AIMS Mathematics, 11(9): 31396-31411.
AIMS Mathematics DOI: 10.3934/math.20261239

Received: 16 July 2026

Revised: 25 August 2026

Accepted: 17 September 2026

Published: 23 September 2026
https://www.aimspress.com/journal/Math

Research article

New bounds for the eigenvalue of the Schur product of an M -matrix and

inverse M -matrix

Xiaofeng Zhang and Fubin Chen*

Institute of science and technology, Oxbridge College of Kunming University of Science and
Technology, Kunming 650106, China

* Correspondence: Email: chenfubinyn@163.com.

Abstract: M -matrices are an important class of special matrices for numerical modeling in biology,
physics, and other disciplines. Estimation of the minimum eigenvalue of the Schur product of M -
matrices is a significant research topic in the field of matrix analysis. Based on the Gerschgorin disk
theorem and the Brauer oval theorem, this paper established new lower bound estimates for the
minimum eigenvalue of the Schur product of an M -matrix and an inverse M -matrix. The proposed
bounds only rely on the entries of the matrices, with compact expressions and high computational
efficiency. A series of numerical examples illustrate that the bounds derived in this paper are tighter
than several estimation formulas from existing literature, serving as a valuable supplement to the
theory of spectral bound estimation for Schur products of M -matrices.
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1. Introduction

The set of all real (complex) matrices is written as R™ ( C™ ). Let
GeZ, ={G=(g,)eR"™"|g,<0;i,jeN,i#j}, where N denote the index set {l,2,--,n} . If a

matrix G €Z, canbe writtenas G =qal —P with nonnegative matrix P and a > p(P),then G

is called a nonsingular M -matrix, and the set of all nonsingular M -matrices is denoted by M . If

n

a=p(P), G isreferred to as a singular M -matrix. We define
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7(G) = min{Re(1): 1 € o(G)},

where 7(G) stands for the minimum real part of eigenvalues of matrix G [1].
If there exists a permutation matrix P satisfying

PGPT — Bll BIZ
0 B,

for some 1<k<n-1, where B, ,B, are square matrices of order £ and n—k, then G is

reducible. Otherwise, G 1is irreducible. Equivalently, G is irreducible if and only if its associated
directed graph is strongly connected [2].

A nonnegative matrix G = ( g ) € R™" is called a doubly stochastic matrix if it satisfies both unit

column sum and unit row sum z g;=l,je N,Z g; =1,ieN[2]. For any invertible matrix G
i=1 j=1

with G being doubly stochastic, one obtains the following equalities:
Ge=e, G'e=e, e=[11,---1]".

Let G :( gi].) eR™.If |g,|> Z‘ gi].‘ holds for every row, then G is called a strictly row

J#i
diagonally dominant matrix. If the transpose G’ is strictly row diagonally dominant, then G is also
called a strictly column diagonally dominant matrix.
The Schur product (Hadamard product) of matrices G = ( gl.j) and H = (hy.) is denoted by

GoH= ( gijhij), which means that the corresponding entries of G and H are multiplied element-

wise. If G,HeM,, then GoH 'e M, [1].

The Schur product is not merely a theoretical matrix operation; it has been widely utilized in
econometrics [3—5], biosignal processing [6], image processing [7—10], and financial time-series
analysis [11-13].

Over recent years, eigenvalue localization [14—16], spectral perturbation [17-19], and spectral
radius estimation for the Schur product of matrices [20—24] have drawn substantial attention from
mathematicians across the globe. This field has witnessed intensive ongoing research and a steady
stream of new theoretical results.

In particular, estimating the lower bound of the minimum eigenvalue for the Schur product of an
M -matrix and an inverse M -matrix is a core problem of remarkable research value in matrix spectral
theory. Recently, a number of papers have carried out in-depth investigations into this issue and
obtained several relevant lower bound estimation results [25-33].

The authors of [25] established the following classical conclusion

H(GoG > L,
n

and put forward a conjecture that
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2
(GG ) >=.
n

Suppose G =(g;,)eM, and G'=( B;) - In[26,27], the authors presented the result below

1 gii_si;‘gﬁ‘
oG ) >mi - J=
7(GoG )_miln 1+2Sﬁ ,
i
1

e ] :
7(GoG )2 min—1 g+ &Py _{(giiﬂii ~8,;P; )2 +4(Vi2|gki|ﬂﬁj["12‘g/q‘ﬁz;j:l >

k#i k#j

where
‘gif‘_'_ > lexld,
s, =max{s.}, §,.= Skl d _ R R —Z‘
. i v |gii| ’ i_|gﬁ|, i_j;fi gij ’
‘gij‘—'_ Z'|gik|Skj
v, = k|;ft| , vl.:n}gix{vij}, i,j,keN, j#i.
ii X

