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Abstract: Deep learning has become a key approach for solving integral equations, a central theme in
numerical computation. However, existing methods often struggle with precision and efficiency. This
study presents the parallel variable-order iteration algorithm (P-VOI), inspired by the variable-order
method in the R-AIM algorithm, specifically designed to resolve continuous integral equations using
deep learning. The P-VOI algorithm transforms these equations into differential forms by applying
the Newton-Leibniz formula. It employs parallel iterative processes, allowing neural networks
to approximate the unknown and primitive functions simultaneously. This integration of parallel
iteration significantly enhances computational efficiency compared to R-AIM. Additionally, the P-VOI
algorithm uses neural networks as trial functions during training, addressing challenges that arise when
integral kernels have zeros. This method reduces systematic errors from finite-sum representations,
improving solution accuracy. Empirical evaluations demonstrate that the P-VOI algorithm achieves
superior convergence accuracy (mean squared error in the range of 1077 to 10™°) and efficiency, with
speedups of 2.9% to 5.2x over R-AIM. Compared with non-variable-order methods, this corresponds
to an improvement of approximately three orders of magnitude in accuracy based on MSE; relative to
the direct variable-order baseline R-AIM, the accuracy remains of the same order of magnitude with
slightly higher precision.
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1. Introduction

Integral equations serve as the foundations of linear algebra and modern functional analysis, finding
extensive applications across various scientific and technological domains such as aerodynamics [1],
elasticity [2], fracture mechanics [3], thermodynamics [4], fluid dynamics [5], vibration theory [6],
neutron transport theory [7], quantum field theory [8], and dispersion theory [9]. They play a pivotal
role in both scientific research and engineering applications. However, many integral equations with
practical applications resist direct analytical solutions, and some lack analytical solutions altogether.
Consequently, researchers often use approximation or numerical methods. The numerical solution
of solving integral equations has long been a challenging focus in numerical computation. Two
primary numerical computation strategies exist: the conventional classical numerical computation
methods encompassing finite difference, finite element, and finite volume, and the emerging artificial
intelligence numerical computation methods epitomized by deep learning.

Traditional classical numerical methods for solving integral equations encompass a variety
of approaches, such as Monte Carlo methods [10], finite difference approximation methods [9,
11], successive approximation methods [9, 11], functional correction averaging methods [9, 11],
undetermined coefficient methods [9, 11], and number-theoretic grid methods [12]. A comprehensive
treatment of these classical methods can be found in [13].

Al-based numerical methods for integral equations can be classified as variable-order or non-
variable-order, depending on how the integral term is handled. These methods are part of the
broader field of physics-informed machine learning [14], which integrates physical principles with
deep learning architectures. The foundational work on physics-informed neural networks (PINNs)
[15] paved the way for solving various scientific computing problems, including integral equations.
Non-variable-order methods resolve integral equations by substituting the integral terms with finite
sums [16-22]. In contrast, variable-order methods eliminate the integral terms of the equations through
variable-order transformations [23-25]. Experimental results indicate that both non-variable-order and
variable-order methods are viable. However, non-variable-order methods exhibit low computational
accuracy, with standard deviations ranging from 1072 to 1073 [16, 19]. This reduced accuracy primarily
stems from systematic errors introduced when integral terms are approximated by finite sums, which
adversely affects the convergence of the deep learning models. Although variable-order methods
mitigate these systematic errors and enhance the computational accuracy of integral equations, their
efficiency in solving multiple-term multiple integral equations remains suboptimal. This inefficiency
is largely attributed to the alternating iterative approach employed by deep learning to address integral
equations. Recent advances in parallel and distributed deep learning [26] provide useful foundations
for improving training efficiency in such multi-network settings.

To address these challenges, this paper presents a parallel variable-order iteration deep learning
algorithm (P-VOI) for solving continuous integral equations. The continuous integral equations are
transformed into a system of differential equations consisting of the unknown function, the original
function, and its partial derivatives through a variable-order transformation utilizing the Newton-
Leibniz formula. This system of differential equations is subsequently solved using a parallel iterative
deep learning method. The effectiveness and efficiency of the P-VOI algorithm are validated by
comparing its solution accuracy and computational efficiency with other variable-order methods
under identical experimental conditions for five continuous integral equations across four categories:
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Fredholm, Volterra, Fredholm-Volterra, and nonlinear integral equations.
In conclusion, this paper makes the following contributions:

e The differential equations derived from the variable-order transformation consist solely of
differential forms, thereby omitting integral forms. This effectively eliminates the systematic
errors associated with representing integral terms as finite sums, significantly enhancing the
solution accuracy of the integral equations.

e We detail the construction of the governing equation, the transformation equations, the constraints
for the definite solution conditions of the primitive functions, and the final weighted loss function
based on L2 loss.

e We adopt a coarse-grained parallel training scheme to reduce serial waiting time. Since
the variable-order transformation yields multiple primitive-function networks that are mutually
independent within each epoch, their training tasks can be executed concurrently as separate
MATLAB processes on a shared GPU. This engineering-oriented modification improves wall-
clock efficiency without changing the underlying mathematical formulation.

e A neural network is employed as a trial function for the unknown function during model training.
This approach enables a direct approximation of the unknown function via the neural network,
circumventing the issue that arises when the unknown function cannot be directly derived from
the primitive function of the integrand, which occurs when the integral kernel has zeros.

The remainder of this paper is organized as follows. In Section 2, we define the problem of solving
multiple polynomial integral equations. In Section 3, we provide an overview of related work. In
Section 4, we introduce the parallel variable-order transformation, loss function construction, and
parallel iteration. In Section 5, we present the theoretical analysis including equivalence, error bounds,
and convergence. In Section 6, we detail the experimental environment, experimental setup, test
equations, experimental results, and result analysis. In Section 7, we conclude with the contributions
of our work and shed light on future research directions.

2. Problem formulation

The general form of a continuous integral equation is

!
a(X)¢<X>=f<X>+[Z A f f f [Ki(X, T) - MIg(D)lddey - dsy] | (2.1)
i=1 Qin a2 ail

Equation (2.1) represents a multiple-term, multiple integral form, involving the n-dimensional
vectors X, X', and T, where X = (x1,x,...,x,), X! = (x;’l,x;’z, .. .,x;,n), T = (4,5,...,t,). Here,
xl’.’l, xl’.’z, e, x;’n € X, meaning each x;’m(i =1,2,...,I;, m=1,2,...,n)is an element of the vector X,
and the elements of X' are not necessarily distinct from those in X. 4,(i = 1,2,...,I) are parameters,
while a(X), f(X), and the integral kernel K;(X,T)(i = 1,2,...,I) are known functions. ¢(X) is the
unknown function, and M[#(T)] represents a known functional of ¢(T). When M[¢(T)] is a linear
functional of ¢(T), Eq (2.1) is a linear integral equation, and M[¢(T)] can be directly expressed in
terms of ¢(T). When M[¢(T)] is a nonlinear functional of ¢(T), Eq (2.1) is a nonlinear integral

equation. If the upper xlf’m and lower limits a;,,(i = 1,2,...,I;m = 1,2,...,n) of integration are both
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constants, Eq (2.1) is classified as a Fredholm integral equation. When the upper x;,, and lower limits
a;,, of integration contain variables, Eq (2.1) is a Volterra integral equation. If Eq (2.1) contains both
Fredholm and Volterra integral equation terms, it is referred to as a Fredholm-Volterra integral equation.
When the integral kernel K;(X, T)(i = 1,2, ..., 1) is a degenerate kernel [9], i.e., K;(X, T) = pi(X)q;(T),
Eq (2.1) takes the form of a degenerate kernel:

! X o X
a(X)p(X) = f(X) + [Z Aipi(X) f f f [q:(T) - M[¢(T)]dt,ds, - - - di,.] | (2.2)
i—1 Ain ain ai

3. Related work

Before discussing the specific methods for solving integral equations, it is useful to situate the
present work within the broader context of parallel intelligent numerical computation. Recent research
has increasingly explored the integration of deep learning with physical constraints and biologically
inspired algorithms to achieve efficient, interpretable, and robust computation. For example, a physics-
informed interpretable Al framework was developed for transparent process control in wastewater
treatment plants by embedding domain knowledge into the learning process [27]. Similarly, bio-
inspired computation was advanced through algorithms based on DNA molecule computation for
solving combinatorial problems such as the assignment problem [28]. Although these works target
different application domains, they share a common philosophy: incorporating physical or biological
principles into computational intelligence to overcome the limitations of purely data-driven black-box
models. Our P-VOI algorithm follows the same intellectual trajectory by embedding the Newton-
Leibniz transformation (a mathematical constraint derived from calculus) into a coarse-grained parallel
training scheme that exploits the independence of primitive function networks. This positioning
highlights that P-VOI is not an isolated development but part of a wider movement toward parallel
intelligent numerical computation.

Deep learning, a subfield of machine learning, primarily facilitates data analysis and pattern
recognition through the construction and training of deep neural networks. Its fundamental principle
involves integrating multiple layers of neurons to learn complex features within the data, thereby
enabling effective data representation. The significance of deep learning in numerical computation
is highlighted by its capacity to manage high-dimensional data efficiently, effectively address the curse
of dimensionality, and execute rapid calculations on large-scale datasets. This capability results in
enhanced computational efficiency and accuracy compared to traditional algorithms. Based on the
treatment of integral terms in the loss function of the governing equations, deep learning approaches
for solving integral equations can be categorized into two distinct types: non-variable-order methods
and variable-order methods.

It should be noted that this two-category classification, while helpful for organizing methods
according to how the integral term is handled, is by no means exhaustive. Recent advances such
as operator learning (e.g., DeepONet [29] and Fourier neural operators [30]) and differentiable physics
layers [31] provide alternative paradigms that bypass the explicit discretization or transformation of the
integral term altogether. Likewise, numerous PINN variants have been proposed for improved training
dynamics, including self-adaptive weighting and extended architectures [32,33]. These approaches are
largely orthogonal to the variable-order transformation used in this work and may be integrated with
P-VOI in future research. The classification adopted here serves only to highlight the specific design
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choice addressed by our method, namely the elimination of integral terms through the Newton-Leibniz
transformation.

