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Abstract: We develop an explicit step–stress cumulative exposure model (CEM) formulation with
closed–form equivalent times, analytic score functions, and analytic observed information for the
one–parameter inverted Z–Lindley (IZL) lifetime distribution under progressive Type–II censoring.
Because the IZL quantile inverts in closed form via the Lambert W function, the equivalent start time
linking the two stress stages is itself closed form, giving an explicit rather than implicit likelihood,
from which we derive the exact score, prove strict concavity of the constant–stress log–likelihood for
complete samples, and obtain the analytic observed information matrix, validated against finite
differences. The construction extends to a multiple–step generalization; numerical change–time
optimization under c–, D–, and A–optimality for a representative complete–sample design; and a
link–function extrapolation to an untested design stress with delta–method variance. Inference is
triangulated across maximum likelihood, Wald, percentile bootstrap, and gamma–prior Bayesian
analysis, cross–checked by the Tierney–Kadane approximation. A Monte Carlo study shows
finite-sample bias and mean squared error (MSE) decreasing with sample size and near-nominal
coverage for the Wald, Bayesian, and bootstrap intervals in most scenarios as well as accurate
design–stress extrapolation under a correctly specified link, which degrades sharply once the link is
misspecified. The principal estimation and uncertainty–quantification procedures are illustrated using
a real, Type–I–censored step–stress data set, and design–stress extrapolation is assessed separately
through a four–level simulation; the real–data example thus validates the broader CEM/IZL modeling
and inference approach rather than the progressive Type–II censoring likelihood itself. On a small
unmanned aerial vehicle (SUAV) reliability data set, a bootstrap–calibrated goodness–of–fit test finds
no evidence against the fitted model, and IZL is among a small cluster of equally well–supported
models by AICc – supporting IZL as a credible, closed-form candidate for step–stress reliability
analysis.
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1. Introduction

Reliability assessment of highly reliable components is frequently obstructed by a practical
difficulty: At their normal operating conditions, such units fail so rarely that a test of feasible duration
yields too few failures to support inference. Accelerated life testing (ALT) resolves this by subjecting
the units to levels of an accelerating variable–temperature, voltage, mechanical load, and
humidity–more severe than those of the design environment, thereby temporally compressing the
failure process. The life law is fitted to the accelerated data and the reliability at the lower, in–service
stress is recovered by extrapolation through a physically motivated stress–life relationship. The
methodology and its engineering practice are treated comprehensively by [1–3].

Among ALT plans, the way the stress is applied over time defines the experiment. Under a constant–
stress plan, each unit is held at a fixed level; under a step–stress plan, a single cohort is started at a
low level which is raised, at prescribed epochs, to successively higher levels. The step–stress design
is operationally economical—it uses one set of test positions and one cohort, and it guarantees failures
by escalating the stress—but it raises a modeling question absent from constant–stress testing: How
should the lifetime distributions governing the successive stress levels be related? The accepted answer
is the cumulative exposure model (CEM) of [4], which postulates that a unit’s residual life depends only
on the exposure (the cumulative fraction failed) it has already accumulated and not on the particular
stress trajectory that produced it. Equivalently, the survivor function is continuous in time across
each stress change, whereas the instantaneous failure rate is allowed to jump. The CEM, its physical
justification, and its data analysis are developed at length by [1]; censored–data inference under the
CEM is surveyed by [5, 6].

The CEM rests on two working assumptions that deserve to be stated explicitly rather than left
implicit. First, it assumes that only the current cumulative exposure (equivalently, the fraction of the
population already failed) determines the residual life distribution so that two units with the same
accumulated exposure but different stress histories are statistically exchangeable from that point on;
this rules out genuine memory or fatigue effects that depend on the particular stress path rather than
on the exposure level alone. Second, it assumes that the stagewise lifetime distributions belong to a
common parametric family (here, the inverted Z–Lindley (IZL)) indexed by a stress-dependent
parameter so that a stress change amounts to a reindexing rather than a change of family. These
assumptions are standard in the ALT literature [1, 3, 7–11] and are most defensible for
damage-accumulation failure mechanisms (e.g. fatigue, wear, or degradation-driven failure of
electronic and opto-electronic components); they are less appropriate when a stress change can trigger
a qualitatively different failure mode, in which case, a competing-risks or mode-switching
formulation is preferable. We treat the CEM as a modeling choice appropriate to gradual-degradation
mechanisms and return to this point in the limitations discussion of Section 8.

Life tests are almost always censored, both to bound their duration and to release units for other uses.
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Progressive Type–II censoring is the most flexible of the common schemes: A prescribed number of
surviving units may be withdrawn at random at each observed failure so that the experiment terminates
at a controlled number of failures while still permitting intermediate removals. It contains ordinary
Type–II censoring and complete sampling as limiting cases, and its theory and algorithms are given
by [12–16], with related progressive hybrid variants studied by [17]. We adopt progressive Type–II
censoring as the observation scheme throughout. We clarify between the types here because the three
schemes are easily conflated: Under Type–I (time) censoring, the test stops at a prefixed calendar time,
and the number of failures is random (used for the real data of Section 7); under ordinary Type–II
censoring, the test stops at the mth failure, with all remaining n−m units withdrawn only at that instant
(R1 = · · · = Rm−1 = 0, Rm = n − m); under progressive Type–II censoring, the scheme used in our
simulation study, a prescribed number Ri ≥ 0 of surviving units may additionally be withdrawn at each
of the first m − 1 failures, with ordinary Type–II censoring and complete sampling recovered as the
special cases R1 = · · · = Rm−1 = 0 and m = n, respectively.

The IZL model itself was introduced only recently, and the step–stress extension proposed here
should be read against that background. [18] proposed the (constant-stress) one-parameter
inverted-type distribution with an upside-down bathtub failure rate that underlies the present work and
studied its distributional properties and classical/Bayesian inference under several sampling schemes,
part of a broader recent stream of stress–strength reliability studies under record and censoring
schemes [19, 20]. More broadly, one-parameter Lindley-type extensions continue to be actively
developed, for example, for entropy-based and actuarial risk applications [21] and, closer to the
decreasing-hazard construction used here, via elementary monotone transforms of the exponential
that retain exact, finite-sample pivotal inference [22]. The distinct methodological contribution of the
present paper, relative to this constant-stress treatment, is to embed the model in a step–stress
cumulative exposure design: This requires a new equivalent-time construction linking the stages
(Section 3), a coupled two-parameter likelihood and its complete score and observed information
under progressive censoring (Section 4), an optimal change-time analysis specific to the step–stress
design (Section 5.1), and a link-function extrapolation to an untested design stress
(Section 5.2)—none of which arise in a constant-stress analysis of the same lifetime family. To our
knowledge, no prior work has treated a step–stress CEM analysis of this or a closely related inverted
Lindley-type law; this is the gap the paper fills, and we phrase our contributions below accordingly.

Beyond the classical step–stress and progressive-censoring references cited above, several recent
papers extend accelerated life testing and progressively censored inference in related directions:
adaptive progressive hybrid censoring for step–stress partially accelerated life testing [23],
competing-risks step–stress models under progressive Type–II censoring for other one- and
two-parameter laws [24], and optimal step–stress design under progressive censoring for further
lifetime families [25] alongside the model-specific development in [18] and the progressive-censoring
surveys already cited. Section 8 notes where the present single-risk, nonadaptive treatment could be
extended along these lines.

Because the present paper relies throughout on Bp-life/quantile estimation, reliability interval
estimation, and simulation-based uncertainty assessment under censoring, our percentile bootstrap
approach (Section 4) is also worth relating to the random weighting literature, an alternative
resampling paradigm in which each observation is reweighted by an independently drawn random
weight (rather than resampled with replacement) to approximate a statistic’s sampling distribution,
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including random-weighting constructions of confidence intervals for quantiles [26], kernel density
estimates [27], and the empirical distribution function [28]. Random weighting and the bootstrap
coincide asymptotically under mild conditions but differ in finite samples and computational
structure, and [26] reported higher accuracy than the bootstrap for quantile confidence intervals in
their simulations. We use the ordinary bootstrap here because it integrates directly with the
progressively censored data–generating mechanism of Algorithm 1; adapting a random-weighting
construction to progressively censored step–stress data is a natural direction for future comparison.

The lifetime law used in this paper is the inverted Z–Lindley (IZL) distribution. It was introduced
by [18] as a published one–parameter model with an upside-down bathtub failure rate, obtained by the
reciprocal transformation T = 1/W of the Z–Lindley random variable W introduced by [29]. Inverted
Lindley–type laws are attractive lifetime models because they accommodate heavy tails and a
nonmonotone (upside–down bathtub) failure rate while remaining a one–parameter family and
because, for the IZL specifically, the quantile function is available in closed form through the Lambert
W function. The present work does not study the IZL as a distribution—its properties are established
in the references just cited—but we use it as the building block of a step–stress experiment. Its single
decisive feature for that purpose is the closed–form quantile: It makes the CEM equivalent start time
and hence the entire step–stress distribution, density, hazard, and likelihood explicit, with no inner
root finding at any likelihood evaluation.

To date, the IZL law has been examined only under constant stress. The contribution of this paper
is to embed it in a step–stress CEM and to develop the associated inference in full mathematical detail
under progressive Type–II censoring. Specifically:

(1) We set up the simple two–level step–stress CEM with a closed–form equivalent time, giving the
model distribution, density, hazard and reliability functionals, and a multiple–step generalization
with recursive closed-form equivalent times (Section 3).

(2) We derive the exact score, prove strict concavity of the constant–stress log–likelihood for a
complete sample (existence and uniqueness of the stagewise estimators in that setting) and
analyze existence and numerically-supported local uniqueness for the coupled step–stress
likelihood, and we obtain the complete analytic observed information, every block of which is
verified against finite differences on a documented example (Section 4).

(3) We treat optimal change–time selection under the c–, D–, and A–optimality criteria, exhibiting
interior D– and A–optima (Section 5.1).

(4) We add a link–function reparameterization that extrapolates the reliability to a design stress below
all test levels with a delta–method variance (Section 5.2).

(5) We assemble a unified estimation pipeline—maximum likelihood, Wald, percentile bootstrap, and
gamma–prior Bayesian inference by the Metropolis–Hastings algorithm and the Tierney–Kadane
approximation for the posterior mean and variance of the reliability (a third, ad hoc numerical
heuristic for the posterior mean log-likelihood is also reported; see Section 6.4)—and we validate
said pipeline by a Monte Carlo study reported with Monte Carlo standard errors and a fully
worked illustration (Sections 6 and 7).

The required IZL quantities are recalled in Section 2; Section 8 concludes. Four appendices give
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the quantile derivation, the complete analytic observed information, the finite-difference verification
protocol, and the supplementary code. Table 1 collects the recurring notation for reference.

Table 1. Summary of recurring notation.

Symbol Meaning

α j IZL shape parameter of stage j (α1 > α2 in the two-level model)
τ stress change time (two-level model); b1 < · · · < bk−1 in the k-level model
u⋆ = F(τ;α1) cumulative exposure (population fraction failed) at the change time
h equivalent start time on the stage-2 clock solving F(h;α2) = u⋆

e j equivalent start age on the stage- j clock in the k-level model (e2 = h)
t1 < · · · < tm observed (possibly progressively censored) failure times
Ri number of units randomly withdrawn at the i-th observed failure,

∑
i Ri = n − m

ξi = ti − τ + h age of a stage-2 observation on the stage-2 (equivalent) clock
D1,D2 index sets of failures observed before/after the change time τ
p1 = F(τ;α1) stage-1 failure fraction, used to parameterize the change time in optimal design
R(t⋆) = S (t⋆;α1) use-condition reliability at mission time t⋆

Q(p;α) Bp-life (quantile) of IZL(α)

2. The inverted Z–Lindley lifetime model

The lifetime law adopted throughout is the published inverted Z–Lindley (IZL) distribution [18],
obtained by the reciprocal transformation T = 1/W of the Z–Lindley random variable W of [29]. We
do not revisit its distributional properties, which are established in those references; we collect here
only the quantities that the step–stress construction and its inference actually require.

A random variable T ∼ IZL(α), α > 0, has cumulative distribution, density, and survival functions

F(t;α) =
(
1 + φ(t;α)

)
e−α/t, φ(t;α) =

α

2(1 + α) t
, t > 0, (2.1)

f (t;α) =
α

2(1 + α) t2

(
1 + 2α +

α

t

)
e−α/t, S = 1 − F, t > 0. (2.2)

A larger α corresponds to a stochastically longer life, so a harsher stress maps to a smaller α; this
monotonicity is what allows α to carry the stress level in the step–stress model. We note, as established
in [18], that the IZL mean does not exist (all moments of order ≥ 1 diverge), so the reliability is
summarized through the survival probability S (t⋆;α) and the Bp–life Q(p;α) rather than the mean.

The one property our construction actively exploits is the closed–form quantile function [18]: For
0 < u < 1,

Q(u;α) = F−1(u;α) =
α

−W-1
(
− 2(1 + α) u e−2(1+α)) − 2(1 + α)

, (2.3)

with W-1 the negative branch of the Lambert W function (derivation in Appendix A); it is what makes
the equivalent start time of Section 3 closed form. Finally, the score and information of Section 4 need
the parameter and argument derivatives of the log–density. With ∂αφ = 1/[2(1 + α)2t] and c = 2 + 1/t
(so that 1 + 2α + α/t = 1 + αc),

Fα(t;α) =
e−α/t

t

[
1

2(1+α)2 − 1 − φ
]
, S α = −Fα, (2.4)
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A(t;α) ≡
∂

∂α
log f =

1
α(1 + α)

+
c

1 + αc
−

1
t
, (2.5)

B(t;α) ≡
∂

∂t
log f = −

2
t
+

α2c
t2(1 + αc)

. (2.6)

The second–order blocks Aα, Bα, Bt, Fαα, Fαt are collected in Appendix B; all were verified against
central finite differences to a maximum discrepancy of 2.3 × 10−8 using the protocol and numerical
example of Appendix C.

3. The step–stress cumulative exposure model

3.1. Simple (two–level) model

All n units start at stress s1; at the prefixed time τ, the stress is raised to s2 > s1. The stagewise laws
are IZL(α1) and IZL(α2) with α1 > α2. The CEM population cumulative distribution function (CDF)
is

G(t) =

F(t;α1), 0 ≤ t < τ,

F(t − τ + h;α2), t ≥ τ,
(3.1)

with equivalent start time h solving F(h;α2) = F(τ;α1).

Proposition 1 (Closed–form h). With u⋆ = F(τ;α1),

h = Q(u⋆;α2) =
α2

−W-1
(
− 2(1 + α2)u⋆e−2(1+α2)) − 2(1 + α2)

. (3.2)

The density and hazard are

g(t) =

 f (t;α1), 0 ≤ t < τ,

f (t − τ + h;α2), t ≥ τ,
hG(t) =

g(t)
1 −G(t)

. (3.3)

Proposition 2 (Continuity of exposure, jump in rate). G is continuous with G(τ) = u⋆, and g(τ+) −
g(τ−) = f (h;α2) − f (τ;α1) and hG(τ+) − hG(τ−) = [ f (h;α2) − f (τ;α1)]/(1 − u⋆).

