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ABSTRACT. In this paper, a two-species Lotka-Volterra cooperative delay sys-
tem is considered, and the relationships between the delays and the perma-
nence are obtained. Some sufficient conditions for the permanence under the
assumption of smallness of the delays are obtained. Two examples are given
to illustrate the theorems.

1. Introduction. In this paper, we consider the following general two-species
Lotka-Volterra cooperative system with discrete delays:

111 l12

T1(t) =x1(t)r1 — > a1z (t — 1) + D armwa(t — m21)],

=1 =1
(1.1)
121 l22
Eo(t) = zo(t)[ra + D asuzi(t — Ti2r) — Y asu@a(t — T221)),
=1 =1

with initial conditions
l‘l(t) = ¢z(t) >0, te [—To,()]; (]51(0) > O(Z =1, 2), (12)
where 7; > 0, a;;; > 0 and 7;;; > 0 are constants and 79 = max {r;;;: [ =1---1;;;
1,7 = 1,2}, ¢;(t) is continuous on [—7g, 0].
We assume that system (1.1) has a unique positive equilibrium z* = (z7, x3);
that is,

r1A92 + 12 A12
Aj1Agy — A12As’
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where A'Lj = Z Qg (’L,] = 172)
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In this paper, we will focus on the permanence of system (1.1). System (1.1) is
permanent if there exist M; > 0, m; > 0(i = 1,2) such that
m; < lminfz;(¢) < limsup x;(t) < M;.
t—+oo t—+o00
Many works are devoted to this problem, such as [1-13]. Lin and Lu [5] consider
the following system:

(El(t) = xl(t)[rl — alxl(t) — allxl(t — ’7'11) -+ alng(t — Tlg)],
(1.4)
Ea(t) = xo(t)[ra — asxa(t) + a2 (t — Ti2) — a22x2(t — T22)],

where a; > 0, 7,;; > 0(¢,j = 1,2), and obtain a sufficient condition for its per-
manence. In [13], Saito gives the necessary and sufficient conditions for its global
stability in some specific cases. Lu, Lu and Lian [9] show that delays can affect the
permanence for system (1.4).

For system (1.4), if a;; = 0(z = 1,2), Lu and Wang [10] consider its global
stability and obtain the necessary and sufficient conditions, the results are extended
to general n by Hofbauer and So [3] and Lu and Lu [6, 7, §].

If a; = 0(¢ = 1,2), in [1], two counterexamples are given by Chen, Lu and Wang
to show that delays may destroy the permanence of the system. From He [2] and
Mukherjee [11], we have known that boundedness and permanence are equivalent
for system (1.4).

In the present paper, by modifying the technique of Muroya [12] and Lin and Lu
[5], we consider system (1.1), which is an extension of system (1.4).

For system (1.1), if

T =0 for some [=1---I;< l”(’L = 1,2), (Hl)

then system (1.1) simplifies to the form

11 L1 l12

1(t) = 21 (t)[r1 — l; aryz1(t) — > auri(t — 1) + Y armxa(t — ma1)],

I=l11+1 =1
. l2o l21 L2z
Zo(t) = xo(t)[ra — > asma(t) + > asuzi(t — Ti21) — Y. aooxa(t — Tou)l.
=1 =1 I=l30+1

(1.5)
Like Muroya [12] and Lin and Lu [5], we have

Theorem 1.1. System (1.5) is permanent if it satisfies that

11 l22 l12 l21

(Z auz)(z asar) — (Z alQl)(Z az1;) > 0. (Hz)
=1 =1 =1 =1

If condition (Hy) or (Hs) fails, Muroya’s technique seems difficult to apply to the
proof. In this case, we suppose the following:

When condition (Hy) or (Hsg) fails, there exist a large enough time 7' > 0 and
constants C; > 0, D; (i = 1,2) such that for each ¢t > T,

i‘i(f) < Czl'z(t) + D;. (Hg)

We have the following theorem.
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Theorem 1.2. System (1.1) is permanent if it satisfies conditions (Hs) and

