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Abstract: This research incorporates a distanced network into the calculus of variations to yield a
distanced-network-based method (DNBM), which approximates and interpolates the solutions, or ŷ(x),
for a boundary value problem (BVP) of second-order differential equations. Given an input vector X
and boundary conditions y(x0) and y(xN+1), we identify the distance matrix D for X and choose a
function ρ to reveal the relationship between the inputs, or Dρ. We perform calculus of variations
to find the internal relationships between the variables and parameters. We also demonstrate how to
apply the theory when Dρ is singular by adding one weighted matrix to avert the singularity. A final
experimental comparison between our DNBM and the Ritz finite-element method is also conducted.
Our network method should provide another comprehensive and insightful approximation.
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1. Introduction

In comparison with the analytic approach, numerical methods for Ordinary Differential Equations
(ODEs) [1] or Partial Differential Equations (PDEs) [2] have much more practical merit in
application. Some methods are simply based on Euler’s method [3] or Taylor series [4] or the
finite-volume method [5], and several applications are related to Runge−Kutta methods [6, 7] and
numerous variants [8]. Some interesting methods, such as collocation methods [9, 10] and
finite-difference methods [11], are also frequently used in numerical approximation. Much more
sophisticated methods involving variational calculus [12, 13] are also widely used in solving
differential equations, such as the Ritz finite-element method [14]. In this research, we devise and
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incorporate the concept of a distance function into the framework of variational calculus to largely
enhance the practical applicability of calculus of variations. Let M = (R, d) denote a metric space,
where R is the set of all the real numbers and d is a metric on R. Let
X ≡ {α ≡ x0, x1, x2 · · · , xN−1, xN , xN+1 ≡ β} ⊆ R, with each xi < xi+1, and let D ≡ [d(xi, x j)]N+1

i, j=0 be
arbitrary such that its determinant |D| , 0. We propose a numerical approach based on distance
functions to numerically approximate y(x), the solutions of the following boundary value problem
(BVP) for the typical second-order differential equations [15, 16]:

c1(x) · y′′(x) + c2(x) · y′(x) + c3(x) · y(x) = c4(x), (1.1)
y(α) = a, (1.2)
y(β) = b, (1.3)

where c1(x) , 0 for all x ∈ [α, β]. Let ρ denote an arbitrary twice differentiable function from R+0 , the
set of all the non-negative real numbers, to R. Let Dρ denote the (N + 2)-by-(N + 2) matrix
[ρ(d(xi, x j))]N+1

i, j=0. Define ρi
d : R → R by ρi

d(x) := ρ(d(x, xi)). For any x ∈ [α, β], let xX denote a
(N + 2)-by-1 distance-induced matrix [ρi

d(x)]N+1
i=0 = [ρ(d(x, xi))]N+1

i=0 . Let xDρ denote its (N + 2)-by-1
coordinate matrix represented by Dρ, that is xX = [ρ(d(x, xi))]N

i=0 = DρxDρ , that is,
xDρ = D−1

ρ xX = D−1
ρ [ρ(d(x, xi))]N+1

i=0 ≡



δ0,0 δ0,1 · · · δ0,N+1

δ1,0 δ1,1 · · · δ1,N+1
...

...
...

...

δN,0 δN,1 · · · δN,N+1

δN+1,0 δN+1,1 · · · δN+1,N+1





ρ ◦ d(x, x0)
ρ ◦ d(x, x1)

...

ρ ◦ d(x, xN)
ρ ◦ d(x, xN+1)


=



N+1∑
j=0

δ0, j · ρ ◦ d(x, x j)

N+1∑
j=0

δ1, j · ρ ◦ d(x, x j)

...
N+1∑
j=0

δN, j · ρ ◦ d(x, x j)

N+1∑
j=0

δN+1, j · ρ ◦ d(x, x j)



, (1.4)

where 

N+1∑
j=0

δ0, j · ρ ◦ d(x, x j)

N+1∑
j=0

δ1, j · ρ ◦ d(x, x j)

...
N+1∑
j=0

δN, j · ρ ◦ d(x, x j)

N+1∑
j=0

δN+1, j · ρ ◦ d(x, x j)



≡



α0(x)
α1(x)
...

αN(x)
αN+1(x)


, and D−1

ρ = [δi, j]N+1
i, j=0.
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The rationale for setting a function ρ is to further regulate distance functions to fit real applications. Let
ŷ(x) denote an approximation function of y(x). Let ŶX denote the (N + 2)-by-1 approximation matrix
[ŷi]N+1

i=0 of [yi]N+1
i=0 , where yi denotes y(xi), nodal value ŷi denotes ŷ(xi) and ŷ0 ≡ y0 = a; ŷN+1 ≡ yN+1 = b;

and ŷ1, ŷ1, · · · , ŷN are the parameters, or in a vector form Ŷ = [ŷi]N
i=1, to be estimated by our proposed

approach. Set

ŷ(x) ≡ ŷ(x; ŶX) := ŶX • xDρ =

N+1∑
i=0

ŷ(xi) · αi(x),

where • is the Euclidean inner product. The (numerical) approximation version of Eq (1.1) becomes

c1(x) ·
N+1∑
j=0

ŷ(xi) · α′′j (x) + c2(x) ·
N+1∑
i=0

ŷ(xi) · α′i(x) + c3(x)
N+1∑
i=0

ŷ(xi) · αi(x) ≈ c4(x),

where

αi(x) =
N+1∑
j=0

δi j · ρ(d(x; x j)); α′i(x) =
N+1∑
j=0

δi j · ρ
′(d(x; x j)) · d′(x; x j),

α′′i (x) =
N+1∑
s=0

δis · [ρ′′(d(x; xs)) · [d′(x; xs)]2 + ρ′(d(x; xs)) · d′′(x; xs)].

Let us detail the theories and the complete procedures in the next section.

2. Theories and derivations

In this section, we develop the mathematical foundations of the distance-network-based method
(DNBM). We begin by defining the interpolation framework using distance matrices, then derive the
Euler−Lagrange equations that govern the variational formulation, and finally establish the linear
system that determines the unknown nodal values. If M is a square matrix, we use |M| to denote its
determinant. Let [α, β] → R be the set of all twice differentiable real functions whose domains are
[α, β]. Recall that ŶX = [ŷ0 = a, ŷ1, · · · , ŷN , ŷN+1 = b] and Ŷ = [ŷ1, · · · , ŷN], where
ŷ0 = y(x0) = y(α) = a and ŷN+1 = y(xN+1) = y(β) = b are the boundary conditions. Assume the inner
product

⟨ f , g⟩µ =
∫ β

α

e
∫ c2(x)

c1(x) dx f (x) · g(x)dx

for any pair of real functions f and g whose domains are [α, β], where c1(x) and c2(x) are the
coefficients defined in Eq (1.1) for the BVP.

