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Abstract: In this work, we develop a fully decoupled sphere-constraint-preserving scheme for the
simplified Ericksen—Leslie system with variable density. To begin, the original system is reformulated
so that the constraint condition |[b| = 1 can be maintained in the discrete numerical scheme. Next, by
employing the Gauge—Uzawa method together with the scalar auxiliary variable (SAV) approach, we
construct a first-order time discretization scheme that is fully decoupled and unconditionally energy
stable. Combining this with the finite element method (FEM) yields a first-order fully discrete scheme
along with its implementation details. A rigorous error analysis is carried out for the temporal semi-
discretization. Subsequently, the convergence of the proposed numerical method is established through
a rigorous error analysis. Finally, several numerical experiments are carried out to demonstrate the
effectiveness of the scheme.
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1. Introduction

This work is concerned with full decoupling strategies and error analysis for numerical
approximations to the 2D variable-density Ericksen—Leslie system [1,2]. The governing equations
are presented below

o, +V-(ow)=0, inQyr, (1.1a)
o(W, + W- VW) + Vp — uAw + AV - (Vb)"Vb) = 0, in Q, (1.1b)
b, + (W- V)b — ¥(Ab + |[Vb[’b) =0, in Q, (1.1c)
V-w=0, inQy, (1.1d)

bl=1, inQy. (1.1e)
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Here, Q; = Q x (0,T], where Q c R? is a bounded open domain with smooth boundary €2, and
T > 0 represents the terminal time. The positive constant y > 0 stands for the relaxation time, u > 0
is associated with the fluid viscosity, and A > 0 denotes the elastic coefficient. b : Q; — R? describes
the molecular orientation, w : Q; — R? denotes the fluid velocity field, and p : Qr — R is the
fluid pressure. In addition, (Vb)? refers to the transpose of Vb = (9 ;b,)i j, while |b| corresponds to the
Euclidean norm of b in R?.

We further present the initial and boundary conditions associated with system (1.1):

W(.x, O) = WO(.X), W(x’ l)|l_' =g,

Q(-x9 O) = QO(X)9 Q(-xs t)'l",n = a(-x, t),
b(x,0) = by(x), 9,b(x, 1) =0,

where I' = 0Q denotes the boundary of Q. I';, stands for the inflow boundary, defined by I';, = {x e ":
g - n < 0}. For convenience, as adopted in [3], we consider an impermeable boundary, i.e., [';, = @ and
g = 0. gy denotes the initial density, which is uniformly positive. There exist two positive constants
0%, > 0and @), > 0 such that

0 <op(x) <0, inQ, (1.2)

which ensures that the system is non-vacuous over the domain €. The initial values by and wj satisfy
the compatibility conditions [bg| = 1 and V - wy = 0.

As a macroscopic phenomenological description, system (1.1) governs the hydrodynamic behavior
of nematic liquid crystals [4-6]. The continuity equation is given by (1.1a), and the conservation of
angular momentum by (1.1c). Together with (1.1e), these equations describe a convective harmonic
heat-map flow taking values on the unit sphere. Here, b serves merely to characterize the molecular
orientation of nematic liquid crystals, rather than acting as a thermodynamic state variable. Equations
(1.1b) and (1.1d) are Navier—Stokes systems accounting for linear momentum conservation. Elastic
stress exerted by liquid-crystal molecules on the fluid is incorporated via the term AV - ((Vb)'Vb),
whereas the advection term (w - V)b represents the transport of molecular orientation by the fluid flow.

In recent years, numerical approximations of liquid-crystal flows have attracted considerable
research attention. This is mainly due to the fact that liquid-crystal systems are strongly constrained
by geometric boundary conditions, which cannot be easily studied from experimental observations.
Therefore, numerical simulations can provide a clear understanding of the behaviour of liquid crystals
and their underlying physical properties. For example, the design of practical devices can be improved
through numerical simulations.