Thus, exposure is continuous, but the failure rate jumps, which is the signature of the harsher stage
(Figure 1). Inverting (3.1),

QG(u) =

Q(u;α1), 0 < u ≤ u⋆,

Q(u;α2) − h + τ, u⋆ < u < 1,
(3.4)

continuous at u⋆. Treating s1 as the use condition, the reliability of interest is R(t⋆) = S (t⋆;α1), and
the Bp–life is Q(p;α1). The stage–1 failure count is N1 ∼ Binomial(n, u⋆), so E[N1] = nu⋆.

This is the algorithm underlying every simulated data set in Section 6; complete sampling and
ordinary Type–II censoring are recovered as the special cases Ri ≡ 0 and R1 = · · · = Rm−1 = 0,
respectively (cf. the definitions in Section 1).

Remark 1 (Verification of Algorithm 1). Under complete sampling (Ri ≡ 0), the recursion above
reduces to the classical Renyi representation of order statistics, and its output was checked against the
exact beta means E[U(i)] = i/(n + 1) to three decimal places over 5 × 104 replicates.
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Figure 1. Step–stress CEM for IZL with α1 = 1.5, α2 = 0.7, τ = Q(0.4;α1) = 1.342,
h = 0.572. Exposure is continuous (left); the rate jumps at τ (middle, right).

Algorithm 1 Generating a progressively Type–II censored sample from the step–stress CEM
1: Input: n, censoring number m ≤ n, removal scheme (R1, . . . ,Rm) with

∑
i Ri = n −m, change time

τ, parameters (α1, α2).
2: Draw W1, . . . ,Wm

iid
∼ Exponential(1), and form the progressively censored uniform order statistics

U(i) via the [12] exponential-spacings recursion: With γl = n − l + 1 −
∑l−1

j=1 R j (risk-set size just
before the l-th observed failure, after removing the l − 1 prior failures and the units progressively
censored at each of them), set Zi =

∑i
k=1 Wk/γk and U(i) = 1 − e−Zi , i = 1, . . . ,m.

3: Map each U(i) to a lifetime via the population quantile (3.4): ti = QG(U(i)), which is closed form
using (2.3) in each stage.

4: Output: The progressively Type–II censored step–stress sample (t1,R1), . . . , (tm,Rm), with t1 <

· · · < tm by construction.

3.2. Derivatives of the equivalent time

From F(h;α2) = F(τ;α1) and the implicit function theorem,
∂h
∂α1
=

Fα(τ;α1)
f (h;α2)

,
∂h
∂α2
= −

Fα(h;α2)
f (h;α2)

; (3.5)

the second derivatives hα1α1 , hα1α2 , hα2α2 , needed for the analytic information, are in Appendix B.

3.3. Multiple–step generalization

Let stresses s1 < · · · < sk act on [ b0, b1), [b1, b2), . . . , [bk−1,∞) with b0 = 0 and change times
b1 < · · · < bk−1 and stagewise parameters α1, . . . , αk. Define the equivalent start ages e j on the stage– j
clock recursively by

e1 = 0, e j = Q
(
F
(
b j−1 − b j−2 + e j−1;α j−1

)
; α j

)
, j = 2, . . . , k, (3.6)

each closed form by (2.3). The CEM distribution and density are, for t ∈ [b j−1, b j),

G(t) = F
(
t − b j−1 + e j;α j

)
, g(t) = f

(
t − b j−1 + e j;α j

)
, (3.7)

and the quantile QG follows by inverting (3.7) stagewise, with stage boundaries at the cumulative
exposures F(b j − b j−1 + e j;α j). The simple model is k = 2, e2 = h. This generalization underlies the
multilevel design used for design–stress extrapolation in Section 5.2.
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4. Likelihood theory: Score, concavity, and observed information

We use “likelihood theory” [30] here in the ordinary sense of “the likelihood-based inferential
apparatus for this model” (score, concavity/uniqueness, and observed information), not as a claim
of a new theorem of likelihood theory in the abstract; the novel content is the explicit, closed-form
construction of these quantities for the step–stress CEM under progressive censoring, which is not
available elsewhere for this family.

4.1. Likelihood and score

Under progressive Type–II censoring, we observe m ordered failures t1 < · · · < tm with removal
scheme (R1, . . . ,Rm),

∑
Ri = n − m. With ξi = ti − τ + h and the equivalent time h of (3.2), D1 = {i :

ti < τ}, and D2 = {i : ti ≥ τ}, the log–likelihood is

ℓ(α1, α2) =
∑
i∈D1

[
log f (ti;α1) + Ri log S (ti;α1)

]
+
∑
i∈D2

[
log f (ξi;α2) + Ri log S (ξi;α2)

]
. (4.1)

Using (2.4)–(2.6), (3.5), and the abbreviation for i ∈ D2,Ψi = B(ξi;α2)−Ri f (ξi;α2)/S (ξi;α2), the score
is

U1 =
∑
i∈D1

[
A(ti;α1) − Ri

Fα(ti;α1)
S (ti;α1)

]
+
∂h
∂α1

∑
i∈D2

Ψi, (4.2)

U2 =
∑
i∈D2

[
A(ξi;α2) − Ri

Fα(ξi;α2)
S (ξi;α2)

]
+
∂h
∂α2

∑
i∈D2

Ψi. (4.3)

Remark 2 (Nonseparability). The second term of (4.2) shows α1 entering the stage–2 likelihood
through h alone, so U1 = U2 = 0 is genuinely two–dimensional: Unlike a separable estimation
problem in which the two score equations could be solved independently, the equivalent–time
coupling means α1 and α2 must be estimated jointly. Equations (4.2) and (4.3) were validated against
the finite–difference gradient of (4.1) at a representative point (Appendix C): The maximum
discrepancy was 5.1 × 10−10.

4.2. Existence and uniqueness

We first record a concavity result for the constant-stress, complete-sample case, and then we state
precisely what can and cannot be said about the coupled, progressively censored step–stress
likelihood (4.1).

Proposition 3 (Constant–stress concavity, complete sample). For a complete (uncensored) constant–
stress sample x1, . . . , xm > 0 from IZL(α), the log–likelihood ℓ0(α) =

∑
i log f (xi;α) is strictly concave

on (0,∞), with ℓ′0(α) → +∞ as α → 0+ and ℓ′0(α) → −
∑

i x−1
i < 0 as α → ∞. Hence, the maximum

likelihood estimator (MLE) exists and is the unique stationary point for this complete, single-stage
sample.

Proof. With ci = 2 + 1/xi, (2.5) gives ℓ′0(α) =
∑

i
[ 1
α(1+α) +

ci
1+αci

− 1
xi

]
. Differentiating, we get

ℓ′′0 (α) =
∑

i

[
− 1
α2 +

1
(1+α)2︸        ︷︷        ︸

<0

−
c2

i
(1+αci)2︸   ︷︷   ︸
<0

]
< 0,
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as 0 < α < 1 + α implies 1/(1 + α)2 < 1/α2. Thus, ℓ0 is strictly concave, and ℓ′0 strictly decreasing. As
α→ 0+, the term 1/[α(1 + α)] diverges; as α→ ∞, the first two terms vanish, leaving −

∑
i x−1

i < 0. A
strictly decreasing continuous function passing from +∞ to a negative limit has exactly one zero, the
unique maximizer. □

Remark 3 (Scope of Proposition 3). The proof uses only that the log-density contributes log f (xi;α)
with no log-survival terms; it does not cover a progressively censored sample, whose log-likelihood
adds Ri log S (xi;α), and ∂2

α log S (x;α) need not be negative everywhere. In every censored scenario
examined numerically (Section 6), the observed information for the constant-stress fits is positive at
the MLE, consistent with, but not a proof of, concavity.

For the coupled step–stress likelihood (4.1), joint concavity is not guaranteed because of the
dependence on h and, as just noted, because the censored survival terms are not individually known to
be concave; no global identifiability or uniqueness theorem is claimed. Because the admissible space
is α1 > α2 > 0, only α2 can approach 0. Holding α1 fixed, the stage–2 block inherits the divergence of
Proposition 3 as α2 → 0+ (writing S (t;α) ∼ α/(2t), one has ∂α log S ∼ 1/α → +∞, reinforced rather
than cancelled by censoring), giving a one-sided sign condition for the stage–2 profile score alone. No
analogous divergence exists for stage-1, whose relevant boundary is α1 → α

+
2 . This establishes a

necessary boundary condition for α2 but not, by itself, the existence of a common interior root.
Existence and global uniqueness of an interior stationary point are instead supported numerically: In
every scenario of Section 6, the optimizer converges to an interior point at which the observed
information (4.4) is positive definite (local uniqueness), and the log-likelihood surface (Figure 2)
shows a single interior peak in every case examined. A complete analytic global-uniqueness proof for
the coupled, censored likelihood remains open (Section 8).
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Figure 2. Representative log–likelihood surface with its unique interior maximum (star).

4.3. Complete analytic observed information

The observed information is I(α1, α2) = −∇2ℓ. Writing, for a generic contribution with age x and
active parameter a,

Ψ = B(x; a) − R f
S , Ψ

x = Bt(x; a) − R
[ f B

S + ( f
S )2], Pa = A(x; a) − R Fα

S ,
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Paa = Aα(x; a) − R
[Fαα

S + ( Fα
S )2], Pax = Bα(x; a) − R

[Fαt
S +

Fα f
S 2

]
,

the entries are (sums over the indicated stage; h1, h2 and h11, h12, h22 from (3.5) and Appendix B)

I11 = −
∑
D1

[
Aα − R Fαα

S − R( Fα
S )2

]
−
∑
D2

[
Ψxh2

1 + Ψ h11
]
,

I12 = −
∑
D2

[
(Pax + Ψ

xh2) h1 + Ψ h12
]
,

I22 = −
∑
D2

[
(Paa + Paxh2) + (Pax + Ψ

xh2)h2 + Ψ h22
]
,

(4.4)

all blocks in closed form (Appendix B). The full matrix (4.4) was checked against the finite–difference
Jacobian of the analytic score: The maximum entrywise discrepancy is 3.8 × 10−9 on the specific
real-data replicate used at first verification; Appendix C reports a second, independent check on a
separately, freshly generated synthetic example, giving a maximum entrywise discrepancy of 2.4×10−7

there. These are two different test points, not two measurements of the same quantity, and they are not
expected to coincide exactly; both are many orders of magnitude smaller than the information matrix
entries themselves (e.g., 2.4 × 10−7 against I22 = 84.18 is a relative error of 3 × 10−9), which is the
property both checks are intended to confirm. The asymptotic covariance is I(α̂)−1.

Remark 4 (Order constraint α1 > α2). A naive numerical maximization of (4.1) over the full quadrant
α1, α2 > 0, without enforcing α1 > α2, is not, strictly, a constrained MLE over the physically admissible
region defined in Section 3. We instead maximize over the unconstrained (η1, η2) ∈ R2 under the order–
preserving reparameterization

α2 = eη2 , α1 = α2 + eη1 = eη2 + eη1 , (4.5)

which satisfies α1 > α2 > 0 for every (η1, η2) ∈ R2 and is a bijection onto the admissible region. The
MLE α̂ is recovered as α(η̂) for η̂ = arg maxη ℓ(α(η)), an unconstrained optimization. The resulting 2×2
matrix J(η̂)[−∇2

ηℓ(α(η̂))]−1J(η̂)⊤ is an approximate covariance matrix for α̂ on the original α-scale (the
inverse of an information-type quantity), not an observed information matrix itself, with J = ∂α/∂η the
Jacobian of (4.5) so that

Ĉov(α̂) ≈ J(η̂)
[
− ∇2

ηℓ(α(η̂))
]−1J(η̂)⊤. (4.6)

Refitting the real–data application (Section 7.2) under this constrained parameterization gives
estimates identical, to the precision reported, to the values obtained by the original unconstrained
optimizer, because the unconstrained optimum for that data set already lies in the interior of the
admissible region α1 > α2 > 0. The constrained parameterization is retained as the estimation
procedure of record; the agreement confirms, rather than merely assumes, that the order constraint
was not binding for this fit.

4.4. Wald and percentile bootstrap

Because R = S (t⋆;α1) depends on α1 only, the delta–method gives ŝe(R̂) = |Fα(t⋆; α̂1)|
√

[I(α̂)−1]11

and the Wald interval R̂ ± z1−γ/2ŝe(R̂). For the percentile bootstrap we draw, conditional on α̂,
progressively censored samples via (3.4) (Algorithm 1), recompute θ̂∗(b), and take empirical
γ/2, 1 − γ/2 quantiles. This interval is included alongside Wald and the Bayesian credible interval in
the simulation comparison of Table 2.
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Table 2. AIL and CP of nominal 95% intervals for R under C2 (R = 0.4567). All three
columns – Wald, Boot–p, and BCI – computed together from the same M = 1000 completed
replicates per scenario (0% failures at the primary MLE fit) and B = 500 bootstrap resamples,
same order-constrained estimator as above. Monte Carlo s.e. of CP ≈ 0.007 at this M =

1000; exact Clopper–Pearson binomial 95% confidence intervals for every coverage cell are
reported in the text above. Boot–p CP/AIL use the regenerate-until-valid treatment of failed
bootstrap fits as the principal rule (redraw until B = 500 valid resamples are obtained per
replicate rather than excluding the replicate from that cell’s calculation); all 1000 primary
MLE fits succeed in every scenario. See Table 3 for the exclusion-rule sensitivity check.

Wald Boot–p BCI

Scheme n m AIL CP AIL CP AIL CP

Complete 30 30 0.2458 0.952 0.2502 0.947 0.2391 0.946
60 60 0.1738 0.947 0.1739 0.944 0.1707 0.949

Type–II 30 21 0.2452 0.942 0.2484 0.933 0.2387 0.949
60 42 0.1733 0.948 0.1738 0.947 0.1705 0.944

Progressive 30 15 0.2703 0.946 0.2683 0.937 0.2598 0.936
60 30 0.1932 0.950 0.1922 0.942 0.1892 0.939

Note: All six scenarios complete 1000 of 1000 replicates at the primary MLE-fit stage with 0% order-
constraint violations. See Table 3 for the exclusion-rule sensitivity check (up to 4.9% of replicates affected
in the worst cell under that alternative rule).

Table 3. Sensitivity of Table 2 to the treatment of failed bootstrap fits: Regenerate-until-
B = 500-valid (as reported in Table 2) versus the simpler exclusion rule, same M = 1000
replicates and seeds. “Mean/max extra draws” counts resample draws beyond the initial
B = 500 needed to reach 500 valid fits under the regeneration rule (0 for a replicate with no
failures).

Boot–p CP Mean/max
Scheme n m Regen. Exclusion extra draws

Complete 30 30 0.947 0.935 49.5 / 559
60 60 0.944 0.942 11.4 / 421

Type–II 30 21 0.933 0.931 76.1 / 575
60 42 0.947 0.943 22.9 / 469

Progressive 30 15 0.937 0.932 117.3 / 653
60 30 0.942 0.937 41.3 / 582

Boot–p AIL under the two rules is within Monte Carlo noise (< 1% relative difference) in every cell (e.g.,
0.2503 → 0.2502, Complete n = 30). Wald and BCI AIL do not depend on the bootstrap regeneration and are
unaffected by this choice. Full AIL values for both rules are given in Table 2 (regeneration) and the main text
(exclusion, quoted above); the complete verified simulation output is available in the supplementary code/output.

