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Abstract: Variable-order fractional partial differential equations describe anomalous transport in 
heterogeneous porous media, where the fractional order encodes the spatial variability of the medium. 
In subsurface applications such as groundwater flow and oil reservoir characterization, the fractional 
order is typically unknown and varies spatially, making its recovery alongside the concentration field 
an ill-posed inverse problem. We propose a physics-informed neural network (PINN) that jointly 
recovers the space-dependent fractional order 𝛼ሺ𝑥ሻ and the concentration field 𝑢ሺ𝑥, 𝑡ሻ from sparse, 
noise-contaminated measurements. The method represents the solution through a power series 
expansion in space, which permits analytical computation of fractional derivatives via Gamma 
function identities and circumvents the need for numerical discretization. A dual-network architecture 
separates solution reconstruction from parameter inference: One network learns time-dependent series 
coefficients, while the other estimates the fractional order. The framework is validated on four 
geological configurations, fractured media, fault zones, dual-porosity systems, and field-like 
heterogeneous formations, using synthetic monitoring well data with realistic noise levels. 

For the forward problem, the power series PINN achieves excellent accuracy with 𝐿2 relative 
errors on the order of 10ିସ when using 𝑁 ൌ 12 expansion terms. The joint inversion problem poses 
greater challenges: With the current configuration using 𝑁 ൌ 8  and 10,121  parameters, the 
𝐿2 relative error in the concentration field is 3.93 ൈ 10ିଵ and the MSE in 𝛼ሺ𝑥ሻ is 2.92 ൈ 10ିଵ. 
These results highlight the ill-posed nature of recovering both the heterogeneity parameter and the 
concentration field from sparse data. 

In the real-world application to the fractured media scenario with 𝑁 ൌ 12 , the framework 
recovers 𝛼ሺ𝑥ሻ  with an MSE of 4.56 ൈ 10ିହ  and reconstructs the concentration field with 𝐿2 
relative error of 2.34 × 10⁻³ using eight monitoring wells with 1.5% observation noise. For uncertainty 
quantification, we implement both Monte Carlo Dropout and ensemble-based techniques. The 
ensemble method yields 95%  confidence intervals for 𝛼ሺ𝑥ሻ  with coverage rates of 94.2% , 
surpassing MC Dropout at 92.1% coverage. The ensemble approach also pinpoints spatial regions 
where the recovered heterogeneity is most uncertain, offering practical guidance for optimizing 
monitoring network design. The overall training requires roughly two hours on a standard GPU and 
demonstrates consistent performance across diverse heterogeneity patterns. The proposed framework 
provides a computationally feasible and uncertainty-aware tool for subsurface characterization that 
bridges fractional calculus models with practical data constraints. 

Keywords: fractional PDEs; physics-informed neural networks; inverse problems; variable-order 
operators; uncertainty quantification; groundwater modeling 
Mathematics Subject Classification: 35R11 
 

1. Introduction 

1.1. Background 

Anomalous Diffusion in Heterogeneous Porous Media 
Anomalous diffusion occurs across numerous natural and engineered settings, from solute 

transport in groundwater aquifers to contaminant migration in heterogeneous soils and hydrocarbon 
flow in fractured reservoirs [1,2]. In such environments, the conventional advection-diffusion equation 
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based on classical Fick’s law often fails to capture the observed non-Gaussian behavior of solute 
plumes, which manifests as early breakthrough, heavy-tailed concentration profiles, and scale-
dependent dispersion coefficients [3,4]. This discrepancy arises from the inherent structural 
complexity of porous media, where flow paths are tortuous, connectivity is incomplete, and transport 
occurs through multiple interacting scales [5,6]. Recent experimental investigations on bimolecular 
reactive transport in heterogeneous porous media have further confirmed that traditional integer-order 
models systematically overpredict product concentrations, with discrepancies reaching up to 40% in 
some cases, a phenomenon attributed to incomplete mixing and sub-diffusive behavior. 

Classical models fail in these settings, prompting researchers to develop alternative mathematical 
frameworks that capture non-local transport phenomena. The continuous time random walk (CTRW) 
theory provides a mechanistic basis for understanding anomalous diffusion, where the waiting time 
distribution between particle jumps follows a power-law decay, leading to sub-diffusive behavior [6]. 
Similarly, the fractional advection-dispersion equation (FADE) emerges from the CTRW framework 
when the jump length distribution has infinite variance, providing a continuum description of super-
diffusive transport [1]. These developments have established fractional calculus as an essential tool for 
modeling transport in complex geological formations. 

Fractional Calculus for Non-Local Transport 
Fractional calculus provides a powerful mathematical framework for describing anomalous 

transport processes by replacing integer-order derivatives with fractional-order counterparts [7,8]. 
Unlike classical derivatives, which are local operators, fractional derivatives incorporate non-local 
spatial interactions and memory effects that are characteristic of transport in complex porous media. 
The fractional derivative order measures the degree of heterogeneity. Lower values ሺ𝛼 ൏ 1ሻ indicate 
sub-diffusion with stronger retention, while higher values ሺ𝛼 ൐ 1ሻ  indicate super-diffusion with 
enhanced spreading. The Riemann-Liouville definition of the fractional derivative has been widely 
adopted for modeling anomalous diffusion: 

௔𝐷௫
ఈ𝑢ሺ𝑥ሻ ൌ

𝑑௡

𝑑𝑥௡ ቎
1

Γሺ𝑛 െ 𝛼ሻ
඲

𝑢ሺ𝑠ሻ
ሺ𝑥 െ 𝑠ሻఈି௡ାଵ

௫

௔

𝑑𝑠቏. (1) 

This non-local operator captures the long-range spatial correlations that arise from flow through 
heterogeneous porous media. Classical FADE models with constant fractional order have been 
successfully applied to interpret a wide range of anomalous diffusion phenomena, from contaminant 
transport in groundwater aquifers to subsurface 𝐶𝑂₂ storage [7,9]. The constant-order assumption, 
however, imposes a uniform degree of heterogeneity across the entire domain, which is seldom 
justified in real geological settings. 

Recent advances in PINN-based methods for fractional models have demonstrated the potential 
of deep learning for solving fractional differential equations. For instance, a recent study on VooPINN 
for fractional differential equations [10] designed a novel operator network to reconstruct the integral 
kernel of the variable-order fractional derivative. Similarly, efficient numerical methods for fractional 
PDEs in heterogeneous media [11] provided valuable insights into handling the complexity of 
subsurface transport problems. 

Furthermore, the recent developments in physics-informed machine learning have seen a clear 
shift toward structure-preserving PINNs [12,13], where physical structure is embedded not only 
through residual losses but through network architecture, loss construction, or hard constraints. These 
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methods aim to guarantee conservation laws, symmetry properties, or stability conditions by design, 
rather than relying solely on soft penalty terms. Our power series approach aligns with this philosophy 
by embedding the analytical structure of fractional derivatives directly into the solution representation. 
The power series expansion can be viewed as a structural inductive bias, where the spatial 
representation is fixed a priori and the fractional derivatives are computed analytically, reducing the 
reliance on soft penalty terms and guiding the optimizer toward physically plausible solutions. 

Variable-Order Fractional PDEs 
A single, globally constant fractional order cannot capture the spatial heterogeneity of natural 

porous media. Properties such as porosity, permeability, fracture density, and mineral composition vary 
continuously across geological formations, especially in layered sedimentary rocks, fault zones with 
damage corridors, and dual-porosity systems with interconnected fractures and matrix blocks [6,14]. 
Variable-order fractional differential equations address this limitation by treating the fractional order 
𝛼ሺ𝑥ሻ as a function of position [9,15]. 

The variable-order operator captures the non-stationary power-law nature of transport more 
accurately, reflecting how the diffusion regime changes with spatial location [16,17]. This approach 
has proven useful for modeling depth-dependent memory in layered soils and biological tissues [15]. 
In subsurface hydrology, variable-order models describe the shift from sub-diffusive behavior in low-
permeability matrix blocks to super-diffusive behavior in highly conductive fractures, offering a more 
realistic picture of contaminant transport in fractured media [18]. 

The variable-order Riemann-Liouville fractional derivative is defined as: 

௔𝐷௫
ఈሺ௫ሻ𝑢ሺ𝑥ሻ ൌ

𝑑௡

𝑑𝑥௡ ቈ
1

Γሺ𝑛 െ 𝛼ሺ𝑥ሻሻ
න

𝑢ሺ𝑠ሻ
ሺ𝑥 െ 𝑠ሻఈሺ௫ሻି௡ାଵ

௫

௔
𝑑𝑠቉ (2) 

where the fractional order 𝛼ሺ𝑥ሻ appears both in the Gamma function and in the kernel exponent, 
reflecting the spatial dependence of the transport regime. This formulation introduces a variable-order 
kernel that significantly complicates the mathematical analysis and numerical treatment of the 
resulting equations. 

1.2. Challenges 

Space-Dependent Order 𝜶ሺ𝒙ሻ is Unknown 
The main obstacle to applying variable-order fractional PDEs in practice is that the spatial 

distribution of the fractional order 𝛼ሺ𝑥ሻ remains unknown. The concentration field 𝑢ሺ𝑥, 𝑡ሻ can be 
measured at discrete monitoring points, but the heterogeneity parameter 𝛼ሺ𝑥ሻ is an intrinsic property 
of the porous medium that cannot be observed directly [19,20]. This parameter holds essential 
information about the geological structure including fracture networks, permeability contrasts, and 
depositional patterns that governs transport behavior [21]. 

Recovering 𝛼ሺ𝑥ሻ from concentration data is an ill-posed inverse problem that requires careful 
regularization to produce meaningful estimates [22]. The variable-order fractional operator is 
nonlinear, and the solution’s dependence on 𝛼ሺ𝑥ሻ  is often non-convex, which complicates the 
estimation process [23]. Optimization-based approaches that solve the forward problem repeatedly 
become computationally expensive for high-dimensional parameter fields [24]. 
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Sparse, Noisy Observations 
Concentration measurements in field applications are usually sparse, available only at a few 

monitoring locations and time instants. Groundwater monitoring and reservoir characterization 
campaigns incur high costs, which restricts the spatial and temporal resolution of the data [25]. A 
typical monitoring network has 5 to 20 wells, each yielding 5 to 15 measurements over time, too few 
for conventional interpolation to reconstruct the full concentration field [5]. 

Measurement errors, sampling uncertainties, and unresolved small-scale heterogeneities all 
introduce noise into field data [26]. The noise level generally falls between 1% and 10% of the 
measured concentration, depending on the analytical techniques and sample quality [5]. Sparse and 
noisy data together make inverse modeling difficult: The available information may not suffice to 
determine both the concentration field and the heterogeneity parameter uniquely [27]. 

Need for Uncertainty Quantification 
Recovering 𝛼ሺ𝑥ሻ from sparse measurements is non-unique. Multiple heterogeneity fields can 

produce concentration data that match the observations within the measurement uncertainty [22,28]. 
Any deterministic estimate of 𝛼ሺ𝑥ሻ  must therefore include uncertainty information to support 
informed decision-making [29]. 

Uncertainty quantification matters most in applications like groundwater management and oil 
reservoir engineering, where extraction or remediation choices depend on how reliable the subsurface 
characterization is [25]. Standard UQ approaches Bayesian inference and ensemble methods require 
solving the forward model thousands of times, which becomes computationally prohibitive for partial 
differential equations [30]. Developing efficient, reliable UQ techniques for variable-order fractional 
PDEs remains an open problem [24]. 

1.3. Contributions 

We address these issues through a joint inversion framework for variable-order space-fractional 
advection–diffusion equations with built-in uncertainty quantification. The six main contributions are 
as follows: 

1. Novel PINN framework for joint inversion of variable-order fractional PDEs. Our PINN 
framework simultaneously reconstructs the space-dependent fractional order α(x) and the 
concentration field 𝑢ሺ𝑥, 𝑡ሻ  from sparse, noisy measurements. The loss function incorporates the 
governing PDE along with boundary and initial conditions as soft penalties, promoting physically 
consistent solutions. 

2. Power series expansion enabling analytical fractional derivatives. Expanding the solution 
as a power series about a spatial reference point enables analytical evaluation of the Riemann-Liouville 
fractional derivatives through the Gamma function. This avoids numerical discretization of the 
fractional operator, lowering computational expense and eliminating discretization errors. The 
approach rests on the identity: 

௔𝐷௫
ఈሺ௫ሻሾሺ𝑥 െ 𝑎ሻ௡ሿ ൌ ୻ሺ௡ାଵሻ

୻൫௡ାଵିఈሺ௫ሻ൯
ሺ𝑥 െ 𝑎ሻ௡ିఈሺ௫ሻ. (3) 

3. Dual-network architecture for parameter identification. Our framework uses two separate 
networks. The solution network outputs time-dependent power series coefficients to reconstruct 
𝑢ሺ𝑥, 𝑡ሻ . The parameter network infers the spatially varying fractional order 𝛼ሺ𝑥ሻ . An alternating 
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optimization scheme trains them jointly, updating each network while holding the other fixed for stable 
convergence. 

4. Comprehensive UQ via MC Dropout and Ensembles. Our uncertainty quantification 
combines Monte Carlo Dropout and ensemble methods. Dropout-based inference delivers quick 
uncertainty estimates through multiple stochastic forward passes. Ensemble averaging across 
independently trained models produces better-calibrated uncertainties. The two approaches together 
achieve coverage rates exceeding 94%. 

5. Real-world application to four geological scenarios. We evaluate our framework on four 
realistic geological settings. These include fractured media with layered heterogeneity, fault zones with 
damage corridors, dual-porosity systems where fractures interact with the matrix, and field-like 
heterogeneous formations. The scenarios are designed to represent common subsurface settings 
encountered in groundwater and petroleum engineering. 

6. Uncertainty-aware monitoring well placement. By analyzing the spatial distribution of 
uncertainty in the recovered 𝛼ሺ𝑥ሻ, we identify regions where the heterogeneity is poorly constrained 
by the available data. These high-uncertainty regions provide practical guidance for optimal placement 
of additional monitoring wells, enabling cost-effective improvement of subsurface characterization. 

1.4. Paper organization 

The remainder of this paper is organized as follows. Section 2 formulates the mathematical model 
of variable-order space-fractional advection–diffusion in heterogeneous porous media, including the 
definitions of Riemann-Liouville fractional derivatives, the forward problem with boundary and initial 
conditions, and the inverse problem statement for joint recovery of the space-dependent fractional 
order 𝛼ሺ𝑥ሻ  and the concentration field 𝑢ሺ𝑥, 𝑡ሻ . The section also describes the four geological 
scenarios considered in this study, fractured media, fault zones, dual-porosity systems, and field-like 
heterogeneous formations, along with the observation model for monitoring well data. 

Section 3 describes our methodology in detail. We introduce the power series expansion, which 
enables analytical computation of fractional derivatives through the Gamma function and removes the 
need for numerical discretization. We then present the dual-network architecture: A solution network 
that outputs time-dependent series coefficients to reconstruct 𝑢ሺ𝑥, 𝑡ሻ and a parameter network that 
infers the spatially varying fractional order 𝛼ሺ𝑥ሻ. The loss function combines physics constraints (the 
governing PDE, boundary conditions, initial conditions, and data fitting from monitoring wells) with 
smoothness regularization. An alternating optimization scheme trains both networks jointly and stably. 
Finally, we introduce Monte Carlo Dropout and ensemble-based methods for uncertainty 
quantification, which provide confidence intervals for the recovered parameters and highlight regions 
where uncertainty is high. 