Currently, a limited body of research, both domestically and internationally, explores the use of deep
learning methods for solving integral equations. This section provides a comprehensive overview of the
relevant literature, emphasizing key research questions, employed methodologies, principal findings,
conclusions drawn, and the limitations of the studies reviewed.

3.1. Non-variable methods

The fundamental concept of the non-variable-order method for solving integral equations with
deep learning is to replace integral terms with finite sums. This approach has roots in earlier work
using artificial neural networks to solve differential equations [34]. More recently, researchers have
applied similar concepts to integral equations. For instance, Jafarian et al. [35] developed ANN-based
modeling for solving Volterra integral equation systems, demonstrating the potential of neural networks
in this domain.

Zhang et al. [16] introduced a numerical method utilizing residual networks in TensorFlow to solve
Fredholm integral equations, focusing primarily on this class of equations. By randomly generating
training datasets and optimizing the solutions using neural networks, the method achieved significant
convergence accuracy. The study concluded that this method is effective and stable, indicating broad
application prospects. However, it does not extensively address the applicability and limitations of the
technique for more complex problems.

Guan et al. [19] proposed a deep learning approach to solving high-dimensional Fredholm integral
equations. This method involved constructing a model using deep residual neural networks and training
the network by minimizing the loss function to approximate the solution of the integral equation.
Experimental results demonstrated this approach’s efficiency and strong generalization capability,
effectively mitigating the curse of dimensionality. Nonetheless, limitations may arise from gradient
vanishing as network depth increases.

Guo et al. [17] presented a method based on physics-informed deep neural networks for solving
volume integral equations in a two-dimensional context. This approach accelerates the solution of
volume integral equations using iterative deep neural networks, integrating learnable parameters with
physical principles. Key findings highlighted the network’s accuracy, efficiency, and adaptability to
variations in input size and frequency, emphasizing the potential of combining learning parameters
with physical laws for rapid computations.

Xu et al. [20] introduced a method for solving linear Fredholm integro-differential equations using
feedforward neural networks. This approach employs neural networks to approximate solutions,
utilizing Taylor expansions to replace unknown functions while neural networks learn the coefficients.
The primary finding compares the effectiveness of this method to traditional numerical approaches,
asserting the feasibility of the proposed technique. However, potential limitations include concerns
regarding the generalizability to specific problems and computational efficiency.

Sun et al. [21] developed a deep learning method, BINN, for solving computational mechanics
problems using boundary integral equations. The research focused on resolving boundary value
problems by approximating unknown quantities with neural networks during training. Key findings
indicated advantages such as dimension reduction, applicability to complex geometries, and suitability
for infinite or semi-infinite domain problems, underscoring the potential and versatility of BINN.
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Zeng et al. [25] investigated a neural network approach utilizing orthogonal Legendre polynomials
to solve stochastic Itd-Volterra integral equations. By transforming these equations into algebraic
systems, constructing a loss function, and employing neural networks for weight learning, they
proposed a method for solving multidimensional stochastic integral equations. The research
demonstrated accurate performance in numerical examples; however, its limitations may include
restricted applicability to complex problem solutions. The conclusion emphasized this method’s
potential and constraints, offering a novel approach for approximating solutions to stochastic integral
equations.

Due to the accumulation of errors associated with substituting integral terms with finite sums, the
non-variable-order method frequently yields low computational accuracy.

3.2. Variable-order methods

The fundamental concept of the variable-order method involves eliminating integral terms by
applying the fundamental theorem of calculus (varying the order of integration). This approach aligns
with advanced neural network architectures for solving differential equations, such as the deep Galerkin
method (DGM) [36] and neural ordinary differential equations (Neural ODEs) [37]. Recent research
in applied intelligence has further advanced these techniques; for example, Luo et al. [38] proposed
an enhanced hybrid adaptive physics-informed neural network that shows improved performance for
forward and inverse PDE problems.

Liu et al. [23] introduced a deep learning-based approach for solving linear integral equations by
transforming them into differential equations using primitive functions. This research was motivated
by the critical role of integral equations in science and engineering, where traditional numerical
methods often encounter error-related challenges. The study aimed to improve the accuracy of integral
equation solutions through deep learning techniques. The authors proposed a solution method and a
framework for generating loss functions, demonstrating that their approach achieved robust accuracy
and continuity across multiple examples, thus offering a novel technical pathway. However, potential
limitations include restrictions on applicability to specific types of equations and the demands on
computational resources.

Liu et al. [24] explored a method for solving multidimensional continuous integral equations by
proposing an iterative deep learning algorithm that alternates between successive transformations of
primitive functions. They investigated numerical solutions for high-dimensional integral equations
utilizing deep learning techniques. This method involved transforming the integrated function into
primitive functions and constructing a neural network to approximate the numerical solution of the
unknown function. Key findings indicated that the algorithm exhibits good accuracy and continuity,
presenting a new approach to multidimensional integral equations. However, the study highlighted
the need for further validation regarding the algorithm’s convergence and accuracy. Although R-
AIM improves accuracy by eliminating integral discretization errors, its alternating iterative scheme
updates the primitive-function networks and the unknown-function network sequentially, creating a
serial dependency chain that limits computational efficiency. It is important to note that the P-VOI
algorithm proposed in the present paper is a direct extension of R-AIM: It inherits the same variable-
order transformation and loss construction, but replaces R-AIM’s sequential alternating updates with
a two-block synchronous parallel scheme, thereby reducing wall-clock training time while preserving
accuracy.
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Shi et al. [22] proposed a method for solving multiple integral equations based on physics-
informed neural networks (PINN). They transformed integral equations into differential equations,
designed neural network architectures, and employed PINN to approximate the analytical solutions
of these differential equations. A significant finding was that the PINN method does not necessitate
mathematical derivations, rendering it simpler than traditional methods. The study concluded that
all three methods met the required accuracy standards, with the PINN approach being notably more
straightforward. However, the discussion surrounding the stability of the PINN method and its
applicability to various types of integral problems was limited, indicating potential constraints in this
regard.

By transforming integral terms into differential terms, the variable-order method eliminates the
systematic errors associated with non-variable-order methods, enhancing solution accuracy. However,
this approach is limited by the assumption of continuity in the integrand, which prevents it from directly
solving integral equations that involve discontinuous integrands.

4. Methodology

To facilitate reading, Table 1 summarizes the main notation used throughout this section.

Table 1. Summary of key notation in Section 4.

Symbol Meaning
X =(x1,..., %) Independent variable vector of the integral equation
T=(t,...,t,) Integration variable vector
X = (X;, e xl’.ﬂ) Vector of upper limits of the i-th integral term; each xlf’m is an element of X
Qim Lower limit of the m-th integration variable in the i-th integral term
KX, T) Integral kernel of the i-th term
M[¢(T)] Known functional of the unknown function (linear or nonlinear)
d(X) Unknown function to be solved for
Fin(X,T) Primitive function obtained after integrating the i-th term m times
Ny(X) Neural network trial function for ¢(X)
Nin(X,T) Neural network trial function for F;,,(X, T)
s Sample point index; superscript * denotes evaluation at a sample point
X5 T The s-th sample point for X and T
X The value of x;, at the s-th sample point
Epy Eim Convergence thresholds for the loss functions
Pips Pima Weights for the transformation loss and fixed-solution loss

With this notation in place, we proceed to describe the variable-order transformation in detail.

4.1. Variable-order transformation

If for the ith integral term [ ... ["* [ KX, T)M[¢(T)ldrdr, --ds, in Eq (2.1), its first

integral’s integrand, K;(X, T)M [¢(T)], is a continuous function of the variables X and T, according
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to the principles of calculus [39], there exists an integral primitive function F. (X, T) with respect to
t;. Then, by the fundamental theorem of calculus [40], we have

i1
Ki(.X], X25 e ees Xy tl, t27 cet tn)M[¢(t17 t2’ R tn)]dt]

ail
= Fic,l(xl,x%...,xn,xlf,l,tz,...,tn) 4.1)
= Fiea(X1, X2, oo, Xy Gits oy o oo s 1)
= Fie X, X[, 1,0 1) — Fiedn(Xo a1, 1, .., 1),

According to the definition of the original function, the derivative of F;. (X, T) with respect to 7,
satisfies
dF.1(X,T)

Cdy (4.2)
= K:(X, T)YM[¢(T)].

The primitive function F;. (X, T) is composed of a family of functions that differ by an arbitrary
real constant C [39], and all these primitive functions have equal derivatives with respect to ;. Let
Fi.1(X,T) be a specific, determined primitive function within F;.;(X,T), such that F; ;(X,T) =
Fie1(X,T) + C, where C is an arbitrary real value. By setting C = —F; (X, a;1,t,...,t,), we obtain
the specific, determined primitive function as

Fii(X,T) = FieAX,T) = Fien(X, @1, 12, . . . 1)
=Fi. X, t, 0, 1) = Fien(X,a;1, 1, ..., 1y).
From Eq (4.3), it follows that when #; = a;,, F;1(X, a;1,t, ..., t,) = 0. Furthermore, we have
dF;. (X, T)
dn
_ dF; (X, T) (4.4)
dr,
= Ki(X, T)M[¢(T)].
Substituting Eq (4.3) into Eq (4.1), we obtain

Fie x(X, T) =

4.3)

FiuX,T) =

X
f Ki(x1,x0,..., Xp ti, 1oy . )M P(211, 1o, . . ., 1,)]dE
, (4.5)
=Fi(X,x; 1,0, ty) — Fin(X, ain, b, o 1)

= Fi,l(X’ xl,"la ZZ, ] tn)'

Substituting Eq (4.5) into its second integral term, and similarly, we can obtain

f“f“mngwnwmz
ai,Z ai,l

o
= Fii(X,x},,tp,...,t,)dt
f . (4.6)

/ /

= Fi,Z(X’ xi,1$ xi’2’ I3,..., tn)
/

- Fi,Z(X’ x[’la an, t37 ey tn)
’ ’

= Fi,Z(X9 xi,]’ xl”29 t3a AR tn)'
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In Eq (4.6), when 1, = a;», it is given that F;»(X, x|, a;2, 53, ..., 1,) = 0 and we have

dFlz(X xll’ 9. ’tl’l)
dr, (4.7)
= Fii(X, X;,l,tg, ey b)),

Fi,Z(X’ x;’] s t2’ ceey tn)/

Similarly, for its nth integral term, we have

fmmf”f“mxnmwmmm~mn
dijn a a1

<,
’ ’
= f Fi,n—l(X, .xl-,l, xi’z, . ln 1» n)df
Ain

4.8)
_ ’ / ’ ’
= Fin(X, X 15 X 00 X g5 Xy
’ ’ 4
- Fi,n(X7 -xi’la xi’Z’ cee xi’n_lv ai,n)
_ ’ / ’ ’
- Fl,n(X’ xl’] ) xi,z, RIEETISY Xl-’n_l Py xl’n
’
= Fi,(X, X").
At this point, when ¢, = a;,, F; (X, xl 0> 12, ces X, _1»@in) = 0 and we have
/ 4 ’ ’
Fin(X, X 15 Xigs e v s Xi 15 Bn)
/
_AF (X X0 ) wo)

dz,
4 / /
= Fi’n_](X, Xl-’l, xl-,z, ceey )Cl-’n_l, tn).

