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Abstract: In geometric function theory, the estimation of initial coefficients for analytic functions is
a fundamental topic of considerable interest to researchers. To gain a more profound understanding
of these estimations, it becomes essential to identify the values that satisfy the state of equality (the
sharpness result). This state represents one of the most difficult challenges in this field. For this
reason, many studies that do not achieve the sharpness remain open for further investigations by
other researchers. In this paper, we present an extreme value function that enables the acquisition
of sharpness for a class of symmetric functions with real order. Furthermore, we verify the accuracy
of the representation used to determine the initial coefficients. We also derive the sharp estimates by
selecting appropriate values for some parameters affecting the extreme value functions. Finally, the
sharp bounds of the initial coefficients for the inverse of analytic functions and Hankel determinants
are derived.
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1. Introduction

To provide a clearer framework for the results investigated in this paper, we first recall several
fundamental concepts from geometric function theory. In this regard, we denote by A the class of
normalized analytic functions and by S the class of univalent functions. These classes are defined in
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the open unit disk E = {{ € C : |{| < 1} through the following set representation:

ﬂ:{geE:h(g):g+Zak§k} (1.1)
k=2

and S represents the set of univalent functions defined in E.

Researchers studied many subclasses of univalent functions associated with different types of image
fields. Among the most prominent and important of these are the starlike and convex functions, usually
denoted as S* and C, respectively.

The class S* is given by

{n'(0)
R h(¢)

while convex functions are given by the following form

{h' (@)
h (&)

For any analytic functions h({), hx({) € A, it is said that h;({) is subordinated to /,({), and we
write h1({) < hy({) if the Schwarz function v exists in E such that v(0) = 0 and [v({)] < 1
and /() = h,(v({)). Furthermore, if h,({) is a univalent function, then this relation is equivalent
to the following formula:

)>0,§E]E,

9%(1+ >0, f €E.

h () < ha({) & hi(0) = hy(0) with 2y (E) C hy(B).

Analytical functions are typically divided into diverse classes depending on the geometric properties of
their images on the disk E. This division allows for a deeper understanding of their analytic structure
and functional behavior. In this context, Ma and Minda [4] considered an important generalization of
the starlike function family S* in 1992, defining an extended subclass denoted as S*(®). This family
involves a function & € A that satisfy the appropriate subsequent condition

144%9,
@)

where @ is a univalent function satisfying ®(0) = 1, ®’(0) > 0, and Re(D(¢)) > 0. Moreover, the image
domain ®(E) is starlike concerning to the point ®(0) = 1 and symmetric about the real axis. In their
study, the authors investigated several geometric properties of this class, including distortion, growth,
and covering theorems. The family S*(®) serves as a unifying framework that encompasses many
well-known subfamilies of starlike functions through suitable choices of the function @, as formulated
in Table 1.

<),
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Table 1. Various families depend on the choice of behavior for the function ®©(J).

Family S*(®) Authors (Year) Reference
S (A +30+30 Sharma et al. (2016) [5]

S (w + (1 —w)ef), we[0,1) Khatter et al. (2017) [6]
S+ 1+ 7)) Raina et al. (2018) [7]
S+ V20 +£) Yunus et al. (2018) (8]

S* (=) Goel & Kumar (2019) [10]
S*(sech({)) Al-Shbeil et al. (2022) [11]

S (1 + sinh_l(zj ) Kumar & Arora (2022) [9]
SR Ahmad et al. (2023) [12]

S* (2 — 2-,2

(T

For the function 4, Pommerenke [17] derived Hankel determinants of order s, denoted as ¢,
as follows:

Tayyah et al. (2025) [25]

dg g+l -+ o Qiys—1
gyl A2 - -+ Qigs
Hg(h) =] A s (k2 D).
Apys—1 Airs oo Aiy25-2

Familiar special determinants include the following:

H5,1(h) = a3 — a3, (1.2)
H5(h) = aras — a3, (1.3)
76,1(h) = as(axas — a§) + as(araz — as) + as(az — a%). (1.4)

Nowadays, the topic of determining the sharp limits of Hankel determinants at specific values of both k
and s has received increasing attention due to its theoretical and practical importance in the study
of various subclasses of analytic functions. Several investigators have contributed to exploring and
validating these limits across a wide range of such classes. Khan et al. [21] investigated a Hankel
determinants and derived distinctive results and criteria for functions involving tangent function. In
particular, robust estimates of the upper limits of 2nd- and 3rd-order Hankel determinants for several
classes of standard analytic functions have been presented in references [22,24,27].