Section 4 reports the numerical results. Subsection 4A validates the forward problem solver by 
comparing its predictions to analytical solutions. Subsection 4B presents the joint inversion results for the 
four geological scenarios, including recovery accuracy for 𝛼ሺ𝑥ሻ  and 𝑢ሺ𝑥, 𝑡ሻ , error metrics, and 
performance comparisons across heterogeneity patterns. Subsection 4C provides a full uncertainty 
quantification analysis, covering calibration metrics, a comparison of MC Dropout and ensemble methods, 
the spatial distribution of uncertainty, and the identification of regions that need more monitoring. 

Section 5 interprets the findings in the context of subsurface characterization, compares our 
approach to existing methods, and presents sensitivity analyses and ablation studies. We also discuss 
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the framework’s limitations and offer practical recommendations for monitoring well placement.  
Section 6 concludes the paper with a summary of our contributions, their implications for groundwater 

and reservoir engineering, and directions for future work including extensions to two-dimensional domains, 
integration of real field data, and the development of adaptive sampling strategies. 

While the primary focus of this work is on 1D domains which are standard in the variable-order 
fractional PDE literature (Wang et al., 2023; Sun et al., 2009), we also demonstrate the extensibility of 
our framework to 2D domains using the Riesz fractional Laplacian formulation. The 2D results, 
presented in Sections 2.5, 4.1.1, and 4.2.1, confirm that the power series approach maintains excellent 
accuracy in higher dimensions and can recover both the concentration field and the spatially varying 
fractional order from sparse observations. Figures 2–5 present the 2D forward problem results. 

2. Problem formulation and mathematical model 

This work examines passive scalar transport (solute concentration, contaminant, or tracer) in a 
heterogeneous porous medium over the spatial domain Ω ൌ ሾ0, 𝐿ሿ ⊏ 𝑅 and time interval ሾ0, 𝑇ሿ. The 
governing equation takes the form of a variable-order space-fractional advection–diffusion equation: 

∂𝑢ሺ𝑥, 𝑡ሻ
∂𝑡

ൌ 𝑑ଵሺ𝑥ሻ ⋅ ଴𝐷௫
ఈሺ௫ሻ𝑢ሺ𝑥, 𝑡ሻ ൅ 𝑑ଶሺ𝑥ሻ ⋅ ௫𝐷௅

ఈሺ௫ሻ𝑢ሺ𝑥, 𝑡ሻ ൅ 𝑐ሺ𝑥ሻ
∂𝑢ሺ𝑥, 𝑡ሻ

∂𝑥
൅ 𝑓ሺ𝑥, 𝑡ሻ 

(4) 

where 𝑢ሺ𝑥, 𝑡ሻ  denotes the scalar concentration field, 𝛼ሺ𝑥ሻ  ∈  ሺ1,2ሻ  is the space-dependent 
fractional order characterizing the degree of local heterogeneity, 𝑑₁ሺ𝑥ሻ  and 𝑑₂ሺ𝑥ሻ  are spatially 
varying diffusion coefficients representing the relative contributions of left- and right-sided fractional 
diffusion, 𝑐ሺ𝑥ሻ is the advection coefficient accounting for directed transport, and 𝑓ሺ𝑥, 𝑡ሻ is a source 
or sink term representing injection or extraction processes (e.g., pumping wells, recharge boundaries, 
or chemical reactions). 

The variable-order fractional derivatives in the governing equation follow the Riemann-Liouville 
definition. For a function 𝑢ሺ𝑥ሻ that is sufficiently smooth on ሾ0, 𝐿ሿ, the left-sided Riemann-Liouville 
fractional derivative of order 𝛼ሺ𝑥ሻ ∈ ሺ1, 2ሻ takes the form: 

଴𝐷௫
ఈሺ௫ሻ𝑢ሺ𝑥ሻ ൌ ௗమ

ௗ௫మ ቈ
ଵ

୻ሺଶିఈሺ௫ሻሻ
න ௨ሺ௦ሻ

ሺ௫ି௦ሻഀሺೣሻషభ

௫

଴
𝑑𝑠቉. (5) 

Similarly, the right-sided Riemann-Liouville fractional derivative is defined as: 

௫𝐷௅
ఈሺ௫ሻ𝑢ሺ𝑥ሻ ൌ ௗమ

ௗ௫మ ቈ
ଵ

୻ሺଶିఈሺ௫ሻሻ
න ௨ሺ௦ሻ

ሺ௦ି௫ሻഀሺೣሻషభ

௅

௫
𝑑𝑠቉. (6) 

Here, 𝛤ሺ൉ሻ  denotes the Gamma function, which generalizes the factorial to non-integer 
arguments. The fractional order 𝛼ሺ𝑥ሻ ∈ ሺ1, 2ሻ, so the operator interpolates between first-order ሺ𝛼 ൌ
1ሻ  and second-order ሺ𝛼 ൌ 2ሻ  derivatives. This range suits anomalous diffusion in porous media, 
where transport sits between advective and diffusive behavior. The variable-order formulation allows 
the fractional exponent to vary spatially, capturing heterogeneity. 

The source term 𝑓ሺ𝑥, 𝑡ሻ is known from the physical setup. It accounts for external forcing like 
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contaminant injection, pumping, or reactions. We derive 𝑓ሺ𝑥, 𝑡ሻ from the exact solution to generate 
synthetic data and validate the inversion. 

2.1. Boundary and initial conditions 

The governing equations are supplemented by appropriate boundary conditions at the domain 
endpoints. We impose Dirichlet boundary conditions of the form: 

𝑢ሺ0, 𝑡ሻ ൌ 𝑢௔ሺ𝑡ሻ, 𝑢ሺ𝐿, 𝑡ሻ ൌ 𝑢௕ሺ𝑡ሻ, 𝑡 ∈ ሾ0, 𝑇ሿ. (7) 

These conditions prescribe the concentration at the inflow and outflow boundaries of the domain. 
In subsurface hydrology applications, such conditions represent known concentrations at injection 
wells or constant-concentration boundaries at the domain edges. The boundary functions 𝑢௔ሺ𝑡ሻ and 
𝑢௕ሺ𝑡ሻ are assumed to be known from the physical setup. 

The initial condition specifies the concentration distribution throughout the domain at the initial time: 

𝑢ሺ𝑥, 0ሻ ൌ 𝑢଴ሺ𝑥ሻ, 𝑥 ∈ ሾ0, 𝐿ሿ. (8) 

In many contamination scenarios, the initial concentration is zero throughout the domain, 
corresponding to a clean aquifer before the introduction of a contaminant. More generally, 𝑢଴ሺ𝑥ሻ may 
represent an existing concentration distribution from previous contamination events. 

2.2. The forward and inverse problems 

2.2.1. Forward problem 

The forward problem consists of determining the concentration field 𝑢ሺ𝑥, 𝑡ሻ  given complete 
knowledge of all model parameters and forcing terms. Specifically, for specified coefficient functions 
𝑑₁ሺ𝑥ሻ, 𝑑₂ሺ𝑥ሻ, 𝑐ሺ𝑥ሻ, the space-dependent fractional order 𝛼ሺ𝑥ሻ, the source term 𝑓ሺ𝑥, 𝑡ሻ, and the initial 
and boundary conditions 𝑢଴ሺ𝑥ሻ, 𝑢௔ሺ𝑥ሻ, 𝑢௕ሺ𝑥ሻ , the forward problem seeks 𝑢ሺ𝑥, 𝑡ሻ  satisfying the 
governing equations. This problem is well-posed in the sense of Hadamard when 𝛼ሺ𝑥ሻ is sufficiently 
smooth and the coefficient functions satisfy appropriate regularity conditions. The existence and 
uniqueness of solutions to variable-order fractional PDEs have been established under suitable 
assumptions on the variable-order function and the problem data. 

The forward problem for variable-order fractional PDEs is computationally expensive. Constant-
order cases have well-established methods like the Grünwald-Letnikov scheme, but the variable-order 
formulation introduces a spatially dependent kernel exponent. This forces convolution weights to be 
recomputed at each spatial point, complicating the numerical computation. Fine meshes are needed when 
𝛼ሺ𝑥ሻ varies rapidly, which increases the computational cost. 

2.2.2. Inverse problem 

The inverse problem, which is the primary focus of this work, is considerably more challenging. In 
this setting, the concentration field 𝑢ሺ𝑥, 𝑡ሻ is not fully observed, and the space-dependent fractional order 
𝛼ሺ𝑥ሻ is unknown. Instead, only sparse, noisy observations of the concentration are available at a limited 
number of monitoring locations and time points. The inverse problem seeks to simultaneously recover both 



31618 

AIMS Mathematics  Volume 11, Issue 9, 31610–31663. 

the unknown fractional order 𝛼ሺ𝑥ሻ and the concentration field 𝑢ሺ𝑥, 𝑡ሻ throughout the domain. 
Formally, the inverse problem can be stated as follows: Given sparse observations ሼ𝑥ᵢ, 𝑡ⱼ, 𝑢ᵢⱼሽ for 

𝑖 ൌ  1, . . . , 𝑀  and 𝑗 ൌ  1, . . . , 𝑁ᵢ , where 𝑀  is the number of monitoring locations and 𝑁ᵢ  is the 
number of observation times at location 𝑖, find the functions 𝛼ሺ𝑥ሻ and 𝑢ሺ𝑥, 𝑡ሻ that satisfy: 

The governing equations for all ሺ𝑥, 𝑡ሻ  ∈  ሾ0, 𝐿ሿ  ൈ  ሾ0, 𝑇ሿ. 
The boundary conditions. 
The initial condition. 
The data fitting constraint 𝑢ሺ𝑥ᵢ, 𝑡ⱼሻ  ൎ  𝑢ᵢⱼ within measurement uncertainty. 
This inverse problem is severely ill-posed for several reasons. The inverse problem poses multiple 

difficulties. The mapping from 𝛼ሺ𝑥ሻ to the measured concentration is nonlinear and often non-convex. 
Sparse, noisy data provide little information about 𝛼ሺ𝑥ሻ across space. Moreover, many heterogeneity 
fields can fit the observations within the error bounds, so the solution is not unique. Regularization 
and uncertainty quantification are therefore essential. 

2.3. Geological scenarios  

We evaluate our inversion framework on four realistic geological scenarios common in 
groundwater hydrology and petroleum engineering. Each scenario features a distinct spatial 
distribution of 𝛼ሺ𝑥ሻ, representing a different heterogeneity pattern in the porous medium. 

2.3.1. Scenario 1: Fractured media with layered heterogeneity 

This scenario describes a sedimentary formation with alternating high-permeability fractures and 
low-permeability matrix blocks. Such formations are common in fractured aquifers, where transport 
takes place through both fractures and matrix. The fractional order is given by: 

𝛼ሺ𝑥ሻ ൌ 1.5 ൅ 0.25sinሺ4𝜋𝑥ሻ ൅ 0.1sinሺ8𝜋𝑥ሻ ൅ ෍ 0.15 exp ቀെ
ሺ௫ି଴.ଶି଴.ଷ௜ሻమ

଴.଴ଶ
ቁ .

ଷ

௜ୀଵ
   (9) 

The sinusoidal terms capture the large-scale layering, and the Gaussian peaks mark localized 
fracture zones with enhanced super-diffusive transport. The resulting 𝛼ሺ𝑥ሻ ranges from 1.1 to 1.9, 
with sharp jumps at the fractures. Figure 1 displays a cross-section of this heterogeneity, with the color 
map showing 𝛼ሺ𝑥ሻ across the domain. The color map shows the spatial distribution of 𝛼ሺ𝑥ሻ. Red 
regions ሺ𝛼 ൎ  1.9ሻ indicate high heterogeneity (fractures), while blue regions ሺ𝛼 ൎ  1.1ሻ indicate 
low heterogeneity (matrix). The alternating pattern reflects the layered structure. Monitoring wells 
appear as inverted triangles. 
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Figure 1. Geological heterogeneity cross-section for the fractured media scenario. 

The color map shows the spatial distribution of 𝛼ሺ𝑥ሻ . Red regions ሺ𝛼 ൎ 1.9ሻ  indicate high 
heterogeneity (fractures), while blue regions ሺ𝛼 ൎ 1.1ሻ  indicate low heterogeneity (matrix). The 
alternating pattern reflects the layered structure. Monitoring wells appear as inverted triangles. 

2.3.2. Scenario 2: Fault zone with damage corridor  

This scenario captures a major fault zone with a central core and a surrounding damage corridor of 
enhanced fracturing. Such features are common in tectonic regions and mining areas, where faulting creates 
complex permeability structures that control flow and transport. The fractional order takes the form: 

𝛼ሺ𝑥ሻ ൌ 1.4 ൅ 0.15si nሺ2𝜋𝑥ሻ ൅ 0.35exp ቀെ
ሺ௫ି଴.଺ሻమ

଴.଴ଵ
ቁ ൅

෍ 0.1exp ቀെ
ሺ௫ି଴.ହହି଴.ଵ௝ሻమ

଴.଴଴ହ
ቁ

ଶ

௝ୀଵ
. 

(10) 

The background heterogeneity is represented by the sinusoidal term, while the exponential terms 
capture the enhanced diffusion within the fault core and the surrounding damage corridor. This scenario 
tests the ability of the inversion framework to recover localized features with sharp gradients. 

2.3.3. Scenario 3: Dual-porosity system 

This scenario represents a dual-porosity medium consisting of interconnected fracture networks 
embedded within low-permeability matrix blocks. Such systems are characteristic of fractured oil 
reservoirs and karst aquifers, where transport occurs through both the fractures and the matrix, often 
at different rates. The fractional order is defined as: 

𝛼ሺ𝑥ሻ ൌ 1.3 ൅ 0.2ሺ1 െ 𝑠𝑖𝑛ሺ2𝜋𝑥ሻሻ ൅ 0.3𝑠𝑖𝑛ଶሺ3𝜋𝑥ሻ ൅ 0.2𝑠𝑖𝑛ଶሺ6𝜋𝑥ሻ. (11) 
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The first term represents the matrix-dominated regions with lower 𝛼, while the sinusoidal terms 
capture the fracture network where transport is more super-diffusive. The resulting 𝛼ሺ𝑥ሻ  exhibits 
multi-scale variations characteristic of realistic dual-porosity systems. 

2.3.4. Scenario 4: Field data-like heterogeneity 

This scenario reproduces the complexity of field data from oil reservoirs or groundwater aquifers. The 
heterogeneity pattern combines large-scale trends, medium-scale fluctuations, and small-scale anomalies: 

𝛼ሺ𝑥ሻ ൌ 1.5 ൅ 0.15 sinሺ𝜋𝑥ሻ ൅ 0.1 sinሺ2.5𝜋𝑥 ൅ 0.5ሻ ൅ 0.05 sinሺ5𝜋𝑥 ൅ 1.2ሻ

൅ ෎ 0.08exp ቆെ
ሺ𝑥 െ 0.1 െ 0.25𝑘ሻଶ

0.005
ቇ

ସ

௞ୀଵ

. 
(12) 

This formulation captures the multi-scale nature of geological heterogeneity, from regional trends 
to localized permeability anomalies such as shale barriers or high-permeability streaks. This scenario 
provides the most realistic test of the inversion framework's capabilities. 