There are some existing numerical studies for the Ericksen—Leslie model. In [7], Liu et al.
first studied a simplified system using the Ginzburg—Landau approximation to numerically solve the
Ericksen—Leslie model. In [8], Lin et al. proposed an nonlinear scheme for computing the Ginzburg—
Landau model. This scheme differs only slightly from the standard Ericksen—Leslie system, where the
stretching term appears in the b-system. To improve Ericksen—Leslie fluid models for nematic liquid
crystals, Zhao et al. [9] designed first- and second-order coupled numerical schemes that maintain
stability. In [10], Bao et al. introduced a simple time-discrete scheme for the 2D simplified Ericksen—
Leslie system that maintains sphere constraints nodewise while obeying a discrete energy law. In [11],
Cabrales et al. presented a time-split finite element format to approximate the solution of the Ericksen—
Leslie equations that control the flow of nematic liquid crystals. In [12], Guillén-Gonzélez et al. studied
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the approximation of the Ericksen—Leslie nematic liquid crystal model using the Ginzburg—Landau
penalty problem based on a fully discrete hybrid format of continuous finite elements in space and
linear semi-implicit first-order integrals in time. Recently, Zhang et al. [13] developed a second-order
numerical scheme featuring full decoupling, linearization, and unconditional energy stability for the
numerical approximation of the penalized Ericksen—Leslie equations.

However, we note that most of the above studies are based on simplified versions of the Ericksen—
Leslie system. In fact, the simplified version of the Ericksen—Leslie system ignores the Leslie stresses,
but still retains the core of the mathematical structure and some of the fundamental difficulties of
the Erickson-Leslie system. It turns out that the mathematical techniques developed for the study
of simplified systems are applicable to the general Ericksen—Leslie system. As a result, many
mathematicians have devoted themselves to the study of the simplified Ericksen—Leslie system rather
than the original system [14—16].

To derive numerical approximations for the system (1.1), we reformulate the Ericksen—Leslie
system [17] as given below

o,+V-(ow)=0, inQr, (1.3a)
oW, +w-Vw)+ Vp —uAw + AAnVn =0, in Qp, (1.3b)
n+w-Vn—yAn =0, inQg, (1.3c)
V-w=0, inQy, (1.3d)

with boundary and initial conditions

0(x,0) = 00(x), W(x,0) =wo(x), n(x,0)=mno(x),
w(x,t)-nlr =0, Vn(x,1)-nlr =0,

where p 1= p + %anI2 denotes the modified pressure and 7 € [0, 27).

System (1.3) was first derived by Wang et al, who combined the equivalent formulations proposed
in [10] with the variable-density Navier—Stokes equations. In [17], Wang et al. adopted a
sphere-constraint-preserving method to address the associated numerical difficulties. Specifically, they
parameterized b(x, ) = (d;,d,)" via

b(x, 1) = (cos n(x, 1), sinn(x, )T,

where n(x,t) = argb(x, ) with arg being the argument from the polar coordinates. Based on this
method, they rewrote the system (1.1) in dimension two and obtained an equivalent system (1.3) of
functions o, w, i, p. They then proved the unconditional stability of the proposed scheme and gave an
error estimate. Compared to the original Ericksen—Leslie system (1.1), the system (1.3) is free from
the strong nonlinear coupling due to the presence of AV - (Vb)'Vb) [15].

Developing an efficient, stable, and fully decoupled numerical scheme for the system (1.3)
remains a challenging task. This is because the model inherits not only the numerical difficulties
of constant-density incompressible flows but also additional complexities arising from the variable-
density continuity equation [18]. Specifically, the main numerical challenges can be summarized as
follows: (i) preserving the positivity of density during fluid evolution, which is strictly required by
the continuity equation; (ii) the strong velocity—pressure coupling induced by the incompressibility
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constraint, which complicates the pressure update, especially under significant density variations; (iii)
the intrinsic coupling between the velocity field w and the orientation variable 1. Accordingly, this
paper mainly focuses on resolving the aforementioned technical obstacles.

A universal framework for developing linear, decoupled, and unconditionally energy-stable
numerical schemes is offered by the scalar auxiliary variable (SAV) method, originally designed for
gradient flow models [19]. The existing literature [20] has well documented its successful extension
to the Navier—Stokes equations and magnetohydrodynamic systems. Inspired by the above research
progress, this work further extends the SAV method to the variable-density Ericksen—Leslie system.