4.5. Bayesian estimation

We place independent gamma priors on the two shape parameters, π(α j) ∝ α
ε1−1
j e−ε2α j , restricted

to the admissible ordered region {α1 > α2 > 0} (with implicit renormalization by the probability
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the unrestricted product places on that region). Because α1 and α2 share the same marginal gamma
prior in every specification used here, the unrestricted product prior is exchangeable in (α1, α2), so
by symmetry, exactly half its mass already satisfies α1 > α2; restricting to the admissible region
therefore simply discards the other half and renormalizes rather than distorting the relative shape of
the two marginals. This restricted-product prior, not two independent unrestricted marginals, is what
is used for posterior inference throughout. Sampling it directly is awkward: A Metropolis–Hastings
sampler that proposes (α⋆1 , α

⋆
2 ) and accepts whenever both are positive can visit the inadmissible region

α1 ≤ α2. We avoid this by sampling instead in the unconstrained (η1, η2) coordinates of (4.5), for which
the induced target density is

p(η1, η2 | data) ∝ L(α(η)) π(α1(η)) π(α2(η))
∣∣∣ det J(η)

∣∣∣, ∣∣∣ det J(η)
∣∣∣ = α2(η)

(
α1(η) − α2(η)

)
, (4.7)

the last factor being the Jacobian of (4.5); every draw (η1, η2) maps to an admissible (α1, α2) with
α1 > α2 > 0 automatically, so no rejection step for the order constraint is needed, as implemented in
Algorithm 2. We sample it by random–walk Metropolis–Hastings [31, 32] (Algorithm 2) and report
posterior means and equal–tailed credible intervals. As a direct diagnostic of how much an
unconstrained chain for the real–data application (Section 7.2) could be affected by the missing order
constraint, we compute Pr(α1 ≤ α2 | data) directly from that chain: None of the retained post–burn–in
draws violate the ordering because the fitted posteriors for α1 and α2 are well separated for this data
set (the posterior summary is reported in Section 7.2, where the order α1 > α2 holds for every retained
draw). The corrected sampler of (4.7) is retained as the procedure of record; as with the MLE
(Remark 4), the close agreement between the constrained and unconstrained chains confirms that the
order constraint was not materially binding for this particular, strongly separated fit and is not a
general license to omit it. Throughout the simulation study, the gamma prior is a genuine prior
specification with hyperparameters fixed independently of any particular simulated data set. This is an
informative prior with a plausible fixed mean and a weakly-informative, diffuse prior with
ε1 = ε2 = 10−3 – despite the common label “vague”, this density is not flat:
π(α) ∝ αε1−1e−ε2α = α−0.999e−0.001α diverges as α → 0+ and decays only very slowly for large α;
“vague” here refers to its small influence on the posterior once the likelihood is included, not to the
shape of the prior density itself.

Proposal scales in Algorithm 2 are tuned by setting σ j = k · ŝe(α̂ j) with k chosen, by a short pilot
run, to target a random-walk Metropolis acceptance rate in the conventional 20–40% range for a
two-dimensional target [31]; in the real-data run of Section 7.2, the tuned scales give an empirical
acceptance rate of approximately 55%, a mild, low-cost excess for a two-dimensional target.
Convergence is assessed by inspection of the trace plots (the trace of R(20) for this chain is shown in
Figure 3(d)) and by confirming that the posterior means and credible intervals were stable to the
choice of starting value α̂ versus overdispersed starting values; effective sample sizes for α1, α2 and
R(t⋆), computed from the retained draws by the standard batch-means estimator, exceeded 1,000 in all
cases. These diagnostics (trace inspection, starting-value stability, ESS> 1,000) were carried out for
the long, single canonical chain used for the real-data application (T = 3 × 104, T0 = 6 × 103) and are
not automatically inherited by the much shorter, per-replicate chains (T = 2000, T0 = 500, 1,500
retained draws) used for every Monte Carlo replicate of the interval-estimation study of Table 2; we
validate the shorter chains separately and directly in that setting (see the paragraph on Markov chain
Monte Carlo (MCMC) numerical error in Section 6.3).
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Figure 3. Real–data application (SUAV, [33]). (a) Fitted step–stress density over the failure–
time histogram, with the stress–change time τ1 marked. (b) Fitted G versus the empirical
distribution, with the empirical proportion normalized by the total number of units at risk n
(consistent with the KS statistic of Section 7.2, not by the number of observed failures alone),
with τ1, τ2 marked: the close tracking between the two curves throughout is consistent with
the nonrejection of the fitted model reported below (bootstrap p = 0.4845). (c) Posterior
densities of α1 and α2. (d) Trace of the reference–condition reliability R(20) with its running
mean (Metropolis–Hastings chain, T = 3 × 104, T0 = 6 × 103, acceptance rate 55.3%).

Algorithm 2 Random–walk Metropolis–Hastings for (α1, α2) via the order–preserving
reparameterization (4.5)

1: Initialize η(0) = η̂ (MLE in η–space, Remark 4); proposal scales σ j tuned by a pilot run to a
20–40% target acceptance rate (see text).

2: for t = 1, . . . ,T do
3: propose η⋆j ∼ N(η(t−1)

j , σ2
j), j = 1, 2;

4: set α⋆2 = eη
⋆
2 , α⋆1 = α

⋆
2 + eη

⋆
1 (automatically α⋆1 > α

⋆
2 > 0);

5: ρ← min{1, p(η⋆ | data)/p(η(t−1) | data)} using the Jacobian–corrected target (4.7); accept w.p.
ρ (else reject);

6: end for
7: discard burn-in T0; map the retained draws {η(t)}t>T0 back through (4.5) to {α(t)}t>T0; every returned
α(t) satisfies α(t)

1 > α
(t)
2 > 0 by construction, so no post–hoc order screening is required.

A sampling–free alternative is the Tierney–Kadane (TK) approximation [34], recently applied
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alongside MCMC for progressively and hybrid censored reliability models [35, 36]: With kernel
H = ℓ + log π(α1) + log π(α2) andH⋆g = H + log g,

ÊTK[g] =
√

detΣ⋆g / detΣ exp{H⋆g (α̂⋆g ) −H(α̂)}, (4.8)

Σ,Σ⋆g are the negative inverse Hessians at the modes. We use g = R (posterior mean), g = R2 (variance,
via V̂ar = Ê[R2] − Ê[R]2), and g = ℓ + C with a posterior E[ℓ], C = 500; the shift C is needed
because (4.8) requires a positive functional and ℓ < 0 here, but the TK approximation of E[ℓ + C]
depends on C through the auxiliary mode and Hessian, so its error need not cancel exactly against C.
Recomputing ÊTK[ℓ] on the real data for C ∈ {80, . . . , 20,000} gives a spread of only about 0.05 nats
(converged to within 0.001 of its large-C limit already at C = 500), and ℓ is genuinely unbounded
below on the interior of the parameter space (e.g., ℓ → −∞ as α2 → 0+ at fixed α1), so no finite
C makes ℓ + C > 0 over the full support – only over the region the optimizer actually visits. We
therefore treat E[ℓ] as an ad hoc numerical approximation, empirically cross-checked against MCMC in
simulation (Section 6.4, supplementary paragraph), not as a formally valid Tierney–Kadane functional;
R and R2 above are genuinely positive and are not affected by this issue. By Remark 2, the kernel
Hessian is full, so the modes are found by two–dimensional optimization. The formal validation of
the TK methodology in this paper is restricted to the two genuinely positive functionals, R and R2

(Table 4); E[ℓ] is reported only as a supplementary numerical heuristic and is cross-checked against
MCMC across a range of simulated step–stress scenarios (Section 6.4, supplementary paragraph).
The comparison uses 15 replicates per scenario across five scenarios (Section 6.4); this is a modest
replication count for a Monte Carlo comparison, and we correspondingly phrase the conclusion of
Section 6.4 as numerical evidence of agreement rather than as a confirmatory proof.

Table 4. Tierney–Kadane functionals versus MCMC T = 6000 chains (independently
executed in simulation, C2 configuration, 15 replicates per scenario): Mean and maximum
absolute discrepancy across replicates, restricted to the two formally valid, positive TK
functionals (E[R], sd(R)); see the supplementary note below for the E[ℓ] heuristic.

mean |TK−MCMC| max |TK−MCMC|

Scheme n E[R] sd(R) E[R] sd(R)

Complete 30 0.0025 0.0013 0.0066 0.0033
Type–II 30 0.0028 0.0014 0.0067 0.0028
Progressive 30 0.0017 0.0015 0.0048 0.0028
Complete 60 0.0011 0.0010 0.0030 0.0033
Progressive 60 0.0020 0.0009 0.0056 0.0027

5. Design considerations: Optimal change time and design–stress extrapolation

This section addresses two practical design questions that build on the step–stress CEM and its
likelihood machinery of Sections 3 and 4: how the stress change time τ should be chosen (Section 5.1)
and how the fitted model extrapolates to a design stress below all tested levels (Section 5.2).
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5.1. Optimal change–time selection

The change time τ controls the information split between stages. Let I1(τ) be the expected per–unit
information at the true parameters so that Cov(α̂) ≈ [nI1(τ)]−1 for sample size n. Throughout this
section, I1(τ) is the expected information for a complete (uncensored) step–stress sample obtained by
taking the expectation of (4.4) under (3.1) at the true (α1, α2) with Ri ≡ 0 and dividing by n; this isolates
the effect of the change time from that of a censoring plan, matching standard practice in step–stress
optimal design (e.g., the constant-stress analogs in [1]). Extending the criteria to a fixed progressive
censoring scheme is straightforward in principle but changes the optimum quantitatively (heavier early
censoring shifts information away from stage 2, favoring a larger τ under D- and A-optimality); the
censored-design optimum is future work (Section 8), and Figure 4 is computed for complete samples.
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Figure 4. Optimal change time under three criteria versus stage–1 failure fraction p1

(complete, uncensored samples; see text). The middle (D) and right (A) panels are
regenerated directly from Monte Carlo evaluation of the expected information I1(τ), each
on a grid refined near its own optimum (D: p1 ∈ [0.08, 0.25], spacing ≈ 0.01, N = 3 × 105;
A: p1 ∈ [0.15, 0.30], spacing 0.01, N = 4 × 105); the resulting optima, p⋆1 = 0.157 ± 0.005
(D) and p⋆1 = 0.197 ± 0.005 (A) across 6 independent Monte Carlo seeds each, are shown in
the panel titles and star markers as p⋆1 ≈ 0.16 and p⋆1 ≈ 0.20, respectively. The D-criterion
is not monotone on (0, 1): since detI1(τ) → 0 at both boundaries (Section 5.1), an interior
maximum is required, and the panel shows this directly. Left (c): monotone, favor large τ.
Middle (D): interior optimum at p⋆1 ≈ 0.16 (star). Right (A): interior optimum at p⋆1 ≈ 0.20
(star).

We present the results below as a numerical investigation of c-, D-, and A-optimal change-time
selection for one representative design, not as a general analytical solution. We consider three classical
criteria, with τ parameterized by the stage–1 failure fraction p1 = F(τ;α1):

• c–optimality for the use reliability: minimize n Var(R̂) = Fα(t⋆;α1)2 [I−1
1 ]11;

• D–optimality: maximize detI1(τ) (minimize the generalized variance);

• A–optimality: minimize trI−1
1 (τ) = Var(α̂1) + Var(α̂2).

Boundary behavior. As p1 → 0+ or p1 → 1−, the expected number of failures in stage 1 or stage 2,
respectively, vanishes, so the corresponding block of I1(τ) vanishes, and that parameter becomes
unidentified; all three criteria are therefore only meaningful on the open interval p1 ∈ (0, 1). Because
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detI1(τ) → 0 at both boundaries, the D-criterion cannot be monotone on (0, 1) and must have an
interior maximum. This is a boundary argument that is mathematically established here, and the same
argument gives an interior minimum for trI−1

1 (τ), that is, an interior optimum for the A-criterion (the
A-criterion minimizes trI−1

1 (τ), so its interior optimum is a minimum of that trace, not a maximum, in
contrast to the interior maximum of detI1(τ) for the D-criterion). The c-criterion is different in kind
and does not admit the same boundary argument: Although the reliability estimand R = S (t⋆;α1)
depends on α1 alone, the relevant variance [I−1

1 (τ)]11 does not depend on α1 alone, as the coupled
likelihood (Remark 2) makes stage-2 observations informative about α1 through h, so [I−1

1 (τ)]11 is a
function of the full 2 × 2 information matrix. No boundary vanishing-information argument of the
D-/A-type is therefore available for c, and its monotonicity reported below is a numerical finding at
the representative configuration examined here, not an analytically established property. Its “push τ
late” recommendation is accordingly best read as directional guidance within (0, 1) for the
configuration studied, not license to approach p1 → 1, as τ is also constrained in practice by test
duration, cost, and the need for enough expected failures in each stage for reasonable precision.

Figure 4 (computed at (α1, α2) = (1.5, 0.7), t⋆ = 2, complete samples) shows the three criteria. The
estimand R = S (t⋆;α1) depends on α1 alone, but because the likelihood is nonseparable (Remark 2),
stage-2 observations also carry information about α1 through h, so [I−1

1 (τ)]11 depends on the full 2 × 2
matrix, and an analytic monotonicity proof is not immediate; numerically, direct evaluation over a
fine grid on p1 ∈ (0, 1) shows [I−1

1 (τ)]11, and hence, n Var(R̂), monotone decreasing throughout at
this parameter configuration, so the c-criterion favors pushing τ late – a numerically supported finding
here, not a general theorem. The D-criterion is not monotone: detI1(τ) rises from 0 at p1 = 0,
peaks, and falls back to 0 as p1 → 1. Direct Monte Carlo evaluation on a grid refined near the
peak (p1 ∈ [0.08, 0.25], spacing ≈ 0.01, N = 3 × 105 draws per point, 6 independent seeds) locates
the optimum at p⋆1 = 0.157 ± 0.005 (mean ± s.d. across seeds), rounded to p⋆1 ≈ 0.16. The A-
criterion, weighing both parameters symmetrically, also has an interior optimum: on a grid refined near
it (p1 ∈ [0.15, 0.30], spacing 0.01, N = 4× 105 per point, 6 seeds), the optimum is p⋆1 = 0.197± 0.005,
rounded to p⋆1 ≈ 0.20 (τ⋆ ≈ 0.77 at α1 = 1.5). The D- and A-optima are close but not identical, as they
weigh the two parameters’ variances differently. These values are computed only at (α1, α2) = (1.5, 0.7)
and t⋆ = 2; the optimal split can reasonably be expected to depend on the true parameters, stress
separation, mission time, and censoring plan and should be read as illustrative for this design rather
than a general target – a broader sensitivity analysis is future work (Section 8). In practical terms:
an engineer whose sole deliverable is the reference–condition reliability should run stage 1 as long
as budget allows; one who also needs a defensible estimate of the acceleration itself (e.g., for the
extrapolation of Section 5.2, where both α̂1 and α̂2 enter) should instead target p1 ≈ 0.16–0.20 for
a design resembling this one, the close A- and D-optimal splits; a D-optimal design is specifically
appropriate when the goal is precise joint calibration of the stress–life link itself (e.g., a multi-stress
certification study) rather than a single reliability number.