Subsequently, the authors in [28-30] put forward the following conclusion

8ii _miz‘gji‘
7(GoG ") > min i

I+ iji ,

J#I

8ii _uiz‘gﬁ‘
7(GoG ™) > min hal

1+Zuﬂ ’

J#I

8ii _M}iz‘gﬁ‘
(GoG ) > min A

l+Zwﬁ ’

J#i

1
1 >
7(G-G)> min 8B+ 8,8 _{(giiﬂii ~g;P5; )2 +4(”¢Z|gki|ﬁiij£WfZ‘gk/‘ﬂjj H )

k#i k#j

where
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‘gU‘+Z|gik|rf ‘g ‘
m; =max{m,}, m; = K2 , 7. =max z
E <] EAIFRE NI Z\g,k\
k#j,i
2]+ 2 Il )
U, = ol , u; =maxf{u;}, h =max U
<] = L= 2 lelm |

¢]l

‘gu‘—l_ |gik|mkjhj
w, = k)i , Wizmgx{wy}, i,j,keN, j#i.
JFl

|g.]

This paper further investigates the problem of lower bounds for the minimum eigenvalue of the
Schur product of an M -matrix and an inverse M -matrix, and establishes estimation formulas with
higher accuracy. The validity of the new bounds is verified by theoretical proofs and numerical
examples, which provides a reliable reference for relevant research on matrix theory.

2. Main results

First, some lemmas that we use in the proof of our conclusions are given.
Lemma 1. [1] If G is an M -matrix, then there exists a positive diagonal matrix D such that

D 'GD is a row strictly diagonally dominant M -matrix.
Lemma 2. [2] Let G=(g;,)eC"™ and x,x,,--,x, are positive real numbers. All eigenvalues of

G are contained in the following region

U{Zec - g”|_xz_\gﬂ\}

i=1 J#i _/'

Lemma 3. [2] Suppose G=(g;)eC"™ and x,x,,-,x, are positive real numbers. Every

eigenvalue of G lies within the domain given below

Uzl l<(n2 el [ 2 2e |
i;l,:] ki X k¢_/

Lemma 4. [34] If G=(g;)e R"™ is astrictly diagonally dominant matrix of rows, then the inverse

matrix G~ =(f,) satisfies

Z‘gjk
"Bﬁ‘skﬂ |ﬂii|’j¢i> i,jeN.

jj‘

Lemma 5. Let G =(g;)e R"™ be a strictly row diagonally dominant matrix. For all i, j € N with

Jj #1, the following conclusions hold:
(1) 0<p <1, 0<y, <1,

AIMS Mathematics Volume 11, Issue 9, 31396-31411.
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2) 0<p, <8, <w, <1,

where

|gii|

g, ‘gu\iz'lg,-klwk,-m
: 2
7]; = max ‘gﬂ‘w z“gjk‘wki’ )

;] ‘ga\ﬂ“;lg,-kl%yj
— #Js5l
S PP ,

pi :maX{py}’ la]ak € N) J;él
J#i

|g,-,-|

Proof. Since w;, <m ;h,[30]. According to the definition of w,, we have

‘gji‘ = ‘gjj‘ W _kZA‘g/‘k‘mkihi .
#j,i
It follows that

‘gﬁ‘ ‘g]‘w Z‘g/k‘mk

‘gjj‘wji_ Z ‘gjk‘wk ‘gu‘w Z‘g,k‘wk
k#j,i

which yields 0<7, <1. From the definition of 7,, we have

Further,

‘gji‘ + z ‘gjk‘wkini
k#j,i _
W, 2 =9,.

Vi

Combined with 0<7, <1, we arriveat 0< 9, <w,.

Hence,

) \g]\S Z\g,k\wm

‘gj/"gﬁ_Z‘gjk“g ‘gj/‘lg Z‘g/k“g B
—
R

Furthermore, by the definition of y,, we have 0<y, <1.