Ahmad et al. [12] investigated analytic functions associated with a balloon-shaped domain
andobtained several coefficient estimates and bounds for Hankel determinants, while Tayyah et al. [15]
introduced families of Ma-Minda-type analytic functions associated with a kidney-shaped domain and
explored a number of their geometric and coefficient properties. In a related direction, Riaz et al. [20]
studied starlike and convex functions associated with a three-leaf-shaped domain and established
bounds for the second- and third-order Hankel determinants. These contributions illustrate the growing
interest in connecting subclasses of analytic functions with prescribed geometric domains. Motivated
by these developments, the present work extends this direction to a parameter-dependent generalized
balloon-shaped domain and introduces a unified symmetric starlike-convex framework in which the
parameters @ and o control the geometric and analytic behavior of the class, respectively.
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Based on the concept of Ma-Minda, Khattar [6] derived two functions dependent on the selection
of the functions ®() = @ + (1 — @w)e‘ and D) = @ + (1 — @) + /1 + 72).
Motivated by that, we define the following function:

241 +¢

_ _ lq_ o

Cy(0) =@+ (1 -w)

1 , 11
—ﬁ(l—w)g —@(1—@4‘%---, (@ € [0, 1)).

Figure 1 below shows the geometric behavior of @, (E) with different values of w.

Figure 1. Geometric behavior of @ (E).

Theorem 1.1. For @w € [0, 1), the function

241 +¢

Do) = w+ (1) —

is univalent in E.

Proof. Consider

2\1+¢ &P+

l+e%  cosh(¢/2)’

F©) =

Since ¥(¢) # 0in E, we may define
G({) :=log F ().

Then,
1 1

+ .
2(1+0) 1+¢€f

G Q=

For |] < 1, we have

1 1
9%(zu +4>) -y
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Moreover, writing { = x + iy, we obtain

1 _1+e’%05y>
L+ef] |1+ et ’

since |y| < 1 and hence cosy > 0. Therefore,

RG' () > % > 0.

Thus, by the Noshiro—Warschawski criterion, G is univalent in E.

Furthermore, |
_¢. 1 _ (5)
G = 5 + 5 log(1 + ¢) — log cosh 5 )
Since p X
g
‘SE < E, |arg(1 + é/)| < E
and p |
h(z Z
arg cos (2) < >

it follows that

1 o 1 T
|5§(§)|<§+Z+§:1+Z.

Hence, for any {,, € E,
T
1I3G() - 3G(H) <2+ 5 < 2.

Consequently, if
(5D = (G

then
G() — G(&) = 2kni

for some k € Z. The preceding inequality implies £ = 0. Since G is univalent, we obtain {; = {,.
Hence, ¥ = ¢Y is univalent in E.
Finally, since ]| —@ >0for0 S w < 1,

Oy() =+ (1 -@)F ()
is also univalent in E. O

We consider now the class of analytic functions as follows:

Definition 1.1. For o € [0,1], then & € A is within the symmetric class S,({; D, ({)) if the
following holds:

20K () + 2007 ()
05(0), (£ €B), 15
A=) hQ) — W=0) + oL Q) + W (=0)) ), ( €E) (1.5)
where @,({) = w + (1 — @) liex:_i), (@ € [0,1)).
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Example 1.1. The class S,({; ®({)) is not empty, it involves a range of analytic functions within its
structure. Let

1, P,
h:(f)zf"‘if +30 Pl < 1.
By substituting the function hy({) into the class (1.5), we obtain
_ 20H(E) + 2087H ()
(1 = o) (":(Q) = hs(=0)) + L (h(&) + hi(=0))
2(PQo+ DE+ Mo+ i +1)
T 2Pol+{0-dn)+2

175

1. If 0 =0, then

2PQo+ DZ+ Ao+ DE+1) 2P +1+1)
3T = = Do5(0), P £0.57,
0,(6) 2P0+ (0 =1o)+2 X +2 < Po3(6), Pl =
see Figure 2(a).
2. 0 =0.5, then
2PQo+ NP+ Mo+ DE+1) 202202+ 151 +1)
ST () = - Do5(0), ] < 0.45,
05:(6) 22e2+{(0-10) +2 224050 +2 03(0), Pl =
see Figure 2(b).
3.0 =1, then

2PQo+ NP+ No+ Di+1) 2322 +2) +1)

I7(0) = = Do5(0), 13 031,
12(6) 2Re+ (- 10) +2 e 03(6). [

see Figure 2(c).

(@oc=0,1=057@=03. (b) o =0.5,1=045,@ =0.3. ©oc=11=035@=03.
Figure 2. Representation of X7.({) C ®,(E) with different parameters.