Standard pressure correction schemes [21, 22] cannot decouple velocity and pressure in variable-
density Navier—Stokes equations. Guermond and Salgado [23] introduced a fractional time-stepping
method that solves one pressure Poisson equation per step, reducing cost and ensuring stability,
though its error analysis remains open. Meanwhile, the Gauge-Uzawa method [24] approximates
variable density as constant under the Boussinesq approximation [25], which limits its applicability
to small density variations. For larger density variations, Jae—Hong et al. [26] proposed two
unconditionally stable Gauge—Uzawa schemes—one convective, one conserved—each requiring only
a single projection step. Several studies [24,25,27,28] have demonstrated the advantages of the Gauge—
Uzawa method over both the pressure-correction [29] and original Gauge methods [30]. Leveraging
these benefits, we extend the Gauge—Uzawa method to the variable-density Ericksen—Leslie system.

It is worth emphasizing the distinction between the current work and the existing literature.
Compared with the sphere-constraint-preserving scheme in [17], our algorithm achieves full
decoupling by integrating the Gauge—Uzawa method with the SAV technique, thereby eliminating the
coupled velocity-pressure-density system and significantly reducing computational costs. Moreover,
unlike the fully decoupled schemes developed in [13] for the penalized Ericksen—Leslie model, our
approach strictly preserves the unit-sphere constraint [b| = 1 pointwise. While the Gauge—Uzawa and
SAV methods are established tools, their combination for the variable-density Ericksen—Leslie system
is novel and faces unique challenges, such as maintaining density positivity and deriving uniform error
estimates in the presence of a variable coefficient . Our work provides the first fully decoupled,
unconditionally stable, and rigorously error-controlled scheme for this specific physical model.

This paper pursues two main goals. The first involves designing a fully decoupled stable scheme for
the variable-density simplified Ericksen—Leslie system. Pressure is handled implicitly via the Gauge—
Uzawa method to separate velocity from pressure, while the SAV method takes care of the remaining
coupled terms. A finite-element-based decoupling procedure is spelled out in detail to meet this goal.
The second goal concerns error estimation for the proposed scheme. As a prerequisite, we prove that
the density approximation from the semi-discrete formulation is bounded in L* and stays positive.
In summary, besides the advantage of full decoupling, the proposed scheme exhibits the following
features: (i) the sphere constraint [b| = 1 is preserved at the discrete level; (ii) no initial pressure
value is required; (iii) no artificial boundary conditions for the pressure are needed; (iv) convergence
is proved under minimal smoothness assumptions. The authors are not aware of any existing work
that offers both a fully decoupled numerical scheme and its error analysis for the variable-density
Ericksen—Leslie system. This study presents the first such effort.

Very recently, Wang et al. [31] developed first-order fully decoupled methods for the penalty
Ericksen—Leslie system with variable density using the Gauge—Uzawa method, where the unit-sphere
constraint |b| = 1 is relaxed via a Ginzburg—Landau penalty term. In contrast, the present work
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treats the original (unpenalized) system, preserves the pointwise sphere constraint exactly through the
angular parametrization b = (cos#, sinn)?, and provides, for the first time, a rigorous error analysis for
such a fully decoupled scheme applied directly to the variable-density Ericksen—Leslie system without
penalty.

The SAV methodology has also been extended to various contexts, including structure-preserving
spectral methods for Hamiltonian systems [32], constraint-preserving schemes for gradient flows [33],
and efficient constant-coefficient Multiple SAV approaches for vesicle simulations [34]; coupled
numerical methods have also been explored for fractional partial differential equations (PDEs) [35].
These developments further motivate the present study, which combines SAV and Gauge-Uzawa
techniques to achieve full decoupling while maintaining both energy stability and sphere constraint
preservation.

The remainder of this paper is structured as follows. Section 2 introduces the notation, inequalities,
and lemmas used throughout the study. In Section 3, a first-order time discretization scheme is
presented, and its unconditional stability is proved. Additionally, a first-order finite element scheme
and its implementation are described. Section 4 provides rigorous error estimates for the proposed
method. Numerical results demonstrating the accuracy and efficiency of the scheme are reported in
Section 5. Finally, a brief conclusion is offered in the last section.

2. Preliminaries

For the convenience of the reader, we first summarize in Table 1 the key symbols used throughout
this paper.

Table 1. Notation of key variables used in this paper.