By substituting Eqs (4.5), (4.6), and (4.8) into Eq (2.1), we derive a system of differential equations
that represents the variable-order transformation of the continuous integral equation:

a(X)p(X) = F(X) + X, 4F (X, X)

’ ’r_ ’
Ln(X xl], 12,"' axi,n_]’tn) - tn I(X xl], 12,"' ,xi,n_]atn)
’ ’ r_ ’
Fi,m(X’xl‘,]"" a-xi,m_latmatmﬂa"' ,tn) - lm l(X le’”' ,xi,m_latm,l‘mﬂa"' vtn)

FioX, X, oty o 1) = Fiy(X, X by, 1y) (4.10)
Fii(X, T) = Ki(X, T)M[¢(T)]

/ —
lm(X xll".‘ 9xi’m_1’ai,m’tm+l,"' ’tn)_o
when t,=aj,,m=1,2,---,n, i=12--- L

By analogy, for Eq (2.2), the system of differential equations obtained from the variable-order
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transformation is

aX)p(X) = 31 AipiX)F;n(X') + f(X)

’ ’ ’ ’r_ ’ ’ ’
Fi,n(xi,l, xi,2’ T 'xi,n—l’ tn) - Fi,n—l(xiJa ‘xi,2’ ) ‘xi,n—l’ tn)
’ ’ ’r_ ’ ’
Fi,m(x,"], T xi,m—]’ Dns U157 7 tn) - Fi,m—l (xi,l’ ) xi,m—l’ L Tt 0 s tn)
Fool P 4.11)
i,2(-xl"19 t2’ ) tn) - i,l(-xl"p t29 ) tn)

Fin(T) = q(T)M[¢(T)]

’ ’ —
Fi,m(x“’ e ’xi’m_l’ai,m’ Lol ’tn) =0
when 7, =ajp,m=1,2,---,n; i=12,---,I

4.2. Loss function

To transform the continuous integral equation Eq (2.1) into the system of differential equations
Eq (4.10) through variable-order transformation, we build upon established deep learning frameworks
for differential equations. Libraries such as DeepXDE [41] provide comprehensive tools for
implementing physics-informed neural networks for various scientific computing problems. Our
approach also incorporates insights from self-adaptive PINNs [33] to enhance training stability and
convergence, and based on the deep learning methods for solving differential equations [42, 43],
we need to use neural network functions Ny(X) and N;,,(X)(i = 1,2,....,Iym = 1,2,...,n) as
trial functions for the unknown function ¢(X) and the primitive function F;,,(X,T), respectively.
By substituting these into the transformed system of differential equations Eq (4.10), we obtain the
control equation loss function Loss, represented by the equation residuals, as well as the loss function
Loss; . corresponding to the determined solutions of the primitive function F;,,(X, T) under certain
constraints. Finally, these are weighted to obtain unified loss functions Lossg o and Loss; 4. for deep
learning. Therefore, taking a fully connected neural network and L2 loss as an example, we present
the construction methods of the control equation, the original function’s transformation equation, the
original function’s definite solution constraints, and the weighted loss function are presented below.

The neural network function in a fully connected form can be expressed as [44]

N(X) = (X, Wy,By,N;, N,). (4.12)

In Eq (4.12), X represents the input vector of the neural network, N(X) represents the output of the
neural network, Wy represents the connection weights of the neural network, By represents the biases
of the neural network, N; and N, respectively denote the depth of the neural network and the number
of hidden neurons, and f is the activation function.

The L2 loss function is defined as [45]

1 Ny .2
2= D i (4.13)

In Eq (4.13), N, represents the number of samples, y; is the true value of the ith sample, and J; is
the corresponding predicted value.
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By using Eq (4.12) as the trial function and substituting it into the system of differential equations
Eq (4.10) and Eq (4.11), we generate the corresponding loss functions.

4.2.1. Governing equation

By setting Ny(X) = ¢(X), and N, ,(X,X") = F;,(X,X’) and substituting these expressions into the
system of differential equations Eq (4.10) and Eq (4.11), we obtain the loss function Loss, represented
by the residuals of the control equations as

2
1 1
Lossy = 122, | a(XNy(X) - D AN (XX = fX)] (4.14)

i=1

In Eq (4.14), the index i ranges from 1 to I, and s represents the sample points used for machine
learning. These sample points can be generated according to a certain probability density distribution,
or different density distribution strategies can be used to generate them based on the form of the
equation.

By analogy, for Eq (2.2), the loss function Loss, representing the residual of the governing equation
is defined as

2

1
Lossy = |1?|ZS a(XONG(X) = D" Api(XIN;, (X = fX)| (4.15)
i=1

4.2.2. Transformation equation of the original function

By denoting Nl.” 0.6 xlf’ P x;’m_l sl bl o o5 1) as the derivative of

Fin(X, xlf’l,...,x;,m_l,tm,tmﬂ,...,tn) with respect to f,, and substituting it into the corresponding

equation, we obtain the loss function Loss; ,, , represented by the residuals of the transformed equation
of the original function as

2
Lossit,p = s [N (X', T*) = Ki(X*, TYMINy(T")]]

2
LosSimp = 2 [N (XS X0t 1) = Nt (X0 X000t 8)]

(4.16)

In the same way, for Eq (2.2), the loss function Loss; ,, , representing the residual of the transformed

equation of the original function is defined as

Lossiip = LE, [N}, (T%) = q(T)MIN,(T)]|
“4.17)

L _ 12 N’ /.8 /.8 s s N /.8 /.8 s s 2
OSSimp = 5% i’m(x. RS SRS A ) — [’m_l(x.’l,...,xi’m_l,tm,...,tn) .

i,1° >n i

4.2.3. Original function fixed solution constraint

The definite-solution constraints arise from the variable-order transformation: For each primitive
function F;,, the condition F;,, = 0 must hold when the mth integration variable equals its lower
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limit a;,,, while all other variables are arbitrary. This condition is enforced only on the corresponding
lower-boundary set, not on the interior of the domain.

In the neural network approximation, we impose this constraint by evaluating N;,, at sample points
where t,, = a,,,, and requiring the output to vanish. The corresponding loss function Loss;,, 4 1S

1 2
Lossi,m,d = m Z I:Ni,m(Xs’ xz,,sl 9 ey x;,sm—l ’ ai,ma trsn+]’ ey t;i)] ) (418)
S

where the sample set s is generated specifically on the boundary #,, = a;, with the other variables
sampled according to the same distribution as for the interior points.
Likewise, for the degenerate-kernel form (2.2), the corresponding fixed-solution loss is

1 2
LosS;ma = m Z [N,-,m(x;j, s X1 Qi Ly 1+ tfl)] . (4.19)
N

4.2.4. Weighted loss function

For the (I = n + 1) neural networks corresponding to the unknown function ¢(X) in the continuous
integral equation and the transformed primitive function F;,(X,T), we establish corresponding
weighted loss functions based on their types.

The unknown function ¢(X) has the neural network weighted loss function Lossg . given by

Lossgq = Lossg. (4.20)
The original function F;,,(X, T) has the neural network weighted loss function Loss; .. given by
Lossimaan = Pimp * LOSSimp + Pipma * LOSSima. “4.21)

In Eq (4.21), P; ., and P;,, 4 are the weights for the loss function of the transformed equation of the
original function and the loss function of the definite solution constraints, respectively. In this work,
for a given equation, the weights are shared across all (i, m) pairs: We set

Piw,=P, and P;,,=P; foralli=1,....I, m=1,...,n,

where P, and P, are scalar constants chosen for that equation. The subscript notation is retained only
to indicate the loss term to which the weight applies, but the numerical values are identical for all
primitive function networks within the same equation. These weights have a significant impact on
the convergence accuracy and efficiency, and their values are empirical coefficients that need to be
determined through experiments for different specific equations; the values used in our experiments
are listed in Table 2.

4.2.5. Illustrative example: a one-dimensional Volterra equation

To illustrate the full P-VOI pipeline, consider the simple one-dimensional Volterra integral equation
u(x) = f(x) + f Kx,Hu(®)der, xe][0,1], 4.22)
0
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where K(x,t) and f(x) are known continuous functions. Here n = 1, I = 1, a(x) = 1, M[u(t)] = u(?),
and the only integration limit is x| ; = x, with lower limit a;; = 0.

Variable-order transformation. By the Newton-Leibniz formula, the integral term can be
expressed through a primitive function F ;(x, t) satisfying

OF(x,1)

Ey = K(x,t) u(?), Fi1(x,0)=0.