Definition 2.1. (Interpolation) Define ŷ : [α, β]→ R by

ŷ(x; ŶX) := ŶX • xDρ =

N+1∑
i=0

ŷi · [
N+1∑
j=0

δi, j · ρ(d(x, x j))] =
N+1∑
i=0

ŷi · αi(x), (2.1)

where • is a Euclidean inner product, and the DNBM basis functions αi(x) =
N+1∑
j=0

δi, j · ρ(d(x, x j)).

αi(x) are adaptive interpolation weights that distribute the nodal information ŷi to reconstruct y(x)
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everywhere. When Dρ is nonsingular, D−1
ρ is used as defined above. In the numerical implementation,

however, if Dρ is singular or numerically rank-deficient, its Moore–Penrose pseudoinverse D†ρ is used
in place of D−1

ρ .

Figure 1 shows the transformation from one-dimensional numerical data into high-dimensional ones
based on distance perspectives.

d⃗X(x j) = [ρ ◦ d(x j, x0), ρ ◦ d(x j, x1), · · · , ρ ◦ d(x j, xN , ρ ◦ d(x j, xN+1))].

d⃗X(x) =
N+1∑
k=0

ck · d⃗X(xk), ŷ(x) :=
N+1∑
k=0

ck · ŷk; x = xk,

where k = argmin
m
{x ≥ xm : 0 ≤ m ≤ N + 1}; x ∈ [α, β] and ρ : R+0 → R.

Figure 1. Distance-network-based numerical approximation of differential equations.

Before we proceed with our arguments and derivations, let us find some basic identities: For all
1 ≤ i ≤ N,

∂

∂ŷi
ŷ(x; ŶX) =

N+1∑
s=0

δi,s · ρ(d(x, xs)) = αi(x); (2.2)

ŷ′(x; ŶX) ≡
dŷ(x; ŶX)

dx
=

N+1∑
i=0

ŷi · [
N+1∑
t=0

δi,t · ρ
′(d(x; xt)) · d′(x; xt)] =

N+1∑
i=0

ŷi · βi(x), (2.3)

where

βi(x) =
N+1∑
t=0

δi,t · ρ
′(d(x; xt)) · d′(x; xt). (2.4)

AIMS Mathematics Volume 11, Issue 9, 32020–32045.
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Furthermore,

∂ŷ′(x; ŶX)
∂ŷi

=

N+1∑
t=0

δi,t · ρ
′(d(x; xt)) · d′(x; xt) = βi(x). (2.5)

Claim 1. (Integrand L) If

L(x, y, y′) := e
∫ c2(x)

c1(x) dx
·

{
[y′(x)]2 −

c3(x)
c1(x)

· [y(x)]2 + 2 ·
c4(x)
c1(x)

· y(x)
}
, (2.6)

then the Euler−Lagrange equation

dL(x, y, y′)
dy

−
d
dx

[
dL(x, y, y′)

dy′
] = 0

is equivalent to Eq (1.1).

Proof. It follows from the direct computation of the Euler−Lagrange equation. □

Definition 2.2. Define a functional ΦL
α,β : ([α, β]→ R)→ R by

ΦL
α,β(y) :=

∫ β

α

L(x, y, y′)dx. (2.7)

The parameterized approximation version could be hence represented by

L(x, ŷ, ŷ′) := e
∫ c2(x)

c1(x) dx
·

{
[ŷ′(x)]2 −

c3(x)
c1(x)

· [ŷ(x)]2 + 2 ·
c4(x)
c1(x)

· ŷ(x)
}
, (2.8)

ΦL
α,β(ŷ; ŶX) :=

∫ β

α

L(x, ŷ(x; ŶX), ŷ′(x; ŶX))dx. (2.9)

In order for ŷ(x; ŶX) to attain an extremum, a necessary condition is

∇ŶX
[ΦL
α,β(ŷ(x; ŶX))] ≡ [

∂

∂ŷ j
ΦL
α,β(ŷ(x; ŶX))]N

j=1 = [0]N
j=1 = 0.

Claim 2. If ŷ(x; ŶX) attains an extremum, then∫ β

α

∂

∂ŷi
L(x, ŷ(x; ŶX), ŷ′(x; ŶX))dx = 0, (2.10)

for all 1 ≤ i ≤ N.

Because ŷ0 and ŷN+1 are given, we only have to reveal the necessary conditions for ŷ1, ŷ2, · · · , ŷN .
The results are detailed in the subsequent Lemma 1 and Theorem 1.

Lemma 1. If ŷ(x; ŶX) attains an extremum, then
∂ΦL
α,β(ŷ; ŶX)

∂ŷi
= 0; that is

∫ β

α

e
∫ c2(x)

c1(x) dx
·

{
ŷ′(x; ŶX) ·

∂ŷ′(x; ŶX)
∂ŷi

+

[
c4(x) − c3(x) · ŷ(x; ŶX)

c1(x)

]
·
∂ŷ(x; ŶX)
∂ŷi

}
= 0 (2.11)

for all 1 ≤ i ≤ N.
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Proof. By Claims 1 and 2, one has∫ β

α

e
∫ c2(x)

c1(x) dx
·
∂

∂ŷi

{
[ŷ′(x; ŶX)]2 −

c3(x)
c1(x)

· [ŷ(x; ŶX)]2 + 2 ·
c4(x)
c1(x)

· ŷ(x; ŶX)
}
= 0;

that is

2 ·
∫ β

α

e
∫ c2(x)

c1(x) dx
·

{
ŷ′(x; ŶX) ·

∂ŷ′(x; ŶX)
∂ŷi

+
c4(x) − c3(x) · ŷ(x; ŶX)

c1(x)
·
∂ŷ(x; ŶX)
∂ŷi

}
= 0.

□

Theorem 1. If ŷ(x; ŶX) attains an extremum, then



γ̃11 γ̃12 · · · γ̃1,N−1 γ̃1,N

γ̃21 γ̃22 · · · γ̃2,N−1 γ̃2,N
...

... · · ·
...

...

γ̃N−1,1 γ̃N−1,2 · · · γ̃N−1,N−1 γ̃N−1,N

γ̃N,1 γ̃N,2 · · · γ̃N,N−1 γ̃N,N





ŷ1

ŷ2
...

ŷN−1

ŷN


=



θ̃1 − γ̃1,0 · ŷ0 − γ̃1,N+1 · ŷN+1

θ̃2 − γ̃2,0 · ŷ0 − γ̃2,N+1 · ŷN+1
...