5.2. Link function and extrapolation to the design stress

ALT exists to infer reliability at a design stress s0 below all test levels. With a k–level step–stress
plan (Section 3.3) at stresses s1 < · · · < sk, we model

logα(s) = a + bφ0(s), (5.1)
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where φ0(s) = s, 1/s or log s give the log–linear, Arrhenius, and inverse–power laws; the required sign
of b is not universal and depends on φ0, as we now make precise. Here, s denotes the level of the single
accelerating variable used in the test (e.g., temperature, voltage, or an engineering load measure), on
whatever scale the chosen link requires – absolute temperature for the Arrhenius law (φ0(s) = 1/s)
and the raw or log-transformed stress level for the log-linear and inverse-power laws. The Arrhenius
form is the natural choice when the failure mechanism is thermally activated and α (through the IZL
law) stands in for a rate-controlling quantity with an Arrhenius-type temperature dependence; the (log-
)linear and inverse-power laws are the usual defaults, respectively, for stresses such as voltage/humidity
and for fatigue-type mechanical or electrical loads, following the standard ALT modeling guidance
of [1, 3]. Because α indexes a stochastically longer life as it increases (Section 2), and reliability
must not increase with stress, the requirement is d logα(s)/ds = bφ′0(s) < 0 for all tested s; that
is, b and φ′0(s) must have opposite signs. For φ0(s) = s and φ0(s) = log s, φ′0(s) > 0 (for s > 0),
so this forces b < 0, as originally stated. For the Arrhenius link φ0(s) = 1/s, however, φ′0(s) =
−1/s2 < 0, so the same monotonicity requirement forces b > 0, not b < 0: the sign restriction
depends on the chosen link and must be checked against φ′0(s) case by case rather than stated as a single
universal sign. As with b < 0 for the log-linear and inverse-power laws, this is not an extra assumption
but a consequence of the model and should be checked as a diagnostic of monotonically decreasing
reliability across the fitted stress levels in the basic unconstrained fit of this section rather than imposed
a priori. Section 6.5 revisits this point once the full sign-constrained comparison is available and,
having found that enforcing the constraint by construction removes the sign risk at negligible accuracy
cost, recommends imposing it directly for routine use, which we reconcile with the diagnostic framing
here: check the sign as a diagnostic when using the unconstrained fit of this section, but prefer the
constrained reparameterization of Section 6.5 as the default estimator once that comparison has been
made. Substituting α j = exp{a + bφ0(s j)} into (3.7)–(4.1) yields a two–parameter likelihood ℓ(a, b).
By the chain rule, with ∂α j/∂a = α j and ∂α j/∂b = α jφ0(s j),

∂ℓ

∂a
=

k∑
j=1

∂ℓ

∂α j
α j,

∂ℓ

∂b
=

k∑
j=1

∂ℓ

∂α j
α jφ0(s j), (5.2)

where ∂ℓ/∂α j includes both the explicit stage– j terms and the recursive dependence of the equivalent
ages {el}l> j on α j through (3.6). The design–stress reliability is R0 = S (t⋆;α0), α0 = exp{a + bφ0(s0)},
estimated by plug–in R̂0 = S (t⋆; α̂0). Its variance follows from the delta method: with
∇R0 = S α(t⋆;α0)α0 (1, φ0(s0))⊤,

Var(R̂0) ≈ ∇R⊤0 Cov(â, b̂)∇R0, Cov(â, b̂) = I(a, b)−1. (5.3)

Section 6.5 evaluates the extrapolation by simulation. A two-level real data set, such as the small
unmanned aerial vehicle (SUAV) application of Section 7, has only two distinct tested stress levels,
which exactly identify the two link parameters (a, b) in (5.1): two distinct α j values determine a two-
parameter linear link with zero residual degrees of freedom, so identifiability per se is not the issue.
What a two-level design cannot do is validate the linear form itself or distinguish it from a competing
link function (log-linear versus Arrhenius versus inverse-power): with only two points, there is no
lack-of-fit degree of freedom left to test adequacy, so any of the three links in (5.1) would fit the two
observed α j values exactly and equally well, and the choice among them is unidentifiable from these
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data alone even though each individual fit is. This is why we do not fit the link model to the real data:
not because (a, b) could not be estimated but because no two-level data set can discriminate between
link functional forms or provide evidence that a linear link (of any kind) is the right extrapolation to
use below the tested range. Accordingly, the link model (5.1) is validated only by simulation under
the four-level design of Section 6.5, where three or more stress levels give the lack-of-fit degrees of
freedom needed to assess link adequacy; the real-data illustration of Section 7 instead uses the two-
level CEM of Section 3 directly (extrapolating R(t⋆) = S (t⋆;α1) at the tested reference stress level –
not an established physical use condition, as only categorical “level 1”/“level 2” labels, not numerical
wind–speed magnitudes, are available for this data set – which requires no link-function assumption
at all) rather than extrapolating below the tested range via a link fitted to only two points. Fitting
and validating the link to real, multilevel (k ≥ 3) step–stress data is left for future work, discussed in
Section 8.

6. Monte Carlo simulation study

6.1. Design and Monte Carlo error

We use two configurations, (α1, α2) = (1.0, 0.5) (C1) and (1.5, 0.7) (C2), each with τ = Q(0.4;α1) so
that E[N1] = 0.4n. Three censoring plans are studied: Complete (m = n, Ri ≡ 0); Type–II (m = ⌈0.7n⌉,
R1 = · · · = Rm−1 = 0, Rm = n − m, that is, all survivors removed at the last failure); Progressive
(m = ⌈0.5n⌉, removal scheme R1 = ⌈(n−m)/2⌉, Rm = ⌊(n−m)/2⌋, R2 = · · · = Rm−1 = 0 – i.e. the n−m
removals split between the first and last failures, as closely to evenly as the integer constraint allows).
Samples are generated by the uniform-spacings algorithm of [12] applied to (3.4) (Algorithm 1). For
point estimation, n ∈ {30, 50, 80}, and M = 1000; for interval estimation, n ∈ {30, 60}. Point estimation
uses the order-preserving η-space parameterization of Remark 4 throughout–the Nelder–Mead simplex
optimizer is applied to the unconstrained (η1, η2), and every returned fit is mapped back to (α1, α2)
via (4.5), guaranteeing α1 > α2 > 0 by construction. A replicate is discarded and re-drawn if the
optimizer returns a nonfinite log-likelihood or either α̂ j ≤ 10−6. This is the same estimator used for
the real-data application (Section 7) and for interval estimation (Table 2), so Tables 5–7, Table 2,
and the real-data results all use one consistent, order-constrained MLE procedure throughout. Under
this order-constrained setup, discarded/re-drawn replicates occurred in 0 of 1000 attempts in every
one of the 18 point-estimation scenarios (Table 8); the η-space reparameterization appears to remove,
rather than merely tolerate, the degenerate small-n fits that cause occasional nonconvergence under
an unconstrained optimizer. As a direct diagnostic of how much difference the order constraint itself
makes, we separately fit the same M = 1000 replicates in every scenario with an unconstrained (α1, α2)
optimizer: the order condition α1 > α2 is violated in 19–66 of 1000 replicates (1.9%–6.6%) at n = 30
depending on scenario, falling to 0–9 of 1000 at n = 50 and 0–2 of 1000 at n = 80 (Table 8) – non-
negligible at the smallest sample size, which is why the constrained estimator, not the unconstrained
one, is used throughout and is the source of the numbers reported in Tables 5–6 below. The two differ
by up to 35% in individual MSE cells, comparable to or larger than Monte Carlo noise at this M, so
this is not a cosmetic change.
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Table 5. Bias and MSE of the point estimators, C1 (α1, α2) = (1.0, 0.5), M = 1000 (order-
constrained estimator throughout, as above); true R = 0.3177. Monte Carlo s.e. of bias
≲ 0.007.

α̂1 α̂2 R̂

Scheme n m Bias MSE Bias MSE MSE
Complete 30 30 +0.0312 0.0307 +0.0412 0.0389 0.0026

50 50 +0.0136 0.0167 +0.0220 0.0221 0.0015
80 80 +0.0066 0.0108 +0.0119 0.0133 0.0010

Type–II 30 21 +0.0393 0.0315 +0.0212 0.0395 0.0027
50 35 +0.0192 0.0176 +0.0154 0.0239 0.0015
80 56 +0.0072 0.0104 +0.0102 0.0151 0.0009

Progressive 30 15 +0.0374 0.0418 +0.0234 0.0514 0.0034
50 25 +0.0182 0.0200 +0.0163 0.0341 0.0018
80 40 +0.0119 0.0132 +0.0167 0.0215 0.0012

Table 6. Bias and MSE of the point estimators, C2 (α1, α2) = (1.5, 0.7), M = 1000 (order-
constrained estimator throughout, as above); true R = 0.4567. Monte Carlo s.e. of bias
≲ 0.011.

α̂1 α̂2 R̂

Scheme n m Bias MSE Bias MSE MSE
Complete 30 30 +0.0531 0.0791 +0.0334 0.0685 0.0045

50 50 +0.0247 0.0437 +0.0208 0.0421 0.0026
80 80 +0.0235 0.0274 +0.0268 0.0249 0.0017

Type-II 30 21 +0.0518 0.0721 +0.0343 0.0838 0.0040
50 35 +0.0399 0.0418 +0.0222 0.0438 0.0025
80 56 +0.0135 0.0238 +0.0167 0.0289 0.0015

Progressive 30 15 +0.0432 0.0924 +0.0548 0.1250 0.0052
50 25 +0.0321 0.0508 +0.0105 0.0629 0.0029
80 40 +0.0203 0.0298 +0.0217 0.0472 0.0018

Table 7. Bias and MSE of the point estimators, additional scenario C3 (α1, α2) = (0.5, 0.15),
heavier progressive censoring (m = ⌈0.4n⌉), M = 1000, recomputed under the order-
preserving η-space parameterization of Remark 4, though the order constraint has in fact
never been binding here (0 of 1000 replicates violated α1 > α2 under the unconstrained fit at
any n, given the wide relative separation of these true values); true R = 0.1563.

α̂1 α̂2 R̂

n m Bias MSE Bias MSE MSE
30 12 +0.0197 0.0091 +0.0088 0.0077 0.00100
50 20 +0.0088 0.0058 +0.0044 0.0056 0.00064
80 32 +0.0062 0.0034 +0.0046 0.0034 0.00038
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Table 8. Nonconvergence (discarded/re-drawn) rate and order-constraint violation rate by
scenario, M = 1000. “Fails” is under the η-space constrained estimator used throughout
this paper (identically 0 in every scenario). “Order viol. (unconstr.)” is a diagnostic only:
the fraction of replicates for which the original, unconstrained (α1, α2) optimizer returned
α̂1 ≤ α̂2, fit independently on the same generated samples; this estimator is not used for any
number reported elsewhere in the paper.

C1 (1.0, 0.5) C2 (1.5, 0.7)

Scheme n=30 n=50 n=80 n=30 n=50 n=80
Complete Fails 0/1000 0/1000 0/1000 0/1000 0/1000 0/1000

Order viol. (unconstr.) 32/1000 6/1000 0/1000 19/1000 4/1000 2/1000

Type-II Fails 0/1000 0/1000 0/1000 0/1000 0/1000 0/1000
Order viol. (unconstr.) 26/1000 9/1000 2/1000 21/1000 4/1000 1/1000

Progressive Fails 0/1000 0/1000 0/1000 0/1000 0/1000 0/1000
Order viol. (unconstr.) 66/1000 22/1000 7/1000 49/1000 21/1000 3/1000

Point estimation uses the full M = 1000 target in all 18 scenarios of Tables 5–6. Interval estimation
(Table 2) uses M = 1000 completed replicates per scenario, B = 500 bootstrap resamples for the
Wald and percentile-bootstrap columns, and a T = 2000-iteration Metropolis–Hastings chain (T0 =

500 burn-in) per replicate for the Bayesian credible interval column, all computed together with the
generator of Algorithm 1. Each of the six scenarios completes the full 1000 of 1000 replicates at the
primary MLE-fit stage with 0% failure at generation, fitting; a small fraction of individual bootstrap
resamples fails to converge in the heavier-censoring, smaller-n scenarios, up to 4.9% of replicates in
the worst cell (Section 6.3), and bootstrap/MCMC stages (Table 2). The Tierney–Kadane-vs-MCMC
comparison (Table 4) uses 15 replicates per scenario across five scenarios, each compared against a
dedicated T = 6000-iteration chain. The design–stress link extrapolation (Table 9) uses the full M =
400 target in all four scenarios. The MCMC settings for the main simulation study follow Algorithm 2
with T = 104 and T0 = 2 × 103; the interval-estimation and Tierney–Kadane comparisons use the
shorter chains noted above. Each scenario uses an independently seeded pseudo-random stream; seeds
are recorded so that any individual replicate can be regenerated exactly. An implementation of the
model (CDF/PDF/quantile, score, observed information, sample generator, Bayesian MCMC sampler,
bootstrap, multilevel link model, and the real-data Type–I likelihood) and the scripts used to produce
Tables 5–6, 2–9, Appendix C, and the model comparisons of Section 7 are provided as supplementary
material. We report the bias and MSE of α̂1, α̂2 and of R̂ = S (2; α̂1) (true R = 0.3177 for C1, 0.4567
for C2) and the average interval length (AIL) and coverage probability (CP) of nominal 95% intervals.
Reported figures carry Monte Carlo error: the standard error of an average bias is

√
MSE/M, which

is ≲ 0.011 throughout (mostly ≲ 0.007) at M = 1000; the standard error of a coverage estimate is√
p(1 − p)/M ≈ 0.007 at M = 1000 (the replication count now used for interval estimation, Table 2,

matching the point-estimation replication count above), so coverage differences below ≈ 0.02 are not
significant. The two (α1, α2) configurations and three censoring plans span a moderate and a more
separated pair of stages under light, moderate, and heavy censoring; a third configuration with smaller,
more widely separated shape parameters and a heavier censoring fraction is added below to probe
robustness further. Additional stress separations and censoring fractions beyond the three scenarios
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reported here remain a natural extension of the present design (Section 8).

Table 9. Design–stress extrapolation: Bias and MSE of the link estimates and the
extrapolated design reliability R̂0 (true R0 = 0.5838), M = 400. Monte Carlo s.e. of the
R0 bias ≲ 0.006 at this M.

â b̂ R̂0

Scheme n m Bias MSE Bias MSE Bias RMSE
Complete 40 40 +0.064 0.169 −0.062 0.129 +0.0137 0.0995

80 80 +0.052 0.071 −0.031 0.052 +0.0150 0.0676

Progressive 40 24 +0.122 0.307 −0.090 0.214 +0.0303 0.1309
80 48 +0.081 0.148 −0.062 0.109 +0.0204 0.0931

Computational cost. For a single-threaded Python/NumPy/SciPy implementation on a standard
cloud compute instance (illustrative of relative, not absolute, cost across procedures), a single MLE fit
of the real-data likelihood (7.1) by Nelder–Mead takes ≈ 10 ms; a full parametric bootstrap with
B = 1000 resamples (data generation plus refitting on each resample) takes ≈ 10 s; a
Metropolis–Hastings run of T = 3 × 104 iterations takes ≈ 2 s (≈ 0.07 ms/iteration, as each iteration is
a single likelihood evaluation rather than a full optimization); and the Tierney–Kadane
approximation, which requires a handful of two–dimensional mode–finding optimizations (one per
functional, plus the reference kernel), takes ≈ 45 ms in total for the three functionals reported in
Table 4. TK is thus roughly two orders of magnitude faster than a full MCMC run for comparable
posterior summaries, at the cost of the Laplace–type approximation error quantified in Table 4. The
full M = 1000 point-estimation study (18 scenarios) and the M = 400 link-extrapolation study each
complete in a few minutes on the same hardware. The interval-estimation study (Table 2) is
implemented using the closed-form score and observed information of Section 4 directly rather than a
generic derivative-free optimizer: MLE fitting uses Newton–Raphson on the analytic score/Hessian,
vectorized across all replicates (and, for the bootstrap and Bayesian stages, across all
resamples/chains) simultaneously with NumPy array operations rather than looped per-replicate calls,
as the per-iteration cost is then a small number of array operations over the whole batch rather than B
or M separate optimizer calls. Measured wall-clock time for the full M = 1000, B = 500, T = 2000
run of a single scenario of Table 2 on the same single-threaded hardware ranges from ≈ 59 s
(Progressive, n = 30) to ≈ 141 s (Complete, n = 60, the largest risk set), with the six-scenario study
completing in ≈ 9 minutes total. The reduced-replication TK-validation study (Section 6) separately
completes in well under a minute per scenario, using the much smaller 15-replicate design of Table 4.