AIMS Mathematics Volume 11, Issue 9, 31396-31411.
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Since
y > 21
1' —_ b
‘gjj‘lgji - Z ‘gjk‘lgki
k#j,i
we have

‘gji‘+ Z‘gjk"‘gki}/i

k#j,i _
lgjiyi 2 _pji'
\g,,\

By 0<y,<l,wehave 0<p, <8, Hence, 0<p, <3, <w,<l.
From the inequalities 0< p, <w, <1, we see that the quantity p, obtained by our iterative
refinement is tighter than the starting iterate w;, [30]. This improvement forms the theoretical basis

for deriving sharper lower bounds for 7(G-G™) in our subsequent corollaries.
Lemma 6.1f G =(g;)e R"™ isastrictly diagonally dominant matrix of rows, then the inverse matrix
G =(B;) satisfies

‘gji‘—'_z‘gjk“gki}/i

B < g | Bi<pByi» j#i, i,jeN.
i
Proof. Define
" a |+ s+ 2 Jaslrer+e
7 (&) = max , m (&)= - ,
J#i ‘ajj‘ _;“ajk m; (5) a,
#],
o la [+« ‘aﬁ‘+k;i‘ajk‘mki(8)hi(8)+8
O - Sadme | " o) |
k#j,i
© ‘gji‘+g . ‘gji‘+k¢zj"gjk‘9ki(8)77i(8)+g
(&) = max (&) = Ji
771 i ‘g_y_‘&ﬁ(g)—kz"gjk‘ﬁki(g) ’ jl(g) ‘gjj‘ 5
i
_ g+
) T 9@ S ealo @) |
k#j,i

Given that G is strictly diagonally dominant by rows, one can always pick a sufficiently small
>0 fulfilling

0<3,(e)<wy(e)<m,(e)<r(e)<1, 0<h(e)<l, 0<p(e)<l, O<y(e)<l.
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Denote the diagonal matrix
VV;(g) = diag(‘gli(g)yi(g)a"'a'9,;1,,'(8)7,-(8)313 19”1,,'(8)7;'(8)9"'5‘9,”-(8)71'(8))9 ieN.

In fact, for j#1i, from the definition of y,(&), we have

2
71’(8) > s ]
‘gjj‘lgji(g)_ Z ‘gjk"‘gki(g)
k#j,i
It then follows that
2]+ X || % @r.(e) <|g,| 9. () (o). (1)
k#j,i
For j =i, we have
Z|gik|‘9ki(5)7i(5) <Z|gik|<|gii|‘ (2)
k#j,i k#i

Combining relations (1) and (2), the matrix GW,(¢) is strictly row diagonally dominant and also an

M -matrix. By Lemma 4, we obtain

5 lel Zlealserne
Ji < i

< el B.

3,()7,() g9 T

which simplifies to
EAEDNAENCTAC
ﬂl-,- < k#j,i ﬂl—l—,
' ‘gji‘

Letting & — 0, one deduces that

‘g‘/i‘_'_ ZA‘gjk‘lgkiyi

B, < ek B.<p,B,. j#i, i,j eN.

8ji
Remark 1. Since p, <w, <u,<m,<s,,j#i,i,j € N.This indicates that Lemma 6 provides an

improved bound compared with the relevant conclusions established in the literature [26,28-30].
Lemma7.If GeM, and G™' = (B;) 1is a doubly stochastic matrix, then

1
B,>—— icN.
1+2.p;

J#I

Proof. Since G isan M -matrix and G~ =( B;) 1s a doubly stochastic matrix, we have

AIMS Mathematics Volume 11, Issue 9, 31396-31411.
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i =Z|gik|+1:Z|gki|+19 ﬂii"‘Zﬂﬁ =1,ieN.

k#i k+#i J#i

We thus deduce that G is strictly diagonally dominant by rows. By Lemma 6, we have
‘gji‘_'_ Z ‘gjk“gki%'

Py
lzﬂii"'ZﬂjiSﬂﬁ"'z - B
=i = Jf/"

‘gji‘+ Z.‘gjk“gkiyi
— 1+Z k#j,i ﬂii
J#I jj‘

= l+zpjiJﬂu

J#i
Thus, we obtain

1
B,>———, icN.
1+2.p;

J#

Theorem 1. Let G=(g;), H=(h;)eM,,and G for the inverse matrix of G . Then

hii _piz‘hji‘

7(H G™") > min lial

1<i<n

, I,jeN.
Proof. From Lemma 1 and the identity
t(HoG)=t(X"'(HoGX)= 1(H-(X'GX)),

we may assume without loss of generality that G is a strictly diagonally dominant M -matrix.
(1) Both G and H areirreducible. Suppose G ' = (B;).Forany ieN,wehave 0<p, <1.