Then Eq (4.22) becomes the differential-algebraic system

u(x) = f(x) + Fi1(x, x),
CANICID) "; Ex’ D _ K(x, ) u(?), (4.23)

Fl,l(x, 0) = O
Neural network approximation We introduce two neural networks: N,(x) for the unknown

function u(x) and N, ;(x, t) for the primitive function F ;(x, 7). Substituting these into Eq (4.23) yields
the loss terms

N,
1 s
Lossy =+ ) [NJx) = F(x') = Nua(a’, O, (4.24)
S os=1
Ny 2
1 O [ON (x5, 1) o :
Lossi i, = — [— — K(x*, ) N,(t) | (4.25)
N S| o
| &
Lossyiq = o [Ny (x*, 0)]*. (4.26)

1l
—

N

Weighted loss and parallel iteration The total weighted losses for the two networks are
Lossu,all = LOSSM, LOSSL]’a[l = Pl,],p LOSS]’]’p + Pl,l,d LOSS]’l’d.

During training, the two networks are updated in parallel: N, minimizes Loss,,;, while Ny
minimizes Loss; 4. In each epoch, sample points (x*, #*) are drawn from the domain, and the losses
in Eqs (4.24)—(4.26) are evaluated. The partial derivative in Eq (4.25) is computed via automatic
differentiation. Training proceeds until both losses fall below the thresholds €, and ¢ ;, as described
in Algorithm 1.

This example demonstrates how the notation in Table 1 maps onto a concrete equation, and it shows
the exact form of the governing equation, transformation equation, and fixed-solution constraint for the
simplest nontrivial case.

4.3. Parallel iteration
4.3.1. Workflow
After transforming the continuous integral equation Eq (2.1) into the system of differential equations

Eq (4.10) and constructing the neural network loss functions, we implement a coarse-grained parallel
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training scheme. In this scheme, the primitive-function networks N, are trained concurrently as
independent MATLAB processes sharing a single GPU, while the unknown function network N,
is updated after each primitive update round. This design is motivated by the observation that the
primitive networks are mutually independent within each epoch, and therefore their training tasks
can be overlapped to reduce wall-clock time. The computational demands of training multiple
neural networks simultaneously make such process-level concurrency practically useful. Recent
work in applied intelligence has explored similar parallel architectures for spatio-temporal predictions
[46] and pandemic forecasting [47], demonstrating the effectiveness of parallelized neural network
training for scientific computing applications. Deep learning is carried out based on standard deep
learning architectures such as PINN [21, 43] or improved deep learning architectures for various
differential equations [32,48,49], and the neural network discretization is performed using an automatic
differentiation technique [S0-53]. The deep learning process minimizes the weighted loss function
through parallel iterative adjustment of the parameters Wy and By (from Eq (4.12)) for the neural
network functions N4(X) and N, ,,(X, T). This adjustment continues until Lossg .y and Loss; 4 tend
to O; at this time, N;,(X,T) approximates F;, (X, T) and Ny4(X) is the numerical solution of ¢(X).
Practical applications generally set certain convergence criteria for Lossy . and Loss; . qqu, such as
losses less than predetermined minimal values &4 and &;,,, or training for a predetermined number of
epochs nepocn, training stops when the convergence criteria are met.

The complete parallel iteration computation flow is illustrated in Figure 1. The training tasks of
(I X n+ 1) neural networks, labeled as N4(X) and N, ,,(X, T), are assigned to (I X n+ 1) parallel training
units, and each parallel training unit performs iterative training independently. The data flow among
these units can be described as follows.

Each primitive function network »;, depends on the current output of the unknown function
network N, through the transformation equation residual ( Eqs (4.16) and (4.17)), because the term
M[Ny4(T)] appears in the loss of N;;, and the outputs of lower-level primitive networks N;,,_; are
needed for higher-level ones. Conversely, the unknown function network N4 depends on the outputs
of the highest-level primitive networks »;, through the governing equation residual (Eqs (4.14) and
(4.15)). Therefore, at each epoch, the following synchronization scheme is adopted:

e At the beginning of the epoch, all parallel units read the most recent parameter values of the other
networks from shared memory.

o All primitive function networks N;,, i = 1,...,I, m = 1,...,n) are updated in parallel, using the
current parameters of N, to evaluate their loss terms.

o After all primitive network updates are completed, the unknown function network N, is updated,
using the newly updated parameters of N;, to evaluate the governing equation loss.

e Once N, has been updated, the next epoch begins.

The above procedure can be viewed as a synchronous block coordinate descent method with two
blocks: the primitive-function block (updated in parallel) and the unknown-function block (updated
sequentially after the primitive block). At each epoch, the following rules are applied:

e Parameter reads. At the start of each epoch, all networks read the most recently saved parameter
values of the other networks. The primitive networks N, read the current parameters of N,
to evaluate the term M[N,(T)] in their loss; the unknown function network N, reads the newly
updated parameters of N;, to evaluate the governing equation residual.
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e Gradient propagation. Each network computes gradients only with respect to its own parameters.
During the update of a block, the outputs of the networks in the other block are treated as fixed
constants; no gradient is back-propagated across block boundaries.

e Synchronization frequency. Synchronization occurs exactly twice per epoch: once after all
primitive networks have completed their parallel updates, and once after Ny has completed its
update. This guarantees that no network uses stale parameters for more than half an epoch.

e Update order. The update order is fixed: first all N;,, in parallel, then Ny. Reversing this order or
randomizing it is possible but was not used in the present experiments.

It is important to clarify that the term independent parallel training refers to the mutual independence
of the primitive function networks N;,, from each other; they do not depend on one another’s outputs
except through the chain of primitive transformations, which is already accounted for by the fixed order
within the block. The unknown function network Ny is not independent of the primitive networks; its
update explicitly uses their most recent outputs. Hence the coupled system remains consistent, and
the convergence analysis in Section 5 (Theorem 5.5) applies directly to this two-block synchronous
scheme.

Because all parallel workers share the same GPU memory, communication between them is
performed through memory copies, and the synchronization frequency is only twice per epoch. The
measured communication and synchronization overhead was less than 2% of the total epoch time for all
test equations, confirming that the parallelism introduces negligible overhead. Furthermore, since all
primitive networks have similar architectures (fully connected, same depth and width) and comparable
input dimensions, the computational load is approximately balanced across workers.

It should be emphasized that the parallelism in P-VOI is implemented at the process level using
independent MATLAB workers sharing a single GPU. No model parallelism, data parallelism across
multiple devices, or distributed training frameworks such as Horovod [54] or PyTorch DDP [55] are
employed. The synchronization frequency is deliberately kept low (twice per epoch) to minimize
overhead. Consequently, the proposed scheme is best characterized as a practical engineering
acceleration of the existing R-AIM workflow rather than a new contribution to parallel algorithm
theory. Strong and weak scaling analyses on multi-GPU systems are deferred to future work.

In Figure 1, the arrows indicate the direction of data flow between the parallel training units and
the unknown function network. The synchronization points correspond to the boundaries between the
parallel primitive update phase and the unknown function update phase; these are marked explicitly in
the figure. This design ensures that all networks are trained in a coordinated manner while preserving
the benefits of parallel computation.
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Equation (1) parallel topology iterative training

iterative training
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Figure 1. Parallel iteration computational procedure for continuous integral equations.
The figure shows the assignment of neural networks to parallel training units, the data
flow between primitive function networks and the unknown function network, and the
synchronization points (marked by the phase boundaries).

iterative training

4.3.2. Algorithms

The proposed P-VOI framework consists of two core algorithms that work in tandem. Algorithm 1
orchestrates the parallel training process of the (/xXn+1) neural networks, coordinating the simultaneous
optimization of the primitive functions N;,, and the unknown function N,.

In Algorithm 1, the convergence thresholds €, and & are scalar values. In all experiments, we
set &5 = & = 107, The maximum in the second condition is taken over all parallel training units
corresponding to the primitive function networks N, ,,; that is, max;,, L;,, denotes the largest loss value
among all I X n primitive networks. Training terminates only when both the governing equation
loss and every individual primitive network loss fall below their respective thresholds. The two-
stage synchronization ensures that the unknown function network N, is always updated using the
most recent primitive network parameters ®;,. Conversely, the primitive networks use the unknown
function network parameters from the previous epoch. This Gauss-Seidel-style block update introduces
a controlled one-epoch delay in the bidirectional coupling, which does not compromise convergence
as established in Theorem 5.5.
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Algorithm 1 Parallel variable-order iteration (P-VOI) training

Require: Integral equation parameters (I, n); Neural network architectures for Ny and each N;,,;
Training sample sets S 4, S i p, S ima; Loss weights P, ,, Pi 45 Convergence thresholds &4 (scalar)
and & (scalar, common to all primitive networks); Maximum epochs Np,x

Ensure: Trained neural networks Ny, N;,, approximating ¢(X) and F; (X, T)

1: Initialize parameters ®4 for Ny(X; ©,)
2: fori=1toldo

3: form =1tondo
4: Initialize parameters ®;,, for N;,,,(-; ©;,,) > Initialize in parallel
5: end for
6: end for
7: for epoch = 1 to Ny,.x do
8: for all parallel training units (i, m) do
9: Sample batch 8B, ,, from S, , and S, 4
10: Compute Lians = Pijmp - LOSS; 1, (Eq (4.16)/(4.17)) on B,
11: Compute Leonse = Pima - L0sS;ma (Eq (4.18)/(4.19)) on B,
12: Lim = Lizans + Leonstr > Eq (4.21)
13: Update ©,,, < Adam(0®;,,, Ve,, Lin)
14: end for
15: Synchronize all primitive network parameters 0; , > Make latest ©;,, available
16: Sample batch B, from S,
17: Compute Ly = Loss, (Eq (4.14)/(4.15)) on B, > Use latest O;,
18: Update ©4 < Adam(®,, Vg,Ly)
19: if L, < &, AND max;,, L;,, < & then
20: break
21: end if
22: end for

23: return Ny(X; 0,), N; (- ©;,,)

Algorithm 2 details the forward pass and loss computation for an individual network, which is
executed within each parallel processing unit. This modular design enables efficient distributed training
while maintaining the mathematical relationships defined by the variable-order transformation.
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Algorithm 2 Neural network forward pass and loss computation

Require: Input sample point X*, T¥; Network parameters ®; Network type (N4 or N; )
Ensure: Loss value for input sample(s)

1: if network is N, then

2: P Ny(X*;0,)

3: Residual «— a(X®)-$ - Y_, ;- Niu(X0, X% 9;,) — f(XP)

4: Loss < (Residual)? > Eq (4.14)/(4.15)
5: else if network is N;; then

6: y— N (X5 T,0;)

7: 09/0t, « AD _derivative(J, t})

8: Residual < 09/0t) — Ki(X*,T*) - M[N4(T*; ©y)]

9: Loss « (Residual)* > Eq (4.16)/(4.17)
10: else if network is N;,, (m > 1) then

11: Im = NiXE, X, X0t 1 O)

120 Pt e Nt XX X 1500)

13: 0V /0t,, — AD_derivative(9,,, t;,)
14: Residual < 09,,/0t,, — Yin-1

15: Loss « (Residual)? >Eq (4.16)/(4.17)
16: if £, = a;,, then > Fixed constraint point
17: Loss « Loss + Piyq - $n)? > Eq (4.18)/(4.19)
18: end if

19: end if

20: return Loss

5. Theoretical analysis

In this section, we establish the theoretical foundations of the P-VOI algorithm. We first prove the
equivalence between the original integral equation and the transformed differential system. Then we
derive an explicit error bound relating the neural network approximation error to the loss function.
Finally, we analyze the convergence properties of the parallel iteration scheme and its stability under
finite sampling.

