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ABSTRACT. To study the impact of releasing transgenic mosquitoes on malaria
transmission, we formulate discrete-time models for interacting wild and trans-
genic mosquitoes populations, based on systems of difference equations. We
start with models including all homozygous and heterozygous mosquitoes.
We then consider either dominant or recessive transgenes to reduce the 3-
dimensional model systems to 2-dimensional systems. We include density-
dependent vital rates and incorporate Allee effects in the functional mating
rates. Dynamics of these models are explored by investigating the existence
and stability of boundary and positive fixed points. Numerical simulations are
provided and brief discussions are given.

1. Introduction. Mosquito-borne diseases, such as malaria, transmitted between
humans by blood-feeding mosquitoes, have been big concerns for the public health
in the United States and in the world. Each year 350-500 million cases of malaria
occur worldwide, and over one million people die, most of them young children
in sub-Saharan Africa. There were 109 countries that were endemic for malaria
in 2008, 45 within the WHO African region. There were 1,337 cases of malaria,
including 8 deaths, reported for 2002 in the United States, even though malaria
has been eradicated in this country since the early 1950’s. Malaria is by far the
world’s most important tropical parasitic disease. It kills more people than any
other infectious disease except tuberculosis [25, 31, 26].

The transmission of malaria is not directly from a human to a human, but through
infected mosquitoes. It is due to infection by one of 4 Plasmodium species. The
infection in humans begins when sporozoites are injected into the blood of a hu-
man host by an infected female mosquito of the genus Anopheles. The sporozoites
migrate to the liver where they enter liver cells and develop schizonts, which give
rise, via asexual reproduction, to the form of the merozoites that invade the blood
cells. In the blood, some merozoites differentiate into sexual erythrocytic stages
(gametocytes), and the gametocytes are ingested by a mosquito when it ingests
human blood. Within the mosquito the gametocytes develop into microgametes
and macrogametes (the male and female gametes) that fuse to form a zygote. This
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becomes a motile ookinete form which bores through the gut wall of the vector
and forms an oocyst from which large numbers of sporozoites are released. These
sporozoites then invade the salivary glands of the mosquito from which they are
injected into a human host when the vector feeds. Such a life cycle of the Plas-
modium species causes the transmission of malaria between infected humans and
mosquitoes [30, 2, 10].

No vaccines are available for malaria and other mosquito-borne diseases. An
effective way to prevent them is to control mosquitoes, which has been one of the
major intensive efforts in many years. Massive spraying of insecticides or eliminating
breeding sites has greatly limited malaria in some areas. However, the number of
malaria cases still continues to climb.

The development of genetically altered or transgenic mosquitoes, that are resis-
tant to malaria infection, may provide a new and effective weapon against malaria.
The new techniques use a peptide, termed SM1 that binds to mosquitoes’ gut and
salivary glands, to inject to or feed mosquitoes. The peptide blocks the receptor,
and stops the parasite from getting a hold on the epithelium of mosquitoes so that it
inhibits parasite invasion [3, 5, 7]. A transgenic mosquito that produces this peptide
in the gut or salivary glands then becomes inhospitable to the parasite [14, 16, 24].

While these developments are promising and exciting, many questions have to
be answered before the techniques can be implemented and transgenic mosquitoes
can be deployed in the field [12]. Such questions include the determination of gene
or genotype distributions of mosquitoes in the future generations after transgenic
mosquitoes are released, in particular, as density-dependent fitnesses are taken into
account [29].

To gain insight into such a complex process, we formulated simple discrete-
time mathematical models for interacting wild and transgenic mosquito populations
based on systems of difference or differential equations in [20, 22]. We assumed, in
those studies, that the transgene was dominant such that mosquitoes with either
one or two copies of the transgene were malaria resistant. We divided mosquitoes
into two groups, the malaria resistant and malaria unresistant groups. We included
the mixed heterozygous mosquitoes with only one copy of the transgene and the
pure homozygous mosquitoes with two copies of the transgene in the malaria re-
sistant group. We then assumed that the offspring produced by matings between
malaria resistant mosquitoes are all malaria resistant.

Mosquitoes, nevertheless, are diploid. Each individual mosquito carries two
copies of genes. Homozygously wild mosquitoes have two copies of the wild gene,
denoted by WW, and homozygously transgenic mosquitoes have two copies of
the transgene, denoted by AA. After the releasing of homozygously transgenic
mosquitoes into homozygously wild mosquito population, the two types of
mosquitoes are mixed up. After their matings, three different types of mosquitoes
are produced. In addition to those with either WW or AA, there are heterozygous
mosquitoes with one wild gene and one transgenic gene, denoted by W A. More-
over, the matings between heterozygous mosquitoes with genes WA can produce
offspring with WW, WA, and AA. Furthermore the heterozygous mosquitoes can
be either malaria resistant or unresistant, depending on whether the transgene is
dominant or recessive, which will significantly distinguish model structures. To fur-
ther investigate the impact of releasing transgenic mosquitoes, these possibilities
need to be more specifically considered.
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Because our focus is still on the impact of transgenic mosquitoes on the malaria
transmission, to simplify the model structure and hence the mathematical inves-
tigation, we formulate discrete-time models, again by dividing the mosquito pop-
ulation into two groups, the malaria resistant or unresistant individuals. We put
the heterozygous mosquitoes into either the malaria resistant or unresistant group,
depending on the dominance of the genes.

Furthermore, we consider two kinds of different mating rates. We first assume
the mating rates are constant, and then assume mating rates are of the Holling-II
functional form to incorporate the Allee effects, considering the situation where
the mating rates are low, when the mosquito population size is small due to possi-
ble mating difficulty, and are increased to approximately constants as the mosquito
population size becomes large. We focus on the genetic distributions in future gener-
ations and the asymptotic dynamics of the model systems, and hence we determine
the existence of all possible fixed points, including the boundary fixed points and
positive fixed points, and investigate the stability of those fixed points. We provide
numerical examples to verify our analytic results and to demonstrate the complex
dynamics of the models. We also give brief discussions on the biological implications
of our findings.