Thus, based on Lemma 2 and the inequality 0<7(H oG™')<h,f3,, there exists i €N such that

c(HoG)-h,B|<p> “hﬂﬁ”‘

J;tz

It follows that

/¢l

f(HoG )2 hp,~p> "hﬂﬂ],‘

2 hu‘:Bn‘ - sz‘,%‘hﬂ‘”fﬂﬂ

j#i Pj

= (hii - piz‘hji‘JlBu

J#i
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Since GG™' =1, we have

1= Zlgijﬂj[ = g.p; _Z‘gtjwj‘i .
=

J#

. . . : 1
This immediately yields g, /. =1, or equivalently, B, >—, ieN.Consequently

i

hii _piz‘hji‘ hii _piz‘hji‘
t(HoG")>——Z _ >min{ ——= 1.
8ii sisn 8ii

(2) Atleastone of G and H isreducible. We construct a permutation matrix M =(m,;) such

thatm, =m,, =---=m, =1 andall other entries of M equal zero. For any sufficiently small positive

real number ¢, the matrices G—eM and H —&M are both irreducible M -matrices. We replace
G and H with G—&M and H —&M , respectively. The inequality holds as we take the limit
e—0.

The following Corollaries are derived from Theorem 1.

Corollary 1. Let G =(g,), H=(h;)eM,, and G be a double stochastic matrix. Then

hii_piz‘hji‘
T(HOG_I)ZIIBigl;II ﬁ , l,]EN

J#I

no

Corollary 2. Let G=(g;)e M, and G be a double stochastic matrix. Then

. gii_pig‘gji‘
T(GoG’l)Zglsrnl ﬁ , I,jEN.

J#I

Theorem 2.If G=(g,), H=(h)eM,, and G =(f3,), then

1
- 1 2
(HoG)2 min> hiBi+h, B, _|:(hiiﬂii —hB;) +4(pi2|hki|ﬁii)(pjz‘hkj‘ﬂji)j|

k#i k+j

Proof. It is trivial that the conclusion holds when #n=1. We shall verify the case n>2 below.
From Lemma 1 and the identity
t(HoGY)=1t(X"'(HoG"HX)= t(H-(X'GX)),
we may assume without loss of generality that G is a strictly diagonally dominant M -matrix, and
set 7(HoG')=2A.

(1) If both G and H are irreducible, since A is an eigenvalue of HoG', we have
0<A<h,p,. From Lemma 3, there exist i, j €N with j#i such that

AIMS Mathematics Volume 11, Issue 9, 31396-31411.
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|/1 — B | M - hj/'ﬂ./.'/"

1 1
Pi pk| klﬂklg[pjzp ‘ klﬂl‘?U

k#i k=] Mk

1 1
< piz_|hki|pkﬂiiJ.(Ia_jz_‘hkj‘pkﬁjj]

k=i Py k=i Py

= piZMkiWﬁ}(l"jZ‘hw‘ﬂﬁJ'

IA

ki

Then,

A 2% hiiﬁii +hjjﬂjj _|:(hiiﬂii _hjjﬂjj)z +4(pi2|hki|ﬁii)(pjz hkj‘ﬂjj):|

k#i k+j

Therefore,
1

T(HOG_I) 2 % hn‘ﬂn‘ +hjjﬂjj _|:(hmgii _hjjﬁjj)z +4(piz|hk[|ﬂﬂ')(pjz‘hkj‘IB_I'/'):|

k#i k#j

1 ) 2
>min—3 kB +hy B, {(h,-lﬂ,-,- ~h,f,) +4<pl-2|hk,-|ﬂ,-,-><p,-2\hk,\ﬂ,j)}

77 2 k#i k#j

(2) Atleastone of G and H isreducible. We construct a permutation matrix M =(m,;) such
that m, =m,; =---=m_ =1 and all other entries of M equal zero. For any sufficiently small

positive real number ¢, the matrices G—&M and H —&M are both irreducible M -matrices. We
replace G and H with G—eM and H —&M , respectively. The inequality holds as we take the
limit £ —>0.

Corollary 3. Let G =(g,)eM, and G'=( B;) be adouble stochastic matrix. Then,
1
_ .1 2 2
(GG 1) 2 n}ilna g5 +gjj18jj _|:(giiﬂii _gjjﬂjj) + 4[pikz;|gki|ﬂii](pj;‘gkj‘ﬂjj ]:l
#I #]
Remark 2. In view of p, <w,, it follows that p, <w,. Hence, Corollary 2 and Corollary 3 improve

the results of [30].
Theorem 3. Let G=(g;)eM, and G'=( B;) be a double stochastic matrix. Then,