Symbol Definition

o square root of density, o = /o
fluid density
fluid velocity field
intermediate velocity in Gauge—Uzawa correction
pressure correction variable in Gauge—Uzawa method
scalar orientation angle, b = (cosn, sinn)’
modified pressure
original physical pressure, p = p — §|Vn|2
scalar auxiliary variable for energy decoupling
auxiliary variable in Gauge-Uzawa

LN ™I & E<ED

In this section, to support the error analysis in the next section, we present the relevant spaces,
notation, and lemmas. The constant C appears throughout and may take different values in different
contexts. Standard Sobolev spaces L*(Q), H*(Q) and HE(Q) are employed, with the norm in H¥(Q),
denoted by || - ||¢. Boldface is used for vector functions and vector spaces.
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The following spaces are introduced

H'(Q) = (H(Q))’, Hy(Q) = {u e H'(Q) : ulzo = 0},
H/(Q) = {ue H'(Q): u-nls =0},

V(Q) =fue Hy(Q): V-u=0},

V,(Q) ={uecH(Q):V-u=0}

HQ) ={ue (L*(Q)*:V-u=0, u-njyg =0},

LS(Q):{qeLz:fqu:O}.
Q

Let us recall several important inequalities that will be used later [36,37]:

{1V -ul| < cl[Vull, ¥ u e H'(Q)}, 2.1)
lull+ < cllal"jull}?,  Yu e H(Q). (2.2)
Il < cllall?lully?,  Ya e HXA(Q). (2.3)

By applying the Poincaré inequality, we obtain
lJull < cllVull, ¥ u € Hy(). (2.4)
We next define the trilinear form
b(v,u,x) = fQ(V -V)u - xdx.
Based on the above-defined characteristics, we obtain
b(v,u,z) = —b(v,z,u), Yve H), u,z € H(l)(Q), (2.5
and it further satisfies a key property
b(v,u,u) =0, VveHQ), ueH(Q). (2.6)
Moreover, applying several standard inequalities [38—40] yields

clvillallillzll;, ¥ v, u € H,z € Hy(Q),
cliviblullizl, ¥ v e H(Q) N H, ue H,z e Hy(Q),
clivilhulllizll, ¥ v e H(Q)NH, ueH,z e HyQ),

<
bV-UZ) <1 vihlulblizl, ¥ u e HX(Q) N H, v e Hz e HY(Q), @7
cvillallllzll;, ¥ueH* Q) NH, veHzeH\Q),
vl IVl ) lzlly, ¥ v, e Hz € Hy(Q).
We now introduce the projection operator Py from L*(Q) onto H [41]. We get
|1Pgull; < Cllull;, Yu € H(Q). (2.8)

Below, we provide an important lemma.
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Lemma 2.1. (Discrete Gronwall inequality) [42] Fix T > 0, and suppose {a™ }m 1s {bm}m , and {c’”}f,f:_ll
are non-negative sequences such that TZM_II c" < Cy, where Cy is independent of T and M, and

Mt =T. Suppose that, for all T > 0,

M M-1
aM +Tme <(C +TZamcm, (2.9)
m=1 m=1

where C, > 0 is a constant independent of T and M. Then, for all T > 0,

M M-1
al+1y b < Czexp(TZcm] < Crexp(C)). (2.10)

m=1 m=1

3. Numerical scheme and its unconditional energy stability

Before presenting the time discretization, we specify the boundary conditions used throughout.
Throughout this work, we adopt the no-penetration condition w - n|sq = 0 and the Neumann condition
V7 - nlgo = 0. In the Gauge—Uzawa scheme, the intermediate velocity W"*! satisfies W"*!|;o = O (see
(3.7¢)), while the pressure correction ¢"*! satisfies 9,¢" |50 = 0 (see (3.7g)); hence the corrected
velocity w'*! given by (3.7h) satisfies w**! - m|;o = 0. These settings are consistent with the original
system (1.1) under the impermeable boundary assumption g = 0, and are used in all numerical
experiments.