5.1. Equivalence of the variable-order transformation

The following lemma guarantees that solving the differential system (Eq (4.10) (or (4.11))) is
equivalent to solving the original integral equation (Eq (2.1) (or (2.2))).

Lemma 5.1. Assume that for eachi = 1,...,1, the product K;(X, T)M|[¢(T)] is continuous with respect
to all integration variables t,,...,t, on the integration domain, and that ¢(X) is continuous on its
domain. Then the integral equation Eq (2.1) is equivalent to the differential system Eq (4.10) with the
lower-boundary conditions F;,, = 0 on t,, = a;,, in the sense that any solution of one corresponds to a
unique solution of the other.

Proof. The forward direction follows directly from the construction in Section 4: Applying the
Newton-Leibniz formula successively to each integral term in Eq (2.1) yields the differential equations
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in Eq (4.10), with the specified boundary conditions ensuring uniqueness of the primitive functions.
Conversely, if (¢*, F im) satisfies Eq (4.10), then integrating the differential equations from a; ,, to x;,m
for m = 1,...,n recovers the integral terms in Eq (2.1). The boundary conditions guarantee that all
integration constants vanish; thus, ¢* satisfies Eq (2.1). Hence the equivalence holds. O

5.2. Approximation error bound

Let ® denote the collection of all trainable parameters in the neural networks Ny and N;,, (i =
1,...,I,m=1,...,n). Define the total loss function

1 n
L(O) = Los3an(©@) + D > L05Simaan(©O),

i=1 m=1

where Lossg . and Loss;y .. are given by Eqs (4.20) and (4.21), respectively. The total loss
aggregates the residuals of the governing equation, the transformation equations, and the fixed solution
constraints.

To establish an error bound, we require the following standard assumption on the differential
operator induced by Eq (4.10).

Assumption 5.2. There exists a constant Co > 0 such that for any sufficiently smooth functions
(¢, {Fim}) satisfying the boundary conditions in Eq (4.10), the following stability estimate holds:

lp — ¢" M2y + Z |Fim — Fzm”LZ(Q) < Co|lIRyllr2) + Z IR mllr2) | »
im

im

where Ry and R;,, denote the residuals of the governing equation and the transformation equations,
respectively, and Q is the computational domain.

Assumption 5.2 is a coercivity (or inf-sup) condition commonly used in the analysis of PDE solvers;
it holds for well-posed linear differential systems and locally for nonlinear systems with sufficiently
smooth coeflicients [56].

Theorem 5.3. Suppose Assumption 5.2 holds, and let ®* be a set of parameters such that L(®*) < €
for some € > 0. Let ¢po- be the neural network approximation of ¢ using parameters ®*. Then there
exists a constant C > 0 independent of € such that

lpe: — ¢ ll2) < C Ve.
Proof. By the definition of the loss function, we have

1
LO) = 5 ) | RaXF + 3 IR (X TP |

im

where the residuals are evaluated at the sample points. As the sample size increases, the empirical
average converges to the true L? norm (up to a constant factor) by the law of large numbers. Thus, for
a sufficiently large sample size, there exists a constant C; > 0 such that

IRl gy + D IRimliEaq) < C1LO).
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Combining this with Assumption 5.2 yields

lpe: — "l < Co|lIRyll2) + Z IR mllr2 ) | < Co VC1LLO*) < C Ve,

where C = C, y/C;. This completes the proof. m

Theorem 5.3 shows that by driving the total loss to zero, the neural network solution converges to
the true solution in the L? sense. This provides a rigorous justification for the training objective in
P-VOL

It is well known that PINN-type methods often exhibit spectral bias, meaning that neural networks
tend to learn low-frequency components of a solution faster than high-frequency components. This
phenomenon can limit the accuracy of solving problems with sharp gradients or highly oscillatory
solutions. In the context of integral equations transformed into differential systems by the variable-
order method, the solution may possess a broad frequency spectrum. Our error bound in Theorem 5.3
does not depend on the frequency content of the solution; however, the practical convergence speed
may still be influenced by spectral bias. The multi-network structure of P-VOI, in which separate
networks approximate different primitive functions, provides additional flexibility that can partially
alleviate spectral bias by allowing each network to specialize in a particular component of the solution.
Nevertheless, a complete characterization of spectral bias for variable-order transformed integral
equations remains an open problem and is beyond the scope of the present work.

5.3. Convergence of the parallel iteration scheme

The P-VOI algorithm updates the parameters in a block-wise parallel manner: In each epoch, all
primitive function networks »;,, are updated simultaneously, followed by an update of the unknown
function network N,. This can be viewed as a block coordinate descent (BCD) method applied to the
total loss £(®).

Assumption 5.4. The total loss function L(0) is continuously differentiable, and its gradient is
Lipschitz continuous with respect to each block of parameters. More precisely, for each block k
(corresponding to ®4 or 0, ,,), there exists a constant Ly > 0 such that

Vo, £(®1. ©_) — Vo, L(©;, 0| < Ly ||©x - &}

for all ©, O, where ©_; denotes all other parameters.

Assumption 5.4 is standard in the analysis of gradient-based optimization algorithms and is typically
satisfied when the activation functions are smooth (e.g., tanh) and the loss terms are quadratic in the
residuals.

Theorem 5.5. Under Assumption 5.4, suppose that in each epoch the parameters of block k are
updated by one step of gradient descent with step size 1, € (0,2/Ly). Then, the sequence of total
losses { L(@®")} is monotonically non-increasing and converges. Furthermore, every limit point of the
parameter sequence {0} is a stationary point of L.
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Proof. Consider a single epoch. For each block k, the update rule is
@;:—1 = @;{ - nkVGk‘E(@[)’

where the gradient is evaluated using the current values of all parameters. By the Lipschitz continuity
of the block gradient and the descent lemma (e.g., [S7]), we have

ML
2
Since 1, < 2/Ly, the coefficient 1 — 1L /2 > 0, so the loss does not increase after each block update.

Because the updates are performed sequentially over all blocks in one epoch, the total loss after a full
epoch satisfies

L(@’*‘)sﬁ@')—nk( - )nv@kz:(@f)nz.

L£O") < L£O) - ) cillVo, LOYI,
k
where ¢; = n(1 — Ly /2) > 0. Thus, £(®) is monotonically non-increasing and bounded below (by
zero); hence it converges. Moreover, the sum over ¢ of the squared gradient norms is finite, implying
VL(®") — 0; therefore, any limit point is a stationary point. O

Remark 5.6. The parallel update scheme in P-VOI changes only the order in which the parameters
are updated; it does not alter the loss function, the optimizer, or the convergence criterion. Therefore,
the set of stationary points of the total loss is identical for the parallel block coordinate descent and
a purely sequential block coordinate descent. Consequently, parallelization does not introduce any
additional approximation error, and the accuracy of the final solution is preserved. The speedup comes
from reducing wall-clock time, not from changing the mathematical problem being solved.

5.4. Stability under finite sampling

In practice, the loss function is approximated using a finite set of sample points. Let Z(@) denote
the empirical loss computed from a batch of samples, and let £(®) be the true expected loss. Standard
results from stochastic optimization ensure that the parallel training procedure remains stable.

Theorem 5.7. Assume that the empirical loss Z(@) is an unbiased estimator of L(®) with bounded
variance 0. If the Adam optimizer is used with step size n, = O(1/ 1), then after T iterations,

1
E[L(O®)] - *_0(—),
[LO)]-L < 7T

where L* = ming L(0).

Proof. This is a direct application of the convergence rate of Adam for non-convex smooth objectives
under bounded variance [58]. The parallel block updates only introduce additional coordinate-wise
noise, which does not change the asymptotic rate. O

Theorem 5.7 confirms that the P-VOI algorithm, when implemented with finite batches and the
Adam optimizer, achieves a standard sublinear convergence rate in expectation, ensuring stability of
the training process.

In summary, the theoretical analysis in this section provides a solid foundation for the P-VOI
algorithm, demonstrating its correctness, convergence, and robustness.
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6. Experiments

6.1. Experimental environment and setup

The experiments are conducted on a workstation equipped with an NVIDIA GeForce RTX 4070 Ti
GPU (43.9 GB memory), an Intel(R) Core(TM) 17-13700KF CPU (3.4 GHz), and 64 GB of 3600 MHz
memory. The operating system is Windows 10 Professional Edition (Version 19045.4529). Both R-
AIM and P-VOI are implemented in MATLAB and use the same hardware and software environment.