6.2. Point estimation

Tables 5–6 and Figure 5 show three regularities. The first is finite-sample behavior consistent with
asymptotic consistency: statistical consistency is itself an asymptotic property and cannot be
confirmed from three finite sample sizes; what the simulation shows is a finite-sample trend consistent
with it – every MSE decreases with n (e.g., MSE(α̂1) in C2 under complete sampling falls
0.0791 → 0.0274 from n = 30 to 80), and biases shrink, consistent with decreasing bias and MSE as
sample size increases. Censoring: At fixed n, the MSE increases from Complete to Progressive,
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which retains the fewest failures. Information asymmetry: the stage–2 parameter α2 is consistently
estimated less precisely than α1 in relative terms. Because α1 and α2 have different true magnitudes,
raw MSE is not directly comparable across them, and indeed, raw MSE(α̂2) is not larger than raw
MSE(α̂1) in every cell (e.g., C2, Complete, n = 50: 0.0421 versus 0.0437; n = 80: 0.0249 versus
0.0274). The relative MSE, MSE(α̂ j)/α2

j , is the defensible comparison and is larger for α2 than for α1

in every one of the 18 cells of Tables 5 and 6 by a factor of 4–7 because stage 2 observes only the
units surviving to τ and is further eroded by removals; this is the finite–sample signature of the
weaker stage–2 information and motivates the A–optimal change time of Section 5.1. These patterns
are illustrative of the scenarios simulated and should not be read as universal claims across all
parameter configurations and censoring plans.

30 50 80
n

0.02

0.04

0.06

0.08

M
SE

MSE( 1)

30 50 80
n

0.02

0.04

0.06

0.08

0.10

0.12

M
SE

MSE( 2)

30 50 80
n

0.001

0.002

0.003

0.004

0.005

M
SE

MSE(R)

Complete (C1)
Complete (C2)

Type-II (C1)
Type-II (C2)

Progressive (C1)
Progressive (C2)

Figure 5. MSE of α̂1, α̂2 and R̂ versus n by scheme. Solid/open markers: C1; dashed/filled
markers: C2. Computed directly from the η-space order-constrained M = 1000 data of
Tables 5–6; every point plotted here is one of the MSE entries reported in those tables.

Additional scenario: Smaller parameters and heavier censoring. To address the request for
scenarios beyond C1–C2, we run a third configuration: (α1, α2) = (0.5, 0.15) (C3) – smaller shape
parameters with a wider relative separation than C1/C2 – under a single, heavier progressive
censoring scheme (not all three schemes as for C1/C2) applied to the same two–stage step–stress test:
m = ⌈0.4n⌉ (versus ⌈0.5n⌉ for the Progressive scheme of Tables 5 and 6), with removals split evenly
between the first and last observed failures, M = 1000 replicates, n ∈ {30, 50, 80}. The true
R(2) = 0.1563.

Even at smaller shape parameters and under a heavier censoring fraction than any scenario in
Tables 5 and 6, the bias and MSE for α̂1, α̂2, and R̂ all decrease monotonically with n (e.g. MSE(α̂1):
0.0091 → 0.0058 → 0.0034), consistent with the finite-sample pattern seen of Tables 5 and 6 rather
than being an artifact of the specific parameter values or censoring fraction used there. This scenario
uses a single (heavier progressive) censoring plan, not multiple schemes, so it speaks only to this
finite-sample pattern at these parameter values and cannot by itself confirm or extend the
censoring-ordering pattern, which requires comparing schemes directly as in Tables 5 and 6. Note that
bias is uniformly positive here (rather than mixed in sign as in C1/C2), consistent with the smaller
true α1, α2 values, placing the MLE closer to the boundary of the parameter space at these sample
sizes. Every entry in Tables 5 and 6 is computed under the generator of Algorithm 1 and the
order-preserving η-space parameterization (Remark 4) at the stated replication count M = 1000, using
fixed, reported seeds (Appendix D). MSE(α̂1) decreases monotonically with n in every one of the six
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scheme/configuration combinations, consistent with the pattern expected under a correctly
implemented, consistent estimator. The full C1/C2 code (both the unconstrained and η-space
constrained optimizer) is included in the supplementary archive so that all versions can be compared
directly.

Interval coverage under C3. A supplementary check at (α1, α2) = (0.5, 0.15) with heavier
progressive censoring (m = ⌈0.4n⌉) shows the Boot–p and Bayesian credible interval (BCI)
procedures becoming substantially less reliable under sufficiently heavy censoring combined with
small, well-separated shape parameters (CP at n = 30: Boot–p 0.831, BCI 0.856 versus worst cases of
0.933 and 0.936, respectively, under C1/C2 at n = 30, improving to 0.919/0.928 by n = 60 but not
reaching nominal).

6.3. Interval estimation

Table 2 and Figure 6 report intervals for R under C2. All three procedures, Wald, percentile
bootstrap (Boot–p), and the BCI, use the order-preserving η-space parameterization of Remark 4
throughout, guaranteeing α1 > α2 > 0 at every replicate and resample. Table 2 uses M = 1000
replicates per scenario, B = 500 bootstrap resamples, and a T = 2000 (T0 = 500) BCI chain –
matching the point-estimation replication count and giving a Monte Carlo s.e. for coverage of
≈ 0.007. All six scenarios completed with 0/1000 primary-fit failures. Table 2 reports the
regenerate-until-valid treatment of failed bootstrap fits as the principal rule: Whenever a resample
fails to converge, it is discarded and re-drawn until the full B = 500 valid fits are obtained for that
replicate so that the reported coverage and average interval length are not conditioned on successful
resampling. Regeneration was needed most often under heavier censoring at small n (worst case:
average 117.3, maximum 653, extra draws per replicate under Progressive, n = 30; see Table 3). The
simpler exclusion rule–dropping a replicate’s failed resamples from that cell’s calculation rather than
regenerating them–is reported only as a sensitivity check in Table 3, as the two rules can move
coverage by 0.01–0.015, comparable to or larger than the Monte Carlo s.e. of ≈ 0.007.

Across all six scenarios, the order condition α1 > α2 holds for every retained replicate. Under the
regenerate-until-valid rule used as the principal analysis, the exact Clopper–Pearson 95% CI excludes
the nominal 0.95 in only one of 18 cells (Boot–p, Type–II at n = 30, CP 0.933), with all other cells at or
above 0.936. Wald and BCI show no cell excluding 0.95. Overall, all three procedures – Wald, Boot–
p, and BCI – track nominal coverage acceptably throughout, with only a modest, isolated shortfall
for Boot–p at the smallest n under Type–II censoring. Interval length follows a broadly consistent
pattern across the three procedures: all shorten with n and lengthen with heavier censoring (Complete
shortest, Progressive longest), with BCI the shortest of the three in every scenario and Boot–p and
Wald comparable to each other (Boot–p marginally wider under Complete and Type–II and marginally
narrower under Progressive censoring).
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Figure 6. AIL (left) and CP (right) of the 95% intervals for R versus n, by scheme (color) and
method (line style); dotted line at the nominal 0.95. Computed from the Table 2 data (Wald,
percentile-bootstrap, and Bayesian credible interval, all three computed together from the
same M = 1000 replicates).

Sensitivity to the treatment of failed resamples. Table 3 compares the regenerate-until-valid rule
of Table 2 against the simpler exclusion rule on the same M = 1000 replicates and seeds: Wald is
unaffected by construction; Boot–p coverage moves by about 0.01–0.015 between the two rules (e.g.,
Complete n = 30: 0.935→ 0.947), which is why Table 2 adopts regeneration as its principal analysis.

Numerical-error check for the short per-replicate MCMC chains. Rerunning the BCI chain at
T = 8,000–20,000 (4–10× the T = 2000 used in Table 2) for the Progressive n = 30 and Complete
n = 30 scenarios changed coverage by at most 0.012 and AIL by at most 0.003 – within Monte Carlo
noise – confirming the shorter chains are adequate for this comparison.

Code. The simulation above (model, generator, Newton–Raphson MLE with analytic score and
observed information, percentile bootstrap, and the order-constrained Metropolis–Hastings BCI
sampler) is implemented directly from Eqs (2.1)–(2.6), (3.2)–(3.5), (4.1)–(4.3), and Appendix B of
this paper, verified against central finite differences before use (8× 10−10 for the score, 2× 10−8 for the
Hessian, consistent with Appendix C), and released as simulation/interval table M1000.py
and simulation/interval table regen sensitivity.py.

6.4. Validation of the Tierney–Kadane functionals

We validated the TK approximation against MCMC in simulation across five step–stress scenarios
(C2 configuration; 15 independently generated replicates per scenario, each compared against a fresh
T = 6000-iteration MCMC chain, T0 = 1500 burn-in); 15 replicates per scenario is a modest Monte
Carlo sample for this comparison, so the numbers below are best read as numerical evidence of close
agreement rather than as a high-precision estimate of the TK-MCMC discrepancy. Following the
discussion of Section 4, we restrict this principal validation to the two genuinely positive, formally
valid TK functionals, E[R] and sd(R) (obtained from g = R and g = R2); the ad hoc E[ℓ] heuristic
is validated separately, as supplementary numerical evidence, at the end of this subsection. Table 4
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reports the mean and maximum absolute discrepancy between the TK and MCMC estimates of E[R]
and sd(R) across replicates.

Across all five scenarios, the TK approximation of the posterior mean and s.d. of R agrees closely
with MCMC (to within about 0.003–0.007 on the probability scale). Given the modest
15-replicate-per-scenario design noted above, we present this as numerical evidence that the TK
approximation reproduces the posterior summaries obtained by MCMC closely across the step–stress
simulation scenarios of Section 6, rather than as a fully confirmatory result, at a fraction of the
computational cost (Section 6, Computational cost).

Supplementary: The E[ℓ] heuristic. The shifted functional E[ℓ + C] used to approximate the
posterior expected log-likelihood is not a formally valid TK functional over the full parameter space,
so we report it separately from the principal validation of Table 4: Across the same five scenarios and
15 replicates, it agreed with MCMC to within 0.1–0.3 nats (mean absolute discrepancy 0.041–0.160,
max 0.116–0.320, largest under Progressive censoring), evidence about the heuristic itself rather than
part of the formal TK validation.

6.5. Design-stress extrapolation

We assess the link analysis of Section 5.2—the model (5.1), its score (5.2), and the delta–method
variance (5.3)— with a four–level log–linear design, stresses s = (1.0, 1.5, 2.0, 2.5), change times
(b1, b2, b3) = (1.0, 2.0, 3.5), true (a, b) = (1.0,−0.55) (so α = (1.568, 1.191, 0.905, 0.687)), and design
stress s0 = 0.5, at which α0 = 2.065, and R0 = S (2;α0) = 0.5838. Complete and progressive (m =
⌈0.6n⌉) plans are used with M = 400. Table 9 reports bias and MSE of â, b̂ and of the extrapolated R̂0.
The link parameters and the design reliability are recovered with bias and MSE that fall with n (the
root mean square error (RMSE) of R̂0 drops from 0.0995 at n = 40 to 0.0676 at n = 80 under complete
sampling) and rise under censoring. Figure 7 illustrates a single fit: The estimated link line tracks the
true one and the extrapolated design reliability curve nearly coincides with the truth.
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Enforcing the sign constraint on b by construction. Section 5.2 derives that monotonically
decreasing reliability across tested stresses requires bφ′0(s) < 0 – for this log-linear design (φ0(s) = s,
φ′0 > 0), which means that b < 0 throughout. As with the order constraint α1 > α2, which is enforced
by construction via the η-space reparameterization of Remark 4 everywhere it is used in this paper, we
impose the analogous constraint b = −ec, c ∈ R on the link slope and compare it against an
unconstrained two-parameter optimizer over (a, b) ∈ R2, side by side on identical simulated data sets
at M = 1000 replicates per scenario – larger than the M = 400 used for Table 9 itself, to obtain a
precise wrong-sign-rate estimate. Table 10 reports the results for the same design–stress simulation of
Table 9 (same stresses, change times and true parameters). The exact wrong-sign rate under the
unconstrained estimator is 2.4% (Complete, n = 40), 0.3% (Complete, n = 80), 5.1% (Progressive,
n = 40) and 2.5% (Progressive, n = 80). Table 10 reports bias and MSE of b̂ and of R̂0 for both
estimators: the constrained estimator guarantees b̂ < 0 (hence a physically admissible, monotonically
decreasing fitted reliability) in every one of the 4,000 replicates at no cost in accuracy – MSE(b̂) and
MSE(R̂0) are equal to or marginally smaller under the constrained estimator in every scenario (by
0.2%–4.5%), so the constraint removes the sign risk essentially for free. We recommend the
constrained reparameterization as the estimator of record for this model: check the sign as a
diagnostic when a quick unconstrained fit is all that is needed, but use the constrained estimator by
default given its verified accuracy; Table 10 retains the unconstrained comparison only to document
the improvement, and the corresponding driver script is released alongside this manuscript.

Table 10. Unconstrained versus sign-constrained (b = −ec) estimation of the link model,
M = 1000 replicates per scenario, identical simulated data sets for both estimators. True
b = −0.55, true R0 = 0.5838. “Wrong sign” is the exact fraction of replicates with b̂ ≥ 0
under the unconstrained estimator (structurally 0% under the constrained estimator).

Unconstrained Wrong Constrained (b = −ec)

Scheme n m MSE(b̂) MSE(R̂0) sign MSE(b̂) MSE(R̂0)
Complete 40 40 0.1078 0.00949 2.4% 0.1034 0.00925

80 80 0.0540 0.00473 0.3% 0.0538 0.00472

Progressive 40 24 0.2612 0.01652 5.1% 0.2495 0.01593
80 48 0.1135 0.00826 2.5% 0.1118 0.00817

Misspecification experiment: Data generated under an Arrhenius link, fitted with the log–linear
link. Table 9 and Figure 7 both generate and fit data under the same log–linear link, so a wrong
functional form is not detectable from within-range goodness-of-fit alone – a potentially serious gap for
extrapolation below the tested range. We assess this directly with a misspecification experiment: Data
are generated under the Arrhenius link logα(s) = a + b/s with true (a, b) = (−0.926, 1.375), chosen
so that α(s1) = 1.568 and α(s4) = 0.687 match the log–linear design’s endpoints exactly (true design–
stress reliability R0 = S (2;α0) = 0.9454 at α0 = 6.204). Each simulated data set (same test levels,
change times, n, censoring as Table 9, but M = 1000 as in Table 10) is fitted both under the misspecified
log–linear link and under the correctly specified Arrhenius link (oracle). Table 11 reports the results.
Under misspecification, R̂0 is severely biased (bias ≈ −0.29 to −0.34, RMSE ≈ 0.32–0.35) and does
not shrink with n – the signature of asymptotic bias, not sampling variability. Under the correct link,
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the RMSE is 2–3× smaller and declines with n as expected (Complete: 0.152 → 0.104; Progressive:
0.191 → 0.123). This confirms that the “accurate design–stress extrapolation” claims elsewhere in
this paper are restricted to the correctly-specified-link scenario of Table 9: Link misspecification, not
sampling error, dominates extrapolation error when the link form is uncertain.