3.1. Equivalent system reformulation

From (1.3a) and (1.3d), we have

do o(0)? 5
> Lv. - .
” + (ow)

and

o Vot %% "%
Thus, it holds that
HW 8(Qw)

(91‘ ot
The right-hand side term of (3.1) satisfies, for its first component,

+ wV - (ow). (3.1)

dow) d(oow)  d(ow) N O_W&J' _ _Od(ow)  wdo

o a  a o "Ta 2w
3 (’9(0'w) w
B ot 2V (ow),
which, together with (3.1), yields
ow olow) w
- V.
o o TV e
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The system (1.3a)—(1.3b) can then be recast into the following equivalent form:
o,+w-Vo =0,
(W), — AW + o(W - V)W + gv - (oW) + AAGVy + Vp = 0,
V-w=0.

Leveraging the “zero-energy contribution”, we introduce a nonlocal variable Q(¢) to construct a
specific ODE system as follows

O, = (oW - YW, W) + 2(V - (oW)W, W) + A(AnVn, w) — A(w - Vi, Anp),
(3.2)
Q) = 1.
Clearly, the exact solution to the above equation is the constant function Q(¢) = 1, as it is equivalent to
Ql = 09
{ Ot=0)=1. (3-3)
Then, we rewrite the system (1.3) as
o,+w-Vo=0, (3.4a)
1
(W), — AW + Vp + O(ow - Vw + SV leww + AAnVn) =0, (3.4b)
m+ QW - Vi —yAn =0, (3.4¢)
V-w=0, (3.4d)
1
O, =(w-Vw,w) + E(V - (ow)w, w) + A(AnVn, w) — A(w - Vn, An), (3.4e)
with initial and boundary conditions as below
o(x,0) = 0o(x) = yoo(x),  W(x,0) =wo(x), n(x,0)=mne(x), QO0)=1,
(3.5)
w(x,0)-mnlp =0,  Vp(x,0)-nlr =0,
where o = 4/o.
Thus, one can readily verify that system (3.4) obeys the following modified energy dissipation law
d
3% (IIUWII2 + AIVal® + 10 - 1) = —ul[VwI* = yallAn|P. (3.6)

3.2. Semi-discrete scheme of first order in time

This subsection presents a first-order Gauge—Uzawa time discretization scheme and demonstrates
its unconditional stability.

Let 7 > O be the time step, and let ¢, = n7,0 <n < N < T/t - 1. Let o, w", 1", p" be numerical
approximations in time discretization scheme of o (¢,), w(t,), n(t,), p(t,), respectively.

Algorithm 1. Given ¢ = 0, w® = wo,7° = 19, and s° = 0, (!, w'!, **1, p"*1) are calculated
by the following:

n+l _ n
2 =% 4vow =0, (3.7a)
.
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n+lgon+l _ il n+1
O_n+10- w oW + Qn+lQn+1 (Wn A V) w" + Q2 \vj ( n+lwn) w" +/JVSn
T
— uAW"™ + 20" AV = 0, (3.7b)
Wn+l|r =0, (3.7¢)
nn+1 _nn +Qn+lwn‘v no__ A n+1 _0
nm-—yang =Y, (3.7d)
n+l _ n . 1 .
Q . Q — (Qn+1 (wn . V) Wn,wn+1) + E(V . (QrH—an) Wn,wn+1)
+ AAD'V W = AW -Vt AT, (3.7¢)
1 —
-V (mw"“) =V.-w, (3.7f)
0up™'|. =0, (3.72)
— 1
Wn+l — Wn+l + WV(pn+l’ (37h)
0
st = g —v.w, (3.70)
1
ﬁn+l — _;¢n+l +/an+]’ (37J)

where o' = {/o"t1.

The stability proof for Algorithm 1 is presented next.

The final velocity is updated through the correction step:
n+l _ —n+l 1 n+1
W =W W ¢

Since W"!|3o = 0 and the pressure correction satisfies the Neumann condition d,¢""!|5q = 0, we have

—~ 1
wln=w"*"".n+ —09,¢"""' =0 onoQ.
Qn+1

Thus, the final velocity w"*! strictly satisfies the physical boundary condition w"*! - n = 0, which is
exactly the condition under which the boundary terms vanish in the energy stability proof.