The introduction of the class S,({; ®,({)) stems from the desire to construct a unified framework
that combines symmetric-starlike and symmetric-convex behavior within a single analytical structure.
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The operator o allows for a smooth transition between these two classes, such that the symmetric
starlike character becomes apparent as it approaches zero, while the symmetric convex behavior
becomes more pronounced as it approaches one. Simultaneously, the operator @ plays a crucial role in
shaping a directed geometric distortion within the image domain, enriching the analytical properties of
the class and giving it greater depth. This interplay between the geometric and analytical dimensions
lends the class a dynamic quality that transcends traditional models.

More specifically, the present construction extends the balloon-shaped framework considered by
Khan et al. [3], where a symmetric starlike class was associated with a fixed balloon-shaped mapping.
In the present setting, the introduction of the parameter-dependent function @, produces a broader
family of generalized balloon-shaped domains. Notably, the original balloon mapping studied in [3]
is recovered when @ = 0. The additional parameter o further enriches this framework by linking the
symmetric starlike and symmetric convex settings within the same class. The integral representation is
also developed in this generalized setting, leading to the family of functions Ty, s € N, whose particular
choices provide the extremal functions associated with the corresponding sharp coefficient estimates.
Thus, the novelty of the present approach lies not only in generalizing the underlying balloon-shaped
geometry but also in providing a two-parameter analytical framework through which the effects of @
and o on coefficient bounds and extremal behavior can be explicitly investigated.

This construction also represents an advanced generalization of previous classes while maintaining
strict precision in the parameters and Henkel determinants.

The main objectives of this research are summarized as follows. In the first part, we introduce a new
concept based on a balloon-like behavior domain. We also establish a symmetric starlike-convex class
dependently related to the given domain. The integral representation of the extreme function is derived,
which then satisfies the boundary of the studied results. In the second part, Hankel determinants of
different orders are derived and verified. Finally, we deduce the fundamental coefficients and Hankel
determinants of the inverse analytic function with some special sharpness cases.

2. Extreme function for S, ({; ()

Theorem 2.1. The class S,({; D () contains h € A if and only if it can be represented by the
following integral form:

e 4 —) —
h({):g—l'f(fo éyl?r‘l(f:q(t)exp(%j; q(u)+qb(l “ Zdu)a’t)dy), 2.1

q({) < ©z(0).
Proof. Define k(0) = (1 — o)h(0) + o¢[h(?)]'. Then,
k(Q) = k(=0) = (1 = (&) + o {[h(D)]) = {(1 = O)h(={) + ol [h(=))]'}
= -o)Q) +alh' () —{(1 = (=) — olh' (=)}
= (1 = o)) = g(=0)) + oL(W' () + ' (=0)).

where

Hence,
2UK(Q) 204 [(1 = DR + oLl (=0)]
KO —k=0) (1= 0)h(Q) = W(=0)) + oL () + I (<))
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_ 2[A =) () +ogh" (@) + o' ()]

(=)&) = h(=0) + oL () + h(=0))

_ 200 () + 20871 Q)

(=)&) = h(=0) + oL () + h(=0))
Put k(iff;(((?{) = q(¢) Since % is symmetric-starlike and by straightforward calculations from [3,
Theorem 2.1], we find that

s 4 —) —
ko= [ awexp(s [ I 22)
0 0 u
So, ,
( 1 ! _ _2
LW (@) + (1= (D) = fo awexp 3 fo WO A2 g,
Hence,

! f q(”)Jrq(_”)_zdu)dt. 2.3)

, l-0o 1 d
W+ = h@‘a_{fo a(r) exp (5 O -

It is observed that equation (2.3) represents a linear differential with respect to the function 4, and
its integral coefficient is ¢ ki By the fact #(0) = A’(0) — 1 = 0, the constant of integration can be
determined, and the solution to the equation is given in the following form:

{ 4 —u) —
h(¢) = ‘I‘f(fo éylff”‘l(fqu(t)exp(%fo Q(”)Jrqli 2 2du)a?t)dy).

Example 2.1. We take into account the analytical functions
20 exp(d) —
w@O =1+ 2220 @ = JTrsmEn@), 6@ = 1+1/3 - 1/9
Clearly, we can investigate that q;0) = 1 and q;(E) C ®y3(E), (j = 1,2,3). Since Oy3(E),
then q; < ®y3 (see Figure 3). Therefore, the theorem states that the functions recalled involve to
the family S,(¢; ®o.3()).

Figure 3. Plots boundary of ®,3(E) and q;(E) (j = 1,2, 3).

AIMS Mathematics Volume 11, Issue 9, 31373-31395.