2. General model formulation. We let w,, h,, and g, be the numbers of ho-
mozygously wild, heterozygous, and homozygously transgenic mosquitoes at gener-
ation n, respectively. The dynamics of the interactive mosquitoes are described by
the following system

Wnt1 = F11(wWn, by Pp)s11(Py)wy, + Fra(hy, Pr)s12(Pn)ha,

hnt1 = Fo1(Wny Ny Gy Pr)S21(Pr) by + Fao(gn, Pr)so2 (P )wy,
+ Faz(wn, Pp)s23(Pr)gn,

Gn+1 = F31(hn, Pn)s32(Pn)hn + F32(hn, gn, Pr)s31(Pn)gn,

(2.1)

where Fjj, i, = 1,2,3, are birth functions which are nonnegative for (wy, by, gn) >
(0,0,0) and zero for (wp,hn,g,) = (0,0,0); s;;5 > 0, 4,5 = 1,2,3, are survival
functions; and P,, = w, + h,, + gn, n > 0, is the total population size of generation
n [21].

We focus on the impact of the transgenes on malaria transmission. If the trans-
gene is dominant; that is, the mosquitoes with either one or two copies of the
transgene are malaria resistant, we let the number of the wild mosquitoes, at gen-
eration n, be x,, include all heterozygous and homozygously transgenic mosquitoes
as one group, and denote the number of these mosquitoes, at generation n, by y,,
as shown in Figure 1.

The model dynamics for the dominant transgene is determined by

Tpt+1 = (fl (Tns Yn)Tn + g(yn)yn)sl(xna yn)a

(2.2)
Yn+1 = f2 (:I;na yn)yns2 (xna yn)

If the transgene is recessive; that is, the mosquitoes with only one copy of the
transgene are malaria unresistant, we include the heterozygous and the homozy-
gously wild mosquitoes in one group, denoted by x,, at generation n, and denote
the group of the homozygously transgenic mosquitoes, with two copies of the trans-
gene, by y,, as shown in Figure 2.
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WwWw WA AA

I I
{wn} = {wn} {un} = {hn} U {gn}

FIGURE 1. In the case of dominant transgenes, we include all mosquitoes
with two copies of the wild gene in group z,, and include all mosquitoes with
one or two copies of the transgene in group yn.

WwWw WA AA

3 3
{zn} = {wn} U {hn} {yn} = {gn}

FIGURE 2. In the case of recessive transgenes, we include all wild mosquitoes
and mosquitoes with only one copy of the transgene in group z,, and all
mosquitoes with two copies of the transgene in group yn.

The model dynamics for the recessive transgene is determined by
Tn+1 = Fl (.’Iin, yn)xnsl (:Enu yn)7
Ynt1 = (G(@n)zn + F2(n, Yn)Yn) 52(Tn, Yn).-
Following the line of the homogeneous population models in [20, 22], we assume
harmonic means for the matings in the birth functions [4, 18], such that the fraction
of matings with wild or transgenic mosquitoes is x,/N,, or y,/N,, respectively,
where N,, = x,, + y,. We let C'(P,), be the numbers of matings per mosquito per
generation, where we assume that the transgenes do not change mosquitoes’ mating
behavior [16, 28, 20, 19].
We use the Ricker-type nonlinearity [8]
di—ki(xn+yn)

)

(2.3)

S; = €
where d; are the intrinsic (density-independent) death rates, and k; are the carrying
capacity parameters, for the survival probability for all mosquitoes. We further
assume that the transgene does not impose a fitness load to the mosquitoes; that is,
the transgenes do not affect mosquitoes’ longevity and egg productions [16, 28, 20,
19], such that d; := d and k; := k. Then the dynamics of the interacting mosquitoes
for the dominant transgene are described by the system

2 2
a1y, + a2TnYn + azy;, e~ d—k(zntyn)

Tp+1 = C(Nn> T + Y

(b1zy, + bayn) (D)
C(Nn) 1Tn 2Yn yne_d_k(wn.kyn)’

Yn+1 = T+ Un
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for x,, > 0, y, > 0, and (zy,,y,) # (0,0), for all n > 1, where a1, az, and as are
the numbers of wild offspring produced by a mating between two wild, a wild and a
transgenic, and two transgenic mosquitos; b; and by are the numbers of transgenic
offspring produced through a mating between a wild and a transgenic, and two
transgenic mosquitoes, respectively.

Similarly, the dynamics of the interacting mosquitoes for the recessive transgene
are described by the system

c(Ny) (0120 + Q2yn) Tn e~ d=k(@ntyn)

Tn+1 =
o ®)
Yni1 = C(N )6117721 + BQ«Inyn + ﬁgy% e*d*k(xn‘ﬁyn)
n n T+ Un ,

for z, > 0, y, > 0, and (z,,,y,) # (0,0), for all n > 1, where «; and §; have similar
meanings.

3. Constant mating rate. The mating rate C(N,,) is density-dependent, in gen-
eral. However, contacts for anophelines are usually associated with swarming in rel-
ative open areas in Africa [6], and with sufficiently large population sizes, mosquitoes
can easily find their mating partners. Then we assume the matings are saturated
so that the mating rate is constant, denoted by c¢(N,,) := ¢, for all N,,. We merge
ce~% into the coefficients and use the same a;, i = 1,2,3, b;, i = 1,2, oy, i = 1,2, f3;,
i = 1,2, 3, for the parameters without confusion. Then the model equations with
the dominant transgene become

2 2
aix;, + A2TnYn asyy, e—k(%n"l‘yn)
’

x =
n+l1 In + Yn (Dl)
~ (bizp 4 bayn) Yn —k(zn+yn)
Ynt1 =——— € ’

for 2, > 0, y,, > 0, and (2, y,) # (0,0), for all n > 1, and those for the recessive
transgene become

(al:vn + 0423/71) Ln e—k(wn-i-yn)

Tn+1 =

Tn + Yn

(R1)

_ﬁlxi + ﬁanyn + ﬁ?’y?l _k(wn"l‘yn)

Yn+1 = € T

Tn + Yn
for x, >0, y, > 0, and (x,,,y,) # (0,0), for all n > 1.
For system (D1), the equation for the wild mosquitoes is

Tpip1 = a1xpe” Fon (3.1)

in the absence of interaction. The trivial solution, z, = 0, of (3.1) is unstable if
ap > 1.