Theorem 3.1. Algorithm I is unconditionally stable in the sense that, for all T > 0, the following priori
bounds hold

-l = o e

5 N
o1+ )
n=0
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and

N
— 2 2 2 T —~
||O_N+1WN+1|| +/l||V7]N+1|| + |QN+1|2+/JT||SN+1|| + = § ||an+1
n=0

|2
N
n+1 n+1

N
2
+21yd Y ||AH)?
Zﬁ Z (3.9)

N N "
+ /lz ||V77n+1 _ + Z |Qn+1 _ Qn|2
n=0 n=0

< [l"FIF + [ +10°F + e |5°]
where 0" = \Jo" and 0 S N < T/t - 1.

Proof. The proof of (3.8) is given first.
Taking the inner product of (3.7a) with 2ro™**!, since (2.6), we get

n+1 n+1

2 2
= |lo”|I” .

_O-n

| +

Summation over n = 0 to N leads to (3.8).
Turning now to (3.9), we provide its proof.
Taking the inner product of (3.7b) with 27w"*!, we get
2(0_n+lwn+1 o'w" 0_n+1wn+1) + ZTQn+1 ( n+1 (W V)W wn+1) + 2,LLT (VS wn+1)
+ 24t [V 4 2@ UV - (0" W) WL W) + 200 (A Vi, W) (3.10)

=0.

Now, let o = +/¢", then we can denote the first term of the above (3.10) as

2(O_n+lwn+1 O'an,OJH—IW’Hl) — O_n+1’\n+1 | + n+1Wn+l — o'w" 2 _ ”O_anIIZ ) (311)
We derive from (3.7h) that
lo"w" | = (o"W", w") = (¢"W" + V¢, w")
— — 1
Q}’l
1 (3.12)
Ql’l
n{on 2
= W —
Combining (3.11) and (3.12) into (3.10), we obtain
||O'n+]Wn+l |2 + n+l n+l + 2/1T||VW”+1 |
(3.13)

2TQn+1( n+1 (W V)W n+l) TQn+1(V ( n+1 n)w wn+l)
_2T/1Qn+l(A77nV77 n+1)+A
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31304

with
A =2t (s V- W), (3.14)

We derive from (2.1) and (3.71) that

A = —2/,[‘['(.5‘”, sn+1 _ sn) — —ﬂT( sn+1||2 _ Sn+l — " 2 _ ”sn”Z)
= —per (|57 I = 151P) + e |9 -5 (3.15)
< —/.lT( s"”” — 15"l )+,UT||VW"+1||

Taking the inner product of (3.7d) with —2A7An"*!, we get

n+]||2

/1(||Vnn+l||2 — VI + ||Vnn+l _
— 2T/1Q”+1(W" . Vnn’ Ann+1).

(3.16)

Taking the inner product of (3.7¢) with 2rQ"*!, we get

|Qn+l|2 _ |Qn|2 + |Qn+l _ Qn|2
— 2TQn+1(Qn+1 (wn . V) Wn W’H—l) + TQn+1( (Qn+lw )W wn+1) (317)
+ 2T/1Qn+l(A77nV77 n+1) 2T/lQn+1(W Vn Ann+1)

Combining Egs (3.13)—(3.17), we can obtain

|O_n+1Wn+1||2 _ (||V)7n+1||2 _ ||V77"||2) + 1O = 10
+/JT( n+1|| |S I )+ | n+1Wn+l — o"W" 2 + /l”VT]rHl _
(3.18)
+ 2T’}//l||AT]n+1”2 + | i + /’E ||VW”+1”2 + |Qn+l _ Qn|2
o" 2
<0.
Summing over n = 0 to N leads to (3.9). O

3.3. Fully discrete scheme

This subsection develops a finite element discretization for Algorithm 1 and presents the
corresponding stability results.
LetI';, = {K} be a regular quasi-uniform mesh of the domain Q with mesh size 4. We define

Vi={veC@:vgeP k2 1YK€y},

where Pk represents the function space composed of polynomials of degree less than or equal to k. Let
= (Vi)", My, =V, H}, P, =V, 0 LX(Q), and Hy(div) = {v € H(div) : v- |, = O}.