θ̃N−1 − γ̃N−1,0 · ŷ0 − γ̃N−1,N+1 · ŷN+1

θ̃N − γ̃N,0 · ŷ0 − γ̃N,N+1 · ŷN+1


= −
∫ β
α

e
∫ c2(x)

c1(x) dx c4(x)
c1(x)



α1(x)
α2(x)
...

αN−1(x)
αN(x)


dx-



γ̃1,0

γ̃2,0
...

γ̃N−1,0

γ̃N,0


ŷ0−



γ̃1,N+1

γ̃2,N+1
...

γ̃N−1,N+1

γ̃N,N+1


ŷN+1,

where

γ̃i j =

∫ β

α

e
∫ c2(x)

c1(x) dx
·

[
βi(x) · β j(x) −

c3(x)
c1(x)

· αi(x) · α j(x)
]

dx,

θ̃i = −

∫ β

α

[
e
∫ c2(x)

c1(x) dx
·

c4(x)
c1(x)

· αi(x)
]

dx,

αi(x) =
N+1∑
s=0

δi,s · ρ(d(x, xs)); βi(x) =
N+1∑
t=0

δi,t · ρ
′(d(x; xt)) · d′(x; xt).

Proof. By Lemma 1 and Eqs (2.2), (2.3), and (2.5), one has, for each 1 ≤ i ≤ N,∫ β

α

e
∫ c2(x)

c1(x) dx
·

{
ŷ′(x; ŶX) ·

∂ŷ′(x; ŶX)
∂ŷi

+

[
c4(x) − c3(x) · ŷ(x; ŶX)

c1(x)

]
·
∂ŷ(x; ŶX)
∂ŷi

}
dx

=

∫ β

α

e
∫ c2(x)

c1(x) dx
·


N+1∑

j=0

ŷ j · β j(x)

 · βi(x) +
[
c4(x) − c3(x) · ŷ(x; ŶX)

c1(x)

]
· αi(x)

 dx = 0
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⇒

N+1∑
j=0

{∫ β

α

e
∫ c2(x)

c1(x) dx
·

[
βi(x) · β j(x) −

c3(x)
c1(x)

· αi(x) · α j(x)
]

dx
}
· ŷ j = −

∫ β

α

[
e
∫ c2(x)

c1(x) dx
·

c4(x)
c1(x)

· αi(x)
]

dx

⇒ γ̃i,0 · ŷ0 + γ̃i,N+1 · ŷN+1 +

N∑
j=1

γ̃i j · ŷ j = θ̃i ⇒

N∑
j=1

γ̃i j · ŷ j = θ̃i − γ̃i,0 · ŷ0 − γ̃i,N+1 · ŷN+1,

where γ̃i, j and θ̃i are defined in the theorem. □

This representation will be extended to piecewise functions for some practical reasons. Let χk≥i

denote the indicator function given by

χk≥i =

 1, k ≥ i,

0, k < i.

We begin by introducing the piecewise definitions. In practical applications, the functions under
consideration may fail to be differentiable at finitely many points. To accommodate such cases, we
partition their domains into finitely many subdomains such that the functions are twice differentiable
on each subdomain. The following definitions, claims, and corollaries are formulated accordingly for
this piecewise setting.

Definition 2.3. For all 1 ≤ i, j ≤ N,

⟨βk
i , β

k
j⟩

k
µ =

∫ xk+1

xk

e
∫ c2(x)

c1(x) dx
· [βk

i (x) · βk
j(x)]dx,

where βk
i (x) =

N+1∑
s=0

δi,s · ρ
′(dk(x; xs)) · d′k(x; xs), where dk(·; xs) : (xk, xk+1)→ R+0 .

Definition 2.4. For all 1 ≤ i, j ≤ N,

⟨
c3(x)
c1(x)

, αk
i · α

k
j⟩

k
µ =

∫ xk+1

xk

e
∫ c2(x)

c1(x) dx
· [

c3(x)
c1(x)

· αk
i (x) · αk

j(x)]dx,

where αk
i (x) =

N+1∑
j=0

δi, j · ρ(dk(x, x j)) and where dk(·; x j) : (xk, xk+1)→ R+0 .

Remark 1. d′k(x; x j) =

 1, if k ≥ j,

−1, if k < j.
; thus d′k(·; x j) = χk≥ j and dk(x; x j) = χk≥ j · (x − x j).

Recall that

⟨βi, β j⟩µ :=
∫ β

α

e
∫ c2(x)

c1(x) dx
· [βi(x) · β j(x)]dx.

Thus, one has ⟨βi, β j⟩µ =

N∑
k=0

⟨βk
i , β

k
j⟩

k
µ.
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Claim 3. Fix 1 ≤ i, j ≤ N. If c1(x) = x, c2(x) = 1, ρ(z) = z4 and d(x, y) = |x − y|, then for all
0 ≤ k ≤ N, ⟨βk

i , β
k
j⟩

k
µ = 8·

N+1∑
s=0

N+1∑
t=0

δis · δ jt ·
{
[x2

k+1 · (xk+1 − xs)3 · (xk+1 − xt)3 − x2
k · (xk − xs)3 · (xk − xt)3]

−3 ·
∫ xk+1

xk

x2 · (x − xs)2 · (x − xt)2 · [2ẋ − xs − xt]dx
}
,

where βk
i (x) =

N+1∑
s=0

δi,s ·ρ
′(dk(x; xs)) ·d′k(x; xs) ≡ 8 ·

〈
∆i j,Θk

〉
, where ∆i j = [δis ·δ jt]N+1

s,t=0 and Θk = [vst]N+1
s,t=0,

in which each vst = [x2
k+1 · (xk+1 − xs)3 · (xk+1 − xt)3 − x2

k · (xk − xs)3 · (xk − xt)3] − 3 ·
∫ xk+1

xk
x2 · (x − xs)2 ·

(x − xt)2 · [2ẋ − xs − xt]dx.