Similarly, for system (R1), the trivial solution, y,, = 0, of the equation for the
transgenic mosquitoes in the absence of interaction is unstable if 83 > 1. Because
the main goal of this study is to investigate the gene distributions of the mosquitoes
in future generations, we assume hereafter

a; > 1, (3.2)

and
B3 > 1, (3.3)
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respectively, so that the solutions of systems (D1) and (R1) do not approach the
origin with any nonzero initial values.

3.1. Boundary fixed points. For system (D1), a boundary fixed point satisfies
the equations

(z+y)z = (a12” + agzy + azy?) e Rty (F1)
(@ +y)y = (b + boy) ye "H). (F2)

It follows from (F2) that if # = 0, then y = 0. Hence there exists no boundary
fixed point with = 0 and y > 0.

Setting y = 0 in (F1), and then solving (3.1) for a positive solution x, we obtain
a unique boundary fixed of system (D1)

By = <1“%o) . (3.5)

Similarly, we obtain a unique boundary fixed of system (R1)

By = <0, ln£3> . (3.6)

Therefore, the boundary fixed point Ej, or Es, exists if and only if condition (3.2),
or condition (3.3), is satisfied.

We now investigate the stability of the two boundary fixed points. Linearizing
system (D1) about the boundary fixed F; yields the Jacobian matrix

—1—kx + 2a1e7F* 1-Ina b
= 1

J(El) = 0 ble.—km] 0

ay
Then FE; is locally asymptotically stable if [1—Inaq| < 1 and b1 < aq [11, 13, 17, 27].
The investigation for Fs is similar. These results are summarized as follows.

Theorem 3.1. Boundary fized point Ey exists, given in (3.5), and is locally asymp-
totically stable if
max{1,b1} < a; < €% (3.7)

Boundary fized point Ey exists but is unstable if
either 1 <ay < by, or aj > €2, (3.8)

Similarly, boundary fized point By exists, given in (3.6), and is locally asymptot-
ically stable if

max{l,as} < 3 < €% (3.9)
Boundary fized point Ey exists but is unstable if
either 1< B3 < ag, or [z > €. (3.10)

Note that a; is the total death-adjusted number of wild offspring with no trans-
genes produced per wild mosquito, per unit of time, through all homogeneous mat-
ings, that is, the matings with wild mosquitoes, and b; is total death-adjusted num-
ber of transgenic offspring with one or two copies of the transgenes, per mosquito,
per unit of time, through all heterogeneous matings between the two types of
mosquitoes. Then the transgenic mosquitoes with one or two copies of transgenes
can survive if b; > a; which means the total death-adjusted number of offspring
with one or two copies of the transgenes through heterogeneous matings exceeding
the total death-adjusted number of offspring with no transgenes produced per wild
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mosquito. The transgenic mosquitoes with one or two copies of transgenes may also
survive if a; > €2 which implies that there are too many wild offspring and they
cause oscillations with each component positive in the mosquito populations.

We also note that the homozygously transgenic and heterozygous mosquitoes can
be wiped out all together in the case of the dominant transgene because they are
bunched up as one group, whereas wild mosquitoes with no transgenes cannot be
wiped out because as long as the heterozygous mosquitoes exist, they produce wild
offspring, in addition to the wild offspring produced by the wild mosquitoes.

3.2. Positive fixed points. Systems (D1) and (R1) may have fixed points in
which the two components are both positive. We focus on the investigation of the
existence and stability of positive fixed points for system (D1) as follows.

To this end, we first let p, = x,/y, for n > 0, and 29 > 0, yp > 0. It follows
from equations (D1) that p,, satisfies

a1p? + aspn + ag

41 = = F(pn). 3.11
pass = S LoD (7n) (3.11)
Solving for nozero fixed points of (3.11), we have
by —ag £ —bg)?2—4 —b
po 2z V(a2 —b2)2 — dag(ar — by) (3.12)

2(&1 — bl)
if a1 # by, and it then follows that there exists a positive fixed point only if
4a3(a1 — bl) S (ag — b2)2. (313)

Suppose that condition (3.13) is satisfied. Then there exists a unique positive
fixed point if 4az(a; —b1) = (a2 —b2)? and ay < by, and there exist two positive fixed
points, pi1} < p{2} given in (3.12), if ag < by and 0 < 4az(a; — by) < (ag — b2)>.

We next study the local stability of the fixed points of (3.11). We first establish
the following lemma.

Lemma 3.2. Consider function v = H(u), u > 0, satisfying H(u) > 0, for all u >
0, and lim,—, oo H(u) = +00. Assume that there exist only two points 0 < uy < uz,
such that H(u;) = u;, for i =1,2. Then H'(ug) > 1.

The proof of Lemma 3.2 follows directly from the fact that if we define G(u) =
H(u) — u, then G(0) > 0, G(u;) =0, and
G’(ul) <0, G/(UQ) >0,
which implies
HI(UQ) > 1.
Applying Lemma 3.2 to the fixed points of (3.11), we have F’ (p{Q}) > 1, and
hence fixed point pt?} is unstable. The eigenvalue of the linearization of (3.11)

2a1p1} + as + by
bip{t + by

about p1} is given by —1 + Then fixed point p{'} is locally
asymptotically stable if
2a1p1} + ag + by
bip{ty + by

We summarize the results for the fixed points of (3.11) below.