The benchmark algorithms (R-AIM and P-VOI) are implemented using the MATLAB programming
language. Our experimental design considers insights from recent research on PINN failure modes
[59] to ensure robust evaluation. We also draw inspiration from applied intelligence publications on
stress prediction [60] and unsupervised learning for PDEs [5] in designing our evaluation metrics and
experimental setup. Parallel training units are implemented as separate MATLAB processes sharing a
single NVIDIA GeForce RTX 4070 Ti GPU. Each neural network is a fully connected network with
N, = 40 hidden neurons and N; = 9 layers, using the tanh activation function. All network weights are
initialized with the Glorot uniform (Xavier) initializer, and biases are initialized to zero. The Adam
optimizer is used. The learning rate is initially set to 10~ and follows a step-decay schedule: it is
multiplied by 0.8 every 1000 epochs, with a lower bound of 107%. This schedule was chosen after
preliminary tests and is applied identically to both P-VOI and R-AIM.

For each equation, the training samples and test samples are generated independently. The test set
consists of 10,000 uniformly distributed points for equations Q,—Qs, and a regular 20* grid (160,000
points) for the four-dimensional equation Q. These test points are used exclusively for evaluating the
final errors and are never used during training or hyperparameter selection. The uniform distribution of
the test points ensures full coverage of the domain, which is important for high-dimensional problems
where random training samples may be sparse in some regions. The error metrics reported in Section
6.4.1 are computed on this independent test set, not on the training samples.

The loss weights P, and P, were selected through a grid search over P, € {0.5,1,2} and P; €
{10, 30,50, 100} using Equation Q5 as a representative case. The combination with the lowest final
MSE on a validation subset was chosen and then fixed for all equations. The resulting values are
reported in Table 2.

Training is performed in full-batch mode, i.e., in each epoch all available training samples for each
loss term are used simultaneously. The convergence thresholds in Algorithm 1 are set to &5 = 107® and
£ = 1078 (scalar, common to all primitive networks). Training stops when both thresholds are satisfied
or when the maximum number of epochs (5000) is reached, whichever occurs first. For each equation
and each method, five independent runs with different random seeds were performed; the seed values
were 1,2, 3,4, and5 for the MATLAB random number generator.

For comparison, the R-AIM algorithm was reimplemented by us from the original description
in [24] using the same MATLAB deep learning framework, identical network architectures, the same
optimizer, learning-rate schedule, and sample generation strategy. The only difference lies in the
training paradigm: R-AIM uses an alternating iterative scheme, whereas P-VOI uses parallel iteration.
This ensures a fair comparison of the two algorithms.
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6.2. Test equations

The experiment includes a total of 5 test equations, consisting of four linear integral equations,
including Fredholm integral equations, Volterra integral equations, and Fredholm-Volterra integral
equations, as well as a nonlinear integral equations. These cover various types of integral equations
such as multiple integral equations, multiple-term integral equations, and multiple-term multiple
integral equations, denoted by separate symbols Q — Qs. The equations and their analytical solutions
are as follows:

Q,: Fredholm integral equation

17
u(x,y,z,w) = Exyzw xyzwf f f f u(s, t,v, rydsdedvdr, (x,y, z, w) € [0, 11 (6.1)

Its analytic solution is
u(x,y,z,w) = xyzw. (6.2)

0Q,: Volterra integral equation

u(x,y) = —exp(x +y)(xy—1) + fx fy exp(x+y—s—1)-u(s, t)dsdt, (x,y) € [0, 17%. (6.3)
0o Jo

Its analytic solution is
u(x,y) = exp(x +y) (6.4)

Qs: Fredholm-Volterra integral equation

7 4 3.2 2.3
u(x,y) = 2+ - (e R+ 2+ 2
4 4 2 3
1 1 Y X (65)
+ f f (xystHu(s, H)dsdr + f f (x + y)(s + Du(s, H)dsdr, (x,y) € [0, 1]%.
0 Jo 0o Jo
Its analytic solution is
u(x,y) = x> + 2xy. (6.6)
Q,: Fredholm-Volterra integral equation
1 1.
u(x) = exp(x) — zcos(x)(exp(2x) — 1) — =sin(x)(exp(2) — 1)
2 2
X I (6.7)
+ f exp(t)cos(x)u(t)dt — f exp(t)sin(x)u(t)dt, (x,y) € [0, 17%.
0 0
Its analytic solution is
u(x,y) = exp(x). (6.8)
QOs: Nonlinear integral equation
1 X Y
= - 6.9
“EY) = T Ty 6(1+y)+f0f0 T+y (©)
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Its analytic solution is:

u(x,y) =

1
(1+x+y)?*

(6.10)

The number of samples for equations Q;—Qs, how they were generated, and the corresponding loss
function weights are shown in Table 2.

Table 2. The training configurations for equations Q;—Qs.

Type of Neural networks/ Sample Loss
Equations loss Fixed solution =~ Sample size  generation  function
function constraints methods weights
Governing equation Ny 40000 Randomized 1
Transformation equation Ny 1,N;2,N13,N14 40000 Randomized 1
F110,t,v,r)=0 8000 Fixed 50
¢ Fixed solution constraint Fi20,v.1 =0 1600 Fixed >0
Fi30,r)=0 200 Randomized 50
Fi140)=0 1 Randomized 50
Governing equation Ny 5000 Randomized
Transformation equation Ni1,Ni2 5000 Randomized
Q Fixed solution constraint Fi10,H)=0 150 Fixed 50
Fixed solution constraint Fi5(0,00=0 150 Fixed 50
Governing equation Ny 32000 Randomized
Transformation equation Ny 1,N;2,N21,N, 32000 Randomized
Fi110,H=0 200 Fixed 50
@ Fixed solution constraint Fi2(0)=0 ! Fixed >0
F,0,0)=0 200 Randomized 50
Fr,(x,0)=0 200 Randomized 50
Governing equation N, 5000 Randomized
Transformation equation Ni,N, 5000 Randomized
. Fixed solution constraint Fi(0)=0 ! Fixed 30
F,0)=0 1 Fixed 30
Governing equation N, 5000 Randomized
0 Transformation equation Ni1,Nia 5000 Randomized
5 Fixed solution constraint Fi1(0,0 =0 150 Fixed 30
Fl,z(O) =0 1 Fixed 30

6.3. Experimental results

The experimental results show the numerical solutions for equations Q; to Qs, including the fitted
primitive and unknown functions, as well as a comparison between the numerical solutions of the
unknown functions and their corresponding analytical solutions. As illustrated in Figures 2—6, the

P-VOI algorithm exhibits a high degree of fit for both the original and unknown functions.
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O analytic solution
O numerical solution

(e
Figure 2. Fredholm integral equation Q;: (a) a=0.5,w=0.5,F ;(s,t,v,r); (b) F;(t,v,r) and
its fixed solution constraints; (c) F3(v,r) and its fixed solution constraints; (d) F4(r) and
its fixed solution constraints; (e) z = 0.5, w = 0.5,analytic and numerical solutions.
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O FLiEW O Fl2(.9
O fixed solution constraint O fixed solution constraint

O analytic solution
O numerical solution

©)

Figure 3. Volterra integral equation Q,: (a) F (s, ) and its fixed solution constraints; (b)
F1,(y,r) and its fixed solution constraints; (c) analytic and numerical solutions.
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O F21(s) O F2,2(xt)
O fixed solution constraint O fixed solution constraint

O analytic solution
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Figure 4. Fredholm-Volterra integral equation Q3: (a) F (s, ¢) and its fixed solution
constraints; (b) F,(¢) and its fixed solution constraints; (c) F,(s,?) and its fixed solution
constraints; (d) F,(x,f) and its fixed solution constraints; (e) analytic and numerical
solutions.
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Figure 5. Fredholm-Volterra integral equation Q,: (a) F(¢) and its fixed solution constraints;
(b) F,(t) and its fixed solution constraints; (c) analytic and numerical solutions.
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Figure 6. Nonlinear integral equation Qs: (a) F; (s, ?) and its fixed solution constraints; (b)
F1,(s, 1) and its fixed solution constraints; (c) analytic and numerical solutions.

6.4. Results analysis
6.4.1. Training loss

We evaluate the convergence accuracy of the P-VOI algorithm using three loss functions: mean
squared error (MSE), mean absolute error (MAE), and L2 relative error (L2RE). Figures 7 and 8
compare the errors of P-VOI and R-AIM across training epochs of 500, 1000, 2000, and 5000. Under
identical experimental conditions, P-VOI achieves lower MSE, MAE, and L2RE values than R-AIM
for all tested equations Q;—Qs, indicating higher convergence accuracy.

It should be noted that Figures 7 and 8 compare only P-VOI and R-AIM, because these two methods
share the same variable-order transformation and differ mainly in the training schedule (parallel vs.
alternating). Including non-variable-order methods in the same plots would require reimplementing
them under identical conditions, which is beyond the scope of this study. A quantitative comparison
with non-variable-order methods from the literature is provided in Table 6.

AIMS Mathematics Volume 11, Issue 9, 31329-31372.



31358

%10

MSE

500 1000 2000 5000 500 1000 2000 5000
Epoch Epoch

(a) (b)

%107
[ R-AIM

500 1000 2000 5000 500 1000 2000 5000
Epoch Epoch

(© (d)

MSE

500 1000 2000 5000
Epoch

(e)
Figure 7. The MSE error of 01—0s: (a) Q1; (b) O2; (¢) O3; (d) Qu; (e) Os.
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Q1 Q2 Q3 Q4 Q5 Q1 Q2 Q3 Q4 Q5
Equation Equation

(a) (b)
Figure 8. Epoch=5000, the MAE and L2 errors of Q;—Qs: (a) MAE; (b) L2 error.

In summary, the convergence accuracy of P-VOI is comparable to that of R-AIM, with slightly
lower errors of the same order of magnitude. Compared with non-variable-order methods [16-19,
21,22], which report MSE values in the range 10~*~107%, P-VOI achieves MSE values of 1077-107°,
corresponding to an improvement of approximately three orders of magnitude. This confirms the
effectiveness of P-VOL.

Throughout all experiments, the training loss curves shown in Figures 7 exhibit smooth and
monotonic convergence without oscillations or divergence. This behavior is consistent with the block
coordinate descent convergence established in Theorem 5.5 and confirms the numerical stability of the
parallel training scheme under the chosen hyperparameters.

To assess the stability of the reported accuracy, Table 3 lists the mean and standard deviation of the
final MSE over five independent runs for each equation. The low standard deviations confirm that the
accuracy of P-VOI is not sensitive to random initialization or sample generation.