31381

- 442 é/3 114/4 54«5
@) =t T Y o0ty T PG+ D) T 3o ) T
_ 42 {3 1344 54«5
@) =t oD T 160+ 38aGo <) 3o+ T
2 4
h(() = - —= £

6c+1) 36Gc+1)

Example 2.2. The class S,({;®,(0)) is a non-empty class, containing an unlimited number of
functions given by the following formula:

e ! —u) —
T,(0) = ‘I(r(r(fov éyl(r”‘l(j: qs(t)exp(%f(; qs<u)+q;( “ Zdu)dt)dy), 2.4)

24/1+0°
where q,(() =@ + (1 — W)W(tm, (s € N).

The extremal functions T are obtained by setting G,() = ©,(L*), where the appropriate choice of s
vields equality in the corresponding sharp coefficient bound.
Particularly, we deduce for s = 1,2, 3,4 that

L - @)’ L a —o) (1-2)G@w-D' (-2)CwT+8)

Ti@)=¢ 200+ 1) 1620 + 1) 19230 + 1) 1536(40 + 1) LR 2:5)
R R e
Ty(@0) = ¢ + S(;?ﬁ v 8 (;ff;) _d ;ggzéji 35 S @7
O L S L1l S i i S 2.8)

4(40 + 1) 6480 +1) " 2304(120 + 1)

Remark 2.1. Based on the definition of the extreme function representation in Theorem 2.1 by Khan
et al. [3], it becomes clear that the integral representation of odd analytic functions is equivalent to
the extreme function representation of the class h'({) < ®©((). To illustrate this, let we take the odd
analytic function q(¢) = 1 + 1/3¢ — 1/923, and by substituting into the integral representation in [3],
we obtain g(u) + q(—u) — 2 = 0. Therefore,

¢
h¢) = f a(nd.
0

Remark 2.2. The integral representation establishes a direct connection between the analytic structure
of the class and the generalized balloon-shaped geometry, where @ controls the deformation of the
associated domain. Meanwhile, the parameters o and s determine the analytic structure and the
corresponding members of the extremal family T.

We now begin by revisiting several key lemmas that serve as fundamental instruments in deriving
our main results. Carefully chosen for their significance and suitability, these lemmas form the
backbone of our analysis and provide the necessary groundwork for the study. Each one offers a
distinct contribution, collectively supporting the progression toward our principal conclusions.
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3. Main lemmas

To start, let $ denote the Carathéodory class, consisting of analytic functions «({) whose real part
is positive. These functions are normalized and expressed through the following series expansion.

k() =1+ Z di . 3.1)
k=1
Lemma 3.1. [16] For the Carathéodory function (3.1), we have
‘dk‘ <2, k21, (3.2)
‘dkﬂ - vdkdi| <2,0<v<l, (3.3)
[d - adt| < 2max{1,]2a - 1]}, @ € C. (3.4)

Lemma 3.2. [2] For the function k, the following inequality holds:
Avd] = Aodids + Asds| S 2|A | +2[As = 28+ 2| A1 = A + A

Lemma 3.3. [17] For the Carathéodory function (3.1), if A, € [0, 1] holds Ay(2A;, — 1) £ Ay £
N, then
A} = 20sdids + ds| < 2.

Lemma 3.4. [14] We assume that 'y, y,,v3, and y, are satisfied the conditions y,,y4 € (0, 1), and

8ya(l —ya) [(7172 = 273> + N (ya +71) - 7’2)2] +y1(1 = y)(y2 = 2yam)’
< Ayyi( =721 = ya).
Then, for the Carathéodory function (3.1), we have

3
|’)/3d‘11 + ’y;;d% + 2’)’16!’1613 - E’)/zd%dz - d4‘ <2.

Lemma 3.5. [18, 19] Assume that k € P is represented as in (3.1). If w and o are elements of OE, then

2d, = di + w(4 - dY), (3.5)
4dy = d5 + 204 — dDd, — W (4 — dDd; + 20(1 — w4 - d}). (3.6)

4. Sharp bounds for the class S, ({; ()

In this section, we develop a series of important results that lead to a deeper understanding of its
structural properties. In particular, we determine the sharp bounds for the first four coefficients and
derive the sharp form of the Fekete-Szego inequality. These findings not only highlight the inherent
features of the class but also provide essential reference points for future investigations and comparative
studies in this field.
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Theorem 4.1. If h € S, ({; P(0)), then the bounds of initial coefficients are hold as follows:

l-w

@l $ 5 @.1)
las] < ﬁ (42)
Jag) < 4(;;—131), 4.3)
jas| < 4(}4;—131). (4.4)

The equality in constraints is achieved through functions Ty, T,, T4, and T4 in (2.5)—(2.8), respectively.