< 2.
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Theorem 3.3. Equation (3.11) has no positive fived point if (az — b2)? < 4ag(a; —
b1), or ag > b1 and as > ba, a unique positive fized point
bg — a
£ 2792 3.14
T (3.14)
if (az — b2)? = 4az(a; — by) > 0 and as < by, and two positive fized points

S b V(az —2)% + 4az(by — ar)

® = y

2(a1 — by) (3.15)
{2y _ ba—az+ /(a2 — b2)? +daz(by — a1)
P = 2(0,1 — bl) )
lf as < by and 0 < 4@3(&1 — bl) < (ag — b2)2.
Furthermore, pi2} 18 always unstable, and pil} 18 locally asymptotically stable if
2a:pt" + 4y + by <9 (3.16)

blpil} + b2

We now turn our investigation to the positive fixed points of the following equiv-
alent system of (D1):

a1p? + asp, + as

il = 3.17
P bipy, + b2 ( 2)
(b1pn + b2) yn —k(pnt1)y
ntyl] ———————— " ", 3.17b
Yn+1 1 € ( )

Let p be a positive fixed point of (3.11). Substituting z = py into (F2) and

solving for y, we obtain
1 bip + b2

O Y TIPS R R

(3.18)

Then y > 0 if and only if
bip + by
1+p
The study for system (R1) is similar where we define ¢, = y,/x, and consider
the equation

> 1.

dn+1 =

By + Bagn + B3
Q1Gn + Q2
The details are skipped. In summary, we have the following existence results.

Theorem 3.4. System (D1) has
a) no positive fized point if ay > by and ay > b,
(ag — b2)2 < 4a3(a1 — bl), (320)

(3.19)

or
(b1 —=1)p < 1—bo, (3.21)
for any p given in (3.14) or (3.15);
b) a unique positive fized point Ef := (x*,y*) with
" p* bip* + b " 1 b1p* + b

Ki+p)  t4p Y T RAHp) D 14
where p* is given in (3.14), if az < bz, 4az(a; — by) = (az — b2)?, and

)
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c) two positive fized points E;{i} = (xii},yii}), with

(i} _ pii} . blpii} + ba {i} _ 1 . blpii} + by
k@+p@) 1+pi? k@+p@) 1+ ptt
1=1,2, where pii} are given in (3.15), if
as <by and 0< 4&3(&1 — bl) < (CLQ — b2)2, (323)

in addition to (3.22)being satisfied for both pii}.
Similarly, we define

* al_ﬁ2
e et (3.24)

and

0= o1 — B2 — /(B2 — a1)? + 461 (az — B3)

2 - o) 925)

J2 B2+ /(B2 — a1)? + 431 (a2 — B3)

2(Bs — az2) ’

respectively. Then system (R1) has
) no positive fized point if P > oy and B3 > o,
(B2 — a1)® < 461 (85 — a2), (3.26)
or

(g —1)g <1 —ay, (3.27)

for any q given in (3.24) or (3.25);
B) a unique positive fized point Ej = (x*,y*) with

. 1 oy + aaq” . q o + aog®

Kitq)  1+q¢ Y TEQ+eq) | 1+
where ¢* is given in (3.24), if B2 < a1, 451(B2 — a1) = (B2 — a1)?, and
(e —1)g" > 1 —ay; (3.28)

)

) two positive fixed points Eéi} = (xil ,yii}), with

I 1 ay + aggl? Gy gt? ay + aggl?
Tyl = —— In o Y = ! n OB
k(r+¢”) 1+ ¢! k(L+%l) 1+ ¢!
1=1,2, where qii} are given in (3.25), if
62 <ap and 0< 461(62 — 011) < (62 — 041)2, (329)

in addition to (3.28) being satisfied for both qii}.

We next investigate the local stability of the positive fixed points for system
(D1).

Notice that equation (3.17a) is uncoupled with equation (3.17b). Then we only
need to study the linearization of (3.17b) which has the following eigenvalue

bip + b

1—k(l+py=1-1
(1+p)y "

: (3.30)
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at a positive fixed point, (p,y), of system(3.17), and the eigenvalue is inside the

unil CiI“Cle if
b p + b
1 2 < 2'

1+p
In summary, we have the following stability results.

(3.31)

Theorem 3.5. The positive fized points of system (D1) with pi2} and system (R1)
with qiz} are unstable. The positive fixed point of system (D1) with pil} is locally

asymptotically stable if conditions (3.16) and (3.31) are satisfied, and the positive
fized point of system (R1) with qil} is locally asymptotically stable if the conditions

2854 + a1 + Ba

<2 (3.32)
azQil} + ag
and
{1}
0‘2‘1*7:;}6” <eé? (3.33)

are both satisfied.

3.3. Numerical examples. We now provide numerical examples to demonstrate
the dynamics of system (D1).

Ezample 1. In this example, we choose the parameters
a1:2, a2=3, a3=5, blzl, b2=2, k=0.2,

such that condition (3.7) is satisfied and hence the boundary fixed point F; =
(3.4657,0) exists and is locally asymptotically stable. Condition (3.20) is also sat-
isfied, and hence, there exist no positive fixed points. As we choose different initial
values, all of the solutions eventually approach E; which seems globally asymptot-
ically stable even though we have not proved it. The numerical simulations are
shown in Figure 3.

Transgenic Mosquitoes Go Extinct

—— wild mosquitoes
transgenic mosquitoes

Mosquito Populations

15 20 25 30 35 40
Timen

FIGURE 3. We use parameters k = 0.2, a1 = 2, a2 = 3, a3 = 5, by =
1, and b2 = 2. With this parameter setting, the fixed point E; is locally
asymptotically stable, and there exist no positive fixed points. It seems that
all solutions approach Ej.
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Ezample 2. With the set of parameters,

a1=8, a2=2, a3:2, 5127.5, b2=5, k=0.2,
condition (3.8) is satisfied such that the boundary fixed point E; becomes unstable.
Conditions (3.15), (3.16), (3.22), (3.23), and (3.31) are all satisfied. There exist
two positive fixed points E{} = (3.9096,5.1177), with pt"} = 0.7639, and E{* =
(8.2284,1.5715), with pi* = 5.2360. E{" is locally asymptotically stable and B!
is unstable. The numerical simulations are shown on the left in Figure 4.