Table 3. Test set errors (mean =+ standard deviation) over five independent runs.

Equation MSE MAE L2RE

0 (12+£03)x107% (1.8+0.4)x 107 (2.1£0.5)x 1077
(03 (8.7+£22)x107° (42+1.1)x107° (1.3+£0.3)x 107’
0s 87+15)x10°% (7.6+1.8)x10™° (3.4+0.8)x 107’
(N B54+£1.1)x107° (29+07)x10° (9.5+£23)x 1078
05 23+£04)x107% (5.1+09) x1075 (1.7+0.4)x 1077

The values in Table 3 are computed on the independent test set described in Section 6.1, using the
final trained networks from five runs with different random seeds. The errors are of the same order
as the training losses, indicating good generalization. Note that the MAE values are larger than the
MSE values because they have the same units as the solution and are not squared; the L2 relative error
further confirms the high accuracy of P-VOL.
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6.4.2. Speedup ratio
The speedup factor Rgpecaup 18 defined as the ratio of the training time of the R-AIM algorithm to the
training time of the P-VOI algorithm under identical experimental conditions, i.e.,

TR-AIM

Rspeedup = (6.11)

Tevor

This ratio expresses how many times faster P-VOI is compared with R-AIM. All reported speedup
values are therefore multiplicative factors, not percentages.

For all timing experiments, both R-AIM and P-VOI were executed on the same single NVIDIA
GeForce RTX 4070 Ti GPU, using the same convergence thresholds (e, = & = 107%) and the same
maximum epoch budget (5000). Training stopped when both thresholds were satisfied or when the
maximum number of epochs was reached, whichever occurred first. The wall-clock times reported
below are end-to-end, including all forward/backward passes, parameter updates, data loading, and
inter-process synchronization. On the single-GPU setup, communication between parallel workers is
performed through shared memory; the measured synchronization overhead was less than 2% of the
total epoch time for all test equations and is included in the reported times.

To assess variability, each experiment was repeated five times with independent random weight
initializations. The mean and standard deviation of the training times and the resulting speedup factors
are summarized in Table 4.

Table 4. Mean training time and speedup factor over five independent runs at 5000 epochs.

Equation TR—AIM (S) TP—VOI (S) Rspeedup Std. of Rspeedup
0 21450 £320 5855+95 3.66 +0.05 0.05
0, 9850 £ 150 2695+ 60 3.66 +0.06 0.06
0; 35200 £ 410 6738 + 120 5.22 +0.08 0.08
on 10200 £ 180 2440+55 4.18 +0.07 0.07
Os 7410+ 130 2260 +50 3.28 £ 0.05 0.05

It is important to address the fairness of the speedup comparison. R-AIM is inherently sequential:
Its alternating update schedule requires that the primitive-function networks and the unknown-function
network be updated one at a time in a prescribed order, with each update using the most recent
parameters of the previously updated networks. This serial dependency is a property of the algorithm
itself, not a limitation of our implementation. Running R-AIM in multiple processes would not
preserve this update order and would effectively transform it into a different algorithm. Therefore, in
our experiments, R-AIM was executed in a single MATLAB process, following its original alternating
schedule faithfully. P-VOI, on the other hand, naturally distributes the independent primitive networks
across multiple processes and updates them concurrently. The reported speedup therefore reflects the
algorithmic replacement of a serial update chain with a partially parallel one, rather than an unfair
implementation advantage. We also note that on the shared GPU, the synchronization overhead of
P-VOI was measured to be less than 2% of the total epoch time, so the speedup is primarily due
to overlapping independent computations rather than to reduced CPU contention alone. A more
controlled comparison on a multi-GPU system with dedicated devices per process remains future work.
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As illustrated in Figure 9, the comparison of training times for equations Q; to Qs reveals that, for
training iteration epochs of 500, 1000, 2000, and 5000, the speedup factors achieved by P-VOI for
equation Q; are 3.58%, 3.51x%, 3.56X, and 3.66X, respectively. For equation Q,, the speedup factors
are 3.08%, 3.09x, 3.27x, and 3.66X; for equation Qs, the speedup factors are 3.63x, 4.19x, 4.38%, and
5.22x; for equation Q4, the speedup factors are 3.79x, 3.29%, 3.92x, and 4.18x%; and for equation Qs,
the speedup factors are 2.98%, 2.90x, 2.89%, and 3.28x.

It is important to clarify the experimental conditions under which these speedup ratios were
obtained. All experiments were executed on a single NVIDIA GeForce RTX 4070 Ti GPU. The
P-VOI algorithm distributes the training of (/ X n + 1) neural networks across the same number of
parallel MATLAB worker processes: 5 units for Q; and Q3, and 3 units for Q,, Q4, and Qs. Since
all workers share a single GPU, the effective parallelism is constrained by the GPU’s compute and
memory capacity; therefore, the reported speedup values should be interpreted as a lower bound on
the potential speedup achievable on a multi-GPU system with dedicated resources per network. The
observed acceleration arises not only from the concurrent execution of independent training tasks but
also from the fact that each P-VOI network solves a sub-problem of reduced complexity relative to the
monolithic R-AIM network.

Table 5 reports the training times of R-AIM and P-VOI for each equation at 5000 epochs, along
with the corresponding speedup ratio and the total GPU-hours consumed.

Table 5. Training times (in seconds) at 5000 epochs and total GPU-hours for R-AIM and
P-VOI.

Equation Tgram () Tpyor (s) Speedup GPU-hours (total)

0 21450 5855 3.66x 8.21
0)) 9850 2695 3.65% 3.76
0s 35200 6738 5.22% 12.54
(on 10200 2440 4.18% 3.78
Os 7410 2260 3.28% 2.90

The values in the table correspond to the data plotted in Figure 9 and provide a quantitative reference
for the computational cost of each method.

In the above table, GPU-hours are computed as the sum of the training times of all networks divided
by 3600 (for the P-VOI algorithm, this represents the total GPU time occupied by all parallel workers).
For the R-AIM algorithm, the total GPU-hours equal the single training time because the networks are
trained alternately on one GPU.

A more detailed decomposition of the speedup is provided in the following subsubsection.

Therefore, under identical experimental conditions and with the same number of iterations, P-VOI
is 2.9x to 5.2x faster than R-AIM. The experiments confirm the efficiency of P-VOL.

The small standard deviations indicate that the timing measurements are stable across different
random initializations, and the speedup factors are highly reproducible.
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Figure 9. Training time comparison of Q;—Qs between R-AIM and P-VOI: (a) Q;; (b) O»;
(©) O35 (d) Q43 () Os.
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6.4.3. Analysis of parallel speedup sources

The wall-clock speedup reported in Section 6.4.2 combines several contributing factors. To clarify
the role of algorithmic parallelism versus workload reduction, we provide the following qualitative
decomposition. The total training time of P-VOI, Tp_vyor, can be expressed approximately as

Tp-vor ~ max (- N, (6.12)

.....

where K = I - n + 1 is the number of neural networks (parallel units), ;" is the average per-iteration
training time of network k, and N,*" is the number of iterations required for network k to reach the
convergence threshold. In contrast, the R-AIM algorithm trains a single monolithic network or a small
number of alternately trained networks, giving

1ter Nlter (6 . 1 3)

M\

Tr-amm
=1
where J is the number of networks in R-AIM. The speedup arises from two main sources: (i) the max
operation in P-VOI replaces a sum of times in R-AIM, which is the direct effect of parallelism, and (i1)
each t}fer in P-VOl is typically smaller than the corresponding per-iteration time in R-AIM because the
network input dimension and the complexity of the residual computation are lower for sub-problems.

In the current single-GPU setup, all worker processes share the same GPU, so the ideal max-over-
sums speedup is not fully realized. Nevertheless, the observed 2.9x—5.2x acceleration indicates that the
combined effect of parallelism and workload reduction is substantial. To further isolate the contribution
of algorithmic parallelism, a strong scaling experiment would be required, in which the number of
parallel workers is increased while keeping the total problem size fixed, or a weak scaling experiment
with fixed workload per worker. Such experiments are most meaningful on a multi-GPU cluster where
each network can be assigned a dedicated device. Due to hardware limitations, we defer this systematic
scaling analysis to future work. However, based on the current results and the qualitative model above,
we can confidently state that the speedup is not merely an implementation artifact; it stems from the
parallel training design and the reduced sub-problem sizes.

We also note that both R-AIM and P-VOI were implemented in the same MATLAB deep learning
framework, using the same optimizer (Adam), activation function (tanh), and hardware. Therefore, the
implementation difference factor is minimal, and the observed acceleration can be attributed primarily
to the first two components.

6.4.4. Integral kernel contains zeros

For integral equations such as Q3, Q4, and Qs, where the integral kernel K;(X, T)(i = 1,2,...,1)
contains zero points, the R-AIM method cannot directly obtain the unknown function ¢(X) from
Fii(X,T) = Ki(X,T)M[¢(T)]. In contrast, the P-VOI algorithm, by incorporating a neural network
as a trial function for the unknown function ¢(X), can directly solve for the unknown function ¢(X),
demonstrating stronger adaptability.

6.4.5. Comparison with existing methods from the literature

To further assess the performance of P-VOI beyond the direct comparison with R-AIM, we provide
an indirect quantitative comparison with representative methods reported in the literature. Table 6
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summarizes the mean squared error (MSE) ranges reported for various deep learning and classical
numerical approaches on integral equations similar to those considered in this paper.

Table 6. Comparison of reported MSE ranges for different methods.

Method Problem type Reported MSE
PINNSs (baseline) PDE/IE 1073-1073
BINN Boundary IE 1074-107¢
Non-variable-order Fredholm/Volterra IE 1074-10"°
Variable-order (R-AIM) Continuous IE 1077-1078
P-VOI (this work) Continuous IE 107-10"°
Gaussian quadrature Low-dim smooth 10-19-10-"2
Collocation Low-dim smooth 10-3-10-1°

As shown in Table 6, P-VOI achieves an MSE of 1077 to 107, which is approximately three
orders of magnitude lower than that of non-variable-order deep learning methods [16, 19, 22] and
the BINN variant [21], and is competitive with or better than the baseline PINN results [15]. When
compared with the direct variable-order predecessor R-AIM [24], P-VOI maintains the same order
of accuracy while slightly improving precision and significantly reducing training time (as discussed
in Section 6.4.2). Classical methods such as Gaussian quadrature and spectral collocation can
achieve very high accuracy for low-dimensional smooth problems; however, their performance often
deteriorates in high dimensions or on irregular domains, where neural network-based approaches like
P-VOI show better scalability and robustness.