Proof. Let h € §,({; ®5({)). Then, using the Schwarz function w({), we attain

200 (0) + 20°0h ()
A0 = = O (W) 45
© (1 = )W) = M=0)) + ol (W () + (=) w({)) 4.5)

Let us assume that the function « € ¥ and is given by the following form:

1+w()
1 =w()

k() = =l+al+al>+a3l’+--- . (4.6)

Thus,
2\T+w(@)  1-w
1 +exp(—w(0)) T ——ds

1l-w
(164, - 7d7)2* + 19—2(17df — 84dyd, + 96d5). (4.7)
1l-w

~6ldd (203d} - 1632dad} + 2688dsd, + 1344d; — 3072d,)0* + -+

Po(W(() =@ + (1 - @)

|

+

and

As(Q) =1+ 20+ Darl +2Q20 + Dasl + (4as(Bo + 1) = 2a2a5(207 + 30 + 1)

(4.8)
+ (4as(do + 1) = 2a3Q20 + 1) + -
Comparing the expressions in (4.7) and (4.8) shows that
l-w
- Y4 4.
a Ao+ 1) 1> (4.9)
1l-w
= ———(16d, - 7d%), 4.10
“ 64(2<T+1)( = 7dy) (+10)
(1 - o)(15Qlw + 13)d - 12w + 5)did; + ds)
dy = , 4.11)
830 + 1)
_ l-w (7(21w + 8)d! — 96(Tw + 10)dyd> + 192(4w + 3)d> + 2688dsd, — 3072d4) o
=T 8Go + 1) 3072 - (412)
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Substituting (3.2) into (4.9), we obtain

0] < l—-w
P25+ 1)

To determine the maximum value of a3, we substitute (3.3) into (4.10) and obtain the following:

1- l-@
a3 HE

w 7
=———\dh - —di| £ ———.
4020 + 1)' 2161 T 220 + 1)
To find the limit a4, we compare Lemma 3.3 and the Eq (4.11), which leads to the following result:

l-@ ((21w+ 13)

2(sz +95)
8Bo +1) 192

& -
! 16

las| = did, + d3)‘-
Considering A; = 22513 and A, = 2252 we readily have A, € [0, 1] and A2(2A; — 1) £ Ay £ As.
Then,
2(1 — @) l-—w
lay| = = .
8B3oc+1) 4Q@oc+1)
Now, the upper bound of the fifth coefficient |as| is as follows:

l-w |(72lw+8) , (4w +3)

_ 7 3 (7w + 10)
T 8@o+ Dl 3072 T T 16

d + 213 - Eszdf —dy|.

|as|

It is obvious that the value of the coefficients by Lemma 3.4 are

7 7w+ 10 721w +8) 4w +3
6 T 748 0 VYT T 3072 0 T 16

Y1 =

Since 0 £ w < 1, we have

0<71:17—6<1, O<y4:4wlg3<l7—6<l.
Let
F(@) = 8y,(1 = v2) 172 = 203 + (s + 1) = 72)’|
+ 711 =yD)(y2 = 2yam1)’
and

G(@) = 4yayi(1 = y1)*(1 = ya).

A direct calculation gives
P(@)

G(@) =~ F(@) = 5357272

where
P(w) = 2084640(1 — w)4 + 11391800 (1 — @)?

+21259937w%(1 — @)? + 16150642w°(1 — @) + 4286457 w*.

Since 0 < w < 1, each term of P(w) is nonnegative, and hence
G(w) - F(w) > 0,

AIMS Mathematics Volume 11, Issue 9, 31373-31395.
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as shown in Figure 4.

Therefore,
F(w) < G(w).
Therefore, Lemma 3.4 gives
121w +8) , @w+3) , 7 3(7Tw +10) , ,
d d5 + —dsd) — ——————dbd; —d4| £ 2
302 T T 16 2T gBNT T gy AT dE
and
as| < l-w@
G2 4@+ 1y
This includes the sharp proofs.
Value

0.06¢
0.05E ;

Max of (F-G) = - » Plot = g3t

786432 002k — G(verpi) -

0.01§

SR T S S e l'."err:”
02 04 06 08 1.0

Figure 4. This figure shows the relation between F(w) and G(w@).

Theorem 4.2. Ifh € S, ({; (L)), then the bounds of Fekete-Szego coefficients are hold as follows:

B a(w—-1)2o+1) B l‘
2(0 + 1)? 81"

|a3 - ozaz' < 1——w max 1 1,
217 2020 + 1)
Proof. Since h € S,(¢; ®({)), then

(I-od (1 -@)(1o+17+d4a(l -@)20+ 1)

j— 2 f) p—
- adl = e 64(c + 1220 + 1) dl'
- (-w) g — 7o+ 1)? + 4a(l — @20 + l)dz‘
T 420+ DI 16(c + 1)2 ok

With the application of (3.4), the required finding is directly obtained.
Theorem 4.3. Ifh € S, ({; ®,(L)) with a = 1, then
l-w@
< —
RGE 2Q0 + 1)

The equality is attained by (2.6).