A is an M-matriz. (Hy)
Here
l11 l12
> aru(l —Cim) — > a1
A=| = =1
l21 l22
— > as >~ aga (1 — Catayy)
=1 =1

From Theorem 1.2, we get relations between delays and permanence under some
assumptions.
Subsequently, we apply Theorem 1.2 to the following specific form of system
(1.1); that is,
1(t) = 21 (t)[r1 — a1z (t — 27) — anx1 (t — 7) + arexa(t — 7)),
(1.6)
i‘g(t) = Z‘g(t)[?“g + 0,21.131(t — T) — aggll‘g(t) — G,ngg(t — T)],
with a unique positive equilibrium and initial conditions (1.2), where a11 > a1, ase >
a12,a111 2 G21, 0221 = G12.
By Theorem 1.2 and as with those in Lu, Lu, and Lian [9], we have

Theorem 1.3. System (1.6) is permanent if it satisfies

[a111(1 — 2T1T) + a11(1 — 7“17')}@221 — ajgas; > 0. (H5)
2. Proof of our Main Results. Firstly, we give some lemmas. Lemma 2.1 is a
direct result from system (1.1), Lemma 2.2 is a modified one from Muroya [12].

Lemma 2.1. Every solution x(t) of system (1.1) with initial condition (1.2) exists
in the interval [0, +00) and remains positive for all t > 0.

Lemma 2.2. [12] For any 0 <t} <t
lij

xi(t) (tz exp ftz {Tl + E Cl”ll‘z( ) lz: Q31T ( Tul) =+ Z aZJli( Tijl)}ds)
/1 + (Z agin)wi(t ft, exp ftz {ri + Z aiixi(s) — l; aiaxi(0 — Tiil)

lij
+ Z aijiz;(o — Tizi) }do)ds]
=1

zi(t) —

ii ; ; . PR ii
= []_ — (l; aiil)ki(tp, t)}(xl(tp) — .’Ei) + [xl(tp) ft;{l; aiilxi(s) — l; amxi(s e Tiil)
lij - s lis - Li; a
+ Z aijl(xj(s — Tijl) — x;)} X exp(ft;{n— + Z aiilxi(a) — Z amxi(a — Tiil)
=1 =1 =1
lij
+ Z aiiz;(o — Tij) pdo)ds]
li;

/[ (E anl xz ftz exp ftz {7“2 + Z Q31T ( ) Z aiilxi(‘f — Tiil)

=1
Lij

+ Z aijir;(o — Tiji)}do)ds],
=1
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where

) ) s lii lii
ki(th,t) = ai(th) [ exp( [ {ri + Y awwi(0) — 3. aswi(o — i)
P P =1 =1
li,j lis . ¢ s
+ 121 a;jizi(o — 1;5) tdo)ds/[1 + (1231 aii)zi(t]) j;;-) exp(j;;-){ri
171 lii - lij
+ 3 awri(0) — Y aiuwi(o — i) + Y agixj(0 — Ti) fdo)ds]
=1 =1 =1
(2.4)
with i # 4, 4,5 = 1,2.

Lemma 2.3. For system (1.6), there exists a large enough time T > 0 and constant
D such that for each t > T

%1(t) < rizi(t) + Dy.
Proof. Since ai1 > as1,a22 > aj2. Construct a continuous functional
Vi(t) = z1(t)22(t);
then we obtain

Vi(t) = Vi(t)[r1 + 72— (a11 — az1)w1(t — 7) — (ass — a12)w2(t — 7)
—a111$1(t — 27’) — a221z2(t)]
< Vi(®)[r1 +re — (a11 — a21)z1(t — 7) — (a2 — a2)x2(t — 7)]