AIMS Mathematics Volume 11, Issue 9, 31294-31328.
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3.3.1. Finite element scheme

Let oo, 1mon, and wy, be the numerical approxirnations of o0y, 19, and wy, respectively.
Algorithm 2 Let O'h = ooy, nh Mons W = Wy, and sh 0. Here, 0<n < N-1withl < N<T/t.
We find o*! € Vi, Wit € M, i € V), c/)Z“ € V,,, wi*l and s7*! € Vj, as the solution of

O.n+1 o
( h h o WZ . VO’ZH, l,//h) =0, (3.19a)
T
n+1wn+l o'w" Qn+l
(O_ZH h h . h''h Wh) + Qn+1 ( Z+1 (Wz . V) Wh’Wh) + % (V (Qh+1wh) Wh’Wh)
— (s, V- wi) + (VW V) + A0 (A wy) = 0, (3.19b)
nn+1 _ nn
(—” — fh) +y(Vn va) + O (Wi - Vi, &) = (3.19¢)

n+1
Q 71 n n 7on n n
fh = (0 (W, - V) Wy, Wit + (V ( Hwh) Wi, Wi
+ WAV, Wit — /l(wh Vi, A, (3.19d)
1 _
( n+1 V¢Z+l ’ th) = - (WZ'H’ th) 5 (3196)
9
wy = w4 ,,HV¢””, (3.19f)
h
(siova) = (sh = V- Wi ). (3.19g)
1
ot = syt — =g, (3.19h)

T

where o, = [0, for any (Yn, Wi, €n, G, Vi) € (Vi, M, Vi, Vi, V).

Remark. 3.1. A critical distinction must be made between the semi-discrete and fully discrete settings
regarding the incompressibility constraint.

Semi-discrete case (Algorithm 1). The Gauge—Uzawa correction guarantees that the corrected
velocity w™*! satisfies the divergence-free condition pointwise, i.e., V- w"*!' = 0 in Q.

1 — — 1
-V. _V¢n+l -V.- Wn+1, V. Wn+1 -V. Wn+1 +V. _V¢n+1 =0 in Q,
Qn+1 Qn+l

with the corresponding boundary conditions. Hence, the skew-symmetry property
b(W"+1, Wn+l, Wn+l) =0

holds exactly for all velocity variables involved. This rigorously justifies all cancellations in the energy
stability proof of Theorem 3.1 and in the error analysis for the semi-discrete scheme.

Fully discrete case (Algorithm 2). The velocity WZ“ € M, + VP, satisfies the divergence-free
condition only in a weak sense, i.e.,

(V-wt g =0, Vg, € Py,
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but in general V - WZ“ # 0 holds pointwise. As a result, the skew-symmetry identity
b(wn+1 WZ+1 n+1) _

does not hold exactly at the discrete level.

In the stability proof, this residual term does not affect the energy estimate. The reason is that the
momentum equation (3.19b) uses the intermediate velocity W”Jrl as the test function, while the right-
hand side term of the evolution equation for the auxiliary varzable O+ (3.19d) has the opposite sign,
so they cancel exactly when summed together. Therefore, this residual never appears in the final energy
inequality.

In the error analysis, when estimating the terms on the right-hand side of the error equations,
although V - wi*! # 0 generates additional errors, these terms can be estimated using finite element
estimates to obtain ||V - WZ“IIO < ChklleZ“llo. Since the stability result guarantees that ||VWZ+1||0
is bounded, it follows that these terms are of order O(h*), which vanishes as h — 0. Therefore, this
source of error does not affect the final convergence conclusion.

Next, we will give the stability results of the above FEM scheme.

Theorem 3.2. Algorithm 2 is unconditionally stable in the sense that, for all T > 0, the following priori

bounds hold N
[
n=0

n+l1
O-h

= ||| (3.20)

and

N
ot +”L||V'7hN“|| QP e[l 5 S v
N =
"l
+ /lZ ||Vnn+]

< ||0'hwh|| +A4 ||V172|| + IQhI2 +/JT||Sh 2 ,
where o, = \/_and 1<N<T/t

V¢h

+ 27_,)//12 ||A77n+l|| + Z ||O_n+1"n+l

(3.21)

n+l _ QZ'Z

Proof. Given the resemblance to the stability proof of Theorem 3.1, the analysis is not reproduced
here. m|

3.3.2. Implementation

We next present an efficient implementation of the fully discrete scheme (3.19). Full decoupling

is achieved 51mply by employing the scalar auxiliary variable Q/*! to separate the two variables. We

rewrite W), ,172” as linear combinations:

—~n+1 An+l n+1An+1
w, = + O,
h Win Won
n+l_n+l (322)

n+1 n+l

M =1 + O 1y -

AIMS Mathematics Volume 11, Issue 9, 31294-31328.