Toward a practical link-adequacy diagnostic. The experiment above shows that misspecification
is dangerous but, by design, does not tell a practitioner, who does not know the generating link, how to
detect it before extrapolating. With k ≥ 3 tested stress levels (Section 3.3), as in the four-level design
used throughout this section, a concrete diagnostic is available in principle: Fit the saturated model
that estimates a free stage-specific parameter α j at each of the k tested levels with no link imposed
alongside each candidate two-parameter link logα(s) = a + bφ0(s) for φ0 ∈ {identity, 1/s, log s} (log–
linear, Arrhenius, inverse–power). Because the saturated model nests every linear-in-φ0 link as the
special case α j = exp{a+bφ0(s j)}, a likelihood-ratio statistic 2[ℓ(α̂1, . . . , α̂k)− ℓ(â, b̂)], referred to χ2

k−2,
tests lack of fit for that specific link; running this for all three candidate links, or equivalently ranking
them by the corrected Akaike information criterion (AICc) [37] against the saturated model, gives
a link-selection procedure with a concrete, computable decision rule rather than only a warning that
misspecification is possible. A residual diagnostic – plotting log α̂ j against φ0(s j) for each candidate
φ0 and checking for systematic curvature relative to the fitted line – gives a complementary, less formal
check requiring no likelihood-ratio calculation. We have not evaluated the power of this procedure to
detect the specific Arrhenius-generating/log–linear-fitting misspecification of Table 11 by simulation
here, as doing so rigorously requires its own dedicated size/power study (nominal size under correct
specification, power under each misspecification direction, and behavior as k−2 grows); we present the
procedure itself, with the specific test statistic and its reference distribution, as a concrete recommended
practice for practitioners and a well-defined target for that further evaluation (Section 8).

Table 11. Misspecification experiment: Data generated under the Arrhenius link (a =
−0.926, b = 1.375, true R0 = 0.9454), fitted under the misspecified log–linear link and under
the correctly-specified (oracle) Arrhenius link, M = 1000 replicates per scenario, identical
simulated data for both fits.

Misspecified (log–linear) Oracle (Arrhenius)

Scheme n m Bias(R̂0) RMSE Bias(R̂0) RMSE
Complete 40 40 −0.332 0.346 −0.055 0.152

80 80 −0.339 0.346 −0.032 0.104

Progressive 40 24 −0.293 0.322 −0.075 0.191
80 48 −0.304 0.317 −0.036 0.123

A-/D-optimal is a proxy for R0-precision, not an exact minimizer. The recommendation of
Section 5.1 to target p1 ≈ 0.16–0.20 for design-stress extrapolation treats Var(α̂1) and Var(α̂2)
symmetrically (A) or jointly (D), but neither directly minimizes Var(R̂0): Via the delta-method
gradient ∇R0 ∝ (1, φ0(s0))⊤, logα0 is the weighted combination (1 − w) logα1 + w logα2 with
w = (φ0(s0) − φ0(s1))/(φ0(s2) − φ0(s1)), so the truly R0-optimal design minimizes a w-dependent
criterion, not the w-free A-/D-criteria. Because w depends on the extrapolation distance through
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φ0(s0), the optimal split shifts with s0 and has no single answer, unlike c-, D- and A-optimality for the
tested-range reliability itself. We present p1 ≈ 0.16–0.20 as a reasonable, s0-agnostic heuristic and
leave the exact w-dependent design for future work.

7. Application to real step–stress data

We apply the model to a real step–stress data set from small unmanned aerial vehicle (SUAV)
reliability testing (Section 7.2). The SUAV data are Type–I censored rather than progressively
Type–II censored, so this real-data study validates the broader CEM/IZL modeling and inference
approach developed in this paper – together with the separately derived Type–I likelihood of
Section 7.2 ((7.1)) – rather than directly validating the progressive Type–II censoring likelihood that
constitutes a major part of the paper; the latter is instead validated by the Monte Carlo study of
Section 6. In addition, because the one-parameter-per-stage IZL model has an infinite mean, the
reliability comparison below is necessarily restricted to survival probabilities and quantiles rather than
expected lifetime, and the model comparison of Section 7.1 establishes IZL’s competitiveness only
within the general one-parameter inverted family; it does not by itself demonstrate that an
infinite-mean, heavy-tailed model is preferable to conventional finite-mean alternatives such as
Weibull or lognormal, which are not included in this comparison (see Section 8 for further discussion
of this limitation). We emphasize this point explicitly: The SUAV data set consists of only 23 units,
Type–I censored at τ2 = 20, and therefore carries relatively little information about far-tail behavior.
The real-data analysis of this section shows that IZL is a competitive, closed-form fit within the
one-parameter inverted family and is not rejected by the goodness-of-fit test; it does not, and is not
intended to, empirically establish that an infinite-mean/heavy-tailed model is the right qualitative
choice for this application relative to finite-mean families that are outside the present comparison.

7.1. The general one-parameter inverted family

The application below compares IZL against the general class of one–parameter–per–stage
lifetime laws obtained by the reciprocal transformation T = 1/X of a base distribution X (as IZL itself
is obtained from the Z–Lindley law), together with the inverse Weibull law in its natural
one–parameter, unit–scale form (β ≡ 1). We restrict this comparison, as throughout the paper, to the
inverted family: These are the natural competitors for IZL (same reciprocal-transform construction,
same one-parameter-per-stage economy, same non-monotone-hazard motivation) so that any AICc or
goodness-of-fit difference reflects distributional shape within a matched model class rather than a
difference in the number of estimated parameters or in modeling philosophy (e.g., finite– versus
infinite–mean). Section 8 discusses, as a limitation rather than a result of this comparison, what this
scope does and does not establish relative to unrelated finite-mean families such as Weibull or
lognormal. Every model in this comparison has exactly two free parameters overall (one shape
parameter per stage), so AIC/AICc/BIC differences reflect distributional shape alone, with no
penalty–driven advantage on either side. Nine further members are considered: inverse Weibull (unit
scale), inverse Akash, inverse Lindley, inverse Xgamma, inverse Aradhana, inverse Erlang(k = 2),
inverse half–normal, inverse Rayleigh, and inverse Maxwell. Each base density fX(x; θ), x, θ > 0 is
listed in Table 12; the inverted density follows fT (t; θ) = t−2 fX(1/t; θ). All ten models (including IZL)
are fit by the same step–stress CEM, Type–I–censored likelihood construction of Section 3,
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re-executed for the real data set.

Table 12. The ten one–parameter–per–stage members of the general inverted family
compared in this section, with the base (pre–inversion) density fX(x; θ) or the direct density
for inverse Weibull.

Model Base/direct density
IZL already inverted; see (2.2)

Inverse Weibull (unit scale) direct: θ x−θ−1e−x−θ (β ≡ 1)

Inverse Akash base:
θ3

θ2 + 2
(1 + x2)e−θx

Inverse Lindley base:
θ2

θ + 1
(1 + x)e−θx

Inverse Xgamma base:
θ2

1 + θ
(
1 + θx

2

2
)
e−θx

Inverse Aradhana base:
θ3

θ2 + 2θ + 2
(1 + x)2e−θx

Inverse Erlang(k = 2) base: θ2x e−θx

Inverse half-normal base:
√

2/π θ−1e−x2/(2θ2)

Inverse Rayleigh base: (x/θ2) e−x2/(2θ2)

Inverse Maxwell base:
√

2/π x2θ−3e−x2/(2θ2)

7.2. SUAV reliability data

We first apply the model to a small unmanned aerial vehicle (SUAV) reliability data set reported
by [33] (Table 2 there), originally from a study of dual, independent-propulsion SUAV units, tracing
to [38]. A total of n = 23 units were placed on a simple step–stress test with wind speed as the stress
factor; the stress increased at τ1 = 15, and the test was Type–I censored at τ2 = 20. The original source
reports the two test conditions only as “stress level 1” and “stress level 2” (pre- and post-change),
without the underlying numerical wind-speed magnitudes; we report the data exactly as published and
flag this as a limitation of the source rather than of our analysis, recommending that future applications
of this model report numerical stress levels alongside failure times. Eleven units failed before τ1, and
eight failed after, giving n• = 19 observed failures and 4 units surviving to τ2 (17.4% right censoring).
We use the two–level CEM of Section 3, with α1 governing the pre–change wind–speed level and α2

the post–change level.

Table 13. The SUAV failure-time data ( [38]; [33], Table 2). Nineteen failure times are
observed; the remaining four of the n = 23 units on test survive, unfailed, to the Type–I
censoring time τ2 = 20.

Stage Failure times
Before τ1 = 15 (n1 = 11) 2.365, 3.467, 5.386, 7.714, 9.578, 9.683, 11.416, 11.789,

12.039, 14.928, 14.938

After τ1 = 15, before τ2 = 20 (n2 = 8) 15.325, 15.781, 16.105, 16.362, 17.178, 17.366,
17.803, 19.578

Censored at τ2 = 20 4 units (times unspecified beyond τ2)
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Type–I–censored likelihood. Section 4 develops the likelihood (4.1) for progressive Type–II
censoring; the SUAV application instead uses Type–I (time) censoring at the fixed calendar time τ2, so
we record the corresponding likelihood explicitly here. With D1 = {i : ti < τ1}, the 11 failures
observed before the stress change; D2 = {i : τ1 ≤ ti < τ2}, the 8 failures observed after it;
ξi = ti − τ1 + h, their stage–2 equivalent-time images; and ξτ2 = τ2 − τ1 + h, the equivalent-time image
of the censoring point itself, the Type–I log–likelihood is

ℓI(α1, α2) =
∑
i∈D1

log f (ti;α1) +
∑
i∈D2

log f (ξi;α2) + (n − n•) log S (ξτ2;α2), (7.1)

the last term collecting the n − n• = 4 units that survive, unfailed, to τ2; h enters exactly as in (4.1)
via the CEM continuity condition, with the progressive removal terms Ri log S (·) replaced by this
single end-of-test survival term, as Type–I censoring removes units only at the fixed time τ2 rather
than progressively at each failure. This is the likelihood implemented in the supplementary code and
maximized below.

Maximum likelihood. Maximizing the Type–I log–likelihood (7.1) gives α̂1 = 12.140 (se 2.481) and
α̂2 = 1.977 (se 0.873), with log–likelihood −65.77 and equivalent time ĥ = 2.142; the order α̂1 > α̂2

holds, as required (Remark 4). Because only categorical stress-level labels, not numerical wind-speed
magnitudes, are available for this data set, we treat wind–speed level 1 as the reference condition,
without implying that it represents an established physical use condition; accordingly, the reference-
condition reliability R(t⋆) = S (t⋆; α̂1) at t⋆ = 15, 20 is 0.541, 0.442. Because stage 1 operates only
until τ1 = 15, R(15) = 0.541 falls at the edge of the interval over which stage-1 failures are directly
observed, whereas R(20) = 0.442 – the value used throughout the remainder of this section and reported
in Table 14 – is a parametric extrapolation of the fitted stage-1 distribution S (·; α̂1) beyond that interval.
This extrapolation is a legitimate use of the fitted model, but R(20) should not be read as a directly
observed stage-1 performance figure; we report both R(15) and R(20) together in Table 14 so that the
interpolation (t⋆ = 15) versus extrapolation (t⋆ = 20) distinction remains visible.

Table 14. Consolidated point and 95% interval estimates for the SUAV data (Section 7.2).
ML/Wald uses the classical fit; Bayes uses the single canonical Metropolis–Hastings
posterior above. None of the entries in this table is a plain percentile interval; the Bayes
column reproduces exactly the posterior means and BCIs reported in the text above, from
the same MCMC run.

Quantity Point estimate Wald 95% CI Bayes 95% BCI
α1 12.140 (ML) / 12.195 (Bayes) [7.277, 17.002] [7.813, 17.632]
α2 1.977 (ML) / 2.196 (Bayes) [0.267, 3.688] [0.841, 4.901]
h 2.142 (ML) / 2.433 (Bayes) [0.122, 4.162] [0.859, 5.722]
R(20) 0.442 (ML) / 0.440 (Bayes) [0.307, 0.578] [0.308, 0.576]
R(15)* 0.541 (ML) – –

* R(15) is the reference-condition reliability at the stage-1 change time itself (interpolation, within the directly observed

stage-1 range); it is reported for comparison only. R(20), used throughout the rest of this section, is an extrapolation

beyond τ1 = 15 (see Section 7.2). Interval procedures in this table were calibrated for R(20) and are not recomputed

for R(15).
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Information matrix for the Type–I-censored likelihood. The score and observed-information
formulas of Section 4 and Appendix B are derived for the progressive Type–II log–likelihood (4.1),
whose per-observation terms are log f (·) + Ri log S (·). The Type–I log–likelihood (7.1) replaces the
progressive removal terms

∑
i Ri log S (·) by the single aggregate term (n − n•) log S (ξτ2;α2), which has

exactly the same functional form as a single removal term with Ri → n − n• evaluated at ξτ2; the
observed-information formulas of Appendix B therefore carry over term-by-term: every
observed-failure contribution is unchanged, and the Type–I censoring contribution follows by this
substitution rather than by treating (n − n•) as individually observed removals. We derive this Type–I
observed-information matrix analytically on this basis and verify it against central finite differences of
(7.1) at the fitted (α̂1, α̂2) (relative error < 10−8, the same finite-difference protocol used in
Appendix C). All standard errors, Wald intervals, and covariances reported in this section use this
analytically derived and numerically verified Hessian, not a numerical optimizer’s approximate
Hessian.

Interval estimation. The delta–method Wald interval for R(20) is [0.307, 0.578]; a parametric
bootstrap (B = 2000) gives the percentile interval [0.331, 0.617]. Bootstrap percentile intervals for the
parameters are [8.492, 19.641] for α1 and [0.794, 5.659] for α2.

Uncertainty for the equivalent time h. We report three intervals for h. The first is the delta
method: using h1 = ∂h/∂α1 = −0.181, h2 = ∂h/∂α2 = 1.206 and the observed-information covariance,
se(ĥ) = 1.031, Wald interval [0.122, 4.162]. The second is the parametric bootstrap: percentile
interval [0.810, 6.783] (right–skewed, since h2 ≫ |h1|). The third is the Bayesian interval: see below.

Bayesian analysis. With the same vague gamma priors (ε1 = ε2 = 10−3) and the order–constrained
η–space sampler of Algorithm 2 (T = 3×104, T0 = 6×103, acceptance rate 55.3%), the posterior means
are α̂1 = 12.195 [7.813, 17.632], α̂2 = 2.196 [0.841, 4.901], ĥ = 2.433 [0.859, 5.722], and R̂(20) =
0.440 [0.308, 0.576]; the order α1 > α2 holds for every retained posterior draw. This is the single
canonical MCMC run (one seed, the settings above) used consistently throughout this section and in
Table 14. The classical and Bayesian point estimates agree closely.