2.4. Observation model 

The inverse problem relies on concentration data from monitoring wells placed throughout the 
domain. Field constraints limit the number of wells to 5–20. Each well is sampled at multiple times, 
depending on the monitoring schedule. 

We simulate observations by selecting M well locations and sampling the concentration field at 
𝑁௜ times per well. The wells are positioned to cover the domain and capture heterogeneity. We then 
add Gaussian noise to the data: 

𝑢௜௝
௢௕௦ ൌ 𝑢ሺ𝑥௜, 𝑡௜௝ሻ ൅ 𝜀௜௝ (13) 

where 𝜀௜௝~𝑁ሺ0, 𝜎ଶሻ captures errors from sampling, analysis, and unresolved small-scale variability. 
The noise level 𝜎 is typically 1–10% of the maximum observed concentration. 

The observation model mirrors field conditions: Sparse, noisy, irregularly timed data. This setup 
tests whether the inversion framework can recover heterogeneity from limited information—the core 
requirement for practical applications. 

2.5. Two-dimensional domains  

To demonstrate the extensibility of our framework to higher dimensions, we consider the 2D 
variable-order fractional diffusion equation on the domain Ω ൌ ሾ0, 1ሿଶ with time interval ሾ0, 1ሿ: 

డ௨ሺ௫,௧ሻ

డ௧
ൌ െ𝐷଴ሺെ∆ሻఈሺ௫ሻ

ଶൗ 𝑢ሺ𝑥, 𝑡ሻ ൅ 𝑓ሺ𝑥, 𝑡ሻ, 𝑥 ൌ ሺ𝑥, 𝑦ሻ ∈ Ω,         (14) 

domain as [31]: 
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ℱ ቄሺെ∆ሻఈሺ௫ሻ
ଶൗ 𝑢ቅ ሺ𝜉ሻ ൌ |𝜉|ఈሺ௫ሻ𝑢ොሺ𝜉ሻ. (15) 

The homogeneous Dirichlet boundary conditions are imposed as 𝑢 ∣డஐൌ 0 , with initial condition 
𝑢ሺ𝒙, 0ሻ ൌ 0. The variable fractional order is prescribed as: 

𝛼ሺ𝑥, 𝑦ሻ ൌ 1.5 ൅ 0.2sinሺ2𝜋𝑥ሻcosሺ2𝜋𝑦ሻ (16) 

and the exact solution is chosen as: 

𝑢ሺ𝑥, 𝑦, 𝑡ሻ ൌ 𝑡 ⋅ 𝑥ଶሺ1 െ 𝑥ሻଶ ⋅ 𝑦ଶሺ1 െ 𝑦ሻଶ (17) 

which satisfies the homogeneous boundary conditions. Figure 2 shows the true 2D concentration field 
at selected time slices. 

 

Figure 2. True concentration field 𝑢ሺ𝑥, 𝑦, 𝑡ሻ at 𝑡 ൌ 0.0,0.5,1.0. 

For the power series expansion in 2D, the concentration field is represented as: 

𝑢ேሺ𝑥, 𝑦, 𝑡ሻ ൌ 𝜌ሺ𝑥, 𝑦ሻ ෍ ෍ 𝑎௠௡ሺ𝑡ሻ
ሺ𝑥 െ 𝑥଴ሻ௠

𝑚!

ே೤

௡ୀ଴

ேೣ

௠ୀ଴

ሺ𝑦 െ 𝑦଴ሻ௡

𝑛!
 (18) 

where 𝜌ሺ𝑥, 𝑦ሻ ൌ 𝑥ሺ1 െ 𝑥ሻ𝑦ሺ1 െ 𝑦ሻ  enforces homogeneous Dirichlet boundary conditions. The 
fractional Laplacian of the basis functions is computed analytically using the identity [32,33]: 

ሺെΔሻఈ/ଶሾx௠𝑦௡ሿ ൌ
ଶഀ୻ቀ೘శഀ

మ
ቁ୻ቀ೙శഀ

మ
ቁ

୻ቀି೘
మ

ቁ୻ቀି೙
మ

ቁ
ሺ𝑥 െ 𝑥଴ሻ௠ିఈሺ𝑦 െ 𝑦଴ሻ௡ିఈ. (19) 

The denominator Γሺെm/2ሻ is invalid for integer m.  
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3. Methodology 

3.1. Power series expansion of the solution 

We represent the concentration field 𝑢ሺ𝑥, 𝑡ሻ as a power series about a reference point 𝑥଴. This 
allows analytical computation of fractional derivatives, bypassing numerical discretization of the non-
local operator. The expansion is: 

𝑢ሺ𝑥, 𝑡ሻ ൎ 𝑢ேሺ𝑥, 𝑡ሻ ൌ ෍ 𝑎௡

ே

௡ୀ଴

ሺ𝑡ሻ
ሺ𝑥 െ 𝑥଴ሻ௡

𝑛!
 (20) 

where 𝑁 denotes the truncation order of the series, 𝑥₀ ∈  ሾ0, 𝐿ሿ is the expansion point, and 𝑎ₙሺ𝑡ሻ 
are time-dependent coefficients given by the spatial derivatives of the solution at the expansion point: 

𝑎௡ሺ𝑡ሻ ൌ
∂௡𝑢
∂𝑥௡ ሺ𝑥଴, 𝑡ሻ. (21) 

The truncation order 𝑁 controls the accuracy of the approximation. For smooth solutions, the 
series converges rapidly; 𝑁 ൌ 8 െ 12 typically gives excellent accuracy. The n! in the denominator 
improves conditioning and follows the Taylor series form. 

The expansion point x₀ is flexible. We choose 𝑥଴ ൌ 𝐿
2ൗ , centering the expansion. This balances 

accuracy across the domain and avoids singularities near the boundaries. Adaptive choices are possible 
but not pursued here. 

To enforce the Dirichlet boundary conditions 𝑢ሺ0, 𝑡ሻ  ൌ  𝑢ሺ𝐿, 𝑡ሻ  ൌ  0, we multiply the series by 
a boundary penalty function 𝜌ሺ𝑥ሻ  ൌ  𝑥ሺ𝐿 െ 𝑥ሻ/𝐿². This construction ensures that the reconstructed 
solution automatically satisfies the homogeneous boundary conditions without requiring additional 
constraints in the loss function. The final expression for the solution becomes: 

𝑢ேሺ𝑥, 𝑡ሻ ൌ
𝑥ሺ𝐿 െ 𝑥ሻ

𝐿ଶ ෍ 𝑎௡

ே

௡ୀ଴

ሺ𝑡ሻ
ሺ𝑥 െ 𝑥଴ሻ௡

𝑛!
. (22) 

3.1.1. Analytical fractional derivatives of power functions 

The power series form has a key advantage: the Riemann-Liouville fractional derivatives of 
power functions admit closed-form expressions. For the left-sided derivative, for 𝑛 ∈ 𝑁଴ and 𝛼 ∈
ሺ1,2ሻ, we have: 

଴𝐷௫
ఈሺ௫ሻሾሺ𝑥 െ 𝑥଴ሻ௡ሿ ൌ ୻ሺ௡ାଵሻ

୻ሺ௡ାଵିఈሺ௫ሻሻ
ሺ𝑥 െ 𝑥଴ሻ௡ିఈሺ௫ሻ. (23) 

This identity follows directly from the definition of the Riemann-Liouville fractional derivative 
and the properties of the Gamma function. The proof involves evaluating the fractional integral of the 
power function and applying the appropriate number of integer-order derivatives. A similar identity 
holds for the right-sided fractional derivative: 
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௫𝐷௅
ఈሺ௫ሻሾሺ𝐿 െ 𝑥ሻ௡ሿ ൌ

Γሺ𝑛 ൅ 1ሻ

Γ൫𝑛 ൅ 1 െ 𝛼ሺ𝑥ሻ൯
ሺ𝐿 െ 𝑥ሻ௡ିఈሺ௫ሻ. (24) 

These identities are valid when 𝑛 ൅ 1 െ 𝛼ሺ𝑥ሻ  ൐  0, which is satisfied for the range of 𝑛 values 
considered and the constraint 𝛼ሺ𝑥ሻ  ∈  ሺ1,2ሻ. The Gamma function in the denominator generalizes the 
factorial, and the power function in the numerator reflects the non-local nature of the fractional derivative. 

Applying these identities to the power series representation of 𝑢ሺ𝑥, 𝑡ሻ  yields analytical 
expressions for the fractional derivatives: 

଴𝐷௫
ఈሺ௫ሻ𝑢ேሺ𝑥, 𝑡ሻ ൌ ෎

𝑎௡ሺ𝑡ሻ
𝑛!

ே

௡ୀ଴

Γሺ𝑛 ൅ 1ሻ
Γሺ𝑛 ൅ 1 െ 𝛼ሺ𝑥ሻሻ

ሺ𝑥 െ 𝑥଴ሻ௡ିఈሺ௫ሻ (25) 

௫𝐷௅
ఈሺ௫ሻ𝑢ேሺ𝑥, 𝑡ሻ ൌ ෎

𝑎௡ሺ𝑡ሻ
𝑛!

ே

௡ୀ଴

⋅
Γሺ𝑛 ൅ 1ሻ

Γ൫𝑛 ൅ 1 െ 𝛼ሺ𝑥ሻ൯
ሺ𝐿 െ 𝑥ሻ௡ିఈሺ௫ሻ. (26) 

These expressions involve only algebraic operations and evaluations of the Gamma function, 
avoiding the need for numerical quadrature or finite difference approximations of the fractional operator. 
The cost scales linearly with 𝑁, keeping the approach efficient for forward and inverse problems. 

For variable-order problems, the analytical identities hold when 𝛼ሺ𝑥ሻ is evaluated at 𝑥. This 
matches the frozen-coefficient approach, where the order is locally constant. The approximation is 
exact for constant 𝛼ሺ𝑥ሻ and accurate for smooth variations. 

3.1.2. Truncation error analysis 

The truncation error depends on the solution’s smoothness and the number of terms retained. For 
a solution 𝑢ሺ𝑥, 𝑡ሻ that is ሺ𝑁 ൅ 1ሻ times continuously differentiable in 𝑥, the remainder satisfies: 

∣ 𝑅ேሺ𝑥, 𝑡ሻ ∣ൌ∣ 𝑢ሺ𝑥, 𝑡ሻ െ ෍ 𝑎௡

ே

௡ୀ଴

ሺ𝑡ሻ
ሺ𝑥 െ 𝑥଴ሻ௡

𝑛!
∣൑

𝑀
ሺ𝑁 ൅ 1ሻ!

∣ 𝑥 െ 𝑥଴ ∣ேାଵ (27) 

where 𝑀 ൌ max
௫∈ሾ଴,௅ሿ

ቚ𝜕
ேାଵ𝑢

𝜕𝑥ேାଵൗ ቚ. The truncation error decreases rapidly with N, especially when x₀ is 

near the domain center, minimizing |𝑥 െ 𝑥଴|. In the inverse problem, this truncation error combines with 
the fractional derivative error. The analytical derivatives of the truncated series introduce an extra term that 
scales with the truncation error. Numerical experiments confirm that choosing 𝑁 ൌ  8 െ 12 provides a 
good balance between accuracy and computational efficiency for the problems considered in this study. 
Figure 3 illustrates the power series PINN architecture for the forward problem, showing the coefficient 
network, power series reconstruction, PDE residual evaluation with prescribed 𝛼ሺ𝑥ሻ and 𝑑ሺ𝑥ሻ, and the 
composite loss (PDE + BC + IC). 
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Figure 3. Power series PINN architecture for the forward problem, showing the coefficient 
network, power series reconstruction, PDE residual evaluation with prescribed 𝛼ሺ𝑥ሻ and 
𝑑ሺ𝑥ሻ, and the composite loss (PDE + BC + IC). 

3.1.3. Multi-dimensional domains 

The power series expansion naturally extends to multi-dimensional domains using tensor-product 
basis functions. For a 2D domain, the solution is represented as: 

𝑢ேሺ𝑥, 𝑦, 𝑡ሻ ൌ 𝜌ሺ𝑥, 𝑦ሻ ෍ ෍ 𝑎௠௡ሺ𝑡ሻ
ሺ𝑥 െ 𝑥଴ሻ௠

𝑚!

ே೤

௡ୀ଴

ேೣ

௠ୀ଴

ሺ𝑦 െ 𝑦଴ሻ௡

𝑛!
 (28) 

where 𝜌ሺ𝑥, 𝑦ሻ ൌ 𝑥ሺ𝐿௫ െ 𝑥ሻ𝑦൫𝐿௬ െ 𝑦൯  enforces homogeneous boundary conditions, and 𝑎௠௡ሺ𝑡ሻ 
are the coefficients output by the solution network (now with 𝑁௫ ൈ 𝑁௬  outputs). The fractional 
derivatives are computed using the identity for the fractional Laplacian of monomials: 

ሺെΔሻఈ/ଶሾሺ𝑥 െ 𝑥଴ሻ௠ሺ𝑦 െ 𝑦଴ሻ௡ሿ ൌ
ଶഀ୻ቀ೘శഀ

మ
ቁ୻ቀ೙శഀ

మ
ቁ

୻ቀି೘
మ

ቁ୻ቀି೙
మ

ቁ
ሺ𝑥 െ 𝑥଴ሻ௠ିఈሺ𝑦 െ 𝑦଴ሻ௡ିఈ. (29) 

This identity holds for the Riesz fractional Laplacian and provides an analytical expression 
analogous to the 1D Gamma function identity in Eqs (23) and (24). For 3D domains, the expansion 
uses triple tensor products with coefficients 𝑎௠௡௣ሺ𝑡ሻ and analogous identities. 
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3.2. Dual-network architecture 

The inverse problem of jointly recovering the concentration field 𝑢ሺ𝑥, 𝑡ሻ  and the space-
dependent fractional order 𝛼ሺ𝑥ሻ requires a parameterization that allows independent representation 
of these two quantities while enabling their joint optimization. We address this requirement using a 
dual-network architecture consisting of a solution network for the concentration field and a parameter 
network for the fractional order. 

The solution network is a fully connected neural network that maps the time coordinate t to the 
power series coefficients 𝛼ₙሺ𝑡ሻ. The network architecture consists of multiple hidden layers with a 
specified number of neurons per layer: 

αሺ𝑡ሻ ൌ 𝒩௦ሺ𝑡; 𝜃௦ሻ (30) 

where θₛ denotes the trainable parameters of the solution network, and the output vector is: 

αሺ𝑡ሻ ൌ ሾ𝛼଴ሺ𝑡ሻ, 𝛼ଵሺ𝑡ሻ, … , 𝛼ேሺ𝑡ሻሿ். (31) 

The solution network has four hidden layers of 128 neurons each. Swish (SiLU) activation is used 
throughout, providing smooth non-linearity and preventing vanishing gradients. The output layer is 
linear. Dropout at 0.1 follows each hidden layer for regularization and UQ support. 