Proof. By Definition 2.3, one has ⟨βk
i , β

k
j⟩

k
µ =
∫ xk+1

xk
e
∫ c2(x)

c1(x) dx
· [βk

i (x) ·βk
j(x)]dx. By setting f ′(x) = e

∫ c2(x)
c1(x) dx

and gk
i j(x) =

N+1∑
s=0

N+1∑
t=0

δis · δ jt · ρ
′(dk(x; xs)) · d′k(x; xs) · ρ′(dk(x; xt)) · d′k(x; xt) = 16 ·

N+1∑
s=0

N+1∑
t=0

δis · δ jt ·χ
3
k≥s(x−

xs)3 · χk≥s · χ
3
k≥t · (x− xt)3 · χk≥t = 16 ·

N+1∑
s=0

N+1∑
t=0

δis · δ jt · (x− xs)3 · (x− xt)3, which is independent of k, then

we could take f (x) =
x2

2
and

∫ xk+1

xk

f ′(x) · gk
i j(x)dx = lim

ϵ→0+

∫ xk+1−ϵ

xk+ϵ

f ′(x) · gk
i j(x)dx

= lim
ϵ→0+

[ f (x) · gk
i j(x)]xk+1−ϵ

xk+ϵ − lim
ϵ→0+

∫ xk+1−ϵ

xk+ϵ

f (x) · g′ki j (x)dx

= [ f (xk+1) · gk
i j(xk+1) − f (xk) · gk

i j(xk)]

− 24 ·
N+1∑
s=0

N+1∑
t=0

δis · δ jt ·

∫ xk+1

xk

x2 · (x − xs)2 · (x − xt)2 · [2ẋ − xs − xt]dx

= 8 ·
N+1∑
s=0

N+1∑
t=0

δis · δ jt · [x2
k+1 · (xk+1 − xs)3 · (xk+1 − xt)3 − x2

k · (xk − xs)3 · (xk − xt)3]

− 24 ·
N+1∑
s=0

N+1∑
t=0

δis · δ jt ·

∫ xk+1

xk

x2 · (x − xs)2 · (x − xt)2 · [2ẋ − xs − xt]dx.

□

Claim 4. For all 1 ≤ i, j ≤ N,

⟨βi, β j⟩µ = 8 · [x2
N+1 · (xN+1 − xi)3 · (xN+1 − x j)3 − x2

N · (xN − xi)3 · (xN − x j)3]

−24 ·
∫ xN+1

x0

x2 · (x − xi)2 · (x − x j)2 · [2ẋ − xi − x j]dx.
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Proof. By the fact that ⟨βi, β j⟩µ =

N∑
k=0

⟨βi, β j⟩
k
µ and Claim 3, the result follows. □

Claim 5. If c1(x) = x, c3(x) = 2x2, ρ(z) = z4 and d(x, y) = |x − y|, then for all 1 ≤ i, j ≤ N, ⟨
c3(x)
c1(x)

,

αk
i · α

k
j⟩

k
µ =

2
3
·

N+1∑
s=0

N+1∑
t=0

δis · δ jt

·
{
[x3 · (x − xi)4 · (x − x j)4]|xk+1

xk
− 4 ·

∫ xk+1

xk

x3 · (x − xi)3 · (x − x j)3 · (2x − xi − x j)dx
}

=
2
3
·
〈
∆i j, Θ̃k

〉
, where ∆i j = [δis · δ jt]N+1

s,t=0, and Θ̃k = [ṽst]]N+1
s,t=0,

where

ṽst = [x3 · (x − xi)4 · (x − x j)4]|xk+1
xk
− 4 ·

∫ xk+1

xk

x3 · (x − xi)3 · (x − x j)3 · (2x − xi − x j)dx.

Proof. By Definition 2.4,

⟨
c3(x)
c1(x)

, αk
i · α

k
j⟩

k
µ = 2 ·

∫ xk+1

xk

x2 · [αk
i (x) · αk

j(x)]dx,

where αk
i (x) =

N+1∑
s=0

δi,s · (x − xs)4 = 2 ·
∫ xk+1

xk
ϕ′(x) · qk

i j(x)dx, in which ϕ′(x) = x2, and

qk
i j(x) = αk

i (x) · αk
j(x) = 2 · [ϕ(x) · qk

i j(x)]|xk+1
xk
− 2 ·

∫ xk+1

xk

ϕ(x) ·
d
dx

qk
i, j(x)dx

=
2
3
·

N+1∑
s=0

N+1∑
t=0

δis · δ jt ·
{
[x3 · (x − xi)4 · (x − x j)4]|xk+1

xk
− 4 ·

∫ xk+1

xk

x3 · (x − xi)3 · (x − x j)3 · (2x − xi − x j)
}
.

□

Corollary 1. If c1(x) = x, c3(x) = 2x2, ρ(z) = z4, and d(x, y) = |x − y|, then for all 1 ≤ i, j ≤ N, ⟨
c3(x)
c1(x)

,

αi · α j⟩µ =
2
3
·

N+1∑
s=0

N+1∑
t=0

δis · δ jt

·
{
[x3 · (x − xi)4 · (x − x j)4]|xN+1

x0
− 4 ·

∫ xN+1

x0

x3 · (x − xi)3 · (x − x j)3 · (2x − xi − x j)dx
}
.

Corollary 2. [⟨βi, β j⟩µ − ⟨
c3

c1
, αi · α j⟩µ]N

i, j=1Ŷ = [−⟨
c4

c1
, αi⟩µ − ⟨βi, β0⟩µ · ŷ0 − ⟨βi, βN+1⟩µ · ŷN+1]N

i=1.

Let us use R̃Ŷ = Q̃ to abbreviate the above corollary.
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Theorem 2.
Ŷ ≡ [ŷ j]N

j=1 = R̃−1Q̃, (2.12)

if R̃−1 exists.

In order to make it this theory applicable to some special cases, we have to temper the original
definitions by splitting the domain [α, β] into various subdomains. Then, the counterparts with respect
to the subdomains could be rewritten as follows:

Claim 6. For all xk < x < xk+1, if ρ(z) = z4, and d(x, y) = |x − y|, then αk
i (x) =

N+1∑
s=0

δi,s · (x − xs)4,

βk
i (x) = 4 ·

N+1∑
t=0

δi,t · (x − xt)3, and
dαk

i (x)
dx

= βk
i (x).

Proof. Because

αk
i (x) =

N+1∑
j=0

δi, j · ρ(dk(x, x j)); βk
i (x) =

N+1∑
j=0

δi, j · ρ
′(dk(x; x j)) · d′k(x; x j),

the results follow. □

Obviously, the result is independent of k. Similarly, we have the following piecewise definitions.

Definition 2.5.

γ̃k
i j =

∫ xk+1

xk

e
∫ c2(x)

c1(x) dx
·

[
βk

i (x) · βk
j(x) −

c3(x)
c1(x)

· αk
i (x) · αk

j(x)
]

dx;

θ̃ki = −

∫ xk+1

xk

[
e
∫ c2(x)

c1(x) dx
·

c4(x)
c1(x)

· αk
i (x)
]

dx.

Definition 2.6. (Residual measure) Define a residual function R(x) by R(x) = c1(x) · y′′(x) + c2(x) ·
y′(x) + c3(x) · y(x) − c4(x), which is defined in Definition 1.1.

Example 1. Suppose that α = x0 = 0.01 and β = x4 = 4. Assume that y(0.01) = 2 and that y(4) = 5.
Suppose that

X = [α, α +
1
4
· (β − α), α +

2
4
· (β − α), α +

3
4
· (β − α), β] = [0.0100, 1.0075, 2.0050, 3.0025, 4.0000].