2 k#i k#j

r_r/_gl_nl 8B +8,b, {(g,-,ﬂ,-,- -g,8,) +4(p,-2|gk,-|ﬂ,-,-)(p,-Z\g@-\ﬂﬁ)}

AIMS Mathematics Volume 11, Issue 9, 31396-31411.
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8 _piz‘gji‘
>min{ —— .
I<i<n 1+Zpl_’_
JEi

Proof. Without loss of generality, for i# j, we may suppose

giiIBii _pi;Lgkilﬂii S gjjﬂjj _pj;‘gkfwf/'
#1 #]
Then,
P> |2y|B; < 2,8, — 2B+ P 2 l8ulB:

k#j

It then follows that

(giiﬂii _gjjﬂjj )2 +4(pi2|gki|ﬂii](pjZ‘gkj‘ﬂjjj

k#i 1#j

<(g.8,-2,8,) + 4[p[2|gk,-|ﬂﬁ)~ (g,,ﬂ,,- - 8./, +p,-Z|gk,-|ﬂl—,}

ke#i k#i

(gu'ﬂn _gjjﬂjj )2 +4(p52|gik|ﬂnj' (g,;,'/z,;,' _giiﬂii)+[2pi2|gik|ﬂiiJ

ke#i ki

k#i

2
=(gjjﬂjj —g,-,-,B,-,- +2pi2|gki|ﬁii] :

Accordingly,

giiﬂii +g_1'jﬁ_1'j _|:(g[[ﬁii _gjjﬂjj)z +4(,0[Z|gki|ﬂii)(pjZ‘g/g“ﬂjj):r

k#i k#j

N | =

1 Te
2 5 giiﬁii +gjiﬂj/’ _{(gjiﬁ/j _giiﬂii +2pi;|gki|ﬂiij }

1
= E{giiﬂii +gjjﬂjj _gjjﬂjj +giiﬂil _2p1k2;|gki|lgﬁ}
= giiﬂii _piZ|gki|:Bii

k#i

k#i

1+Zpki

k#i

Thus, we draw the following conclusion:

8ii _piZ|gki|

1

H,li,n% 8P+ 8By —{(g”ﬁﬁ ~8;8;) +4(pi2|gki|lgii)(pjZ‘gk/‘ﬂjj):|

k#i k#j
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8 _piz‘gji‘
. J#i
" 420 |

J#i
3. Numerical examples
To further illustrate the superiority of our novel bounds over several known results, three

numerical examples are presented in this section.
Example 1. As the first illustration, we take the matrix adopted in [26] for comparison.

4 -1 -1 -1
2 5 -1 -1
G= .
0 -2 4 -1
-1 -1 -1 4

Table 1 presents the comparison between the estimation results in [25-30] and Corollary 2 and
Corollary 3 proposed in this paper.

Table 1 The lower bound of 7(G-G™).

Method ey
Conjecture of [25] 0.5000 ~
Theorem 3.1 of [26] 0.6624
Theorem 3.2 of [27] 0.8457
Theorem 3.2 of [28] 0.8000
Theorem 3.1 of [29] 0.8250
Corollary 2 of [30] 0.8320
Corollary 3 of [30] 0.8880
Corollary 2 0.8363
Corollary 3 0.8929

Example 2. Now we present the second example, where we consider the following 10X 10 matrix
taken from Example 1 of [33].

20 -1 -2 -3 4 -1 -1 -3 =2 =2
-1 8 -3 -1 -1 4 -2 -1 -3 -1
-2 -1 10 -1 -1 -1 0 -1 -1 -1
-3 -1 0 16 4 -2 -1 -1 -1 =2

-3 -1 0 -1 -1 -1 0 -1 -2 11

AIMS Mathematics Volume 11, Issue 9, 31396-31411.
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Basedon GeZ, and Ge=e, G'e=e, itis easy to see that G is a nonsingular M -matrix,

and G~ is doubly stochastic. Table 2 illustrates the comparison between the results derived in this
paper and those presented in [25-30].

Table 2. The lower bound of 7(G-G™).

Method 7(G-G™)
Conjecture of [25] 0.2000
Theorem 3.1 of [26] 0.2519
Theorem 3.2 of [27] 0.4732
Theorem 3.2 of [28] 0.4125
Theorem 3.1 of [29] 0.4471
Corollary 2 of [30] 0.5062
Corollary 3 of [30] 0.6064
Corollary 2 0.6130
Corollary 3 0.6668

Remark 3. The numerical results listed in the above two tables demonstrate that the lower bounds
derived from Corollary 2 and Corollary 3 are sharper than those provided in some existing literature.
Moreover, the result obtained via Corollary 3 in this paper outperforms that from Corollary 2.
Example 3. Consider the following circulant nonsingular M -matrix taken from Example 3 of [33].