It should be noted that the comparison in Table 6 is based on results reported under different
experimental settings, including network architectures, sample sizes, and convergence criteria.
Therefore, this comparison should be interpreted as a qualitative indication of the competitive
performance of P-VOI rather than a strictly controlled benchmark. A systematic direct comparison
with all baselines under identical conditions is beyond the scope of the present work and remains an
important direction for future research.

6.5. Ablation studies

To understand the contribution of each design choice in P-VOI, we conduct a series of ablation
experiments. All studies are performed on equation Q3 (Fredholm-Volterra) unless otherwise noted,
using the same experimental setup as in Section 6.1, with the modification being studied as the only
varying factor.

6.5.1. Sensitivity to loss weights

The loss function for each primitive function network N;, involves two weights, P;,, , (for the
transformation equation residual) and P;,, ; (for the fixed solution constraint). We vary these weights
over a range and record the final MSE and training time. Table 7 summarizes the results. The chosen
weights of P;,, , = 1 and P;,,s = 50 (as in Table 2 for Q3) achieve the lowest MSE among the tested
combinations, while larger values of P;,, s do not significantly improve accuracy but slightly increase

AIMS Mathematics Volume 11, Issue 9, 31329-31372.



31365

training time. The performance is not highly sensitive to the exact weight values, confirming the
robustness of the method.

Table 7. Sensitivity of P-VOI to loss weights on Q5.

Piyp Pima Final MSE Training time (s)

1 10 23x1077 1820
1 30 1.5x107 1890
1 50 87x1078 1950
1 100 9.2x1078 1980
0.5 50  3.1x107 1905
2 50  1.8x 107 2010

6.5.2. Effect of network architecture

We compare fully connected networks with different depths and widths. The activation function is
fixed to tanh. Table 8 reports the MSE for several architectures. The configuration used in the main
paper (9 layers, 40 neurons) provides the best accuracy among the tested options. Deeper or wider
networks do not improve the result and may lead to overfitting or slower convergence, while smaller
networks underfit the solution.

Table 8. Effect of network architecture on Q3 (MSE).

Depth Width Final MSE Training time (s)

5 40 5.6 x 1077 1650
7 40 1.9 x 1077 1780
9 40 8.7x1078 1950
11 40 1.4 x 1077 2130
9 20 2.4 %1077 1720
9 30 1.2x 1077 1840
9 50 9.5x107® 2200

6.5.3. Effect of training sample size

The number of training samples directly affects both accuracy and computational cost. We vary the
sample size for the governing equation and transformation equation while keeping the fixed solution
constraint samples unchanged. As shown in Table 9, increasing the sample size from 8000 to 32,000
(the value used in the main experiments) reduces the MSE by nearly an order of magnitude. Further
increasing the sample size to 64,000 yields only marginal improvement while doubling the training
time, justifying our choice of 32,000 for Q5.
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Table 9. Effect of training sample size on Q5.

Sample size Final MSE Training time (s)

8,000 52%x1077 1240
16,000 1.6 x 1077 1580
32,000 8.7x108 1950
64,000 7.9% 1078 3600

6.5.4. Comparison with non-variable-order transformation

To isolate the benefit of the variable-order transformation itself, we implement a non-variable-order
variant of P-VOI in which the integral terms in the governing equation are replaced by a finite-sum
approximation (e.g., Gauss-Legendre quadrature with 8 points per dimension) instead of applying the
Newton-Leibniz transformation. All other components (parallel training, network architecture, and
loss weights) remain identical. As shown in Table 10, the variable-order transformation reduces the
MSE by approximately three orders of magnitude compared to the finite-sum approach, confirming the
analysis in Section 6.4.1 and demonstrating that this design choice is a primary contributor to the high
accuracy of P-VOI.

Table 10. Variable-order vs. non-variable-order within P-VOI on Q5.

Method Final MSE Training time (s)
Non-variable-order (quadrature) 2.1 x 107> 2100
Variable-order (P-VOI) 87x1078 1950

These ablation results collectively support the design choices made in P-VOI and highlight the
critical roles of the variable-order transformation, appropriate loss weighting, and a well-sized neural
architecture.

6.6. Limitations of the current study

The experimental evaluation of P-VOI in this work is based on five benchmark integral equations
(Q1—0s) that possess known analytic solutions and are relatively low-dimensional (up to four
dimensions) and smooth. This choice was made to enable direct comparison with the R-AIM algorithm
and to provide a controlled environment for validating the correctness and efficiency of the proposed
method. However, we acknowledge that this test set has several limitations that should be addressed in
future studies.

First, all test problems have analytic solutions, which were used to compute the errors reported in
Sections 6.4 and 6.5. This means that the current experiments do not assess the performance of P-
VOI on problems where the exact solution is unknown and a reference solution must be obtained by
alternative means. Second, the integral kernels in Q;,—Qs are generally smooth or have simple isolated
zeros; we did not include non-degenerate kernels with more complex structure, nor low-regularity or
near-singular kernels that would stress-test the variable-order transformation and the neural network
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approximation. Third, the test problems are limited in dimensionality (at most four integration
variables), so the behavior of P-VOI in high-dimensional settings remains unexplored. Fourth, no real-
world application problem is included, and no direct comparison with classical numerical integral-
equation solvers or representative PINN methods under identical experimental settings is provided,
although an indirect comparison based on literature results is given in Section 6.4.5.

It is important to note that the fixed solution constraints used in the loss function do not depend
on knowledge of the analytic solution. These constraints arise from the variable-order transformation
itself: By construction, the primitive function F;, vanishes when the integration variable #,, equals the
lower limit a;,, (Eqs (4.10) and (4.11)). Therefore, the method can be applied to problems without
analytic solutions, provided that the integral equation is well-posed and the continuity assumptions for
the variable-order transformation are satisfied.

To address the above limitations, we plan the following extensions in future work: (i) benchmark
problems without analytic solutions, where reference solutions are computed using high-accuracy
classical methods such as spectral collocation or adaptive quadrature; (i1) integral equations with non-
degenerate kernels, low-regularity or near-singular kernels, and high-dimensional domains, to evaluate
the robustness and scalability of the variable-order transformation and the parallel training scheme;
(i11) a systematic direct comparison with classical numerical solvers and representative PINN methods
under identical experimental settings, including hardware, stopping criteria, and sample sizes; and (iv)
real-world application problems, for example, from heat conduction or elasticity, to assess the practical
utility of P-VOI. These additions will provide a more comprehensive evaluation of the method.

7. Conclusions

This paper addresses the challenges of low convergence accuracy and efficiency in iterative solutions
encountered by deep learning methods for solving continuous integral equations. We propose a parallel
training scheme for the variable-order transformed networks (P-VOI) that employs the Newton-Leibniz
formula to transform the continuous integral equation into a complete system of differential equations.
Through parallel iterative deep learning, the neural network simultaneously approximates both the
unknown function and the primitive function. Utilizing various benchmark equations, we compare the
R-AIM algorithm with the P-VOI algorithm regarding convergence accuracy, convergence efficiency,
and applicability. The results demonstrate the effectiveness, efficiency, and adaptability of the P-VOI
algorithm.

The future research directions encompass the following six aspects:

e Research on the integration of deep learning with other computational methods: This direction
focuses on hybrid methods that combine deep learning with traditional numerical computations
to address the limitations of conventional approaches for solving integral equations. As deep
learning finds increasing application in this domain, the potential for integrating it with traditional
numerical methods becomes evident. By incorporating techniques such as the finite element
method and boundary element method, deep learning can further enhance the accuracy and
efficiency of solutions [38,61].

e Research on deep neural networks for solving integral equations: This area involves exploring
neural network architectures that are particularly well-suited for solving integral equations
and optimization techniques applicable to these networks. Physics-informed neural networks
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(PINNSs), which embed physical laws within deep learning frameworks, show significant promise.
Integrating physical models with deep learning allows PINNs to improve solution accuracy
and provide reliable results, even in scenarios with limited data availability. Researchers can
investigate the combination of PINNs with other algorithms to tackle complex integral equation
problems more effectively [5,46].

e Automated and intelligent solving: The rapid advancement of deep learning is enabling new
automated and intelligent approaches for solving integral equations. By training deep neural
networks, researchers can automate complex problem-solving processes, thereby reducing the
need for manual intervention. Future research may leverage deep learning algorithms to achieve
more intelligent solving capabilities. Developing adaptive learning strategies that allow networks
to adjust learning rates and structures based on problem complexity dynamically will be crucial.
Additionally, integrating reinforcement learning techniques can enable algorithms to optimize
solving strategies through continuous trial and error, enhancing flexibility and adaptability in
addressing new integral equations [33].

e Systematic benchmark comparison with broader baselines: Although this work provides
an indirect comparison with representative methods from the literature, a systematic direct
comparison with a broader set of baselines, including PINNs, BINN, various non-variable-order
deep learning methods, and classical solvers such as quadrature and collocation, under identical
experimental settings remains an important direction. Such a benchmark would further validate
the performance and practical advantages of P-VOI.

e Automated hyperparameter tuning: Systematic ablation studies have identified suitable ranges for
loss weights, network size, and sample size; future work may employ automated hyperparameter
optimization to further enhance robustness and accuracy.

e Evaluation on non-analytic and applied benchmarks: To strengthen the assessment of P-VOI
beyond the current synthetic test set, future work will include benchmark problems without
analytic solutions, real-world applications such as heat conduction or elasticity, and high-
dimensional or stiff problems. This will provide a more rigorous evaluation of the method’s
robustness and practical scalability, as discussed in Section 6.6.
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