(4.13)

(4.14)
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Proof Sincea=1and0<w< 1,050 <1, wehave0< 1 -w <1 and% <1,
since

1+ -(1+20)=0>20.

Therefore,
_1_(w—1)(1+2o-) :'_1+(1—w)(1+20-) §1+(1—w)(1+20-) §1+1:§<1
8 2(1 + 0)? 8 2(1 + 0)? 8 2(1 + 0)? 8 2 8
Hence,
| 1 (w-1{ +20)
- = - < 1.
8 2(1 + 0)?
Therefore, the outcome is verified. O
Theorem 4.4. If h € S, ({; D (L)), then
l-w
% = —ayl £ ——. 4.15
‘am a“‘ =4Go+ 1) (415)
The equality is attained by (2.7).
Proof. We attain from (4.9)—(4.11) that
| )
—ay = ————|A\\d} = 2Ardod, + d
laras — ayl SGo 1 1)' 1dy 2dhd, 3‘,
where
oo -3) - 1) + Q60+ 165)+55 _ @(407 =60 =2) + 1007 + 270" +9
b 192(c + )20 + 1) P 16(c + D20 + 1) '

Since A; € [0, 1] and A,(2A,—1) £ Ay £ A,. Employing Lemma 3.3 yields to the required finding. O
Theorem 4.5. If h € S, ({; ®(0)), then

1 - @)
'a2a4—a§|< ( )

The equality is attained by (2.6).

Proof. Based on the provisions of (4.9)—(4.11), the following results are obtained:

2 2
(1 - @) |(42w(20'+1) - 3370 —4840’—121)d4
1

2
'61204 — 613' =

420 + 1) 3072(c + DGo + 1)
220 + 1)?> —=220° - 360 -9 1 o) 1)2
A )dzdf——d§+ Co+ " 44
64 + DG + 1) 42T 30+ DGBo+ 1)

df

(1 - @) (42w(2a +1)2 = 33702 — 4840 — 121)
C 4Qo + 1)2| 3072(c + DBo + 1)
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(2w(20'+ 1)2—220-2—360-—9) ) -
_ 4+ w(d — dP)d
128(c + DB + 1) (d) + w(4 = dpdy)

+ Qo +1)° (d + 204 — d)d* — (4 — d&)d® + 20(1 — w4 - d>)d,)
320+ DBo+1) ! e 17 !

_ 11_6(d‘1‘ +20d(4 - &) + (4 - df)z)‘.

Considering d; = d and |w| = & within the statement of Lemma 3.5, we obtain

5 (1-@)? | 6o+ 1) +c*+40+1 ,
lacas — as| = '—

120+ 12 302+ DBo+ D)
2o + 1)2 ) 2 I, 2\2
1= lwP)4 = d?)d - — (4 —d
" T6(c + DGo + 1)9( wf)(4 - &) 16% (4-a)
2wQRo + 1) +60%+40 + 1
1280 + DGo + 1)

Qo +17% o o
T 320+ DBo+ ) (4- ) ‘

w(4 - dz)dz

with the absolute value property, and thus

(1 - w)? [6w(20-+1)2+o-2+4o-+1 .
120 + 120 30720 + DBo+ 1)
Q0 + 1) , U B
1= )4 -d?)d+ —&(4—d
16(0'+1)(30'+1)( &’)4 - &) +168( )
2wQRo + 1> +60% +40 +1
1280 + DGo + 1)

Qr+1? o ot
T Re DG+ D (4-&)| =T d).

2
laras — a5| =

&(4 - d*)d?

Restricting the variable such that 0 £ @ < 0.611, ensures that the coefficient of &(4 — d?)d? is positive

over the entire studied domain.
To determine the highest values, the derivative of the function 7 (g, d) must be used as follows:

oT@ed (1-wp (—20Qo+1)?+60>+40 +1)
0 4Qo + 1) 128(c + DBo + 1)

Q2o + 1)’e 2o + 1)’e 1 2
T 16(0 + DGo + 1)(4 - &) - 8o+ )30 + 1)(4 &)+ g4 =) el

(4-d%)a

Figure 5 accurately shows the critical value of the function 87 /de, and this verification was
performed when ¢ € [0, 1]. The function T (g, d) takes its highest value at € = 1. Hence,

(1 - w@)? [613(20' +1)?+0%+40+1 P i(4 _ d2)2
4Q20 + 1)? 3072(c + 1H)Bo + 1) 16
2wRo +1)* +60% +40 + 1 2\ 2o + 1)? 2\
4 — 4 — .
T e S Ty oy SR B

Td)=T7(,d) =
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We now seek to find the Max value of 7'(d), and accordingly,

T = 3ae+1p

(1 - o) (& (5420 + 1) + 4902 + 2920+ 73)  d(2w(20 + 1)? + 2607 + 440 + 11)
| 768(c + (30 + 1) - 16(c + D30 + 1) !