< VAWl +ra - BV (- 7))
where k = 2[(a11 — a91)(age — alg)]% > 0.
Let uy(t) = Vlé (t); then we have
U1 (t) < %ul(t)[rl + 1o — kuy(t — 7))
This implies that
limsup ug(t) <

t——+oo

and then, there exists a large enough 7', such that for ¢t > T,

"Lt T2 L(r4ro)r

r I8
NIPEEL NI

which implies that
Vi(t) < (Ttrz)Ze(mtra)r — Ny,
For ay11 > as21,a201 > ay2, we construct a continuous functional
Va(t) = z1(t)z2(t — 7).
By calculating the derivative along system (2.1), we have

V2(t) = VQ(t)[rl +ry — allxl(t - 7') - (11111 - agl)xl(t — 27’)
—(ag21 — a12)xa(t — 7) — agaxa(t — 27)]

< Va(t)[r1 + 72 — an@a (t — 7) — agoxa(t — 27)],
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and as in the above proof, we obtain

Va(t) < No.

From the above proof, we obtain
@ (t) | da(t)
x1(t)  xa(t)
Therefore, there exists a large enough time 7" > 0 such that for each t > T

<ri+r.

r — agll‘l(t — 7') + a2211‘2(t) + azgl'g(t — T)

IN

< r+ a221.’E2(t) + aggl‘g(t — T).

So,
I’l(t) < rlxl(t) + agglxl(t)l’g(t) + aggxl(t)l’g(t — 7')

< rx1(t) + a221 N1 + agaNo

= T1$1(t) + Dl.
0

Proof of Theorem[1.1. The proof is similar to those in Muroya [12] and Lin and Lu
[5]. O

Proof of Theorem|1.2.  Since Ais an M-matrix, there is a diagonal matrix D =
diag(dy,dz) such that d; >0 (i =1,2) and AD is a diagonally dominant matrix.
Therefore, we may assume, without loss of generality, that A is diagonally dominant;
that is,

Lii Lij
> a1l = Cimia) > aig, i#j, i,j=12
=1 =1

Subsequently, we show that each solution z;(t) is eventually uniformly bounded

above by a positive constant.
Suppose that there is a subset P of {1, 2} such that for each j € P,

limsup z;(t) = +o0. (Hg)

t——+oo

Then, for each j € P, there is a sequence {f}>°, such that

zj(t) < () for to<t<t and tl§+moo () = +oo.
For each sufficiently large positive integer [, we can take ¢ € P such that
zi(ty ) —a; = 1%?§2(zj(f;+1) —x}) and  x(t) < x(f),,) forany to <t <1, .

lii o
Since »_ aiz > 0(i = 1,2), by lemma 2.2, we have that k;(t,,t,,,) > 0 and
i=1
lii o
1 — (32 ai)ki(t,, t, 1) > 0. By condition (Hz), we obtain that there exists a large
i

=1
T > 0 such that for ¢t > T,
jfi(t) < szl(t) + D;.
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By integrating it from ¢ — 7;;; to t, we obtain
t
:cl(t) — :L'i(t — 7'“'1) S Cl /t :El(S)dS + DiTiil~
Tiil
Now for kj, = k;(# L.t 1) >0, we have
Z; (thrl) - mr

lii _ . . I lii lii
=1 = (X ai)kip) (wi(t5) — ) + [2:(T}) t—i’“{l; aii1xi(s) — z; i1 (8 — Tiat)

=1
lij

lii lii
+ > aii(xi(s — 1) — x]*)} X eXp(f; {ri+ Z aijxi(o) — Z a1 (0 — Tiit)
=1
lij Lii
+ 3 ajjixi(o — 7)) pdo)ds]/[1 + (Z ai) ;i (t ftf'“ exp j; {ri+ > aizi(o)
=1 =1

_ 121 aiuzi(o — Ti) + 1121 aijizj(o — 7ij1) Ydo)ds]

< 1= (32 aw)RilasE) — )+ ) (35 o [, (0o
+ llg:l aii DiTiil + ;Zj:l aiji(zj(s — Tiji) — )} X exp(ffz {r; + ;Z:l aiwi(o)
- ZZ aii(0 = Tir) + lZ] aijiz;(o — 7;5) ydo)ds]

Lii
/1 (Z aiin) i () tf’“ exp ft, {ri + Z aiazi(o) = Y airi(o — Tii)
=1
Lij
+ Z aijixj (0 — Tij1) bdo)ds]
=1
lii

lii _ . _ i .
<= (X2 ai)kipl (it 1) — %) + kip[ Y- amuCiTiawi(t, 1) + > amDiTia
=1 =1 =1

lq',j

+ 3 agi(xi(t), ) — 2*)).