Notice that the stability of E;{l} that we have shown is only local. With different
initial values, solutions can approach this positive fixed point or other stable sets,
such as a synchronous 2-cycle shown on the right in Figure 4.

Coexistence Multiple Cycles
- - - - - 1
— wild mosquitoes wild mosquitoes
transgenic mosquitoes | | 16 transgenic mosquitoes
14
2 2
S stz HH“
; L
3 - =3 ol N
g %10 I
u -
2 2 sy
E EA 4l
g g
<] o 6,
= =
4 .
I
2
. . . . . 0 X X
30 40 50 60 70 80 10 20 30 40 50 60 70 80 90 100
Time n Time n

FIGURE 4. We use parameters k = 0.2, a1 = 8, a2 = 2, a3 = 2, by = 7.5,
and b2 = 5. Then boundary fixed point F1 does not exist, fixed point EiQ} =
(8.2284, 1.5715) exists but is unstable, and fixed point E{'} = (3.9096,5.1177)
exists and is locally asymptotically stable, as shown in the left figure. However,
the stability is only local. With different initial values, it seems that some of
other solutions approach a synchronous cycle where x — 0 eventually, as shown
in the right figure.

Ezxample 3. In this example, we use the following set of parameters:
a1:2, a2:3, a3:5, b1:1, b2:9.7, k=0.2.

Conditions (3.7), (3.15), (3.16), (3.22), (3.23), and (3.31) are all satisfied. Hence,
boundary fixed point £ and two positive fixed points Eil} all exist. The fixed points
By and EMY = (4.0078,4.6847), with pi") = 0.8555, are locally asymptotically
stable, and the positive fixed point E{* = (3.5021,0.5992), with pi* = 5.8445, is
unstable. The numerical simulations given in Figure 5 show the local stability of
fixed points F; and Eil}. Solutions with different initial values approach either F4
or E;{l}.

FEzample 4. The dynamics of systems (D1) and (R1) are complex. While we have
only shown the existence and stability of the boundary and positive fixed points,

other cycles and even chaos can appear. We demonstrate such dynamics in this
example by fixing the parameters

a1:2, a2:3, a3:5, b1:1, k:02,
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Transgenic Mosquitoes Go Extinct Coexistence

wild mosquitoes
transgenic mosquitoes

wild mosquitoes
transgenic mosquitoes

—

Mosquito Populations
Mosquito Populations

10 20 30 40 50 60 70 80 10 20 30 40 50 60 70 80
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FIGURE 5. We use parameters k = 0.2, a1 = 2, a2 = 3, a3 = 5, by = 1,
and ba = 9.7. With this parameter setting, fixed points E; and Eil} are both
locally asymptotically stable. The dynamics of the system are determined by
initial values. As x¢p = 6 and yo = 1, the trajectories approach boundary
fixed point Ej where the y-component is zero, as shown in the left figure.
This implies the transgenic mosquitoes will be wiped out. However, if initially
zo = 3 and yo = 4, the trajectories approach the positive fixed point, as shown
in the right figure. Then the wild and transgenic mosquitoes coexist.

and initial value (zg,yo) = (12, 1), but varying parameter by. As by changes from
10, 16, to 19, sequentially, a 2-cycle, a 4-cycle, and then an 8-cycle appear. When
ba = 25, chaotic behavior occurs. See Figure 6.

4. Holling-II type mating rate — Allee effects. The mating rate C'(N,,) plays
an important role in the population interactions. We have studied the case where
C' is constant in Section 3. In a real situation, in particular, as the cost of engi-
neering transgenic mosquitoes is taken into account, the population of transgenic
mosquitoes is relatively small. Then there exists possible mating difficulty such that
the birth rate is approximately proportional to the total mosquitoes population, N,,,
in this case. On the other hand, as the population size increases to a certain level,
the number of matings can be saturated. Then, the mating rate is approximately
constant. Such a phenomenon has been observed in many circumstances and is
called an Allee affect [1, 9].

To incorporate the Allee effect into the population interactions, we use a rectan-
gular hyperbola, or a Holling-II type functional form, for the mating function such
that C'(N,) = ¢oNn/(q+ Ny), where ¢ is the maximum mating rate and ¢ is the
half-saturation constant for the two types of mosquitoes [9, 15].

In the case where the transgenes are dominant, system (D) has the following
form:

a172 + asrny, + asy? e k(@n+yn)
(bll'n + b2yn) Yn e—k(@ntyn)
q+ Ty + Yn

In4+1 = Co

)

Yn4+1 = Co
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FIGURE 6. We use the same set of parameters as in Figure 5, but vary bs.
We also fix initial value z¢p = 12 and yo = 1. As bz = 10, 16, and 19, there
appear 2-, 4-, and 8-cycles, as shown in the upper left, upper right, and lower
left figures, respectively. When by = 25, chaotic behavior occurs as shown in
the lower right figure.

Normalizing the system but keep the same notations, without confusion, we
obtain the following system:

2 2
a1x;, + a2TnYn + asy;, .

_ —k(xn+yn)
Tn = )
i 1+z, +yn (D2)
_ (blil?'n + b2yn) Yn e—k(ﬂﬂn-i-yn)
Yn+1 1+ 20 + 9n .

Similarly, the normalized system for the recessive transgenes has the following
form:
(o122 + a2yn) Tn o= k(@n+un)
1+, +yn
ﬁlx + ﬁ2xnyn + ﬁ3yn —k(zn+yn)
1+, +yn '

Tn41 =

(R2)

Yn4+1 =

1. Boundary fixed points. We focus on the investigation for system (D2). The
study for system (R2) is similar.

It is clear that there exist no boundary fixed points with x = 0 and y > 0, for
system (D2). We then seek boundary fixed points with 2 > 0 and y = 0, denoted
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again by E1 = (x,0), where x satisfies

alx ka
=e"". 4.1
1 4+ e ( )

Similarly as in [23], defining function
H(z) :=kx+In(l4+2z)—Inz —Inay,
we have H”(z) > 0, and H'(z.) = 0 for the unique positive real number
VEk?+4k —k
Tei=m ————————.
2k
Then, whether there exists a positive solution to equation (4.1) depending on if

H(z.) is equal to zero. Hence we have the following existence results for boundary
fixed points.