Suppose c1(x) = x, c2(x) = 1, c3(x) = 2x2, c4(x) = x2. Moreover, N = 3. If ρ(z) := z4 and
d(x, y) = |x − y|, then Dρ ≡ [ρ(d(xi, x j))]4

i, j=0 := [(d(xi, x j))4]4
i, j=0 := [(xi − x j)4]4

i, j=0. Hence,

D−1
ρ =


0.0039 −0.0226 0.0515 0.0129 −0.0032
−0.0226 0.1314 −0.3083 0.0183 0.0128
0.0515 −0.3083 0.7635 −0.3058 0.0504
0.0129 0.0183 −0.3058 0.1293 −0.0219
−0.0032 0.0128 0.0504 −0.0219 0.0037


.
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Let us adopt dk(x; xi) to mean |x − xi|, where xk < x < xk+1. Then one has f ′(x) = e
∫ c2

c1
dx
= e

∫
1
x dx =

ex+c = eln(x)+c = ec · x. Hence, by integration by parts, we could take f (x) =
1
2

x2. Then, f (x) =
1
2

x2.

⟨βi, β j⟩µ|
xk+1
xk
= ck

i j −

∫ xk+1

xk

f (x) · {[ρ′(d(x; xi)) · d′(x; xi)]′ · [ρ′(d(x; x j)) · d′(x; x j)]

+[ρ′(d(x; xi)) · d′(x; xi)] · [ρ′(d(x; x j)) · d′(x; x j)]′}dx,

where
ck

i j = lim
ϵ→0

f (xk+1 − ϵ) · gk
i j(xk+1 − ϵ) − f (xk + ϵ) · gk

i j(xk + ϵ)

= 8 · χk≥i · χk≥ j · [x2
k+1 · (xk+1 − xi)3 · (xk+1 − x j)3 − x2

k · (xk − xi)3 · (xk − x j)3]

and
gk

i j(x) = ρ′(d(x; xi)) · d′(x; xi) · ρ′(d(x; x j)) · d′(x; x j)

= 16 · χk≥i · χk≥ j · (x − xi)3 · (x − x j)3,

by Remark 1. Furthermore, after a sequence of derivations, one has

⟨βi, β j⟩µ =

N∑
k=0

⟨βi, β j⟩µ|
xk+1
xk

=

N∑
k=0

ck
i j − 48 ·

∫ xN+1

x0

x · [(x − xi)2 · (x − x j)3 + (x − xi)3 · (x − x j)2]dx,

where

N∑
k=0

ck
i j = 8 ·

N∑
k=0

{χk≥i · χk≥ j · [x2
k+1 · (xk+1 − xi)3 · (xk+1 − x j)3 − x2

k · (xk − xi)3 · (xk − x j)3]}.

Similarly,

⟨
c3

c1
, αi⟩µ = ⟨

c3

c1
,

N∑
k=0

αk
i ⟩µ =

N+1∑
j=0

δi j ·

∫ xN+1

x0

e
∫ c2(x)

c1(x) dx
·

c3(x)
c1(x)

· (x − x j)4dx

=

N+1∑
j=0

δi j ·

∫ xN+1

x0

2x2 · (x − x j)4dx,

⟨
c4

c1
, αi⟩µ = ⟨

c4

c1
,

N∑
k=0

αk
i ⟩µ =

N+1∑
j=0

δi j ·

∫ xN+1

x0

e
∫ c2(x)

c1(x) dx
·

c4(x)
c1(x)

· (x − x j)4dx

=

N+1∑
j=0

δi j ·

∫ xN+1

x0

x2 · (x − x j)4dx.
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By Claims 4 and 5, Corollaries 1-2, and above-mentioned formulas, one has

R̃ =


3.4280 −4.9090 3.1410
−4.9090 11.8400 −10.1800
3.1410 −10.1800 14.2300

 −


2.6360 −1.7890 2.6480
−1.7890 12.4300 −6.1260
2.6480 −6.1260 25.7600


=


0.7922 −3.1199 0.4931
−3.1199 −0.5957 −4.0521
0.4931 −4.0521 −11.5220

 ; Q̃ =


3.0905
−12.7193
14.0254

 .
The residual defined in Definition 2.6 is calculated and then presented in Table 1 and Figure 2.

Table 1. Residuals calculated based on DNBM: In this example, there are only five nodal
points being considered. All the terms are defined earlier.

xk ŷ(xk) ŷ′(xk) =
∑

i ŷiα
′
i(xk) ŷ′′(xk) R(xk)

0.0100 2.000000 14.422700 −30.559200 50.733560
1.0075 5.414400 −3.786700 -7.903300 −7.471981
2.0050 0.216400 −4.496200 4.774700 12.013040
3.0025 −1.061700 2.343300 7.194600 −19.570090
4.0000 5.000000 8.343600 2.097500 32.572530

In the table, as one can see, R(x4) is high. This persists even for the linear Ritz FEM or the
quadratic Ritz FEM. Here we apply it just for demonstrative purposes. For a serious approximation
and interpolation, we need to increase the sampled points and the sampling methods.

Figure 2. Signed residuals for uniformly-spaced X values: The DNBM part corresponds to
Table 1. For this example, both DNBM and Ritz FEM could not perform well at the boundary
points. For the related code, please refer to https://github.com/raymingchen/ODE/
blob/main/Eg1.ipynb.

If R̃ is not always invertible, we then extend all the inferences to another optimization problem (for
a given N-by-N matrix W and a N-by-1 matrix V) :

Ŷ∗ ≡ argmin
Ŷ
{||(W ⊙ R̃)Ŷ − V ⊙ Q̃|| : Ŷ ∈ RN},

AIMS Mathematics Volume 11, Issue 9, 32020–32045.

https://github.com/raymingchen/ODE/blob/main/Eg1.ipynb
https://github.com/raymingchen/ODE/blob/main/Eg1.ipynb


32032

where ⊙ stands for the Hadamard product.

Theorem 3. If W ⊙ R̃ is invertible, then

Ŷ∗ = [W ⊙ R̃]−1[V ⊙ Q̃]. (2.13)

Proof. The norm with value 0 could be attained when W ⊙ R̃ is invertible. □

Let

wi j =
e−d(xi,x j)

N∑
s=1

e−d(xi,xs)

; vi =

N∑
s=1

e−d(xi,xs)

N∑
s,t=1

e−d(xs,xt)

(2.14)

for all 1 ≤ i, j ≤ N. Then, the natural candidates for weight matrices are W = [wi j]N
i, j=1 and V = [vi]N

i=1.
Observe that W is not necessarily a symmetric matrix. Note that the Hadamard weighting in Theorem 3
regularizes the variational matrix R, not the distance matrix Dρ. The singularity of Dρ is handled
separately via pseudoinverse construction of the basis functions.