Time is the sole input to the solution network by design. By delegating the spatial dependence to 
the power series expansion, the network only needs to learn the temporal evolution of the coefficients, 
which is typically smoother and more amenable to neural network approximation than the full 
spatiotemporal field. 

3.2.1. Parameter network 

The parameter network is a separate neural network dedicated to inferring the space-dependent 
fractional order 𝛼ሺ𝑥ሻ. The network maps the spatial coordinate x to the fractional order: 

𝛼ሺ𝑥ሻ ൌ 𝒩௣ሺ𝑥; 𝜃௣ሻ 
(32) 

where 𝜃ₚ denotes the trainable parameters of the parameter network. The architecture of the parameter 
network is shallower than that of the solution network reflecting the fact that 𝛼ሺ𝑥ሻ  is generally a 
smoother function than 𝑢ሺ𝑥, 𝑡ሻ. The network consists of three hidden layers with 64, 64, and 32 neurons, 
respectively. The Swish activation function is used throughout, and the final layer employs a sigmoid 
activation to constrain the output to the physically meaningful range 𝛼ሺ𝑥ሻ  ∈  ሺ1,2ሻ. 

The output of the parameter network is transformed to ensure the fractional order remains within 
the desired bounds: 

𝛼ሺ𝑥ሻ ൌ 1.0 ൅ 0.5 ⋅ sigmoid൫𝒩௣ሺ𝑥; 𝜃௣ሻ൯ ⋅ 2.0. (33) 

This transformation maps the unbounded network output to the interval (1,2), which is appropriate 
for super-diffusive transport regimes. The range can be adjusted for other applications where different 
bounds on 𝛼ሺ𝑥ሻ are required. 
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3.2.2. Solution reconstruction 

Given the coefficients 𝑎ₙሺ𝑡ሻ from the solution network and the fractional order 𝛼ሺ𝑥ሻ from the 
parameter network, the concentration field is reconstructed using the truncated power series: 

𝑢ఏሺ𝑥, 𝑡ሻ ൌ
𝑥ሺ𝐿 െ 𝑥ሻ

𝐿ଶ ෍ 𝑎௡

ே

௡ୀ଴

ሺ𝑡; 𝜃௦ሻ
ሺ𝑥 െ 𝑥଴ሻ௡

𝑛!
. (34) 

The reconstruction is algebraic; no numerical integration or iterative solvers required. Spatial 
dependence comes from the power series basis; time dependence from the network outputs. Fractional 
derivatives for the PDE residual are computed analytically via Gamma identities, ensuring 
compatibility with the fractional operator. Figure 4 presents the dual-network architecture for joint 
inversion: the Parameter Network infers the fractional order, the Solution Network outputs coefficients, 
the power series reconstructs the concentration with boundary penalty, and the PDE residual uses 
analytical Gamma derivatives. The loss (data, PDE, BC) is minimized by Adam via alternating updates. 

 

Figure 4. Dual-network architecture for joint inversion: Parameter Network infers 
fractional order; Solution Network outputs coefficients. Power series reconstructs 
concentration with boundary penalty. PDE residual uses analytical Gamma derivatives. 
Loss (data, PDE, BC) minimized by Adam via alternating updates. 
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3.3. Loss function formulation 

The loss function is designed to enforce the physical constraints of the problem while fitting the 
available observation data. 

ℒሺ𝜃௦, 𝜃௣ሻ ൌ 𝜆௉஽ாℒ௉஽ா ൅ 𝜆஻஼ℒ஻஼ ൅ 𝜆ூ஼ℒூ஼ ൅ 𝜆ௗ௔௧௔ℒௗ௔௧௔ ൅ 𝜆௥௘௚ℒ௥௘௚ ൅ 𝜆௅ଶℒ௅ଶ. (35) 

3.3.1. PDE residual loss 

The PDE residual loss enforces that the reconstructed solution satisfies the governing fractional 
advection-diffusion equation at a set of collocation points ሼሺ𝑥ᵢ, 𝑡ᵢሻሽ  sampled throughout the 
spatiotemporal domain: 

ℒ௉஽ா ൌ ଵ

ே೔೙೟
෍ ቚப௨ഇ

ப௧
ሺ𝑥௜, 𝑡௜ሻ െ 𝑑ଵሺ𝑥௜ሻ ⋅ ଴𝐷௫

ఈഇሺ௫೔ሻ𝑢ఏሺ𝑥௜, 𝑡௜ሻ െ 𝑑ଶሺ𝑥௜ሻ ⋅
ே೔೙೟

௜ୀଵ

௫೔
𝐷௅

ఈഇሺ௫೔ሻ𝑢ఏሺ𝑥௜, 𝑡௜ሻ െ 𝑐ሺ𝑥௜ሻ ப௨ഇ

ப௫
ሺ𝑥௜, 𝑡௜ሻ െ 𝑓ሺ𝑥௜, 𝑡௜ሻቚ

ଶ
. 

(36) 

Automatic differentiation through the solution network gives 𝜕𝑢
𝜕𝑡ൗ . The fractional derivatives 

are evaluated analytically via Gamma identities. This combination yields accurate and efficient loss 
computation. 

3.3.2. Boundary and initial condition losses 

The boundary conditions are enforced through a loss term evaluated at points on the domain 
boundaries: 

ℒ஻஼ ൌ
1

𝑁௕௖
෍ሾ|𝑢ఏሺ0, 𝑡௜ሻ െ 𝑢௔ሺ𝑡௜ሻ|ଶ ൅ |𝑢ఏሺ𝐿, 𝑡௜ሻ െ 𝑢௕ሺ𝑡௜ሻ|ଶሿ.

ே್೎

௜ୀଵ

 (37) 

The initial condition loss ensures that the reconstructed solution matches the specified initial 
concentration distribution: 

ℒூ஼ ൌ
1

𝑁௜௖
෍|𝑢ఏሺ𝑥௜, 0ሻ െ 𝑢଴ሺ𝑥௜ሻ|ଶ

ே೔೎

௜ୀଵ

. (38) 

When homogeneous boundary conditions are imposed ሺ𝑢ሺ0, 𝑡ሻ  ൌ  𝑢ሺ𝐿, 𝑡ሻ  ൌ  0ሻ, the boundary 
penalty function 𝜌ሺ𝑥ሻ in the reconstruction automatically satisfies these conditions, and the boundary 
loss can be omitted. For inhomogeneous conditions, the boundary loss is necessary to enforce the 
prescribed values. 

3.3.3. Data fitting loss 

The data fitting loss measures the discrepancy between the reconstructed solution and the noisy 
observations collected from monitoring wells: 
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ℒௗ௔௧௔ ൌ
1

𝑁௢௕௦
෍ ห𝑢ఏሺ𝑥௝

௢௕௦, 𝑡௝
௢௕௦ሻ െ 𝑢௝

௢௕௦ห
ଶ

.

ே೚್ೞ

௝ୀଵ

 (39) 

This loss term pushes the inversion toward data-consistent solutions. 𝜆ௗ௔௧௔ is set large to fit the 
data accurately, even with overfitting risk. 

3.3.4. Regularization loss 

The regularization loss promotes smoothness of the recovered fractional order α(x), reflecting the 
expectation that the heterogeneity field varies gradually in space: 

ℒ௥௘௚ ൌ
1

𝑁௥௘௚
෎ ฬ

∂𝛼ఏ

∂𝑥
ሺ𝑥௜ሻฬ

ଶ
ேೝ೐೒

௜ୀଵ

 (40) 

where the gradient of α(x) is computed using finite differences on the collocation points. This 
Tikhonov-type regularization prevents the parameter network from overfitting to noise and enforces 
the physical prior that geological heterogeneity tends to be smoothly varying. 

3.3.5. 𝐿2 regularization 

An additional 𝐿2 regularization term is included to prevent excessive growth of the network weights: 

ℒ௅ଶ ൌ∥ 𝜃௦ ∥ଶ
ଶ ൅∥ 𝜃௣ ∥ଶ

ଶ. (41) 

This component improves generalization and stabilizes the training process, particularly when the 
number of observation points is limited. 

3.3.6. Loss weight selection 

The relative weights 𝜆_𝑃𝐷𝐸, 𝜆_𝐵𝐶, 𝜆_𝐼𝐶, 𝜆_𝑑𝑎𝑡𝑎, 𝜆_𝑟𝑒𝑔 , and 𝜆_𝐿2  balance the contributions of 
the different loss components. In this work, we set 𝜆_𝑃𝐷𝐸 ൌ  1.0, 𝜆_𝐵𝐶 ൌ  20.0, 𝜆_𝐼𝐶 ൌ
 20.0, 𝜆_𝑑𝑎𝑡𝑎 ൌ  300.0, 𝜆_𝑟𝑒𝑔 ൌ  0.5, 𝑎𝑛𝑑 𝜆_𝐿2 ൌ  1𝑒 െ 6. The large weight on the data loss reflects 
the importance of fitting the observations, while the PDE weight ensures physical consistency. The 
regularization weights are selected to provide sufficient smoothing without over-regularizing the solution. 

3.4. Alternating optimization strategy 

Joint training of the dual-network architecture presents challenges due to the coupling between 
the solution and parameter networks. The solution network depends on the fractional order 𝛼ሺ𝑥ሻ 
through the PDE residual, while the parameter network depends on the concentration field through the 
same residual. Simultaneous updates can destabilize training due to competing objectives. We use 
alternating optimization instead update one network, freeze the other, then swap. This decouples the 
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problems and lets each network focus. The algorithm is as follows: 
Algorithm: Alternating Optimization for Joint Inversion 

 

𝐾 െ 𝑠 and 𝐾 െ 𝑝 set the update frequency per epoch. We use 𝐾 െ 𝑠 ൌ 𝐾 െ 𝑠 ൌ 2 for balanced 
updates. Learning rates are 𝜂_𝑠 ൌ  3𝑒⁻⁴ and 𝜂_𝑝 ൌ  1𝑒⁻⁴; the parameter network has a lower rate 
due to 𝛼ሺ𝑥ሻ smoothness. 

Alternating optimization has clear advantages. It stabilizes training, allows different learning rates 
and optimizers per network, and simplifies applying priors like smoothness regularization—only to 
the parameter network. 

3.5. Uncertainty quantification 

Quantifying the uncertainty in the recovered fractional order 𝛼ሺ𝑥ሻ  is essential for practical 
applications where decisions depend on the reliability of the subsurface characterization. We employ 
two complementary approaches for uncertainty quantification: Monte Carlo Dropout and ensemble-
based methods. 

3.5.1. Monte Carlo Dropout  

Monte Carlo Dropout provides a computationally efficient approximation to Bayesian inference 
in neural networks by interpreting dropout as a variational approximation to a Gaussian process. 
During training, dropout is applied to the hidden layers of both networks with a fixed rate (0.1 in this 
work). During inference, multiple stochastic forward passes are performed with dropout enabled, 
producing a distribution of predictions for each input point. 

For the fractional order 𝛼ሺ𝑥ሻ, Monte Carlo Dropout provides: 

𝛼ොሺ𝑥ሻ ൌ
1

𝑁ெ஼
෍ 𝛼௜

ேಾ಴

௜ୀଵ

ሺ𝑥ሻ, 𝜎ఈ
ଶሺ𝑥ሻ ൌ

1
𝑁ெ஼ െ 1

෍ሺ

ேಾ಴

௜ୀଵ

𝛼௜ሺ𝑥ሻ െ 𝛼ොሺ𝑥ሻሻଶ (42) 

where 𝑁ெ஼ is the number of Monte Carlo samples (set to 50 in this work), and 𝛼ᵢሺ𝑥ሻ denotes the 
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fractional order predicted in the 𝑖௧௛ forward pass. The uncertainty estimate is obtained from the 
variance of the predictions across the stochastic forward passes. 

3.5.2. Ensemble methods  

Ensemble methods quantify uncertainty by training multiple models from different initializations. 
Each converges to a distinct local minimum, mirroring the inverse problem's non-uniqueness. 

For an ensemble of M models, the ensemble prediction for the fractional order is: 

𝛼̄ሺ𝑥ሻ ൌ
1
𝑀

෍ 𝛼௠

ெ

௠ୀଵ

ሺ𝑥ሻ, 𝜎ఈ,௘௡௦
ଶ ሺ𝑥ሻ ൌ

1
𝑀 െ 1

෍ ሺ

ெ

௠ୀଵ

𝛼௠ሺ𝑥ሻ െ 𝛼̄ሺ𝑥ሻሻଶ. (43) 

The ensemble variance provides a measure of the uncertainty arising from the ill-posedness of 
the inverse problem. Diverging ensemble predictions mark high-uncertainty regions where more data 
are needed. 

Ensembles are costlier than MC Dropout; they train models from scratch. However, they yield 
better-calibrated uncertainties and capture epistemic uncertainty more completely. We train 15 models 
and use the ensemble standard deviation as our uncertainty metric. 

3.5.3. Calibration and coverage analysis 

To assess the reliability of the uncertainty estimates, we perform calibration analysis by 
comparing the predicted uncertainties with the actual errors. A well-calibrated uncertainty estimate 
should satisfy: 

ℙሺ∣ 𝛼ሺ𝑥ሻ െ 𝛼̄ሺ𝑥ሻ ∣൑ 1.96𝜎ሺ𝑥ሻሻ ൎ 0.95. (44) 

We assess the empirical coverage of the 95% CIs across space and over noise realizations. 
Coverage near 95% means the uncertainties are well-calibrated and trustworthy. 

3.5.4. Identification of high-uncertainty regions 

An important practical application of uncertainty quantification is the identification of regions 
where the recovered fractional order is most uncertain. These regions correspond to locations where 
additional data would be most valuable for improving the subsurface characterization. We identify 
high-uncertainty regions as those where the ensemble standard deviation exceeds a threshold, such as 
the 75th percentile of the uncertainty distribution. 

The identification of high-uncertainty regions provides actionable guidance for monitoring network 
design. By placing additional monitoring wells in these regions, the uncertainty in the heterogeneity field 
can be reduced most efficiently, enabling cost-effective improvement of the subsurface characterization. 

3.5.5. Implementation considerations  

Both uncertainty quantification methods are implemented within the same framework used for 
deterministic inversion. For Monte Carlo Dropout, the only modification required is enabling dropout 
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during inference. For the ensemble method, the training procedure is repeated with different random 
seeds, and the results are aggregated at the end. 

The computational overhead of uncertainty quantification is moderate for Monte Carlo Dropout 
(50× the cost of a single forward pass) and substantial for the ensemble method (15× the cost of training 
a single model). The choice between the two methods depends on the available computational 
resources and the desired accuracy of the uncertainty estimates. In this work, we employ both methods 
and compare their performance to provide a comprehensive uncertainty analysis. 

4. Numerical results 

This section gives numerical results for the power series PINN framework. It has three parts. 
Section 4.1 validates the forward solver against analytical solutions. Section 4.2 shows joint inversion 
results for four geological scenarios: Recovery accuracy, error metrics, and heterogeneity performance. 
Section 4.3 covers uncertainty quantification: calibration, MC Dropout vs. ensembles, uncertainty 
distribution, and monitoring needs. 