Theorem 4.1. Define

__VW+4k+k+2éi%ﬁj
— 5 ,

Then, system (D2) has no boundary fized points with x = 0 and y > 0. It has no,
a unique, or two boundary fized points, with y = 0 and x > 0, if , Pi(k) > a1,
Pi(k) = a1, or Pi(k) < a1, respectively.

System (R2) has no boundary fized points with x > 0 and y = 0. It has no,
a unique, or two boundary fixed points, with x = 0 and y > 0, if Pi(k) > (s,
Py (k) = B3, or Pi(k) < B3, respectively.

Pl (k) :

The linear stability analysis for the boundary fixed points can be performed
similarly as that in [23]. We briefly illustrate it for system (D2) as follows.
The eigenvalues of the Jacobian of system (D2), at a boundary fixed point,

2
E1 = (I,O), are Al = 11«@ — kx and AQ = bl/al.
x
It then follows from (4.1) that —1 < Ay < 1 if and only if

kx(l+x)—1
1+

0< < 2. (4.2)

Suppose there are two boundary fixed points Ei{i} = (x{i},O), ¢t =1,2. Then it
follows from "} < 2, < {2} and

ol (:c{l}) <0=H (z.) < H’ (x{2})

that

ke{t (14 211) —1
— A g (A1)
5200 VI H (:v ) < 0.

Hence, El{l} is unstable.

It follows from (4.2) that the fixed point Ei{2} is locally asymptotically stable if,
in addition to by < ay,

2
k (x{2}) + (k- 2)x{2} —-3<0. (4.3)

Define
B 2—k+VEkZ+8k+4
B 2k '

S+
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Then (4.3) is satisfied if and only if
s_<alP <5y
Notice that s_ < 0 and H is an increasing function for x > z{?}. Then if
H (21#) < H(sy), 212} < s;. Hence (4.3) is satisfied if
L+

(4.4)
S+

a; < s+

In the case where there is only one boundary fixed point. It can be proved,
similarly as in [23], that it is unstable.
Substituting s, into (4.4), we arrive at the following stability results.

Theorem 4.2. Define

24+ k+VkZ+8k+4 2-k+Vr21skta

PQ(k) = e 2
2—k+VE2+8k+4

(k +2)Vk? + 8k + 4 + k2 +6k+4eH+¢gz+T+4

VEk2 4+ 8k + 4+ 2k '

If there exists a unique boundary fixved point for system (D2) or (R2), the boundary
fized point is unstable. If there are two boundary fized points for (D2) or (R2),

the one with a smaller x component, Ei{l} = (a:{l},()) for system (D2), or the one

with smaller y component, E;l} = (O,y{l}) for system (R2), is unstable, and the
boundary fived point with a larger x or y component, Ei{2} = (17{2},0) or E§2} =
(O,y{2}), is locally asymptotically stable, if b1 < a1 < Py(k), or as < B3 < Py(k).
Fized point El{z} is unstable if a; < by, or Pa(k) < ay; E§2} is unstable if B3 < s,
or Py(k) < (3.

4.2. Positive fixed points. We next study the existence and stability of positive

fixed points for systems (D2) and (R2) but only show the details for system (D2).
Consider the following equivalent system for (D2):

a1p? + aspn + as
bipn + b2

_ (b1pn 52 Y ko (4.5D)
L4+ (1+pn)yn

The analysis for (4.5a) is same as that in Section 3. Then let p be a positive
fixed point of (4.5a) and substitute it into the equation

) (4.5a)

Pn+1 =

Yn+1

(blp + b?)y efk(erl)y _

105 p)y 1. (4.6)

Define a function
H(y) =k(1+p)y +In(1+ (1 +p)y) — n((bip + b2)y),

for y > 0. The positive solutions of (4.6) correspond to the positive solutions of
H(y)=0.
It is easy to check that
k(1+py(1+ (1 +p)y) —1
y(1+ (1 +p)y)

H'(y) =
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H//(y) _ 2(L+ply+1 >0,
(141 +py)

equation H'(y) = 0 has a unique positive root

VE2 +4k — k
2k(1+p)

g pr—
and

. (+p) (VE2+4k+k) 1 B 1+p
H(j) = In i) (VP R  E (\/k2+4k—k) _ (b1p+b2pl(k)> .

Then it follows from lirthl+ H(y) = 400 and lirJJrn H(y) = +oo that equation
Y— Y—T00

H(y) = 0 can have no, one, or two positive solutions, depending on whether
I+p

bip + b2
In summary, we have the following existence results.

Py (k) is greater than, equal to, or less than one.

Theorem 4.3. System (4.5) has

a) no positive fized points if a1 > by and az > by, (az — be)? < 4daz(ar — by), or
(1 4+ p)Pi(k) > bip+ by for a given positive solution p in (3.14) or (3.15);

b) a unique positive fived point if az < by, (az — bz)? = 4az(a; — by) > 0, and
(14 p)Pi(k) = bip + be satisfied with p given by (3.14);

c) two positive fived points if a1 < by, (az — b2)? = 4az(ar — b1) > 0, and
(14 p)P1(k) < bip + by satisfied with p given in (3.14);

d) four positive fived points if az < ba, (az — b2)? > 4az(a; — by) > 0, and
(1 +p)Py(k) < bip + by satisfied with both pt't and p{} given in (3.15).

The investigation of the local stability of the positive fixed points can also per-
formed similarly as in Section 3. That is, we only need to consider the linearization
of (4.5b) at the positive fixed point (pil}, y*) For convenience we write p, = pil}.
Then the linearization has a real eigenvalue

(1 + ps)ys

B e (A

=1 k(1 +p)ye + ———.
(1+pay AT

We consider A = A(y) as a function of y. Then it follows from ‘é—; < 0 that A\(y)
is a decreasing function and hence

A (yil}) SA@G) > A (yiz}) .