Let G=(g;), where g,=8,="8,,2, &> =8 = """=&, 1, = &, =1, and
g; =0 elsewhere.

It can be readily verified that the circulant matrix G constructed above is a nonsingular
M -matrix, and its inverse G~ is a doubly stochastic matrix. For the case n=10, we compute the
lower bounds 7(G°G')>0.7164 and 7(G>G')>0.7507 by virtue of Corollary 2 and Corollary
3, respectively, while the exact value is 7(GoG™')=0.7507 . When n =100, the corresponding
bounds from the two corollaries are 7(GoG')>0.3057 and 7(G-G')>0.7500, where the exact

value satisfies 7(GoG™')=0.7500.

The iterative scheme in [33] can also attain the exact lower bound for this example, yet it requires
more iteration steps. By contrast, our proposed iterative formulas yield the exact bound with fewer
iterations, which demonstrates the superiority of our method in terms of convergence performance and
computational efficiency.

4. Conclusions

M -matrices are widely employed in matrix theory and engineering problems such as convergence
analysis of numerical iterations, system stability judgment, and eigenvalue estimation of Schur
products due to their favorable spectral properties. The Schur product, also known as the Hadamard
product of matrices, refers to the operation of multiplying the corresponding entries of two matrices,
which finds extensive applications in mathematics, engineering, data science, and other disciplines.

This paper mainly investigates the lower bound estimation for the minimum eigenvalue of the

AIMS Mathematics Volume 11, Issue 9, 31396-31411.
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Schur product of an M -matrix and the inverse of another M -matrix and derives novel and effective
new inequalities. Theoretical proofs and numerical examples demonstrate that the proposed lower
bounds can well approximate the true minimum eigenvalue, featuring superior estimation accuracy
and universality and improving several existing results. The relevant conclusions further enrich the
theoretical research on Schur products of M -matrices and provide theoretical references for related
studies in matrix theory.

Author contributions

Xiaofeng Zhang: Conceptualization, Data curation, Writing-original draft, Methodology; Fubin
Chen: Formal analysis, Writing-review & editing, Investigation, Data curation. All authors have read
and approved the final version of the manuscript for publication.

Use of Al tools declaration

The authors declare that they have not used Artificial Intelligence (Al) tools in the creation of this
article.

Acknowledgments

This research is supported by the Scientific Research Fund of Yunnan Provincial Education
Department (2025J1158).

Conflict of interest
The author declares that there is no conflict of interest.
References

I. R. A. Horn, C. R. Johnson, Topics in Matrix Analysis, Cambridge University Press, 1991.
https://doi.org/10.1017/CB0O9780511840371

2. R. A. Horn, C. R. Johnson, Matrix Analysis, Cambridge University Press, 1985.
https://doi.org/10.1017/CBO9780511810817

3. X.Kang, Z.F. Li, Digital-driven new quality productivity and its impact on supply chain resilience:
A complex network approach integrating the Hadamard product, Appl. Sci., 15 (2025), 11193.
https://doi.org/10.3390/app152011193

4. H. Neudecker, W. G. Polasek, S. Z. Liu, The heteroskedastic linear regression model and the
Hadamard product a note, J. Econom., 68 (1995), 361-366. https://doi.org/10.1016/0304-
4076(94)01655-]

5. S. Z. Liu, G. Trenkler, T. Kollo, D. V. Rosen, O. M. Baksalary, Professor Heinz Neudecker and
matrix differential calculus, Stat. Pap., 65 (2024), 2605-2639. https://doi.org/10.1007/s00362-
023-01499-w

AIMS Mathematics Volume 11, Issue 9, 31396-31411.


https://doi.org/10.1017/CBO9780511840371
https://doi.org/10.1017/CBO9780511810817
https://doi.org/10.3390/app152011193
https://doi.org/10.1016/0304-4076(94)01655-J
https://doi.org/10.1016/0304-4076(94)01655-J
https://doi.org/10.1007/s00362-023-01499-w
https://doi.org/10.1007/s00362-023-01499-w

31410

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

W. J. Kim, I. Kim, S. H. Lee, Enhancing the performance of the neural network model for the
EMG regression case using Hadamard product, J. Mech. Sci. Technol., 38 (2024), 3607-3613.
https://doi.org/10.1007/s12206-024-0634-7