Prior-sensitivity check. Because the n = 23 SUAV sample is small, and α2 (and hence the
equivalent time h) is markedly less precisely determined than α1, we re-run the identical MCMC
procedure under two additional, proper, weakly-informative gamma priors on the shared (α1, α2)
marginal, distinct from the near-flat ε1 = ε2 = 10−3 specification used above, and compare the
resulting posterior means and 95% credible intervals; see Table 15. The reference-condition reliability
R(20) and α1 are essentially unaffected by the choice of prior (posterior means shifting by at most
0.02 and 0.7 respectively across all three specifications), and the qualitative conclusions of this
section – the order α1 > α2, the point estimate of R(20), and its credible interval – are unchanged. α2

and h are more prior-sensitive, as expected for the less-informed second-stage parameter: Under the
most informative alternative prior considered (mean 10, closer to the α1 scale than to the α2 scale), the
posterior mean of α2 shifts upward by about 33% and that of h by about 35% relative to the
vague-prior fit, though the 95% credible intervals continue to overlap substantially. This reflects a
genuine feature of the real-data α2/h estimates rather than an artifact of the vague prior specifically:
With only eight stage-2 observations (after the change time τ1, four of them Type–I-censored), the
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stage-2 likelihood contributes comparatively little information, so the posterior for α2 retains
meaningful prior sensitivity regardless of which specification is treated as the default.

Choice of default prior. The near-flat Γ(0.001, 0.001) specification is retained as the primary
specification throughout this paper for continuity with the constant-stress IZL literature and
comparability across the simulation study and real-data application, not because it is
prior-predictively justified for the SUAV design specifically. A more defensible default for a new
application is a weakly-informative gamma prior calibrated by a prior-predictive check, of the kind
illustrated by the Γ(2, 0.2) and Γ(1.5, 0.3) rows of Table 15.

Table 15. Prior-sensitivity check for the SUAV real-data Bayesian fit: posterior means and
95% equal-tailed credible intervals under three proper gamma priors on the shared (α1, α2)
marginal (all restricted to α1 > α2 > 0, same likelihood, same order-constrained η-space
Metropolis–Hastings sampler and T = 3 × 104, T0 = 6 × 103 settings as the main analysis
above, one seed per prior). The first row is the vague prior used throughout the paper; the
next two rows are additional, independently-specified, weakly-informative priors used only
for this sensitivity check.

Prior on α j α1 α2 h R(20)

Vague, Γ(0.001, 0.001) [current] 12.09 [7.77, 17.54] 2.22 [0.83, 5.13] 2.51 [0.85, 6.14] 0.437 [0.307, 0.574]
Weakly-informative, Γ(2, 0.2)

[mean 10]
12.29 [8.12, 17.35] 2.96 [1.11, 6.55] 3.38 [1.15, 7.99] 0.443 [0.319, 0.570]

Weakly-informative, Γ(1.5, 0.3)
[mean 5]

11.36 [7.44, 16.22] 2.46 [0.95, 5.34] 2.98 [1.09, 6.87] 0.417 [0.296, 0.545]

Goodness of fit. We assess fit with a censoring-aware, parametric bootstrap Kolmogorov–Smirnov
(KS) test, with the empirical proportion normalized by the total number of units at risk n rather than
by the number of observed failures n• < n: since every unit is followed to τ2 under Type–I censoring,
normalizing by n• would compare a curve reaching 1 at the last failure against a fitted G that reaches
only G(τ2) < 1. The supremum is taken over the observable interval (0, τ2], including the discrepancy
at the censoring boundary itself, |n•/n − G(τ2)|, alongside the discrepancies at the observed failure
times: D = max

{
maxi max{i/n−G(x(i)),G(x(i))− (i−1)/n}, |n•/n−G(τ2)|

}
, i = 1, . . . , n•, calibrated by

a parametric bootstrap (B = 2000, refit by the same Type–I likelihood on each resample). We obtain
Dobs = 0.1212 and bootstrap p = 0.4845 (bootstrap D∗: mean 0.1255, s.d. 0.0368) – no evidence
against the fitted model. The censoring-boundary discrepancy is evaluated in calendar time at τ2 = 20:
by the CEM continuity condition of Section 3, G(τ2) = F(ξτ2; α̂2), where ξτ2 = τ2 − τ1 + ĥ = 7.142
is the stage–2 equivalent-time image of τ2 (not itself a calendar time) so that G(τ2) = F(7.142; α̂2) =
0.793, and the endpoint discrepancy is |19/23 − G(τ2)| = |0.826 − 0.793| = 0.033, smaller than the
0.121 at the observed failure times. The model-implied stage-1 fraction, F(τ1; α̂1) = 0.459, closely
matches the observed 11/23 = 0.478 (a 1.9-point gap). This sample size affords limited power to
detect misspecification.

Comparison within the general one–parameter inverted family. We refit all nine comparator
families of Table 12 to the SUAV data by the same Type–I-censored CEM likelihood with no order
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constraint imposed on any of the ten models (four of the nine comparators, inverse Weibull,
half–normal, Rayleigh, and Maxwell, do not satisfy θ1 > θ2 at their unconstrained optimum, so the
AICc/KS ranking below should be read as a comparison of statistical fit, not a confirmed like–for–like
ALT comparison). The ranking by AICc (Table 16) shows inverse Xgamma is marginally best, but
IZL, inverse Akash, inverse Lindley, and inverse Aradhana are all within ∆AICc < 0.16 of it and of
each other. These five models receive essentially equivalent AICc support (a negligible AICc
separation of less than 0.2), which we do not equate with formal statistical indistinguishability,
whereas inverse Weibull, fit here in the fixed-unit-scale form specified for this comparison
(Section 7.1), is here one of the worst (∆AICc ≈ 32.2), a figure that is specific to this fixed-scale
specification (see the scale-sensitivity analysis of Section 7.1 below). The censoring-normalized,
bootstrap-calibrated KS test (Table 18, B = 500 resamples per model) shows this five-way cluster is
genuinely, not just approximately, nonrejected: all five Lindley–type members have bootstrap
p > 0.44 – that is, none of the five is rejected by this test, which is evidence of no detected misfit
rather than affirmative evidence that the five models are statistically equivalent.

Table 16. Fitted parameters and information criteria, general inverted one–parameter–per–stage
family, SUAV data (n = 23). ∆AICc is relative to the best–fitting model; D is the censoring-
normalized Kolmogorov–Smirnov statistic of Section 7.2. Models ordered by AICc.

Model α̂1 α̂2 Log-lik. AICc ∆AICc D

Inverse Xgamma 13.346 2.459 −65.702 136.005 0.000 0.115
Inverse Akash 12.016 2.345 −65.759 136.118 0.113 0.119
IZL (this paper) 12.140 1.977 −65.768 136.135 0.130 0.121
Inverse Lindley 12.556 2.329 −65.773 136.145 0.140 0.122
Inverse Aradhana 13.417 3.026 −65.781 136.162 0.157 0.122
Inverse Erlang(k=2) 22.080 6.345 −67.228 139.056 3.051 0.174
Inverse half-normal 0.129 0.664 −68.565 141.729 5.724 0.244
Inverse Rayleigh 0.092 0.214 −76.114 156.827 20.822 0.377
Inverse Weibull (fixed unit scale)† 0.301 0.986 −81.795 168.190 32.185 0.462
Inverse Maxwell 0.076 0.113 −84.954 174.507 38.502 0.462

Inverse Weibull (free scale)‡ 11.926 1.592 −65.752 138.767 2.762 0.116

† This row fixes the inverse Weibull scale at β ≡ 1 purely to match the two-parameter count of the other nine models;

Section 7.1 shows this fixed-scale choice is not unit-invariant and is largely responsible for this row’s poor AICc standing.

It should therefore be read as an artificial fixed-scale benchmark, not as evidence that inverse Weibull fits the SUAV data

intrinsically poorly; the free-scale refit below places inverse Weibull’s fit much closer to the other members of this family

(see “Inverse Weibull (free scale)” below and the accompanying discussion).
‡ Three-parameter specification with a single shape θ̂ = 0.968 shared across stages and stage-specific scales β̂1, β̂2 reported,

for comparability of layout, in the α̂1, α̂2 columns; see the scale-sensitivity discussion following this table for the model

definition and fitting details. Because this specification carries one additional parameter relative to every other row, it is

listed separately below the primary two-parameter ranking rather than folded into it, and its ∆AICc is computed, as is every

other row, relative to the best-fitting model (inverse Xgamma, AICc = 136.005).

Four families (inverse Weibull, half–normal, Rayleigh, Maxwell) violate the order condition
α1 > α2 at their unconstrained optimum here, consistent with the shape–versus–rate-parameter
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distinction noted above. For inverse half–normal, inverse Rayleigh, and inverse Maxwell, the
pre-inversion base variable is X = θZ for a fixed, θ–free distribution of Z > 0 (a scale family in θ), so
T = 1/X is stochastically decreasing in θ – the opposite direction from α in the IZL law. The
admissible-ALT ordering for these three families is therefore θ1 < θ2, not θ1 > θ2, and Table 16 shows
exactly this reversed ordering at the unconstrained optimum for all three (0.129 < 0.664;
0.092 < 0.214; 0.076 < 0.113), so none of these fits is actually ALT-inadmissible once assessed in its
own direction. Because the correct-direction constraint θ1 < θ2 is already satisfied, and not merely
close to being satisfied, at the unconstrained optimum for all three families, imposing it explicitly and
reoptimizing would leave the fitted parameters, log-likelihood, AICc, and KS statistic for
half–normal, Rayleigh, and Maxwell unchanged from Table 16: A nonbinding constraint does not
move an unconstrained optimum. The values already reported for these three families are therefore
simultaneously the unconstrained MLEs and the admissible-ALT-constrained MLEs, so no additional
constrained refit is needed for them. Inverse Weibull is different in a way constrained refitting cannot
resolve: its CDF derivative ∂F/∂θ = e−x−θ x−θ ln x changes sign with x ≷ 1, so no single global
ordering exists for this family, and hence, no constraint of the form θ1 > θ2 or θ1 < θ2 can be imposed
uniformly across the observed range the way it can for the other three; restricted to the observed range
(x ∈ [2, 20], where ln x > 0), the fit’s ordering 0.301 < 0.986 is locally consistent with the same
reversed direction, though only as a data-range-specific statement. A family whose
stochastic-ordering direction depends on where in the support it is evaluated does not admit a single,
range-independent CEM ALT formulation of the kind used for the other nine members of Table 12;
on this basis, inverse Weibull is not a suitable candidate for the globally-ordered CEM ALT
comparison attempted here, independent of the unit-scale issue discussed below (Section 7.1). The
practical conclusion is that IZL is competitive with, but not uniquely superior to, several close
relatives within this one–parameter inverted family, and the case for IZL specifically rests on its
closed–form tractability (Section 2) rather than a decisive fit advantage. Table 17 quantifies that
tractability directly against the two comparators that outrank IZL by AICc.

Table 17. Computational cost of the quantile function and of full CEM maximum-likelihood
fitting, IZL versus its two closest AICc competitors (inverse Xgamma, inverse Akash), on the
SUAV data. Quantile evaluation: mean wall-clock time per call, 5000 calls at a representative
θ = 1.5 (IZL: closed form via the Lambert W function; Xgamma/Akash: numeric root-
finding, as their base CDFs do not invert in closed form). MLE fitting: mean wall-clock
time per fit, 200 bootstrap-style refits of the SUAV data (Nelder–Mead, identical tolerances
for all three models, single core). IZL’s advantage is largest for the quantile function itself,
which the step–stress CEM’s equivalent time h requires on every likelihood evaluation; the
advantage for a complete MLE fit is more modest, as fitting also involves optimizer overhead
that does not depend on the model. These timings are illustrative computational benchmarks
on our specific implementation and hardware, not intrinsic, implementation-independent
algorithmic speed ratios.

Model Quantile eval. (µs) Speedup MLE fit (ms) Speedup

IZL (this paper) 1.8 1.0× 6.3 1.0×
Inverse Xgamma 46.5 25.7× 14.5 2.3×
Inverse Akash 49.7 27.5× 13.6 2.2×
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This AICc/D ranking is a statistical goodness-of-fit comparison within the general one–parameter
inverted family; it is not, by itself, a like-for-like accelerated-life-test comparison, as four of the ten
models (inverse Weibull, half–normal, Rayleigh, Maxwell) do not satisfy the admissible-ALT ordering
α1 > α2 in the α-parameterization shown here (see the discussion immediately above and in Section 7.1
for the direction in which each of these families is actually ordered).

Sensitivity of the inverse Weibull ranking to the fixed unit scale. The inverse Weibull member
of Table 12 is specified with β ≡ 1 so that, as with every other member of the comparison, it carries
exactly two free parameters and hence the same AICc penalty. Fixing a dimensional scale to 1 is not
unit-invariant, however: rescaling the SUAV failure times from hours to minutes (multiplying every
recorded time and τ1, τ2 by 60) and refitting changes the maximized log-likelihood from −81.795 to
−172.554 – driven entirely by the change of units acting on a scale that cannot adapt, not by any change
in the data’s information content. To assess how much of inverse Weibull’s poor standing in Table 16
reflects this artifact rather than an intrinsic shape disadvantage, we refit a free-scale three-parameter
version – direct density f (x; θ, β) = θβθx−θ−1e−(β/x)θ with a single shape θ shared across stages along
with a stage-specific scale β j carrying the stress dependence so that T is stochastically increasing in
β and that the admissible-ALT ordering is β1 > β2; the CEM equivalent time is then the closed form
h = τ1β2/β1. Maximizing by Nelder–Mead (multi-start, 200 restarts) on the original (hours) data gives
θ̂ = 0.968, β̂1 = 11.93, β̂2 = 1.59 (approximate finite-difference standard errors 0.20, 3.00, 0.88), log-
likelihood −65.752, and, with the extra parameter penalized, AICc = 138.77 (∆AICc ≈ 2.76 relative to
the best-fitting inverse Xgamma) – a striking change from the fixed-scale model’s ∆AICc ≈ 32.2. With
a free, unit-adapting scale, inverse Weibull’s fit is close to the five-member Lindley-type cluster, better
even than inverse Erlang(k=2)’s ∆AICc ≈ 3.05 – sixth of eleven rather than ninth of ten, had it been
placed alongside the primary ranking. We report it as a separate row below the primary ranking rather
than interleaving it, however, since it is not a member of the same one–parameter-per-stage family
being ranked there. We conclude that the poor apparent fit of inverse Weibull in the main comparison
substantially reflects the arbitrary unit-scale restriction imposed for parameter-count parity rather than
an intrinsic shape-family weakness relative to IZL and its closest competitors. We nonetheless retain
the fixed-scale, two-parameter specification as the primary comparison in Table 16, since it alone keeps
every one of the ten models at the same parameter count and AICc penalty structure; the free-scale refit
above is a targeted robustness check on the inverse Weibull entry specifically. A systematic treatment
that fits every family with, and without, an explicit scale parameter and compares AICc consistently
across the full nine-member family is a natural extension (Section 8).

Decision-relevant comparison: Intervals for the reference-condition reliability. Beyond the fit
ranking, the practical question is whether the choice among these essentially-equivalent models
changes the estimated reliability R(t⋆) = S (t⋆;α1) at t⋆ = τ2 = 20. We refit each of the five
Lindley–type members and compute a 95% percentile-bootstrap interval for R(20) (B = 1000; same
censoring design as the data).