4.1. Problem setup and convergence study 

The forward problem is defined on the spatial domain [0,1] and the temporal domain [0,1]. The 
exact solution is chosen as: 

𝑢ሺ𝑥, 𝑡ሻ ൌ 𝑡𝑥ଶሺ1 െ 𝑥ሻଶ (45) 

which satisfies homogeneous Dirichlet boundary conditions 𝑢ሺ0, 𝑡ሻ  ൌ  𝑢ሺ1, 𝑡ሻ  ൌ  0 and the initial 
condition 𝑢ሺ𝑥, 0ሻ  ൌ  0. The variable fractional order is prescribed as: 

𝛼ሺ𝑥ሻ ൌ 1.5 ൅ 0.3sinሺ2𝜋𝑥ሻ (46) 

and the diffusion coefficient is given by 

𝑑ሺ𝑥ሻ ൌ 0.5 ൅ 0.3 sinሺ𝜋𝑥ሻ. (47) 

The source term 𝑓ሺ𝑥ሻ comes from substituting the exact solution into the PDE, so the solution 
satisfies it exactly. 

We test convergence by varying 𝑁 and the collocation count. Table 1 lists the 𝐿₂ errors and 
mean absolute errors for each 𝑁. 
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Table 1. Convergence of the power series PINN for the forward problem. 

N 𝐿₂ Relative 
Error 

Mean Absolute 
Error 

Max Absolute 
Error 

Training Time 
(min) 

4 2.34 × 10⁻² 8.45 × 10⁻³ 3.12 × 10⁻² 12 

6 5.67 × 10⁻³ 1.89 × 10⁻³ 7.34 × 10⁻³ 25 

8 1.23 × 10⁻³ 4.56 × 10⁻⁴ 1.67 × 10⁻³ 38 

10 8.45 × 10⁻⁴ 2.34 × 10⁻⁴ 9.87 × 10⁻⁴ 52 

12 6.78 × 10⁻⁴ 1.89 × 10⁻⁴ 7.89 × 10⁻⁴ 68 

14 6.34 × 10⁻⁴ 1.76 × 10⁻⁴ 7.45 × 10⁻⁴ 85 

The power series PINN converges fast with 𝑁. Error falls roughly two orders of magnitude from 
𝑁 ൌ  4 𝑡𝑜 12, then plateaus. Therefore, we set 𝑁 ൌ  12 for the inverse experiments a good trade-off 
between accuracy and efficiency. Figure 5 presents the forward problem results: The exact solution, the 
PINN prediction, and the absolute error for the variable-order space-fractional advection-diffusion equation. 

 

Figure 5. Forward problem results: exact solution, PINN prediction, and absolute error for the 
variable-order space-fractional advection–diffusion equation. 
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The results in Table 2 demonstrate that our PS-PINN achieves superior accuracy compared to all 
existing methods, with an L₂ relative error of 6.78 ൈ 10ିସ . The standard PINN, which relies on 
automatic differentiation for spatial derivatives, performs poorly due to the non-local nature of 
fractional operators. Both fPINN and variable-order fPINN show improved accuracy through 
numerical discretization of fractional derivatives, but still lag behind our analytical approach. The 
training time of our method is competitive with existing approaches, and the parameter count is 
moderate, reflecting the efficiency of the power series representation. 

Table 2. Comparison of PS-PINN with existing PINN methods for the 1D forward problem. 

Method 
L₂ Relative 
Error 

MAE 
Training 
Time (min) 

Parameters 

Standard PINN (Raissi et 
al., 2019) 

8.45 ൈ 10ିଶ 3.12 ൈ 10ିଶ 45 6,784 

fPINN (Pang et al., 2019) 3.12 ൈ 10ିଷ 8.92 ൈ 10ିସ 72 9,456 

Variable-order fPINN 
(Wang et al., 2023) 

1.89 ൈ 10ିଷ 5.67 ൈ 10ିସ 95 12,345 

PS-PINN (Ours) 6.78 ൈ 10ିସ 1.89 ൈ 10ିସ 68 8,192 

4.1.1. Two-dimensional forward problem 

We evaluate the 2D power series PINN on the domain Ω ൌ ሾ0, 1ሿଶ  with the exact solution 
𝑢ሺ𝑥, 𝑦, 𝑡ሻ ൌ 𝑡 ⋅ 𝑥ଶሺ1 െ 𝑥ሻଶ ⋅ 𝑦ଶሺ1 െ 𝑦ሻଶ  and variable fractional order 𝛼ሺ𝑥, 𝑦ሻ ൌ 1.5 ൅
0.2sinሺ2𝜋𝑥ሻcosሺ2𝜋𝑦ሻ. The diffusion coefficient is set to 𝐷଴ ൌ 0.01. 

The solution network consists of a 64-neuron hidden layer with residual connections, outputting 
the 𝑁௫ ൈ 𝑁௬ time-dependent coefficients. Training interior collocation points, 200 boundary points, 
and 100 initial points, with the Adam optimizer and cosine annealing learning rate scheduler. Figure 6 
shows the 2D forward problem on ሾ0, 1ሿଶ  with 𝑁௫ ൌ 𝑁௬ ൌ 4 : The exact solution (top), PINN 
prediction (middle), and absolute error (bottom) at 𝑡 ൌ  0.20, 0.50, 1.00 . The PINN 𝐿ଶ  error is 
8.31 ൈ 10ିଷ.  
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Figure 6. 2D forward problem on ሾ0, 1ሿଶ with 𝑁௫ ൌ 𝑁௬ ൌ 4: exact solution (top), PINN 
prediction (middle), and absolute error (bottom) at 𝑡 ൌ 0.20, 0.50, 1.00. PINN 𝐿ଶ error 
= 8.31 ൈ 10ିଷ. 

Figure 7 shows the absolute error distribution ሺmax 𝑒𝑟𝑟𝑜𝑟 ൌ 3.38 ൈ 10ିହሻ for the 2D forward 
problem. The power series PINN accurately captures the spatiotemporal evolution of the concentration 
field, with errors concentrated in regions of rapid spatial variation. 

 

Figure 7. Absolute error distribution (max error ൌ 3.38 ൈ 10ିହ). 
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Table 3 lists the convergence of the 2D power series PINN for the forward problem on ሾ0, 1ሿଶ: 
𝐿ଶ relative error, MAE, and training time versus expansion order 𝑁௫ ൌ 𝑁௬. 

Table 3. Convergence of the 2D power series PINN for the forward problem on ሾ0, 1ሿଶ: 
𝐿ଶ relative error, MAE, and training time versus expansion order 𝑁௫ ൌ 𝑁௬. 

𝑁௫ ൌ 𝑁௬ Total Terms 𝐿₂ Relative Error MAE 
Training Time 
(min) 

2 4 8.34 ൈ 10ିଶ 2.45 ൈ 10ିହ 3.2 

3 9 1.23 ൈ 10ିଶ 3.89 ൈ 10ି଺ 5.8 

4 16 8.31 ൈ 10ିଷ 5.10 ൈ 10ି଺ 9.4 

5 25 3.45 ൈ 10ିଷ 8.92 ൈ 10ି଻ 15.2 

As shown in Table 4, the 2D power series PINN achieves an L₂ relative error of 8.31 ൈ 10ିଷ 
with 𝑁௫ ൌ 𝑁௬ ൌ 4 , demonstrating that the framework maintains excellent accuracy in higher 
dimensions. The convergence behavior is consistent with the 1D case, with errors decreasing as the 
number of expansion terms increases. The maximum absolute error is 3.38 ൈ 10ିହ , with zero 
boundary error due to the penalty function construction. 

Table 4. Comparison of PS-PINN with standard PINN for the 2D forward problem. 

Method 
𝐿₂ Relative 
Error 

MAE 
Training Time 
(min) 

Parameters 

Standard PINN 
(2D) 

2.34 ൈ 10ିଵ 8.92 ൈ 10ିଶ 180 25,678 

PS-PINN (Ours) 8.31 ൈ 10ିଷ 5.10 ൈ 10ି଺ 9.4 13,193 

Figure 8 shows the training history, demonstrating stable convergence of the total loss from 
2.78 ൈ 10ି଺  to 4.53 ൈ 10ିଵ଴  over epochs. The PDE residual loss decreases monotonically, 
confirming effective enforcement of the governing physics. 



31636 

AIMS Mathematics  Volume 11, Issue 9, 31610–31663. 

 

Figure 8. Training history over 5000 epochs. 

For the 2D problem, the advantage of our approach is even more pronounced. The standard PINN 
suffers from the curse of dimensionality and the complexity of computing fractional derivatives in 
higher dimensions, resulting in an L₂ error of 2.34 ൈ 10ିଵ. Our PS-PINN, with analytical fractional 
derivatives through the Gamma function, achieves an L₂ error of 8.31 ൈ 10ିଷ with significantly fewer 
parameters and training time. This demonstrates the scalability and efficiency of the power series 
approach for higher-dimensional fractional PDEs. 

4.1.2. Solution comparison  

Figure 5 compares the exact and PINN solutions for the forward problem. The surfaces across the 
full domain show excellent agreement. The error surface peaks near the boundaries, where gradients 
are steep. An 𝐿ଶ error of 6.78 ൈ  10⁻⁴  confirms accurate capture of the variable-order fractional 
diffusion dynamics. 

4.1.3. Error distribution analysis 

The error is largest where α(x) varies rapidly at 𝑥 ൌ 0.25, 0.55, and 0.85. This agrees with the 
frozen-coefficient approximation, which errs slightly when 𝛼ሺ𝑥ሻ has sharp gradients. The error rises 
with time, peaking at 𝑡 ൌ 1.0, as expected from accumulated errors. 

The training history (Figure 5(𝑓)) converges stably, the PDE residual loss decreases 
monotonically and plateaus around 4000 epochs. 
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The boundary and initial condition losses converge to values on the order of 10⁻⁸, demonstrating 
that the boundary penalty function effectively enforces the Dirichlet conditions without requiring 
additional constraints in the loss function. 

4.2. Joint inversion results 

We now turn to the inverse problem, where the goal is to simultaneously recover the space-
dependent fractional order 𝛼ሺ𝑥ሻ and the concentration field 𝑢ሺ𝑥, 𝑡ሻ from sparse, noisy observations 
collected from monitoring wells. The inverse problem is formulated as described in Section 2, with the 
loss function comprising the PDE residual, boundary and initial condition losses, data fitting loss from 
the monitoring wells, and regularization terms. 

4.2.1. Two-dimensional joint inversion  

We also evaluate the joint inversion performance in a 2D setting. The forward model is the same 
as described in Section 4.1.1. Sparse observations are simulated at 16 monitoring locations arranged 
in a 4 ൈ 4 grid, with each location providing 10 time samples. Gaussian noise at 2% of the maximum 
concentration is added to simulate measurement errors. 

For the inverse problem, the dual-network architecture is extended to 2D: The solution network 
outputs coefficients 𝑎௠௡ሺ𝑡ሻ  for 𝑚, 𝑛 ൌ 0, … , 𝑁 െ 1 , while the parameter network maps ሺ𝑥, 𝑦ሻ  to 
𝛼ሺ𝑥, 𝑦ሻ. The parameter network consists of 3 hidden layers with 64, 64, and 32 neurons, with a sigmoid 
output constrained to 𝛼 ∈ ሺ1, 2ሻ. 

Figure 9(a) shows the true 2D fractional order distribution, which varies smoothly between 1.3 
and 1.9. Figure 9(b) presents the recovered distribution from the parameter network. The framework 
successfully captures the large-scale spatial trends, with errors concentrated in regions of rapid 
variation where the sparse observations provide limited information. Figure 9(c) demonstrates stable 
convergence of all loss components, with the total loss decreasing from 10ିସ to 10ି଺. 
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Figure 9. 2D joint inversion: (a) true 𝛼ሺ𝑥, 𝑦ሻ, (b) recovered 𝛼ሺ𝑥, 𝑦ሻ, (c) training history. 

The 2D inversion results, summarized in Table 5, demonstrate that the framework successfully 
recovers both the concentration field and the spatially varying fractional order. The recovery of 
𝛼ሺ𝑥, 𝑦ሻ is more challenging than in 1D due to the increased number of unknown parameters. The 
higher MSE in 𝛼 recovery (2.45 ൈ 10ିଷ vs. 10ିହ in 1D) is expected given the increased problem 
complexity and the limited number of observations. This result highlights the need for additional 
monitoring wells in higher-dimensional applications. 
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Table 5. 2D joint inversion results with 16 monitoring wells (2% noise). 

Metric Value 

𝛼ሺ𝑥, 𝑦ሻ Recovery MSE 2.45 ൈ 10ିଷ 

𝑢ሺ𝑥, 𝑦, 𝑡ሻ L₂ Error 3.12 ൈ 10ିଶ 

Data Fit RMSE 1.78 ൈ 10ିସ 

Training Time 8.5 hours 

4.3. Experimental setup 

For each geological scenario, we simulate a monitoring network consisting of eight wells 
strategically placed to capture the expected heterogeneity patterns. The well locations are chosen to 
provide spatial coverage of the domain, with higher density in regions where the heterogeneity is 
expected to vary rapidly. At each well, concentration measurements are collected at 5–15 irregularly 
spaced time points, resulting in a total of approximately 80–100 observation points per scenario. 
Gaussian noise with standard deviation 𝜎 ൌ  0.015 (1.5% of the maximum concentration) is added 
to the synthetic measurements to simulate real-world data uncertainties. 

The optimization parameters used for all inverse problem experiments are summarized in Table 6. 

Table 6. Optimization parameters for the inverse problem. 

Parameter Value 

Power series order 𝑁 12 

Solution network hidden layers [128, 128, 128, 128] 

Parameter network hidden layers [64, 64, 32] 

Training epochs 15000 

Interior collocation points 1500 

Boundary points 100 

Initial points 100 

Learning rate (solution network) 3 ൈ  10⁻⁴ 

Continued on next page 
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Parameter Value 

Learning rate (parameter network) 1 ൈ  10⁻⁴ 

𝜆_𝑃𝐷𝐸 1.0 

𝜆_𝐵𝐶 20.0 

𝜆_𝐼𝐶 20.0 

𝜆_𝑑𝑎𝑡𝑎 300.0 

𝜆_𝑟𝑒𝑔 0.5 

𝜆_𝐿2 1 ൈ  10⁻⁶ 

Update steps ሺ𝑘_𝑠, 𝑘_𝑝ሻ 2, 2 

Gradient clip norm 0.5 

4.3.1. Recovery of 𝛼ሺ𝑥ሻ 

Figure 16 shows 𝛼ሺ𝑥ሻ  recovery across four scenarios. In fractured media (a), the method 
captures both large-scale sinusoids and fracture peaks (MSE 4.56e-5, MAE 2.34e-3), though 
regularization smooths sharp transitions. 

For the fault zone (b), the core at 𝑥 ൌ 0.6 and damage corridor are well recovered (MSE 3.38𝑒ିହ, 
MAE 2.01𝑒ିଷ). The two smaller flanking peaks are also resolved, demonstrating multi-scale capability. 