P.H. Wu, Y. P. Lan, C. L. Chou, C. T. Lin, Fast infrared small target detection by using Hadamard
product for spatial-temporal matrices, [EEE Access., 10 (2022), 116830-116843.
https://doi.org/10.1109/ACCESS.2022.3215851

R.S. Liu, S. Q. Li, J. Y. Liu, L. Ma, X. Fan, Z. X. Luo, Learning Hadamard-product-propagation
for image dehazing and beyond, /EEE T Circ. Syst. Vid., 31 (2021), 1366-1379.
https://doi.org/10.1109/TCSVT.2020.3004854

R. Veldzquez, C. N. Sanchez, E. E. Pissaloux, Visual impairment simulator based on the
Hadamard product, Electron. Notes Theor. Comput. Sci., 329 (2016), 169-179.
https://doi.org/10.1016/j.entcs.2016.12.010

W. Jiang, H. Hu, Hadamard product perceptron attention for image captioning, Neural Process.
Lett., 55 (2023), 2707-2724. https://doi.org/10.1007/s11063-022-10980-w

L. Bauwens, E. Otranto, Modeling realized covariance matrices: A class of Hadamard exponential
models, J. Financ. Econom., 21 (2023), 1376—1401. https://doi.org/10.1093/jjfinec/nbad02 1

R. Giacometti, G. Torri, K. Rujirarangsan, M. Cameletti. Spatial multivariate GARCH models
and  financial  spillovers, J.  Risk  Financ. = Manag., 16  (2023), 397.
https://doi.org/10.3390/jrfm16090397

R. Engle, Dynamic conditional correlation: A simple class of multivariate generalized
autoregressive conditional heteroskedasticity models, J. Bus. Econ. Stat., 20 (2002), 339-350.
http://dx.doi.org/10.1198/073500102288618487

G. S. R. Kosuru, Specific eigenbounds for Hadamard product of Hermitian matrices, J Anal., 28
(2020), 3-8. https://doi.org/10.1007/s41478-017-0029-6

J. M. Peiia, Eigenvalue localization for symmetric positive Toeplitz matrices, Axioms, 14 (2025),
232-232. https://doi.org/10.3390/AXIOMS 14040232

R. Ma, F. Zhang, Eigenvalue localization inequalities for complex matrices with order n = 3,
Adv. Math. Phys., (2025). https://doi.org/10.1155/ADMP/6151487

M. Gil, Perturbation bounds for eigenvalues and determinants of matrices, a survey, Axioms, 10
(2021), 99. https://doi.org/10.3390/axioms 10020099

C. F. Xiao, H. Y. Li, Improved random perturbation intervals of symmetric eigenvalue problem,
Linear Algebra Appl., 541 (2018), 1-12. https://doi.org/10.1016/j.1aa.2017.11.026

L. Tang, C. F. Xiao, H.Y. Li, A new random perturbation interval of symmetric eigenvalue problem,
Linear Multilinear A., 69 (2021), 147—154. https://doi.org/10.1080/03081087.2019.1590301

Q. Zhong, Some new inequalities for nonnegative matrices involving Schur product, 4AIMS Math.,
8 (2023), 29667-29680. https://doi.org/10.3934/math.20231518

J. Li, H. Hai, Some new inequalities for the Hadamard product of nonnegative matrices, Linear
Algebra Appl., 606 (2020), 159—-169. https://doi.org/10.1016/j.1aa.2020.07.025

L. L. Zhao, Q. B. Liu, Some inequalities on the spectral radius of matrices, J. Inequal. Appl., 2018
(2018), 5. https://doi.org/10.1186/s13660-017-1598-2

F. B. Chen, Some new estimations on the spectral radius of the Schur product of matrices, AIMS
Math., 10 (2025), 97-116. https://doi.org/10.3934/math.2025006

AIMS Mathematics Volume 11, Issue 9, 31396-31411.