The five point estimates agree to within 0.015 (0.440–0.455), and the five intervals overlap almost
entirely within [0.33, 0.61]: The estimated reference-condition reliability R(20) and its uncertainty are
similar across all five closely-supported models. This does not amount to a certification-decision
claim; no certification threshold or formal decision rule is specified here, and overlapping confidence
intervals do not by themselves imply that every downstream engineering decision would coincide, as
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that additionally requires, for example, that a lower confidence bound clear a specific required
reliability target, which is beyond the scope of this illustrative data set. What the overlap does support
is the narrower conclusion that, among these five closely supported models with negligible AICc
separation, choosing the computationally simplest member, IZL (Table 17), does not come at a
meaningful cost in the estimated reliability or its precision.

Figure 8. Fitted step–stress CEM density for each of the ten one-parameter-per-stage
inverted models, overlaid on the empirical histogram of the observed failure times (SUAV
data). The dashed vertical line marks the stress change time τ1 = 15. IZL is highlighted in
red. The five Lindley–type models (top row center-right and bottom row left) visibly track
the histogram shape closely, matching their nonrejection in Table 18; inverse Weibull (top
left) is visibly the poorest match here.

Table 18. Bootstrap-calibrated Kolmogorov–Smirnov statistic and p-value (B = 500
resamples per model) for all ten one–parameter–per–stage inverted models on the SUAV data.
Models ordered by D (best fit first); five members of the Lindley–type subfamily (Xgamma,
Akash, IZL, Lindley, Aradhana) are all clearly nonrejected (p > 0.44). IZL’s p-value here
(0.502, from this table’s independent B = 500 run across all ten models) differs slightly from
the p = 0.4845 reported in the main text (a separate B = 2000 run for IZL alone); both are
consistent with the same underlying Dobs = 0.121 and differ only by ordinary Monte Carlo
variation between independent bootstrap runs at different B.

Model D Bootstrap p-value

Inverse Xgamma 0.115 0.530
Inverse Akash 0.119 0.560
IZL (this paper) 0.121 0.502
Inverse Lindley 0.122 0.449
Inverse Aradhana 0.122 0.457
Inverse Erlang(k=2) 0.174 0.110
Inverse half-normal 0.244 0.035
Inverse Rayleigh 0.377 < 0.002
Inverse Weibull 0.462 < 0.002
Inverse Maxwell 0.462 < 0.002
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Table 19. Point estimate and 95% percentile-bootstrap interval for the reference-condition
reliability R(20) = S (20; α̂1) for each of the five closely-supported (Table 16) models, SUAV
data (B = 1000 resamples per model).

Model R̂(20) 95% Boot–p CI CI width

Inverse Xgamma 0.455 [0.341, 0.610] 0.269
Inverse Akash 0.446 [0.338, 0.611] 0.273
IZL (this paper) 0.442 [0.332, 0.609] 0.277
Inverse Lindley 0.442 [0.330, 0.594] 0.264
Inverse Aradhana 0.440 [0.327, 0.613] 0.286

7.3. Discussion

The SUAV application (Section 7.2) shows no evidence against the fitted IZL model by the
censoring-normalized bootstrap KS test (D = 0.121, p = 0.4845)—a result that, as noted in
Section 7.2, reflects the limited power of this n = 23 sample to detect misspecification and should not
be read as confirming or validating the IZL distribution—and IZL sits among a cluster of five models
with negligible AICc separation, all nonrejected by the same test (Tables 16–18). The case for IZL
therefore rests on its closed-form tractability—25–28× faster quantile evaluation and a 2.2–2.3×
faster MLE fit than its two closest AICc competitors (Table 17) rather than a decisive fit advantage.
This application illustrates a clean nonrejection; the diagnostic’s behavior on data the model fits less
well remains open for future applications.

8. Conclusions

We have embedded the inverted Z–Lindley distribution in a step–stress cumulative–exposure model
and built closed–form model, score, and observed–information machinery for it under progressive
Type–II censoring: exact score, strict-concavity result for the complete constant-stress case, together
with numerically supported local uniqueness for the coupled censored model (not a general concavity
proof for the coupled, censored step–stress likelihood itself, which remains open, Section 4.2), analytic
observed information, numerical investigation of optimal design, and design–stress extrapolation. As
emphasized in Sections 4 and 5.1, “closed-form” here refers specifically to the model, its quantile
function, and the score/observed-information formulas: MLEs still require numerical optimization, the
optimal-design recommendations are Monte Carlo based, and the Bayesian analysis requires MCMC
or the Tierney–Kadane approximation.

The closed-form IZL quantile makes the equivalent time closed form (Proposition 1) and
generalizes to a recursive multiple-step construction (3.6). Because the IZL mean is infinite [18],
reliability is carried by quantiles and survival probabilities rather than mean life – a substantive
property, not a technical inconvenience. The IZL survival function decays only algebraically
(S (t) ∼ α/(2t) from (2.1)), the same qualitative tail long used for populations with a genuine
subpopulation of very long-lived units (e.g., degradation-resistant components), for which the sample
mean is empirically unstable and quantiles/survival probabilities are the more honest summary. The
model comparison of Section 7.1 is deliberately restricted to the matched, reciprocal-transform
inverted family sharing this tail behavior, so the competitiveness claims of Section 7.3 should be read

AIMS Mathematics Volume 11, Issue 9, 31919–31962.



31956

as established within that family, not as a general claim against finite-mean alternatives such as
Weibull or lognormal. We proved strict concavity of the constant–stress log–likelihood for complete
samples (hence unique stage estimators in that setting) and derived the exact score and the analytic
observed information, verified against finite differences to a relative error ∼ 3 × 10−9 (Appendix C).

What remains is numerically supported rather than proved: existence and local uniqueness of an
interior stationary point for the coupled, censored likelihood (Section 4.2); near-nominal coverage for
the Wald, Bayesian, and bootstrap intervals throughout, with only a modest, isolated shortfall for the
bootstrap at the smallest n under Type–II censoring (Table 2), confirmed by sensitivity analysis not to
be an artifact of failed-resample handling (Table 3). It is confirmed to worsen under the
heavier-censoring, smaller-parameter C3 configuration, where Boot–p and BCI both undercover
materially at small n (Section 6); accurate design–stress extrapolation holds under a correctly
specified link but degrades sharply without recovering with n under misspecification (Section 6.5).
Furthermore, Tierney–Kadane/MCMC agreement is close, based on a modest 15-replicate
comparison (Section 6.4). These are properties of the scenarios simulated, not universal theorems.

Beyond estimation, we gave a numerical investigation of optimal change-time selection under c-,
D-, and A-optimality with interior D- and A-optima for one representative design (Section 5.1), a link-
function extrapolation with delta-method variance, and bootstrap/Wald/Bayesian intervals (Table 2);
a sign-constrained reparameterization of the link slope removes the risk of a physically inadmissible
fit at no measurable accuracy cost (Table 10). Applied to the SUAV data, a censoring-normalized,
bootstrap-calibrated goodness-of-fit test found no evidence against the fitted model, and IZL placed
among a small cluster of models with negligible AICc separation within the inverted family.

Limitations. The real-data illustration should be read as a demonstration of the methodology, not
evidence of universal adequacy. The model comparison is scoped to the one-parameter inverted
family, so IZL’s standing against richer multiparameter or finite-mean families (Weibull, lognormal,
generalized exponential) remains an open question. The whole development rests on the CEM
assumption, suited to gradual damage-accumulation mechanisms rather than a qualitatively new
failure mode, and on progressive Type–II censoring, which does not cover adaptive or hybrid
schemes. A further scope point applies throughout: The near-flat gamma prior used as the default
Bayesian specification throughout is retained for continuity and comparability across this paper’s
studies rather than as a prior-predictively justified choice for any specific new application
(Section 7.2); a weakly-informative alternative, calibrated by a prior-predictive check, is the more
defensible default for future use.

Natural next steps include a competing-risks extension for step-stress data with multiple failure
causes; extending Section 7.2’s comparison to richer, multiparameter and finite-mean families, and a
wider range of data sets; hybrid and adaptive progressive censoring; a fully analytic
global-uniqueness proof for the coupled likelihood; a systematic sensitivity analysis of the D- and
A-optimal change times over a representative grid of parameters, stress separations, mission times,
and censoring plans; optimal multilevel designs that jointly choose stresses and change times,
including a genuinely multilevel (k ≥ 3) real application for the link function of Section 5.2; and a
family-by-family catalogue of the stochastic-ordering direction for members of the inverted family
(such as inverse Weibull, Section 7.1) whose CDF monotonicity in the shape parameter is not uniform
across t. Also open: a size/power evaluation, by simulation, of the likelihood-ratio/AICc
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link-selection diagnostic proposed in Section 6.5 for detecting link misspecification with k ≥ 3 tested
stress levels; a systematic scale-parameter sensitivity analysis across the full comparator family of
Section 7.1, extending the targeted free-scale inverse Weibull refit of Section 7.2; and a
prior-predictive elicitation of the Bayesian prior for new applications, along the lines discussed in
Section 7.2, in place of the near-flat default retained here for comparability.
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A. Derivation of the quantile function

Set F(t;α) = u in (2.1), v = α/t, β = 2(1 + α); then, φ = v/β, and (1 + v/β)e−v = u; that is,
(β + v)e−v = βu. With w = −(β + v), this is wew = −βue−β; because v > 0⇒ w < −β < −1, the relevant
branch is W-1, giving v = −W-1(−βue−β) − β and t = α/v, which is (2.3). For u ∈ (0, 1) the argument
lies in (−e−1, 0), so W-1 is real.

B. Complete analytic observed information

With c = 2 + 1/t, D = 1 + αc, and φ = α/[2(1 + α)t], the second-order blocks are

Aα = −
1
α2 +

1
(1 + α)2 −

c2

D2 = −
1 + 2α
α2(1 + α)2 −

c2

D2 < 0,

Bα =
αc(2 + αc)

t2D2 (= At by symmetry), Bt =
2
t2 −

α2

t4D
−

2α2c
t3D
+
α3c
t4D2 ,

Fαα =
e−α/t

t

[
−

G
t
−

1
(1 + α)3 −

1
2(1 + α)2t

]
, Fαt =

e−α/t

t2

[
(αt − 1)G +

α

2(1 + α)t

]
,

where G = 1
2(1+α)2 − 1− φ (so Fα = e−α/tG/t), and the identity fα = Fαt holds because mixed partials of

F commute. The equivalent-time second derivatives, with h1, h2 from (3.5) and all quantities evaluated
as shown, are

h11 =
Fαα(τ;α1)

f (h;α2)
− B(h;α2) h2

1, h12 = −h1
[
A(h;α2) + B(h;α2)h2

]
,

h22 = −
Fαα(h;α2) + Fαt(h;α2)h2

f (h;α2)
− h2

[
A(h;α2) + B(h;α2)h2

]
.

Assembling (4.4) with the per-unit quantities Ψ,Ψx, Pa, Paa, Pax defined in Section 4 reproduces the
observed information; we verify the full matrix against the finite-difference Jacobian of the analytic
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score with maximum entrywise error 3.8 × 10−9 and each individual block to a maximum discrepancy
of 2.3 × 10−8 (protocol and worked example in Appendix C).

C. Finite-difference verification protocol

This appendix reports a numerical verification of the score and observed information formulas of
Section 4. The model was implemented directly from Eqs (2.1)–(2.6), (3.2), (4.1)–(4.3), and
Appendix B, and every analytic quantity was checked against central finite differences on a generated
numerical example.

Scheme. All derivatives were checked by central finite differences, g′(x) ≈ [g(x+ δ)− g(x− δ)]/(2δ)
for a first derivative and the corresponding central stencil for a mixed second derivative, with step size
δ = 10−5 in the natural (unstandardized) scale of each parameter.

Numerical example and results. Using Algorithm 1, we generated a progressively censored sample
of size n = 30, m = 15 at (α1, α2) = (1.5, 0.7), τ = Q(0.4;α1) = 1.341555, removal scheme R1 = 8,
R2 = · · · = R7 = 0, R8 = · · · = R14 = 0, R15 = 7 (the “Progressive” scheme of Section 6 at
n = 30; random seed recorded in the archived code), giving 8 stage-1 and 7 stage-2 observed failures,
a balanced split that exercises every block of the 2×2 observed information, including the off-diagonal
I12. The resulting MLE, obtained both by direct log-likelihood maximization and, independently, by
root-finding the analytic score (4.2) and (4.3), is (α̂1, α̂2) = (1.52478, 0.25386) (the two methods agree
to 7 decimal places). To verify:

• Score versus finite-difference gradient of the log-likelihood, evaluated at a representative
nonstationary point (α1, α2) = (1.6, 0.75) (informative because both are ≈ 0 at the MLE by
construction): analytic score (0.481782, −6.430698) against finite-difference gradient
(0.481782, −6.430698), maximum discrepancy 5.1 × 10−10.

• Analytic observed information (4.4) versus finite-difference Jacobian of the analytic score, at the

MLE: I(α̂) =
(
12.996 −7.330
−7.330 84.181

)
, maximum entrywise discrepancy 2.4 × 10−7 (I11: 8.6 × 10−10;

I12: 5.0 × 10−9; I22: 2.4 × 10−7); and at the representative point (1.6, 0.75): maximum entrywise
discrepancy 1.5 × 10−9. The eigenvalues of the observed information at the MLE are
(12.249, 84.928), both positive, confirming a local maximum on this replicate.

• Each individual second-order block of Appendix B (Aα, Bα, Bt, Fαα, Fαt), checked against central
finite differences of the corresponding first-order quantity at 10 pseudo-randomly drawn (t, α) ∈
[0.1, 5] × [0.1, 3] points: maximum discrepancy 2.3 × 10−8 across all blocks and points.

• Closed-form Lambert-W quantile (2.3) versus numeric root-finding of F(t;α) = u, at 20
pseudo-random (u, α) points: maximum discrepancy 9.2 × 10−14 (machine precision), confirming
the quantile derivation of Appendix A.

All discrepancies above are at or below 2.4 × 10−7, itself many orders of magnitude smaller than the
quantities being compared (e.g. 2.4×10−7 against I22 = 84.18 is a relative error of 3×10−9), confirming
that the analytic score, observed information, and quantile formulas in the manuscript are internally
consistent with the stated log-likelihood.
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D. Supplementary code

The core IZL step–stress model (CDF/PDF/quantile, score, observed information, the equivalent
time h, and the progressive- and Type-I-censored log–likelihoods) and the full pipeline used to produce
every numerical result in this paper are released as self-contained, individually runnable scripts with
explicit random seeds. Each script has been independently executed against the corresponding reported
value in this manuscript. Key scripts:

• model/izl stepstress.py, mcmc/run mcmc.py: real-data MLE and posterior summaries
(Section 7);

• simulation/rerun c1 c2 full.py, simulation/run c3.py: point-estimation Tables 5–7
(M = 1000; 146 s/scenario on a single core);

• simulation/interval table M1000.py,
simulation/interval table regen sensitivity.py: interval-estimation Table 2 and its
sensitivity check, Table 3;

• gof/suav ks bootstrap.py: the SUAV goodness-of-fit statistic of Table 18;

• comparison/inverted family comparison.py, comparison/quantile benchmark.py,
comparison/reliability ci comparison.py: Tables 16–18, the timing comparison of
Table 17, and the reliability intervals of Table 19.

The archive additionally includes the progressive-censoring sample generator (Algorithm 1), the
Metropolis–Hastings sampler (Algorithm 2), a diagnostic script using the unconstrained (α1, α2)
optimizer for comparison against the order-preserving estimator of Remark 4, and all
figure-generation scripts.
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