3. Application

In the theory, D−1
ρ appears only in the symbolic definition of the basis functions. In the numerical

implementation, the Moore–Penrose pseudoinverse of Dρ is used solely to construct these basis
functions. The actual ODE solution is computed using the variational matrix R, which is full-rank.
Thus, the rank-deficiency of Dρ does not affect the numerical method. In order to show the validity of
our method, we use some known second-order ODE problems with exact solutions to check our
method. We know that

y(x) = x + ex sin(πx), (3.1)

is an exact solution of the following ODE problem: (1 + x2)y′′(x) + (sin x + x)y′(x) + (2 + cos(2πx))y(x) = c4(x),

y(0.01) = 0.0417, y(4) = 4,
(3.2)

where
c4(x) = (1 + x2)ex

(
2π cos(πx) + (1 − π2) sin(πx)

)
+ (sin x + x) (1 + ex(sin(πx) + π cos(πx)))

+ (2 + cos(2πx)) (x + ex sin(πx)) .

(3.3)

In Example 1, we set ρ(z) = z4 and d(x, y) = |x− y|. If we look into the setting of ρ, then we observe
that the setting is arbitrary. To counter the side effect from this choice, the choice of X could play an
important role. Here, we apply a clustering function, mainly a tanh function in our case, to serve as the
sampling technique. Then, one could observe the effect of the combination X and ρ. The parameterized
clustering function we apply goes as follows:
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xk = α + (β − α) ·

tanh
(

s·(k/N−0.5)
)

tanh(s/2) + 1

2
, where k ∈ {1, 2, . . . ,N}.

Observe that the clustering strength s controls the sampling distribution X = {xk}: from uniform
distributions (or s → 0) to polarized/boundary distributions (s → ∞). An illustrative visualization of
X distributions is shown in Figure 3.

Figure 3. Sampled points xk from xk = α+(β−α)·

tanh
(

s·(k/N−0.5)
)

tanh(s/2) + 1

2
, where k ∈ {1, 2, . . . ,N}

under various clustering strengths s. If s approaches 0, the distribution tends to be uniform;
otherwise, it tends to be polarized. For a complete code, please refer to https://github.
com/raymingchen/ODE/blob/main/x_k_for_various_s.ipynb.

Now, based on this sampling technique/function, we could expand our knowledge to investigate
the numerical solutions and the distribution of X values. Such knowledge will reveal the sensitivity
and stability of one method. Here we compare the DNBM and Ritz FEM methods together. The
calculations are based on the standard procedures for each method. We divide the scenarios into two:
one with sample size 10, and the other with sample size 500, with various clustering strengths for
various values s = 0, 1, 10, 100. The results are shown in Figures 4 and 5. In this example, one
observes that both methods (DNBM and Ritz FEM) do not perform as one expects, as the exact solution
is highly nonlinear. The degree of nonlinearity of both methods cannot capture the exact solution well.
Now, let us look at some solutions that might have lower nonlinearity. Despite that, Ritz FEM has better
approximations in both residuals and actual errors. The new ODE problem is x y′′(x)+y′(x)+2x2y(x) =
x2, in which the boundary conditions are y(0.01) = 2 and y(4) = 5. The numerical solutions are given in
Figure 6. The residuals are all managed by both methods, although DNBM has a better approximation
in this case.
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Figure 4. These figures show how DNBM and Ritz FEM perform in a given ODE problem:
(1 + x2) y′′(x) + (sin x + x) y′(x) + (2 + cos(2πx)) y(x) = c4(x); y(0.01) = 0.0417; y(4) = 4,
with an exact solution y(x) = x + ex sin(πx). In this experiment, N is fixed to be 10
and the clustering strength s ∈ {0, 1, 10, 1000}. On the y-axis, we use absolute value
symbols to indicate that the computed values are represented by their positive counterparts.
The experimental code can be found at https://github.com/raymingchen/ODE/blob/
main/2ndODEproblem.ipynb.
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Figure 5. These figures show how DNBM and Ritz FEM perform in a given ODE problem:
(1 + x2) y′′(x) + (sin x + x) y′(x) + (2 + cos(2πx)) y(x) = c4(x); y(0.01) = 0.0417; y(4) = 4,
with an exact solution y(x) = x + ex sin(πx). In this experiment, N is fixed to be 500
and the clustering strength s ∈ {0, 1, 10, 1000}. On the y-axis, we use absolute value
symbols to indicate that the computed values are represented by their positive counterparts.
The experimental code can be found at https://github.com/raymingchen/ODE/blob/
main/2ndODEproblem.ipynb.
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(a) Figure 1 (b) Figure 2

(c) Figure 3 (d) Figure 4

(e) Figure 5 (f) Figure 6

Figure 6. The comparison between DNBM and Ritz FEM under various clustering strengths
s. These numerical approaches solve the ODE problem: x y′′(x) + y′(x) + 2x2y(x) = x2,

in which the boundary conditions are y(0.01) = 2 and y(4) = 5. Please refer to the code
(by changing the values of s) at https://github.com/raymingchen/ODE/blob/main/
DNBM_FEM.ipynb.
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4. Analysis and comparison

4.1. Residual evaluation

The residual of the numerical approximation ŷ(x) is defined as

R(xk) = xkŷ′′(xk) + ŷ′(xk) + 2x2
k ŷ(xk) − x2

k ,

for each grid point xk, k = 0, 1, . . . , 99. This is simply the ODE

xy′′ + y′ + 2x2y = x2

rearranged, with the exact solution y replaced by the numerical approximation ŷ.

4.1.1. Ritz FEM (Piecewise linear)

On each interval [x j, x j+1], the approximation ŷ(x) is linear:

ŷ(x) = ŷ j +
ŷ j+1 − ŷ j

h j
(x − x j), h j = x j+1 − x j.

Therefore,

ŷ′(x) =
ŷ j+1 − ŷ j

h j
, ŷ′′(x) = 0.

At each node, xk (except the last), the residual is computed using the slope from the interval to the
right:

R(xk) =
ŷk+1 − ŷk

hk
+ 2x2

k ŷk − x2
k .

At the last node x99 = 4, the slope from the interval to the left is used:

R(x99) =
ŷ99 − ŷ98

h98
+ 2x2

99ŷ99 − x2
99.

This is exactly what the residual fem function implements.

4.1.2. DNBM (Global quartic interpolation)

The approximation is given by

ŷ(x) =
99∑
i=0

ŷiαi(x),

where

αi(x) =
99∑
j=0

δi j(x − x j)4.