https://doi.org/10.1007/s12206-024-0634-7
https://doi.org/10.1109/ACCESS.2022.3215851
https://ieeexplore.ieee.org/author/38237556200
https://ieeexplore.ieee.org/author/37086454851
https://ieeexplore.ieee.org/author/37086926046
https://ieeexplore.ieee.org/author/37086452963
https://ieeexplore.ieee.org/author/37401468400
https://ieeexplore.ieee.org/author/37279736500
https://doi.org/10.1109/TCSVT.2020.3004854
https://doi.org/10.1016/j.entcs.2016.12.010
https://doi.org/10.1007/s11063-022-10980-w
https://ideas.repec.org/a/oup/jfinec/v21y2023i4p1376-1401..html
https://ideas.repec.org/a/oup/jfinec/v21y2023i4p1376-1401..html
https://doi.org/10.1093/jjfinec/nbad021
https://doi.org/10.3390/jrfm16090397
http://dx.doi.org/10.1198/073500102288618487
https://link.springer.com/article/10.1007/s41478-017-0029-6#auth-G__Sankara_Raju-Kosuru-Aff1
https://doi.org/10.1007/s41478-017-0029-6
https://doi.org/10.3390/AXIOMS14040232
https://doi.org/10.1155/ADMP/6151487
https://doi.org/10.3390/axioms10020099
https://doi.org/10.1016/j.laa.2017.11.026
https://doi.org/10.1080/03081087.2019.1590301
https://doi.org/10.3934/math.20231518
https://doi.org/10.1186/s13660-017-1598-2
https://doi.org/10.3934/math.2025006

31411

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

ATI

Q. P. Guo, J. S. Leng, H. B. Li, C. Cattani, Some bounds on eigenvalues of the Hadamard product
and the Fan product of  matrices, Mathematics, 7 (2019), 147.
https://doi.org/10.3390/math7020147

M. Fiedler, T. L. Markham, An inequality for the Hadamard product of an M-matrix and inverse M-
matrix, Linear Algebra Appl., 101 (1988), 1-8. https://doi.org/10.1016/0024-3795(88)90139-5

H. B. Li, T. Z. Huang, S. Q. Shen, H. Li, Lower bounds for the minimum eigenvalue of Hadamard
product of an M-matrix and its inverse, Linear Algebra Appl., 420 (2007), 235-247.
https://doi.org/10.1016/j.1aa.2006.07.008

F. B. Chen, New inequalities for the Hadamard product of an M-matrix and its inverse, J. Inequal.
Appl., 2015 (2015), 35. https://doi.org/10.1186/s13660-015-0555-1

Y. T. Li, F. B. Chen, D. F. Wang, New lower bounds on eigenvalue of the Hadamard product of
an M-matrix and its inverse, Linear Algebra Appl., 430 (2009), 1423-1431.
https://doi.org/10.1016/j.1aa.2008.11.002

G. H. Cheng, Q. Tan, Z. D. Wang, Some inequalities for the minimum eigenvalue of the Hadamard
product of an M-matrix and its inverse, J. [Inequal. Appl., 2013 (2013), 65.
https://doi.org/10.1186/1029-242X-2013-65

Y. T. Li, F. Wang, C. Q. Li, J. X. Zhao, Some new bounds for the minimum eigenvalue of the
Hadamard product of an M-matrix and an inverse M-matrix, J. Inequal. Appl., 2013 (2013), 480.
https://doi.org/10.1186/1029-242X-2013-480

J. X. Zhao, Lower bounds for the minimum eigenvalue of Hadamard product of M-matrices, B.
Malays. Math. Sci. So., 46 (2023), 18. https://doi.org/10.1007/s40840-022-01432-8

W. L. Zeng, J. Z. Liu, Lower bound estimation of the minimum eigenvalue of Hadamard product
of an M-matrix and its inverse, Bull. Iran. Math. Soc., 48 (2022), 1075-1091.
https://doi.org/10.1007/s41980-021-00563-1

J. X. Zhao, F. Wang, C. L. Sang, Some inequalities for the minimum eigenvalue of the Hadamard
product of an M-matrix and an inverse M-matrix, J. Inequal. Appl., 2015 (2015), 92.
https://doi.org/10.1186/s13660-015-0611-x

X. R. Yong, Proof of a conjecture of Fiedler and Markham, Linear Algebra Appl., 320 (2000),
167—171. https://doi.org/10.1016/S0024-3795(00)00211-1

- © 2026 the Author(s), licensee AIMS Press. This is an open access
MS ATMS Press  article distributed under the terms of the Creative Commons
: Attribution License (https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 11, Issue 9, 31396-31411.


https://doi.org/10.3390/math7020147
https://doi.org/10.1016/0024-3795(88)90139-5
https://doi.org/10.1016/j.laa.2006.07.008
https://doi.org/10.1186/s13660-015-0555-1
https://doi.org/10.1016/j.laa.2008.11.002
https://doi.org/10.1186/1029-242X-2013-65
https://doi.org/10.1186/1029-242X-2013-480
https://doi.org/10.1007/s40840-022-01432-8
https://doi.org/10.1007/s41980-021-00563-1
https://doi.org/10.1186/s13660-015-0611-x
https://doi.org/10.1016/S0024-3795(00)00211-1