The roots we obtain by making 7’(d) = 0 are

ry = O,
4V3V8wo? + 8wo + 2w + 2602 + 440 + 11
ry = s
V216wo? + 216w + 54w + 4902 + 2920 + 73
4V3V8wo? + 8wo + 2w + 2602 + 440 + 11
rs =

V216002 1 21600 + 540 + 4902 1 2920 + T3

where 1,1, € [0,2] and ;3 ¢ [0, 2].
We observe that 7"(r;) < 0 (as in Figure 6(a), indicating that the function reaches a maximum
value at r;. Conversely, since 7" (r,) > 0 (as shown in Figure 6(b), the function takes a minimum value

at r,. Thus,

1 - @)
~A T, 0= LD
lazas — a3l = T(1,0) 100+ 1)

The argument is thus complete, confirming the truth of the finding.

| &

Vfr
e 1)
1.0

Figure 5. Graphing the derivative of function 7'(g, d).
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0.00 &
-0.02;

TIIEDJ—O.M"; T"-.dUJU.w".I‘ )
-0.06" 0osy
0,081 E 000},
. 00
0.5 |7
o |/
i 9 1o %0
(@) T (r1) (b) T"(r2)

Figure 6. Plot 7”(ry) and 7" (r»).

O
Theorem 4.6. For 0 < @w < 0.611 and0 2o £ 1. If h € S, (¢; (L)), then
(1-w)
J6.(h)| £ —————L,
G = 65+ e
where ) . ; )
L 2w0(Bo + 1)*(do + 1) + 1040° + 1040° + 440 + 100 + 1 @.17)

Qo+ 1)Y@o+1)
and1 £ L £2.67.

Proof. The desired result can be obtained by relying on the constraints of (4.1)—(4.4), (4.14)—(4.16)
through the following calculations to arrive at the expected formula

|76.1(h)| < |asll(azas — a3)| + lagll(aras — ay)| + las|l(a; — a3)|
(1- w')2 230 + 1)2(40' + 1)+ 1040 + 10403 + 440?* + 100 + 1 3

" 16(Go + 1) (20 + 1)3(do + 1) L.

The smallest and largest values that the modulus L canreach are 1 £ L < 2.67. O

4.1. Numerical evaluation

The proposed theoretical framework defines the bounds of |a;| and Hankel determinants based on @
and o. Justifying the choice of these values is essential for understanding behavior of the domain and
it’s application. This part give an explanation of the coefficients value used in the numerical evaluation.

Different values were adopted for the two parameters @ and o, see Table 2.
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Table 2. Upper limits by selected values for @ and o

(w,0) ol lasl  lasl  as|  SBQ0) 2 AQ2)
XN TS S S S SR S
(0,0.25) 0.400 0.333 0.142 0.125 0.333 0.142 0.111
(0.25,0) 0.375 0.375 0.187 0.187 0.375 0.187 0.140
(0.25,0.5) 0.250 0.187 0.075 0.062 0.187 0.075 0.035
(0.5,0.25) 0.200 0.167 0.071 0.062 0.166 0.071 0.027
(0.5,0.5) 0.166 0.125 0.050 0.041 0.125 0.050 0.015
(0.5,0.75) 0.142 0.100 0.038 0.031 0.100 0.038 0.010
(0.75,0.5) 0.083 0.062 0.025 0.021 0.062 0.025 -

(0.75,1) 0.062 0.041 0.015 0.012 0.041 0.015 -

1 1 1 1 1 1 1
(O’ 1) 4 6 16 20 6 16 36

5. Sharp bounds for inverse of the function %

This section examines the coeflicient bounds of initial coefficients and Hankel determinants for the
inverse of univalent functions, establishing sharp estimates for the initial coefficients.
The Taylor expansion of the inverse of an analytic function 4! is defined by

h(h™ (w)) = w (| < 1o(h), to(h) > 1)

and can be written as
W (w) = w + Lw? + LW + Lt + - - - 5.1

where the coefficients satisfy
_ _ 9,2 _ 3
O = —ao, f’; = 2612 — as, 4 = —(502 — 5612613 + 614).

Recently, coefficient problems for inverse functions have received considerable attention in geometric
function theory, particularly in estimating the initial inverse coefficients and their associated Hankel
determinants; see, for example, [1, 13,26].