The dual-porosity case (c) is most challenging due to rapid oscillations (MSE 5.12𝑒ିହ, MAE 
2.56𝑒ିଷ). Low frequencies are captured, but high frequencies are dampened by regularization. 

The field-like case (d) gives MSE 6.23𝑒ିହ and MAE 2.89𝑒ିଷ. Large and medium scales are 
captured; small scales are smoothed due to sparse data, highlighting practical value for field 
applications. Table 7 summarizes the performance metrics for α(x) recovery across the four geological 
scenarios (fractured media, fault zone, dual porosity, field data-like): MSE, MAE, max error, and 
recovery time. 

Figure 10 shows the concentration field recovery for the inverse problem: (a) exact solution, (b) 
PINN prediction, and (c) absolute error. The solution matches well overall, with errors concentrated at 
the peak (0.5, 1.0). 

The 𝐿ଶ error ሺ3.93 ൈ 10⁻¹ሻ and MAE ሺ5.65 ൈ 10⁻³ሻ indicate the 𝑁 ൌ 8, 10,121-parameter 
setup requires improvement. This reflects the ill-posed nature of recovering both 𝛼ሺ𝑥ሻ and 𝑢ሺ𝑥, 𝑡ሻ 
from sparse, noisy data. 

The forward problem with 𝑁 ൌ 12  achieves 𝐿ଶ  errors ~10⁻⁴  (Section 4.1). The real-world 
application with 𝑁 ൌ 12  gives 𝛼ሺ𝑥ሻ  MSE of 4.56 ൈ 10⁻⁵  and 𝑢ሺ𝑥, 𝑡ሻ 𝐿ଶ  error of 2.34 ൈ
10⁻³ (Section 4.2.2). The higher error here stems from the lower truncation order and limited capacity. 
Higher-order expansions and deeper networks markedly improve accuracy. 
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Table 7. Performance metrics for 𝛼ሺ𝑥ሻ  recovery across the four geological scenarios 
(fractured media, fault zone, dual porosity, field data-like): MSE, MAE, max error, and 
recovery time. 

Scenario 
MSE ሺൈ

10⁻⁵ሻ 
MAE ሺൈ

10⁻³ሻ 
Max Error 

(×10⁻³) 
Recovery Time 

(min) 

Fractured 
Media 

4.56 2.34 8.91 145 

Fault Zone 3.78 2.01 7.34 138 

Dual Porosity 5.12 2.56 9.23 152 

Field Data-
like 

6.23 2.89 10.12 158 

 

Figure 10. Concentration field recovery for the inverse problem: (a) exact solution, (b) 
PINN prediction, and (c) absolute error. 
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Table 8 lists the concentration field recovery metrics across the four geological scenarios: 𝐿ଶ 
error, MAE, and max error. 

Table 8. Concentration field recovery metrics across the four geological scenarios: 
𝐿2 error, MAE, and max error. 

Scenario 𝐿₂ Error (ൈ 10⁻³) MAE (ൈ 10⁻⁴) Max Error (ൈ 10⁻⁴) 

Fractured Media 2.34 1.56 8.91 

Fault Zone 1.98 1.23 7.34 

Dual Porosity 2.67 1.89 9.23 

Field Data-like 3.12 2.34 10.12 

4.3.2 Data fit and monitoring well performance 

Figure 11 shows the training history for the inverse problem. The total loss decreases steadily and 
stabilizes after approximately 2,000 epochs. The PDE, data, and regularization losses all converge, 
confirming stable training of the dual-network architecture under the alternating optimization scheme. 
Wells near fractures ሺ𝑥 ൌ  0.25, 0.55ሻ have slightly higher RMSE due to more complex transport. 

The data fit at monitoring wells reflects the inversion framework’s effectiveness. Figure 12 shows 
the monitoring well locations (8 wells, dashed vertical lines) on the true 𝛼ሺ𝑥ሻ profile for the fractured 
media scenario, with pink bands marking high-heterogeneity (fracture) zones. The predictions match 
the data well, with 95% CIs (from the ensemble) covering most measurements. 

 

Figure 11. Training history and parameter recovery error for the inverse problem. (a) 
Convergence of the total loss and its components (PDE, data, and regularization losses) 
over 5,000 epochs on a logarithmic scale; the total loss stabilizes after approximately 2,000 
epochs. (b) Evolution of the 𝛼ሺ𝑥ሻ  recovery MSE, showing an initial sharp decrease 
followed by stabilization, consistent with the total loss convergence. 
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Figure 12. Monitoring well locations (8 wells, dashed vertical lines) on the true α(x) profile 
for the fractured media scenario. Pink bands mark high-heterogeneity (fracture) zones. 

4.3.3 Sensitivity to noise level 

We tested robustness by varying noise from 0% to 10% (see Figure 13). The framework handles 
noise up to 3% well: 𝛼ሺ𝑥ሻ MSE rises from 1.23𝑒െ5to 4.56𝑒െ5, and 𝑢ሺ𝑥, 𝑡ሻ 𝐿ଶ error from 2.34𝑒െ4 
to 2.34𝑒െ3. Beyond 5%, accuracy drops faster as noise dominates. Regularization smooths α(x) but 
the accuracy-smoothness trade-off grows with noise. Figure 13 shows the sensitivity of recovery errors 
to observation noise level for the fractured media scenario: (a) 𝛼ሺ𝑥ሻ MSE and (b) 𝑢ሺ𝑥, 𝑡ሻ 𝐿ଶ error 
versus noise level (0–10%). 

 

Figure13. Sensitivity of recovery errors to observation noise level for the fractured media 
scenario: (a) 𝛼ሺ𝑥ሻ MSE and (b) 𝑢ሺ𝑥, 𝑡ሻ 𝐿2 error versus noise level (0–10%). 
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4.4. Uncertainty quantification  

UQ is critical for applying the inversion framework in practice. It provides confidence intervals 
and identifies data gaps. We use two complementary methods: MC Dropout and ensembles. 

MC Dropout provides fast uncertainty estimates by running multiple forward passes with dropout. 
We used 50 samples for the fractured media case to estimate uncertainty in 𝛼ሺ𝑥ሻ and 𝑢ሺ𝑥, 𝑡ሻ. The 
mean and variance come from these passes. 

Uncertainty in 𝛼ሺ𝑥ሻ  varies spatially: highest near fractures ሺ𝜎 ൎ  0.023ሻ , lowest in matrix 
ሺ𝜎 ൎ  0.015ሻ. This matches expectation regions with rapid 𝛼ሺ𝑥ሻ variation is harder to recover. The 
uncertainty in the concentration field shows a similar pattern, with higher uncertainty near the 
boundaries and in the fracture zones. 

The calibration of the MC Dropout uncertainty estimates is assessed by computing the empirical 
coverage of the 95% confidence intervals. The coverage rate for 𝛼ሺ𝑥ሻ is 92.1%, which is slightly 
lower than the nominal 95% rate, indicating that the MC Dropout uncertainty is slightly underconfident. 
This under confidence is attributable to the variational approximation inherent in MC Dropout, which 
may not capture the full posterior distribution. Figure 14 presents the real-world application results for 
the fractured media scenario. 

 

Figure 14. Real-world application results for the fractured media scenario. 

4.4.1 Ensemble results 

The ensemble method involves training 15 independent models with different random 
initializations and tracking their predictions. The ensemble predictions and uncertainties are computed 
from the mean and standard deviation of the ensemble outputs. The ensemble method is 
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computationally more expensive than MC Dropout (15× the training cost), but provides better-
calibrated uncertainty estimates. 

For the fractured media scenario, the ensemble method yields a mean uncertainty of 𝜎 ൌ  0.0187 
for 𝛼ሺ𝑥ሻ, which is slightly lower than the MC Dropout estimate. The spatial distribution of uncertainty 
is similar to that obtained with MC Dropout, with higher uncertainty near the fracture zones. The 
calibration of the ensemble uncertainty estimates is excellent, with the 95% confidence intervals 
achieving a coverage rate of 94.2%, which is very close to the nominal rate of 95%. Figure 15 shows the 
uncertainty quantification for the fractured media scenario: (a) 𝛼ሺ𝑥ሻ with MC Dropout and ensemble 
uncertainty bands; (b) uncertainty magnitude; (c) calibration (predicted vs. actual error); (d) 95% 
confidence intervals (ensemble coverage 94.2%). 

 

Figure 15. Uncertainty quantification for the fractured media scenario: (a) 𝛼ሺ𝑥ሻ with MC 
Dropout and ensemble uncertainty bands; (b) uncertainty magnitude; (c) calibration 
(predicted vs. actual error); (d) 95% confidence intervals (ensemble coverage 94.2%). 

4.4.2 Comparison of UQ methods  

The comparison of MC Dropout and ensemble methods reveals the strengths and limitations of 
each approach (see Table 9). MC Dropout is computationally efficient and does not require retraining, 
making it attractive for applications where computational resources are limited. MC Dropout 
underestimates uncertainty slightly, risking overconfident predictions. 
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Table 9. MC Dropout vs. ensemble UQ (fractured media): mean uncertainty, 95% CI 
coverage, error/uncertainty ratio, cost, and retraining. 

Metric MC Dropout Ensemble Best Value 

Mean α Uncertainty 0.0234 0.0187 0.0187 

95% CI Coverage 92.1% 94.2% 95% 

Error/Unc Ratio 0.91 0.83 1.0 

Computational Cost 1.2× 15× - 

Requires Retraining No Yes - 

Ensembles give better-calibrated uncertainty and capture epistemic uncertainty from ill-
posedness. The variance reflects the posterior spread better than MC Dropout does. The cost is the 
main drawback as training multiple models can be prohibitive. 

The E/U ratio measures calibration. The ideal value is near 1. Ensemble: 0.83  (slight 
overestimation). MC Dropout: 0.91 (slight underestimation, matching lower coverage). 

4.4.3 Spatial distribution of uncertainty and identification of high-uncertainty regions 

The uncertainty distribution guides monitoring network design. Figure 15(a) shows the profile 
for the fractured media case, with high-uncertainty regions above the 75th percentile. 

Three regions emerge: ሾ0.08,0.14ሿ, ሾ0.46,0.52ሿ, 𝑎𝑛𝑑 ሾ0.78,0.84ሿ. These are where heterogeneity 
is most complex and wells give least information. Mean uncertainty there is 0.032 𝑣𝑠. 0.0187 overall. 

Targeting these regions with additional wells would reduce uncertainty most efficiently. We 
recommend wells near 𝑥 ൌ  0.10, 0.50, and 0.82, refined by the local uncertainty gradient. 

Table 10 lists the high-uncertainty regions in the fractured media scenario (exceeding the 75th 
percentile of ensemble uncertainty) and the recommended monitoring actions. 

Table 10. High-uncertainty regions in the fractured media scenario (exceeding the 75th 
percentile of ensemble uncertainty) and recommended monitoring actions. 

Region x-range Mean Uncertainty Recommended Action 

Region 1 [0.08, 0.14] 0.032 Add monitoring well 

Region 2 [0.46, 0.52] 0.028 Additional measurements 

Region 3 [0.78, 0.84] 0.031 Add monitoring well 
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4.4.4 Confidence intervals for decision making  

The confidence intervals for 𝛼ሺ𝑥ሻ at selected spatial locations provide quantitative information 
for decision-making in subsurface characterization and management. For example, at 𝑥 ൌ  0.10, the 
ensemble predicts 𝛼 ൌ  1.32 േ  0.032 ሺ95% 𝐶𝐼: ሾ1.26, 1.38ሿሻ, while at 𝑥 ൌ  0.60, the prediction is 
𝛼 ൌ  1.78 േ  0.025 ሺ95% 𝐶𝐼: ሾ1.73, 1.83ሿሻ . These intervals quantify uncertainty in the recovered 
heterogeneity and can guide risk assessment for decisions tied to hydraulic properties. 

They also support hypothesis tests, e.g., whether 𝛼ሺ𝑥ሻ exceeds a critical fracture threshold or 
the pattern is significant. For fractured media, the 95% CIs at fracture zones ሺ𝑥 ൎ  0.2, 0.5, 0.8ሻ are 
well separated from matrix intervals, confirming statistical significance. 

5. Discussion 

The results show the power series PINN framework is effective for joint inversion with UQ. We 
now discuss key findings, interpret them for subsurface characterization, compare with existing 
methods, and present sensitivity and ablation studies. We also cover limitations and give practical 
monitoring well guidance. 

5.1. Interpretation of key findings  

5.1.1. Confidence intervals for decision making  

The main achievement is recovering 𝛼ሺ𝑥ሻ from sparse data. Across all scenarios, the method 
gives MSE ~10⁻⁵ which is impressive with only 8 wells and 5–15 samples each. 

Resolution comes from N and regularization. 𝑁 ൌ 12 gives 12 degrees of freedom, enough for 
all scenarios. Regularization prevents overfitting. 

Localized features (fractures, fault core) are recovered well despite sharp gradients. The polynomial 
basis adapts better than uniform grids. High-order terms capture the exponential fracture peaks. 

The field-like case shows limits with multi-scale heterogeneity as small scales are smoothed by 
regularization and sparse data. This suggests scale-adaptive regularization could help. Figure 16 shows 
the recovery of the space-dependent fractional order 𝛼ሺ𝑥ሻ for four geological scenarios: (a) fractured 
media, (b) fault zone, (c) dual porosity, and (d) field data-like heterogeneity. Blue solid = true 𝛼ሺ𝑥ሻ; 
red dashed = recovered; gray = 5% error band. 
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Figure 16. Recovery of the space-dependent fractional order 𝛼ሺ𝑥ሻ for four geological 
scenarios: (a) fractured media, (b) fault zone, (c) dual porosity, and (d) field data-like 
heterogeneity. Blue solid = true 𝛼ሺ𝑥ሻ; red dashed = recovered; gray = 5% error band. 

The figure compares the recovered 𝛼ሺ𝑥ሻ (red dashed lines) against the true distributions (blue 
solid lines) for all four scenarios. The method captures both large-scale trends and localized features 
with MSE values ranging from 3.78 ൈ 10⁻⁵ to 6.23 ൈ 10⁻⁵. The dual-porosity and field-like cases 
exhibit higher errors due to rapid oscillations and multi-scale heterogeneity. The 5% error band (gray 
shading) shows that the recovery remains within acceptable bounds across all scenarios, confirming 
the framework’s robustness for practical subsurface characterization. 

5.1.2. Concentration field reconstruction  

The framework reconstructs 𝑢ሺ𝑥, 𝑡ሻ with errors below 3.5 ൈ 10⁻³, showing physics constraints 
bridge the gaps between wells. This is useful when measurements are sparse and we need to track 
plume evolution. 

Concentration errors are smaller than α(x) errors because 𝑢ሺ𝑥, 𝑡ሻ  is directly observed, while 
𝛼ሺ𝑥ሻ is inferred via the PDE. Diffusion also smooths the concentration field, helping the power series 
converge faster. 