Its derivatives are
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ŷ′(x) =
99∑
i=0

ŷiβi(x), ŷ′′(x) =
99∑
i=0

ŷiγi(x),

with

βi(x) =
99∑
j=0

δi j · 4(x − x j)3, γi(x) =
99∑
j=0

δi j · 12(x − x j)2.

At each point xk, we evaluate these sums to obtain ŷ(xk), ŷ′(xk), and ŷ′′(xk), and then compute

R(xk) = xkŷ′′(xk) + ŷ′(xk) + 2x2
k ŷ(xk) − x2

k .

This is exactly what the residual dnbm function implements.

4.2. Summary

Both methods evaluate the same residual equation:

R(xk) = xkŷ′′(xk) + ŷ′(xk) + 2x2
k ŷ(xk) − x2

k .

The only difference lies in how ŷ, ŷ′, and ŷ′′ are obtained. This completes the description of the
residual sampling equation and its numerical implementation. The difference between them could be
summed up in Table 2.

Table 2. Summary of FEM and DNBM: This table compares the difference between FEM
and DNBM from original function, first order and second order functions.

Method ŷ(x) ŷ′(x) ŷ′′(x)
FEM piecewise linear constant on each element 0

DNBM
99∑
i=0

ŷiαi(x)
99∑
i=0

ŷiβi(x)
99∑
i=0

ŷiγi(x)

4.2.1. Global versus local basis functions

FEM uses piecewise linear (or polynomial) basis functions that are local: Each basis function is
nonzero only on a small interval (one or two elements). On a highly clustered grid, some elements
become extremely small (e.g., the last interval is ≈ 10−6 in our case). The derivative ŷ′(x) is
approximated by the finite difference

ŷ j+1 − ŷ j

h
,

where h = x j+1 − x j. If the solution varies smoothly, the slope can become enormous when h is tiny,
even if ŷ j+1 − ŷ j is moderate. This leads to artificially amplified residuals at the clustered boundary, as
observed (∼ 106 at x = 4). DNBM uses global basis functions derived from distance matrices:

αi(x) =
∑

j

δi j ρ(d(x, x j)),
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which are typically smooth functions (e.g., quartic polynomials when ρ(z) = z4). These basis
functions are global: Each αi(x) is defined over the entire domain and is smooth, regardless of the
distribution of grid points. The derivatives ŷ′(x) and ŷ′′(x) are computed analytically from these
smooth polynomials, not from finite differences. Therefore, even when grid points cluster severely,
the approximation remains stable, and the residuals do not blow up.

4.2.2. Conditioning and stability

Figure 7. Stability of maximum residuals for DNBM (red squares) and Ritz FEM
(blue circles) running from N = 50, 60, 70, · · · , 500 under different clustering strengths
s = 0, 1, 2, 10, 50, 100. These numerical approaches solve the ODE problem: x y′′(x) +
y′(x) + 2x2y(x) = x2, in which the boundary conditions are y(0.01) = 2 and y(4) =
5. Please refer to the code at https://github.com/raymingchen/ODE/blob/main/
ConvergenceAnalysis.ipynb.
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The FEM linear system on a highly clustered mesh becomes ill-conditioned because the local
stiffness matrix entries scale with 1/h. As h → 0, the condition number grows as O(h−2), leading to
numerical instability and large errors in the solution (and hence in the residual). This is why the
residual jumped to 4.8 × 106 at the last points; the solution ŷ itself may still be reasonable, but its
derivative is computed from an ill-conditioned system. DNBM does not depend on mesh spacing for
its derivatives; the derivatives are computed directly from the smooth basis functions. The linear
system for DNBM (the R matrix) can also be ill-conditioned when the distance matrix D is nearly
singular (e.g., for extreme clustering), but this can be mitigated by regularization (e.g., adding a small
diagonal term) or by using pseudoinverses. In our case, the DNBM residuals remained stable and
consistent with the exact solution, whereas the FEM residuals exploded. As for the stability test, one
could refer to Figure 7. The experiment shows that both methods are fairly stable with respect to N
under various clustering strengths s. We report the observed numerical behavior on uniform grids. For
the ODE x y′′(x) + y′(x) + 2x2y(x) = x2, the maximum residual decreases from approximately 10−2 at
N = 50 to 10−3 at N = 500. This empirical trend indicates that the DNBM exhibits stable
improvement in accuracy as N increases.

4.2.3. Comparison with the exact solution

The true solution of the BVP

xy′′ + y′ + 2x2y = x2, y(0.01) = 2, y(4) = 5,

is smooth and well-behaved (it exists uniquely). The exact residual, by definition, is zero at all points.
Any numerical method approximates this residual with an error that should be small and bounded
independently of the mesh size, provided the method is consistent and stable.

FEM, due to its local nature, fails to deliver a bounded residual on the clustered mesh because the
derivative approximation becomes unreliable. DNBM, with its global smooth basis, yields residuals
that are uniformly small and do not blow up, even at the extreme boundary. This demonstrates superior
stability of DNBM for problems with boundary layers or extreme mesh grading.

DNBM is not tied to a particular mesh topology; it works with an arbitrary set of points X. The
distance matrix D captures the geometry of the points, and the interpolation is achieved by solving a
linear system that is independent of mesh quality. This makes DNBM particularly attractive for:

• Problems where the solution exhibits boundary layers or steep gradients.
• Adaptive refinement: You can add more points near boundaries without harming the stability of

the method.
• Multivariate problems: The distance-based interpolation naturally extends to higher dimensions,

whereas FEM requires complex mesh generation.

Ritz FEM, when applied to a highly clustered grid, suffers from numerical instability due to the extreme
variation in element sizes, leading to artificially large residuals near the boundary. In contrast, the
proposed DNBM, with its globally smooth basis functions, remains stable and yields residuals that are
uniformly small and consistent with the exact solution. This demonstrates the practical advantage of
DNBM for problems requiring strong local refinement, such as boundary layer phenomena.
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5. Conclusions

Differential equations play vital roles in modeling the real dynamical world and behaviors. Finding
the numerical solutions for the implicit expression becomes of paramount importance. In this
research, we combine the calculus of variations and distance-network to yield a DNBM. There are
some characteristics of DNBM: First, this method keeps track of the global properties of the
dynamical system, that is the change of output is influenced by the network. Second, it designs some
weighted functions, such as ρ,W,V , and so on, to counteract the potential singularity of a distance
matrix D and to serve as the regulators for enhancing the roles of distanced-network-based variables.
Third, it offers high flexibility to extend the theory to partial differential equations or multivariate
differential equations via the concept of distance functions. Because there are various numerical
methods for finding the explicit solutions for the implicit expression, the ultimate evaluation or choice
of them will mostly depend on their modeling capability for real data. The method we devise should
be easily incorporated and enrich the trend of data mining or machine learning. However, there is still
some room for improvement in future studies, such as the convergence analysis for DNBM [17],
singularly perturbed BVPs for DNBM [18], the choice of other distance functions [19], and the
combination of DNBM with other machine learning techniques [20].
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Appendix