Simple calculation shows A(y) = 1. Hence fixed point with yil} is unstable,
and A (yiﬂ) < 1. To obtain stability conditions for the positive fixed point with

component yi2}, we need A\ (yiQ}) > —1. Define the function

G(y) = k(1 +p)*y* + (k= 2)(1 + p)y — 3. (4.7)
Then A\(y) = —1 if and only if G(y) = 0.

Equation G(y) = 0 has a unique positive solution

C2—k+\(k-2)2+12k 2—-k+ VK24 8k+4
B 2k(1 + p) B 2k(1 + p) '

<
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Then, again since A(y) is a decreasing function, if yiQ} < g, A (yi@}) > —1, and if

v S g (yiQ}) <1

Moreover, note that H(y) is increasing for y > g, and that § > 3. Then it follows
from H (y?}) = 0 that if H(§) >0, v} < ¢, and if H(H) <0, § < y{?.
It is easy to check that

VE2+8k+4+2—k (1+p) (VK2 +8k+4+2+k)

H(y) = +1In
) 2 (bip+bo) (VEZ + 8k +4+2— k)
b b
—lnPy(k) — In 2202
1+p
Then H(g) > 0 is equivalent to
bip + be
< Py(k). 4.8
LE2 < py (4.3

Hence A (yi@}) > —1, if condition (4.8) is satisfied. Note that if there exists only

one or two positive fixed points, they are all associated with the unique p*. Hence
they are unstable. The stability results for all of the positive fixed points can be
summarized as follows.

Theorem 4.4. If system (D2) or (R2) has a unique or two positive fixed points,
they are all unstable. If system (D2), or (R2), has four positive fized points, those

associated with pi2}, qiz}, pil} and yil} for system (D2), or qil} and xil} for

system (R2), are all unstable. The positive fized point of system (D2) with pil} and
yiQ} is locally asymptotically stable if conditions (3.16) and (4.8), where p = pil},

are satisfied, and the positive fixed point of system (R1) with qil} and xi2} is locally

asymptotically stable if

042%?} + o

1+ qil}

in addition to condition (3.32) being satisfied.

< Py(k), (4.9)

4.3. Numerical examples. The dynamics of systems (D2) and (R2) seem more
complex than those of system (D1) and (R1). The origin is a trivial solution for
the systems and is always locally asymptotically stable. This is due to the fact
of mating difficulty if the mosquito population size is small. While there possibly
exist more than one boundary or positive fixed points, only one could be locally
stable. Nevertheless, other cycles can early appear. We provide numerical examples
to demonstrate the dynamics of system (D2) as follows.

Ezxample 5. With the following parameters
a; = 8, ag = 3, az = 5, bl = 11, b2 = 97, k= 02,
we have
Pi(k) = 2.2296, Ps(k) = 8.8368.
Since (ag —b2)? < 4az(a; — by), there exists no positive fixed points. It follows from
Pi(k) < a1 and by < a1 < P(k) that there exist two boundary boundary fixed
points
B =(0.1478,0), E!* = (9.9168,0),

where Ei{l} is unstable, and El{z} is asymptotically stable, as shown in Figure 7.
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FIGURE 7. With the parameter k = 0.2, a1 =8, az = 3, a3 = 5, by = 1.1,
and b2 = 9.7, there exist no positive fixed points. Two boundary fixed points
EM = (0.1478,0) and B = (9.9168,0) exist. B is unstable, and E{*
is asymptotically stable.

Ezxample 6. Using the parameters
a1=8, a2=3, a3:5, b1=7, 5229.7, k=0.2,
we have the same P;(k), i = 1,2, as in Example 5. It follows again from P; (k) < a1

and by < a1 < Po(k) that there exist two boundary fixed points Ei{l} = (0.1478,0)
and Ei{2} = (9.9168,0), where only Ei{2} is asymptotically stable. Conditions (3.15),
(3.16), (4.8), and those in Theorem 4.3 d), are all satisfied. Hence there exist two
positive

ot = 0.8555, pi?t = 5.8445,
and four positive fixed points, two associated with pil}, denoted by EYand two

*plo
associated with pi2}, denoted by Ei;]é, i=1,2:

ED} = (0.0639,0.0747), EZ = (47059, 5.5007),

xpl *pl T
EL} = (0.1385,0.0237), EUJ = (8.1145,1.3884),

where Eiﬁ is the only stable positive fixed point. Solution with different initial

values approach either Eim} or Eiﬁ as shown in Figure 8.

Example 7. Using the following parameters
a; = 12, as = 3, as = 5, bl = 10, b2 = 9.7, k= 0.2,

we have the same P;(k), i = 1,2, as in Example 5. It follows again from P; (k) < a1
and by < a1 < Py(k) that there exist two boundary fixed points, but because of
a1 > P2(k), both boundary fixed points are unstable. Conditions in Theorem 4.3
d) are satisfied so that there exist four positive fixed points. However, it follows
from

bipt"? + by

14ptt

that no positive fixed point is stable. With different initial values, solutions either
approach a “boundary” 2-cycle where, asymptotically, the z-component is 2-cycle
and the y component is zero as shown in the left figure, or approach a positive

= 0.8586 > P5(k) = 8.8368
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FIGURE 8. We use parameters k = 0.2, a1 =8, a2 = 3, a3 = 5, by = 7, and
ba = 9.7. There exist two boundary fixed points and four positive fixed points.
However, only the boundary fixed point EfZ} = (9.9168,0) and the positive
fixed point E.{2} = (4,7059,5.5007) are asymptotically stable. The stability

is local. With different initial values, solutions approach Ei{Q} as shown on the
left, or Eiz} as shown on the right.
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2-cycle where both z and y components are 2-cycles, as shown in the right figure,
in Figure 9.