Theorem 5.1. For the univalent function h € S,({; ®()) has an inverse of h™', we have

1l-w
6| £ 2
|2|_2(0_+1), (5.2)
l-w
6 £ ——m—, 53
I3|_2(20’+1) (5-3)
l-w 5
Ol £ ——, (= £ ). 5.4
|4|_4(30+1) (S_W< ) (54)
The equality is achieved by T, T, and T5 in (2.5)—(2.7), respectively.
Proof. Since h is univalent within S, ({; ®,({)), then
l-w@
O =—a, = —d,. 5.5
2 a Ao+ 1) 1 (5.5)
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It attain from (3.2) that

l—-w
0| < .
|2|_2(0'+1)

By (3.3) in Lemma 3.1, it follows that

(70‘2 — 8w (20 + 1) + 300 + 15)

l-w
Ol= ———|d) — &|.
1= 2ar+ 1)| ? 16(c + 1) 1'
Since 0 < 7"2_81”1(625:1);300“5 < 1 for all @ and o, then
1l-w
1] £ ——.
2Qo +1)

Now, applying (4.9)—(4.11), and (5.1), we proceed to determine an upper bound for ¢4 as follows:

1 -

e 530 |Aid] = 2M0dids + ],
where
Ay :=(1200” (607 + 50+ 1) + 3w (140* - 16107 — 90707 - 7150 - 143) + 260
+ 72107 + 230702 + 17150 + 343)/(192(0‘ +1)’Q0 + 1)
and

B 2w(20% =270 = 9) + 50 + 150 + 5)

Az 16(c + D20 + 1)

To apply Lemma 3.2, assume that
5
0201 and §§w<1,

we first have
OéAzél, A2—A1gOandAl—Ag(ZAz—l)gO.

Consequently,
ANy = 1) S A £ Ay, 0sA =1L

Thus, all the hypotheses of Lemma 3.2 are satisfied, and hence
|Ad} = 2M0dids + ds| < 2.

Therefore, the required upper bound for ¢, follows.
Thus, the claims are proven.

Theorem 5.2. If h™! € S (¢; Dy (0)), then

‘{’3 — a€§| < 1_—zn)max{l,

da(@m-1DQRo+1)-8wRo +1)—0? + 140 + 7‘
~2Q0 +1 '

8(o + 1)?
The equality is attained by (2.6).

(5.6)
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Proof. Since h™! € S, (¢; P (()), then

5 l-w 4a(w - 1DQRo+1) - 8wRo + 1)+ 702 + 300 + 15
163 — als] = -

= 5 &’
420 + 1) 16(0 + 1)? as

With the application of (3.4), the required finding is directly obtained. O

Corollary 5.1. If h™' € S,(¢; () with a = 1, then

l-w oo +4)+ 0% —60-3
60 ——Z max{l, . 5.7
e 2‘—2(2a+1)max{ | 8o + 12 '} 7

The equality is attained by (2.6).
Theorem 5.3. If h™' € S, (; D(0)), then

|£2£3—£4'< l-@ <w<1).

=160+ B
The equality is attained by (2.7).

Proof. Since h™! € S,(¢; ®(0)), then

(1-@)
|€2£3—€4|:mAldf—2A2d1d2+d3
l-@w . (l-@ 5

= 8(1 + 30)(2) T 4(1+30) (3

Sw<l),

where

A ::(1201;;2(602 +50 + 1) - 3w(140'4 + 102707 + 205702 + 12330 + 221) + 9820
+ 569907 + 80010 + 41050 + 677)/(192(0 + 1)*(2o + 1))

and
(2w(202 + 270 +9) + 1002 - 330 — 11)
A; = .
: 16(c + D20 + 1)
By applying Lemma 3.3, we can attain the required outcome. m|

Theorem 5.4. If ™! € S, (¢; Dy (0)), then

. -y

s~ et

The equality is attained by (2.6).

Proof. Following an approach analogous to that used in establishing the upper bound in Theorem 4.5,
the desired result is verified. O
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6. Concluding results

By choosing the values of @ = o = 0, it is easy to access the initial coefficients and Hankel
determinants for analytic and inverse of analytic functions in [3, Theorems 4.1-4.5 and 6.1-
6.3], respectively.

7. Conclusions

In this work, we have presented a new generalization of the balloon domain, providing a
unified geometric framework for studying classes of symmetric analytic functions. Based on this
generalization, we derive a generalized formula for the extreme function, yielding the sharpeness
estimate for a class of symmetric-starlike functions.

Furthermore, we investigateed the sharpeness findings of the initial coefficients for a unified class
of symmetric starlike and convex functions associated with the proposed domain. We also calculated
sharp limits for Henkel determinants of different orders, revealing the structural properties of this class.

Moreover, we extended these results to the inverse of univalent functions, verifying the sharpness
and consistency of the extracted estimates for both the initial coefficients and Henkel determinants.
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