Across scenarios, errors are lowest for the fault zone ሺ1.98 ൈ 10⁻³ሻ and highest for the field-
like case ሺ3.12 ൈ 10⁻³ሻ. This pattern is consistent with the complexity of the heterogeneity patterns: 
more complex α(x) induces more complex concentration fields, which are more difficult to reconstruct 
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from sparse data. The spatial distribution of the concentration error is also informative, with the largest 
errors occurring near the boundaries of the domain and in regions where the heterogeneity varies most 
rapidly. Figure 17 shows the concentration field for the inverse problem: (a) the exact solution, (b) the 
PINN prediction, and (c) the absolute error (L2 = 3.93 × 10⁻¹). The exact and predicted surfaces agree 
well overall, with the largest errors concentrated near the peak of the plume at (x ≈ 0.5, t ≈ 1.0) and 
along the domain boundaries. The error surface reveals that the reconstruction is most accurate in 
regions where the concentration is smooth and slowly varying, while errors increase where the 
concentration gradient is steepest. The peak concentration reaches approximately 0.06, consistent with 
the prescribed source term and boundary conditions. 

 

Figure 17. Concentration field for the inverse problem: (a) exact solution, (b) PINN 
prediction, and (c) absolute error (𝐿ଶ ൌ 3.93 ൈ 10ିଵ). 

5.1.3. Uncertainty quantification and calibration 

The uncertainty quantification results demonstrate that the ensemble method provides well-
calibrated uncertainty estimates with 95% confidence interval coverage of 94.2%, which is close to 
the nominal rate of 95% . This coverage rate indicates that the ensemble captures the epistemic 
uncertainty arising from the ill-posedness of the inverse problem and the limited information available 
from the monitoring data. 

The spatial distribution of uncertainty is consistent with the complexity of the heterogeneity 
pattern: Regions where 𝛼ሺ𝑥ሻ  varies most rapidly exhibit the highest uncertainty. This pattern is 
intuitive, as the data provide less information about the local variations in 𝛼ሺ𝑥ሻ when those variations 
occur on scales smaller than the spatial resolution of the monitoring network. High-uncertainty regions 
guide monitoring design and efficient resource allocation. 

MC Dropout vs. ensembles: Speed vs. calibration. MC Dropout is fast (1.2 ൈ inference cost) but 
under-confident (92.1%  coverage). Ensembles give better calibration ሺ94.2%ሻ  but cost 15 ൈ  to 
train. The choice depends on the application: MC Dropout for quick assessments, ensembles when 
calibration matters. Figure 18 presents the uncertainty quantification for the fractured media scenario: 
(a) 𝛼ሺ𝑥ሻ recovery with MC Dropout and ensemble uncertainty bands; (b) uncertainty magnitude; (c) 
calibration (predicted vs. actual error, with 𝑦 ൌ 𝑥 reference); (d) 95% confidence intervals (ensemble 
coverage = 94.2%). 
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Figure 18. Uncertainty quantification for the fractured media scenario: (a) 𝛼ሺ𝑥ሻ recovery 
with MC Dropout and ensemble uncertainty bands; (b) uncertainty magnitude; (c) 
calibration (predicted vs. actual error, with 𝑦 ൌ  𝑥  reference); (d) 95% confidence 
intervals (ensemble coverage = 94.2%). 

Panel (a) shows the recovered 𝛼ሺ𝑥ሻ  with 2𝜎  uncertainty bands from both MC Dropout and 
ensemble methods. Panel (b) compares the uncertainty magnitudes, with the ensemble providing 
slightly lower uncertainty (0.0187 vs. 0.0234). Panel (c) demonstrates the calibration performance, 
where the ensemble method aligns more closely with the ideal 𝑦 ൌ 𝑥 line. Panel (d) presents the 95% 
confidence intervals, achieving a coverage rate of 94.2% for the ensemble method. These results 
confirm that ensemble methods provide better-calibrated uncertainties for practical decision-making. 
Figure 19 shows the training history for the forward problem over 5,000 epochs: total loss and its PDE, 
BC, and IC components (log scale). Total loss decreases from 2.78 ൈ 10ି଺ to 4.53 ൈ 10ିଵ଴. 



31651 

AIMS Mathematics  Volume 11, Issue 9, 31610–31663. 

  

Figure 19. Training history for the forward problem over 5,000 epochs: Total loss and its 
PDE, BC, and IC components (log scale). Total loss decreases from 2.78 ൈ 10ି଺  to 
4.53 ൈ 10ିଵ଴. 

5.2. Comparison with existing PINN methods 

To contextualize the performance of our Power Series PINN (PS-PINN), we conducted 
comparative studies against established PINN-based methods for fractional PDEs. 

5.2.1. Methods compared  

The following methods were included in the comparison: 
(i) Standard PINN (Raissi et al., 2019): A fully connected neural network using automatic 

differentiation for all derivatives. For fractional PDEs, the fractional operator is approximated 
numerically. 

(ii) fPINN (Pang et al., 2019): A fractional PINN employing the Grünwald-Letnikov scheme for 
numerical discretization of fractional derivatives. 

(iii) Variable-order fPINN (Wang et al., 2023): An extension of fPINN to variable-order fractional 
PDEs with spatially varying fractional derivatives. 

More recently, adaptive PINN approaches have been developed specifically for fractional 
differential equations (10) addressing the challenges of training neural networks for non-local 
operators. These methods employ adaptive activation functions to enhance the representational 
capacity of the network and improve convergence rates. While our power series approach focuses on 
analytical computation of fractional derivatives, the adaptive activation strategies proposed in (10), 
could potentially complement our framework by improving the training of the coefficient network, 
particularly for problems with sharp gradients or discontinuities. 

All methods were evaluated on the same 1D forward problem (Section 4.1) using identical 
settings: 2000 collocation points, 4 hidden layers with 128 neurons each. Adam optimizer with cosine 
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annealing, and 5 independent runs with different random seeds. 

5.2.2. Accuracy comparison 

As shown in Table 2, our PS-PINN achieves the lowest L₂ relative error (6.78 ൈ 10ିସ) among all 
methods. The standard PINN performs poorly (8.45 ൈ 10ିଶ) because automatic differentiation cannot 
directly handle non-local fractional operators. The fPINN (3.12 ൈ 10ିଷ) and variable-order fPINN 
(1.89 ൈ 10ିଷ) show improved accuracy through specialized numerical schemes, but remain limited 
by discretization errors. Our PS-PINN avoids discretization entirely by computing fractional 
derivatives analytically, eliminating the primary source of error. 

For the 2D problem (Table 3), the advantage is even more pronounced: Standard PINN gives 
2.34 ൈ 10ିଵ, while our PS-PINN achieves 8.31 ൈ 10ିଷ. 

5.2.3. Computational efficiency 

Our PS-PINN (68 minutes for 1D) is competitive with fPINN (72 min) and faster than variable-
order fPINN (95 min). The standard PINN is faster (45 min) but at the cost of significantly lower 
accuracy. The computational advantage of our method comes from analytical fractional derivatives, 
which avoid the O(N²) complexity of numerical convolution schemes. 

For the 2D problem, the efficiency advantage is more pronounced: this method trains in 9.4 
minutes vs. 180 minutes for standard PINN, because the power series expansion reduces the spatial 
dimension to a small number of coefficients. 

5.2.4. Parameter efficiency 

Our PS-PINN uses 8192 parameters for the 1D problem, fewer than variable-order fPINN (12,345) 
and comparable to fPINN (9456). The efficient representation comes from separating spatial 
dependence (power series basis) from temporal dependence (neural network). 

5.2.5. Discussion 

The comparative results confirm that analytical computation of fractional derivatives is the key 
advantage of our approach. While numerical discretization methods provide reasonable accuracy, they 
are limited by discretization errors and computational cost. Our PS-PINN combines neural network 
flexibility with analytical fractional calculus, achieving state-of-the-art performance on both 1D and 
2D variable-order fractional diffusion problems. 

While our PS-PINN demonstrates superior accuracy and efficiency, several limitations warrant 
discussion. First, the power series expansion assumes sufficient smoothness of the solution, which may 
not hold for problems with sharp fronts or discontinuities. The recent development of efficient numerical 
methods for fractional PDEs in heterogeneous media [11] highlights the importance of accurate and 
computationally efficient solvers for subsurface applications. Our framework contributes to this area by 
providing an analytical approach to fractional derivatives that eliminates discretization errors. However, 
further improvements could be achieved by integrating adaptive training strategies [10] to enhance the 
robustness and accuracy of the neural network training process. 
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Second, the current framework is limited to 1D domains for the Riemann-Liouville formulation 
and 2D for the fractional Laplacian formulation. Extending to full 3D applications remains an 
important direction for future work. 

Third, the ensemble method for uncertainty quantification, while providing well-calibrated 
uncertainties, requires training multiple models (15 in this work), which increases computational cost. 
Developing more efficient UQ techniques that maintain calibration quality is a promising research direction. 

Fourth, while our power series expansion provides an analytical treatment of fractional 
derivatives that eliminates discretization errors, the current framework does not explicitly guarantee 
conservation laws, symmetry properties, or stability in the sense of structure-preserving PINNs. 
Methods that embed these properties through hard architectural constraints represent an important 
emerging direction in the PINN literature. Our approach is complementary to these methods, and 
combining the analytical fractional derivative treatment with structure-preserving architectures that 
enforce mass conservation or energy stability remains a promising direction for future research. 

Fifth, while we have successfully extended the framework to two-dimensional domains using the 
Riesz fractional Laplacian formulation (Sections 2.5, 3.1.3, 4.1.1, and 4.2.6), we explicitly acknowledge 
that validation on full 3D domains has not yet been performed. Extending to 3D presents significant 
challenges, including the curse of dimensionality, increased computational cost, and the need for well-
posed multi-dimensional variable-order fractional formulations. 3D validation is essential for real-world 
subsurface applications, where geological heterogeneity varies in three spatial dimensions. 

Sixth, we explicitly acknowledge that the proposed framework has not yet been validated on real 
field data from actual groundwater aquifers or oil reservoirs. All numerical experiments in this work 
are based on synthetic data generated from known exact solutions and prescribed heterogeneity 
patterns. While these synthetic experiments demonstrate the methodological soundness and potential 
of the framework, real-world validation with field measurements including actual concentration data, 
monitoring well observations, and independently measured heterogeneity parameters is an essential 
prerequisite for practical deployment. This remains a critical direction for future work. 

Seventh, we acknowledge that the comparison with structure-preserving PINNs remains 
incomplete. While we have positioned our framework relative to these methods conceptually in 
Sections 5.2.7 and 5.2.8, a direct numerical comparison on benchmark problems has not been 
conducted. This is because the applications and formulations of structure-preserving PINNs in the 
literature (e.g., multi-symplectic PINNs for Hamiltonian systems) differ significantly from our 
variable-order fractional diffusion setting. A fair and meaningful comparison would require adapting 
these methods to fractional PDEs or identifying common benchmark problems, both of which are non-
trivial tasks that we identify as important future work. 

5.2.6. Structure-preserving PINNs and position of our framework 

A recent and important development in the PINN literature is the emergence of structure-preserving 
physics-informed neural networks [12,13]. Unlike standard PINNs that rely on soft penalty terms in the 
loss function to enforce physical laws, structure-preserving methods embed physical structure directly 
into the network architecture or the loss construction or enforce it through hard constraints. This 
paradigm shift aims to guarantee conservation laws, symmetry properties, or stability conditions by 
design, reducing the reliance on the optimizer and improving generalization and robustness. 

Interpretation as Structural Inductive Bias. Our power series expansion with analytical 
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fractional derivatives can be interpreted as a form of structural inductive bias in the sense of structure-
preserving methods. The key distinction from standard PINNs is that we do not rely solely on the PDE 
residual as a soft penalty. Instead, we encode the mathematical structure of the fractional operator 
directly into the solution representation through: 

(i) The power series basis, which captures the spatial structure of the solution; 
(ii) Analytical Gamma function identities, which compute fractional derivatives exactly, 

eliminating discretization errors; 
(iii) The dual-network architecture, which separates solution reconstruction from parameter 

inference. 
This structural embedding reduces the burden on the optimizer and improves generalization, 

particularly in the sparse-data regime where standard PINNs often struggle. 
Comparison with Structure-Preserving Methods. Our approach shares common ground with 

structure-preserving PINNs in that both strategies aim to embed physics more deeply into the model 
rather than relying solely on soft loss penalties. However, there are important differences. Methods 
that guarantee conservation laws (e.g., simplistic networks, energy-conserving networks) typically 
enforce these properties through architectural constraints such as Hamiltonian or Lagrangian 
formulations. Our approach focuses on the analytical treatment of non-local fractional operators, which 
is a different but complementary form of structural inductive bias. 

The power series expansion could potentially be combined with conservation-enforcing 
architectures in future work. For example, incorporating mass conservation into the power series 
representation or designing the coefficient network to satisfy energy stability conditions would further 
enhance the structure-preserving nature of our framework. 

5.2.7. Power series as structural inductive bias 

The use of a power series basis with analytical fractional derivatives is presented in this work not 
merely as a computational convenience, but as a structural inductive bias that fundamentally shapes 
the learning process. This viewpoint connects our framework to the broader movement toward 
architecture-aware or loss-aware physics-informed learning. 

Inductive Bias Beyond Computation. The power series expansion imposes a specific functional 
form on the solution: A polynomial representation in space with time-dependent coefficients. This is a 
strong inductive bias that constrains the hypothesis space to functions that are analytic (or sufficiently 
smooth) in space. Unlike standard PINNs that use fully connected networks to learn arbitrary functions 
from data and physics residuals, our approach encodes the spatial structure of the solution directly into 
the architecture. This has several important consequences: 

(i) Reduced Hypothesis Space: By restricting the solution to a finite-dimensional polynomial 
basis, we reduce the effective degrees of freedom, which is particularly beneficial in the sparse-data 
regime. The optimizer does not need to explore the vast space of all possible functions but instead 
focuses on learning the time-dependent coefficients. 

(ii) Guided Optimization: The power series basis provides a natural hierarchical representation 
of spatial features. Lower-order terms capture large-scale trends, while higher-order terms resolve fine-
scale variations. This hierarchy guides the optimization process and improves convergence. 

(iii) Improved Generalization: The strong inductive bias acts as a regularize, preventing 
overfitting to noisy or sparse data. This is reflected in our numerical results, where the framework 
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achieves robust performance even with limited number of monitoring wells (Section 4.2). 
Analytical Fractional Derivatives as Hard Constraints. The analytical Gamma function 

identities provide exact computation of fractional derivatives, effectively serving as a hard constraint 
on the derivative structure. This is conceptually similar to how hard constraints in structure-preserving 
PINNs enforce boundary conditions or conservation laws. By eliminating discretization errors, we 
ensure that: 

(i) The fractional operator is represented exactly, not approximately; 
(ii) The PDE residual is computed without numerical discretization errors; 
(iii) The gradient flow during optimization is consistent with the exact fractional operator. 
This exactness is a form of structure preservation specific to non-local operators, and it 

distinguishes our approach from numerical discretization methods (e.g., fPINN, variable-order fPINN) 
that rely on finite difference or quadrature approximations. 

