ(54,L4))( GiS,.L)  Ju(L) )
Ni(S, Ve TJ3(Va)

No(S4, L)1 - —
)+ (54 4)( GrS.D) \GESn Ly Tl

LS4, 1 [(S, 1 1
+><3(S4,14)(1—g4f - 4))( 98,0 _ ‘72()).
G.(S.D J\G,(S4. 1)) J2ls)
Hence, if R; > 1 and R4 > 1, then dft“ <OforallS,L,1,V,C,A > 0. Moreover, & —* =0when§ =S,

L =14, I=1and V = V,. Let T, be the largest invariant subset of 1 = {(S L 1,V,CA): d(b“ = O}
The solutions of system (2.1) converge to ‘I’4 which contains elements with L(f) = Ly, I(t) = Iy,
V(t) = V4, then () = V(f) = 0 and from the third and fourth equations of system (2.1) we have 0 =
[(1) = AHLT 1 (L) -aT> (1) - T «(C(0)T>(Ls) and 0 = V(1) = bH:T2(Ls) —T3(Va)—w T 5(A(1) T3(Va).
This implies that C(1) = C4, A(f) = A4 for all 7. Then, T, = {D4} and utilizing LaSalle’s invariance
principle ensures that D, is G.A.S. O
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