The procedures of the Ritz finite element method (FEM) go as follows:

(1) Input a second order BVP (1.1) with given X = {x0, x1, · · · , xN , xN+1};
(2) Associate a set of functions {ŷ j : [x j, x j+1]→ R}N+1

j=0 ;

(3) Define a set of functional {ΦL j
x j,x j+1(y j) :=

∫ x j+1

x j
L j(x, y j, y′j)dx}Nj=0 (2.7), where {L j}

N
j=0 is to be

determined;
(4) The explicit form of each L j(2.6), L j(x, ŷ j, ŷ′j) := e

∫ c2(x)
c1(x) dx
·{

[y′j(x; ŷ j, ŷ j+1)]2 −
c3(x)
c1(x)

· [y j(x; ŷ j, ŷ j+1)]2 + 2 ·
c4(x)
c1(x)

· ŷ j(x; ŷ j, ŷ j+1)
}
,

is identified based on the Euler−Lagrange differential equation;
(5) With the explicit form of each L j, a necessary condition for finding optimal {ŷ j}

N+1
j=0 is revealed:∫ x j+1

x j

∂

∂ŷk
L j(x, ŷ j(x; ŷ j, ŷ j+1), ŷ′j(x; ŷ j, ŷ j+1))dx = 0,

and calculated (refer to Lemma 1):
∫ x j+1

x j
e
∫ c2(x)

c1(x) dx
·

{
ŷ′j(x; ŷ j, ŷ j+1) ·

∂ŷ′j(x; ŷ j, ŷ j+1)

∂ŷ j
+

[
c4(x) − c3(x) · ŷ j(x; ŷ j, ŷ j+1)

c1(x)

]
·
∂ŷ j(x; ŷ j, ŷ j+1)

∂ŷ j

}
= 0

where
ŷ j(x; ŷ j, ŷ j+1) = ω−(x) · ŷ(x j+1) + ω+(x) · ŷ(x j);

ŷ′j(x; ŷ j, ŷ j+1) ≡
d
dx

ŷ j(x; ŷi, ŷi+1) =
ŷ j+1 − ŷ j

x j+1 − x j
;

∂

∂ŷ j
ŷ′j(x; ŷ j, ŷ j+1) =

−1
x j+1 − x j

;
∂

∂ŷ j+1
ŷ′j(x; ŷ j, ŷ j+1) =

1
x j+1 − x j

;

∂

∂ŷ j
ŷ j(x; ŷ j, ŷ j+1) = ω+(x) =

x j+1 − x
x j+1 − x j

;
∂

∂ŷ j+1
ŷ j(x; ŷ j, ŷ j+1) = ω−(x) =

x − x j

x j+1 − x j
.

By simplifying the above terms, one has the following result:
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{∫ x j+1

x j

e
∫ c2(x)

c1(x) dx
[
1 −

c3(x)
c1(x)

· (x − x j+1)2
]}
· ŷ j

+

{∫ x j+1

x j

e
∫ c2(x)

c1(x) dx
[
−1 +

c3(x)
c1(x)

· (x − x j) · (x − x j+1)
]}
· ŷ j+1

= −(x j+1 − x j)2 ·

∫ x j+1

x j

[
e

c2(x)
c1(x) dx

·
c4(x)
c1(x)

· w+(x)
]

dx

= (x j+1 − x j) ·
∫ x j+1

x j

[
e

c2(x)
c1(x) dx

·
c4(x)
c1(x)

· (x − x j+1)
]

dx

{∫ x j+1

x j

e
∫ c2(x)

c1(x) dx
[
−1 +

c3(x)
c1(x)

· (x − x j) · (x − x j+1)
]}
· ŷ j

+

{∫ x j+1

x j

e
∫ c2(x)

c1(x) dx
[
1 −

c3(x)
c1(x)

· (x − x j)2
]}
· ŷ j+1

= −(x j+1 − x j)2 ·

∫ x j+1

x j

e
c2(x)
c1(x) dx

·
c4(x)
c1(x)

· w−(x)dx

= −(x j+1 − x j) ·
∫ x j+1

x j

[
e

c2(x)
c1(x) dx

·
c4(x)
c1(x)

· (x − x j)
]

dx

i.e., [
p j − q11

j −p j + q01
j

−p j + q01
j p j − q00

j

] [
ŷ j

ŷ j+1

]
=

[
v1

j

−v0
j

]
, (A.1)

where

p j =

∫ x j+1

x j

e
∫ c2(x)

c1(x) dxdx; (A.2)

qst
j =

∫ x j+1

x j

e
∫ c2(x)

c1(x) dx
·

c3(x)
c1(x)

· (x − x j+s) · (x − x j+t)dx; (A.3)

vs
j = (x j+1 − x j) ·

∫ x j+1

x j

e
∫ c2(x)

c1(x) dx
·

c4(x)
c1(x)

· (x − x j+s)dx (A.4)

for all s, t ∈ {0, 1}. Furthermore, by the next finite element, one also has (by replacing j with j+ 1
in Eq (A.1)): [

p j+1 − q11
j+1 −p j+1 + q01

j+1

−p j+1 + q01
j+1 p j+1 − q00

j+1

] [
ŷ j+1

ŷ j+2

]
=

[
v1

j+1

−v0
j+1

]
. (A.5)

(1) Associate a parameterized form of ŷ j(x), or ŷ j(x; ŷ j, ŷ j+1) = ω−(x) · ŷ j+1 + ω
+(x) · ŷ j. Then,

• Find whether Dρ is invertible or not (1.4);
• If Dρ is invertible, then calculate xD (1.4); if Dρ is not invertible, then add a weighted

matrix (2.14) , whose (i, j) − th element is calculated by

wi j =
e−d(xi,x j)

N∑
j=1

e−d(xi,x j)

,
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to counteract the singularity. In our real experiment, we adopt another method: The
Moore–Penrose pseudoinverse (D†ρ) is used in constructing the basis functions when (Dρ) is
singular.

(2) Calculate ŷ(xi) and ŷ(x): The Moore–Penrose pseudoinverse (D†ρ) is used in constructing the
basis functions when (Dρ) is singular. The resulting variational system is then solved using the
variational matrix (R̃), with appropriate numerical regularization when necessary. The weighted
formulation in Theorem 3 provides an alternative treatment of possible singularity of the
variational matrix and is not used in the numerical experiments presented in this paper.

(3) The explicit form of ŷ(x) = ŶX • xDρ is revealed.
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