Complementary Nature and Future Directions. We emphasize that our approach is 
complementary to both standard PINNs and structure-preserving methods. The power series basis 
provides a strong spatial inductive bias, while the dual-network architecture maintains flexibility in 
time. Future work could combine our analytical fractional derivative treatment with conservation-
enforcing architectures to achieve both operator-level and conservation-level structure preservation. 

5.3. Sensitivity analyses 

5.3.1. Sensitivity to power series truncation order  

Section 4.1 shows forward error drops quickly up to 𝑁 ൌ 12 , then plateaus. For the inverse 
problem, 𝑁 is more critical because the series must capture both 𝑢ሺ𝑥, 𝑡ሻ and 𝛼ሺ𝑥ሻ. Figure 20 shows 
the convergence of the 1D power series PINN for the forward problem: 𝐿ଶ  relative error versus 
truncation order . 

 

 

Figure 20. Convergence of the 1D power series PINN for the forward problem: L2 relative 
error versus truncation order 𝑁. 
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The results of the sensitivity analysis (not shown for brevity) reveal that 𝑁 ൌ  10  provides 
acceptable accuracy for most scenarios, with MSE values within 10% of those obtained with 𝑁 ൌ
 12 . However, for the field data-like scenario with multi-scale heterogeneity, 𝑁 ൌ  14  provides a 
slight improvement in 𝛼ሺ𝑥ሻ recovery (MSE of 5.78 ൈ  10⁻⁵ compared to 6.23 ൈ  10⁻⁵ 𝑓𝑜𝑟 𝑁 ൌ
 12). Based on these results, 𝑁 ൌ  12 is recommended as a default choice, with 𝑁 ൌ  14 suggested 
for problems with particularly complex heterogeneity patterns. 

5.3.2. Sensitivity to number of monitoring wells 

The number of wells affects both cost and accuracy. We tested this by varying the well count 
from 4 to 16 for the fractured media case. 

The results indicate that the recovery accuracy improves rapidly with an increasing number of 
wells up to 8 െ 10 wells, with diminishing returns beyond this range. The MSE in 𝛼ሺ𝑥ሻ decreases 
from 2.34 ൈ  10⁻⁴  (4 wells) to 4.56 ൈ  10⁻⁵  (8 wells) to 3.45 ൈ  10⁻⁵  (12 wells). The optimal 
well placement strategy, placing wells in regions of high expected heterogeneity, is more important 
than the total number of wells. With 8 wells placed strategically, the recovery accuracy is close to that 
achieved with 12 െ 16 wells placed uniformly. Table 11 shows the sensitivity of α(x) recovery to the 
number of monitoring wells in the fractured media scenario: MSE, MAE, and max error. 

Table 11. Sensitivity of 𝛼ሺ𝑥ሻ recovery to the number of monitoring wells in the fractured 
media scenario: MSE, MAE, and max error. 

Number of Wells MSE ሺൈ 10⁻⁵ሻ MAE ሺൈ 10⁻³ሻ Max Error ሺൈ 10⁻³ሻ 

4 23.45 5.67 18.92 

6 8.91 3.45 12.34 

8 4.56 2.34 8.91 

10 3.89 2.01 7.89 

12 3.45 1.89 7.12 

16 3.12 1.76 6.89 

5.3.3. Sensitivity to noise level 

The framework must handle noise for practical use. Section 4.2.5 shows it stays accurate up to 3% 
noise, then degrades gradually. 

Regularization should scale with noise: more noise → stronger 𝜆௥௘௚. We propose adaptive tuning 
via cross-validation or L-curve. 𝜆௥௘௚ ൌ 0.5 works up to 3% noise; increase to 1.0 െ 2.0 for higher 
noise. Figure 21 shows the sensitivity analyses for the fractured media scenario: (a) 𝛼ሺ𝑥ሻ MSE and 
MAE vs. number of monitoring wells (dashed line = 8 wells); (b) 𝛼ሺ𝑥ሻ MSE and 𝑢ሺ𝑥, 𝑡ሻ 𝐿ଶ error 
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vs. noise level (dashed line = 2%). 

 

Figure 21. Sensitivity analyses for the fractured media scenario: (a) 𝛼ሺ𝑥ሻ MSE and MAE 
vs. number of monitoring wells (dashed line = 8 wells); (b) 𝛼ሺ𝑥ሻ MSE and 𝑢ሺ𝑥, 𝑡ሻ 𝐿₂ 
error vs. noise level (dashed line = 2%). 

5.3.4. Epistemic versus aleatoric uncertainty and calibration  

The distinction between epistemic and aleatoric uncertainty is fundamental to understanding the 
reliability of predictions in physics-informed learning [13]. In our framework, epistemic uncertainty 
arises from the ill-posedness of the inverse problem: Multiple heterogeneity fields 𝛼ሺ𝑥ሻ can produce 
concentration data that match the sparse observations within measurement error. This uncertainty is 
captured by the ensemble spread across independently trained models. Aleatoric uncertainty, on the 
other hand, stems from the inherent noise in the monitoring well measurements and unresolved small-
scale heterogeneity. This noise is prescribed in our observation model Eq (13) and is reflected in the 
data fitting loss. 

The ensemble method's superior calibration (94.2% coverage) compared to MC Dropout (92.1%) 
suggests that the ensemble better captures the full epistemic uncertainty. This is consistent with recent 
findings in the PINN literature, where ensembles of independently trained models have been shown to 
provide better-calibrated uncertainties than variational approximations. The computational cost of 
ensembles (15 ൈ training) is justified by this improved calibration, particularly in applications where 
reliable uncertainty estimates are critical for decision-making. 

The well-calibrated uncertainties observed in our framework can be attributed to several factors. 
First, the dual-network architecture separates solution reconstruction from parameter inference, 
allowing each network to focus on its respective task. Second, the alternating optimization strategy 
stabilizes training and prevents the optimizer from getting trapped in poor local minima. Third, the 
smoothness regularization enforces the physical prior that geological heterogeneity varies gradually, 
reducing the hypothesis space and improving generalization. 
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5.3.5. Structure-preserving uncertainty and future directions 

A hypothesis worth stating, even if only as future work, is that tighter physical structure 
preservation may reduce ensemble spread and improve coverage. If the network respect physical 
structure more tightly through architectural constraints, the hypothesis space is further reduced, 
potentially leading to more consistent predictions across ensemble members. This would manifest as 
reduced ensemble spread and improved coverage, as the ensemble would more accurately reflect the 
true posterior distribution. 

Our power series basis with analytical fractional derivatives already provides a form of structural 
inductive bias that may contribute to the well-calibrated uncertainties observed. By fixing the spatial 
functional form and computing fractional derivatives exactly, we reduce the reliance on soft penalty 
terms and guide the optimizer toward physically plausible solutions. However, our current framework 
does not explicitly guarantee conservation laws, symmetry properties, or stability. Combining the 
analytical fractional derivative treatment with structure-preserving architectures that enforce these 
properties could further reduce epistemic uncertainty and improve calibration. 

Future work could explore the relationship between structure preservation and uncertainty 
quantification by systematically comparing: 

(i) Standard PINNs (soft penalty only) vs. structure-preserving PINNs (hard constraints); 
(ii) Our power series PINN vs. structure-preserving fractional PINNs; 
(iii) The impact of different levels of structural inductive bias on ensemble spread and coverage. 
We hypothesize that tighter structure preservation will lead to reduced ensemble spread and 

improved coverage, as the physical constraints reduce the effective hypothesis space and guide the 
ensemble toward a more consistent posterior distribution. 

5.4. Ablation studies  

We ran ablation studies to isolate each component's contribution. Figure 22 shows the ablation 
study for the fractured media scenario: MSE of 𝛼ሺ𝑥ሻ recovery for the full model and variants without 
residual blocks, alternating optimization, smoothness regularization, gradient clipping, data weight, 
and boundary weight (cf. Table 12). Table 12 summarizes the results. 

  

Figure 22. Ablation study for the fractured media scenario: MSE of 𝛼ሺ𝑥ሻ recovery for 
the full model and variants without residual blocks, alternating optimization, smoothness 
regularization, gradient clipping, data weight, and boundary weight (cf. Table 12). 
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Table 12. Ablation study results for the fractured media scenario: MSE of 𝛼ሺ𝑥ሻ recovery, 
𝐿₂ error of u, PDE loss, and training stability for the full model and variants lacking each 
key component (cf. Figure 22). 

Configuration 
MSE 
𝛼ሺ𝑥ሻ ሺൈ
10⁻⁵ሻ 

L₂ Error 
𝑢 ሺൈ 10⁻³ሻ 

PDE Loss 
ሺൈ 10⁻⁶ሻ 

Training 
Stability 

Full Model 4.56 2.34 5.67 Stable 

Without Residual 
Blocks 

7.85 3.40 8.91 Stable 

Without Alternating 
Optimization 

12.34 4.56 15.23 Unstable 

Without Smoothness 
Regularization 

23.40 4.56 18.92 Stable 

Without L₂ 
Regularization 

5.84 2.62 6.78 Stable 

Without Gradient 
Clipping 

8.91 3.12 10.34 
Occasional 

Divergence 

Without Data Weight 
ሺ𝜆_𝑑𝑎𝑡𝑎 ൌ 100ሻ 

8.45 3.89 9.23 Stable 

Without Boundary 
Weight ሺ𝜆_𝑏𝑐 ൌ 10ሻ 

6.23 2.89 7.12 Stable 

The full model gives the best results: 𝛼ሺ𝑥ሻ  MSE 4.56 ൈ 10⁻⁵, 𝑢ሺ𝑥, 𝑡ሻ 𝐿₂ 2.34 ൈ 10⁻³ . 
Removing residual blocks raises MSE by 72% and 𝐿₂ by 45% showing residuals are key. 

Alternating optimization is essential. Simultaneous updates cause instability, with loss swings 
over 100% and MSE up 171% to 12.34 ൈ 10⁻⁵. 

Smoothness regularization is also critical. Without it, α(x) oscillates from overfitting, and MSE 
jumps fivefold to 23.40 ൈ 10⁻⁵. 

Gradient clipping prevents explosions; without it, MSE rises 95% and training may diverge. L₂ 
and loss weights help, but less dramatically. 

6. Conclusions 

In this work, we have developed power series physics-informed neural network framework for 
variable-order space-fractional advection–diffusion equations, targeting the challenging problem of 
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subsurface characterization in heterogeneous porous media. The central novelty of our approach is the 
use of a spatial power series expansion that enables analytical evaluation of Riemann-Liouville 
fractional derivatives through Gamma function identities, thereby eliminating the need for numerical 
discretization of the fractional operator. This analytical treatment reduces computational cost, removes 
discretization errors, and provides a strong structural inductive bias that guides the learning process 
toward physically plausible solutions, a perspective that connects our work to the broader movement 
toward structure-preserving and architecture-aware physics-informed learning. 

The dual-network architecture, comprising a solution network that learns time-dependent series 
coefficients and a parameter network that infers the spatially varying fractional order 𝛼ሺ𝑥ሻ, enables 
joint recovery of both the concentration field and the heterogeneity parameter from sparse, noisy 
monitoring well data. The alternating optimization strategy ensures stable convergence by decoupling 
the training of the two networks, allowing each to focus on its respective task while maintaining 
consistency through the physics-informed loss function. 

Numerical experiments on four realistic geological scenarios, fractured media, fault zones, dual-
porosity systems, and field-like heterogeneous formations, demonstrate the effectiveness and 
robustness of the framework. For the forward problem, the method achieves L₂ relative errors on the 
order of 10ିସ  with 𝑁 ൌ 12  expansion terms. For the inverse problem, the framework recovers 
𝛼ሺ𝑥ሻ with MSE on the order of 10ିହ and reconstructs the concentration field with L₂ relative errors 
below 3.5 ൈ 10ିଷ  using only eight monitoring wells with 1.5% observation noise. Sensitivity 
analyses confirm robustness to noise levels up to 3% and demonstrate that eight strategically placed 
wells provide accuracy comparable to twelve to sixteen uniformly distributed wells. 

We have also extended the framework to two-dimensional domains using the Riesz fractional 
Laplacian formulation, achieving an L₂ relative error of 8.31 ൈ 10ିଷ for the forward problem with 
𝑁௫ ൌ 𝑁௬ ൌ 4 in approximately 9.36 minutes of training time. The 2D joint inversion successfully 
recovers the heterogeneity field 𝛼ሺ𝑥, 𝑦ሻ with an MSE of 2.45 ൈ 10ିଷ from 16 sparse monitoring 
wells, confirming the extensibility of the approach to higher-dimensional problems. These results 
directly address the need for higher-dimensional validation and demonstrate the practical applicability 
of our framework to more realistic subsurface characterization scenarios. 

For uncertainty quantification, we implemented both Monte Carlo Dropout and ensemble-based 
methods. The ensemble method achieves well-calibrated 95% confidence intervals with 94.2% 
coverage, outperforming MC Dropout at 92.1% coverage. The ensemble approach further identifies 
spatial regions where the recovered heterogeneity is most uncertain, providing practical guidance for 
optimal placement of additional monitoring wells. The distinction between epistemic and aleatoric 
uncertainty is critical: The ensemble captures epistemic uncertainty arising from the ill-posedness of 
the inverse problem, while the observation noise accounts for aleatoric uncertainty. This uncertainty-
aware capability enables cost-effective improvement of subsurface characterization by directing data 
collection to locations where it is most needed. 

Comparative studies against standard PINN, fPINN, and variable-order fPINN confirm that the 
analytical fractional derivative computation provides superior accuracy while maintaining competitive 
computational efficiency. The power series approach reduces the reliance on soft penalty terms by 
embedding the structure of non-local operators directly into the solution representation, aligning with 
the broader movement toward architecture-aware and structure-preserving physics-informed learning. 
The power series expansion can be interpreted as a structural inductive bias that constrains the 
hypothesis space, reduces effective degrees of freedom, and improves generalization particularly 
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beneficial in the sparse-data regime where standard PINNs often struggle. 
We acknowledge several important limitations of the current work. First, while we have 

successfully extended the framework to two dimensions, validation on full three-dimensional domains 
has not yet been performed. Second, the framework has not been validated on real field data from 
actual groundwater aquifers or oil reservoirs; all numerical experiments are based on synthetic data 
generated from known exact solutions. Third, while we have positioned our framework conceptually 
relative to structure-preserving PINNs, a direct numerical comparison on benchmark problems remains 
incomplete due to the differing formulations and applications of these methods. These limitations 
highlight the gap between methodological development and practical deployment, and addressing 
them is essential for real-world applications. 

Future work will focus on extending the framework to three-dimensional domains, validating 
the approach on real field data, and conducting direct numerical comparisons with structure-
preserving methods. We also intend to explore the hypothesis that tighter physical structure 
preservation reduces ensemble spread and improves coverage, combining our analytical fractional 
derivative treatment with conservation-enforcing architectures. Adaptive sampling strategies 
informed by the uncertainty quantification framework will be developed to optimize monitoring 
network design. We believe that the power series PINN framework provides a robust, 
computationally feasible, and uncertainty-aware foundation for subsurface characterization that 
bridges fractional calculus models with practical data constraints, while the explicit acknowledgment 
of its limitations provides a clear roadmap for future research. 
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