This implies that

lii Lii
* *
kip{[ E ai(1-CiTiar) — E a;ji)( p+1 fEZ)—E a;aCiTinx; — E a;aD;iTii} <O0.
=1 =1

By the definition of k;ip, we get

lis

lii

*
[E aiit(1 = Cimiar) — E aiji)(zi(th ) E lZlCiTiilIi+§ it DiTii-
=1

=1 =1
Therefore,

Lii lii
> aiuCitiaxy + > aiuD;Tia
) * =1 =1
(tp—i-l) < €L; + 1. < +00,

lii 1]
Yo ai(1 = Cimiar) — > asji
=1 =1

which contradicts to our assumption (Hg). Hence, we have

limsup z;(t) < 400, i=1,2.

t——+oo
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Moreover, by Lemma 2.2, similarly to the above discussion, we can get that there
exist M; > 0 such that
limsupz;(t) < M; < 400, i=1,2.
t—+oo
Therefore, for each sufficiently large ¢, any solution x(t) = (z1(¢), z2(¢)) to (1.1)
satisfies 0 < z;(t) < M;.
The remaining parts are similar to those in Lin and Lu [5].
This completed the proof of the theorem. O

Proof of Theorem|1.3.  Since (Hs) holds, we may assume, without loss of gener-
ality, that
a111(1 — 2’/“17’) + a11(1 — 7“17’) > ai2, Q921 > 421;
otherwise, a transformation z;(t) = 6;%;(¢) will work.
Suppose that there is a subset P of {1, 2} such that for each j € P,

limsup z;(t) = 4o0.
t——+oo

Then, for each j € P, there is a sequence {f7}>°, such that

zj(t) < mj(fg;) for to<t< tg and  lim xj(fg,) = 4o00.

t——+o0

For each sufficiently large positive integer [, we can take i € P such that

zi(th ) —x) = 11;1?%%(95]-({;“)—30;) and  x(t) < x(f,,,) for any to<t<1i,,,.

If ¢ = 1, by lemma 2.3, there exist a large T' > 0 such that for ¢t > T,
xl(t) < rlxl(t) + Dq.

The remaining parts are similar to those in Theorem 1.2. For ¢ = 2, the remaining
parts are similar to those in Muroya [12] and Lin and Lu [5].
This completes the proof of Theorem 1.3. O

3. Concluding Remarks. In this section, we give some examples to illustrate our
theorems.
Example 3.1

i1(t) = 21 ()1 — 21 (t — 27) — ex1(t — 7) + 2e~ 5 2o(t — 7)),
(3.1)
da(t) = wa(t)[1 + 2etay (t — 7) — Lao(t) — Lelas(t — 7))

5
1+e—%e*§

From condition (Hs), we have known that if 7 satisfies 0 < 7 < 7* = oy
e

= (.74, system (4.1) is permanent.

The following example shows that for some general delays, system (3.2) can have
an unbounded solution.

Example 3.2

1(t) = 21 (8)[1 — 21(t — 3) — ewy(t —4) + 2e~ Taa(t — 1)),
(3.2)
ia(t) = ma(t)[1 + 2eiay(t — ) — Saa(t) — $e2xa(t — 2)).
System (3.2) with initial condition (1.2) has an unbounded solution x(t) =
(1(t), w2(t)) = (€', el), if ¢;(t) = e'(i = 1,2).
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We have obtained sufficient conditions for a class of two-species Lotka-Volterra
cooperative system to be permanent when the delays are small. For a specific case,
we shown that the delays can destroy the permanence.
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