Mosquito Populations
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FIGURE 9. We use parameters k = 0.2, a1 = 12, a2 = 3, a3 = 5, by = 10, and
ba = 9.7. There exist two boundary fixed points and four positive fixed points.
However, all of these fixed points are unstable. Solutions either approach a
“boundary” 2-cycle where the z-component is a 2-cycle and the y component
is zero as shown in the left figure, or approach a positive 2-cycle where both =
and y components are positive 2-cycles, as shown in the right figure.
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Ezample 8. System (D2) with Allee effects exhibit similar period-doubling bifurca-
tion features as system (D1) with constant mating rates. We use the parameters

CL1:2, a2:3, a3:5, blzl, k:02,
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FIGURE 10. We use the parameters k = 0.2, a1 =2, a2 =3, a3 =5, by = 1,
and vary bz. We also fix initial value zgp = 1 and yo = 5. As by = 12, 15,
20, and 20.5, there appear 1-, 2-, 4-, and 8-cycles, as shown in the upper four
figures, respectively. When by = 24, chaotic behavior occurs as shown in the
lower figure.

and fix the initial value (zg,y0) = (1,5). We then vary parameter by, from 12, 15,
20, 20.5, to 24, sequentially. 1-cycle, 2-cycle, 4-cycle, 8-cycle, and chaotic behavior
occur, respectively, as shown in Figure 10.

5. Concluding remarks. To study the impact of releasing transgenic mosquitoes
on malaria transmissions, we formulate discrete-time models, based on difference
equations. We first include all homozygously wild, heterozygous, and homozygously
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transgenic mosquitoes to formulate a three dimensional system of difference equa-
tions (2.1), which is similar to the system in [21] but with a more general setting.
Our goal is to focus on the study of the impact on malaria transmissions. Then
we consider the cases where the transgenes are either dominant or recessive such
that heterozygous mosquitoes with one copy of a transgene is either resistant or
unresistant to the malaria transmission. We divide the total mosquito population
into two groups such that one group consists of only homozygously wild mosquitoes
and one group consists of heterozygous and homozygously transgenic mosquitoes
if the transgenes are dominant, and one group consists of homozygously wild and
heterozygous mosquitoes and one group consists of only homozygously transgenic
mosquitoes if the transgenes are recessive. The model system (2.1) is reduced to
the two dimensional system (2.2) or (2.3). We then assume the mating rates to be
constant in Section 3. While the model systems are similar to that studied in [20],
we provide more details in the derivation and the model systems are more accurate
to count in all components, whereas it was assumed in [20] that the wild and trans-
genic mosquitoes were two independent groups acting symmetrically, and hence
there was no input term from the interaction between the transgenic mosquitoes
into the wild mosquitoes for the case of dominant transgenes, nor input term from
the interaction between the wild mosquitoes into the transgenic mosquitoes for the
case of the recessive transgenes. We also consider the mating rates of the Holling-11
type in this paper, to include the Allee effects in Section 4. We investigate the ex-
istence and stability of all fixed points for the models formulated in this paper, and
obtain conditions that determine whether the boundary fixed points, in which one
component is positive and the other is zero, and the positive fixed points, in which
both components are positive, exist. We also obtain conditions that determine
whether a boundary or positive fixed point, if it exists, is locally asymptotically
stable. We provide numerical simulations for the models with constant or Holling-
IT type mating rates, in Sections 3.3 and 4.3, respectively, to verify our analytic
results.

Our results provide insight into the dynamics of interacting wild and transgenic
mosquitoes. In the case of dominant transgenes with either constant or Holling-IT
type mating rates, there exist no boundary fixed points in which the component
for the wild mosquitoes is zero. This contrasts with the feature of the models
studies in [20] where such boundary fixed points exist. Nevertheless, similarly as in
[20], there exist boundary fixed points in which the component for the transgenic
mosquitoes is zero. The unstable conditions for such boundary fixed points show
that the transgenic mosquitoes with one or two copies of transgenes can survive
only if the total death-adjusted number of offspring with one or two copies of the
transgenes, through heterogeneous matings, exceeds the death-adjusted number of
offspring with no transgenes, produced per wild mosquito (by > a1), or there are too
many wild offspring so that they cause oscillations in the wild mosquito population
(a1 > €* for model (D1) and a; > P2(k) for model (D2)). On the other hand,
even if the transgenes are recessive, they can still eventually drive wild mosquitoes
to extinct and take over the mosquito population by wiping out the homozygously
wild and the heterozygous mosquitoes as shown in both models (R1) and (R2),
based on the results for the boundary fixed points. This seems to imply that the
dominance of the transgenes may not necessarily be the major factor in getting rid
of wild mosquitoes.
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Moreover, the stability results we obtain for all fixed points in all models are
only local. Meeting conditions for the desired asymptotic behavior of the desired
boundary fixed points may not be realistic in practice, and hence seeking coexistence
may be a more feasible way in controlling of wild mosquitoes. We note that even
there may exist two or four positive fixed points for the models with constant or
Holling-IT type mating rates, there is at most one stable fixed point for each model.
The stability of the boundary or positive fixed point may be global if there exist
no other fixed points for the models with constant mating rates although we are
unable to prove it, whereas any fixed point cannot be globally stable for the models
with Holling-II type mating rates because of the local stability of the origin. The
models studied in this paper also exhibit other phenomena such as period-doubling
bifurcations, which are common in discrete-time population models.

We need to point out that the nonexistence of such boundary fixed points with
x = 0and y > 0 for the dominant transgenes, and with > 0 and y = 0 for the reces-
sive transgenes, seems to come from the way of grouping the mosquitoes in our model
formulations. As long as the heterozygous mosquitoes exist, they produce both ho-
mozygously wild and transgenic offspring. Then, to eliminate malaria unresistant
mosquitoes, it needs also to completely eliminate the heterozygous mosquitoes even
the transgenes are dominant such that the heterozygous mosquitoes are malaria
resistant. This seems unreasonable and, therefore, to have a better understanding
of the interactions between the two types of mosquitoes, we may need to go back
to fully study the original three dimensional model (2.1) even the mathematical
analysis is more difficult.
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