31307

Next, substituting (3.22) into (3.19b)—(3.19c) allows us to perform an inductive classification based on
the variable Q7*'.

Step 1: Find o7}*!, the solution of (3.19a).

Step 2: Find w;“,,“ € M, (i = 1,2) such that

n+1 whi+l
wil — otw"
(o-’;;rl h ”’T hh ) (usy, V- wy) + (,uVW’l';l, th) =0, (3.23a)

0_n+1Wn+1 1
+1 7 h 2h +1 +1
o P ) e o o)+ 3 (9 e ) o)

+ (1YW, Vwy) + A (A Vg wy) = 0. (3.23b)
Step 3: Find 7/*' € V,, (i = 1,2) such that
nn+l _ T]
g |+ )’(Vnﬁlavfh) =0, (3.24a)
T
nn+l
( 2 gh) +y (Vs V&) + Wy - V. &) = 0. (3.24b)
Step 4: Find QZ“. Using the split form for the variables W), ", 772” one can rewrite (3.19d) in the form
n+1 -0, 1 1 1 1
n n —n+ 7 An+ n n —n+ n An+
f = (o} (W - V)WL, W), + O W) + (V ( +1Wh) WL Wy, + O W) (3.25)
+ A(Anhvnh’wrle + Qn+1An+l) _ /l(Wh Vnh’ Ann+1 Q +1A7]n+1 ,
which implies
Lon +J;
n+1 T=h
= — 3.26
where J;, i =1, 2,
n+1 n+1 n+1 —=n+1
w, - V)w}, +=(V- W, )W, W,
= (05" (W, - V)W, W™ ( ( h) 7 Win ) (3.27)

+ AAVL Wi - /l(wh Vi, A,

Since all terms in J; and J;, are already known from Steps 1-3 (the solvability of (3.26) is addressed

below), the linear algebraic equation (3.26) can be readily solved.

The solvability of (3.27) is established by verifying % - J, # 0. By setting w, =

wirlin (3.23b) and &, = —AAn);! in (3.24b), and combining the two obtained equations, we get

Jry = (@ (wh - V) wi, Wity + (V ( ””wh) w, Wit
+ AARVL W) - /l(wh Vnh,An”“ ,

= —;II o W IP = ul VWP - —IIVU"”H — yAllAn; I < 0.
Therefore, the scheme (3.19) is uniquely solvable.
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Step 5: Find W, and 77/*! from (3.22).

Step 6: Find ¢/*' € V}, from (3.19).

Step 7: Update w;*! by (3.19f), and find s/*' € V} from (3.19g).

Step 8: Find p;*' from (3.19h).

Finally, solving the above equations yields o}*!, w/'*!, wi P+, and mi*!. In practice, Algorithm
2 is computationally efficient.

4. Error estimates

The fully decoupled first-order semi-discrete scheme (3.7) is subjected to a rigorous error analysis
in this section.
The stability results below follow directly from Theorem 3.1.

m—1

2 2 1 112
W1+ Lo I+ V"I + 10" + 7 > [[vw | +TZIIA17”+ [
n=0 n=0

4.1
<K,

0

where the positive constant K is dependent on w’, o°, and V7’ . The subsequent error analysis relies

heavily on (4.1).
We now carry out the error estimation. Let (o, 0,w,n, p) be the exact solutions of (3.4), and

ol ot Wt , p"1) are solutions of the scheme (3.7). The definitions of the errors are
Y n
given
ot = wity) - W"“ et = W(tys1) — W”+1
1 1
en’ = ntyer) — ey = o(tys) — 0" 4.2)
An+l — p(tn+l) _ An+1 €Z+l — O-(tn+1) _ O-n+l.

The following results can be derived from (3.7¢), (3.7f), and (3.7h).

e, =0, onodQ, (4.3a)
Ve, =0, &' =é+ Q:+1V¢”“, in Q, (4.3b)
(e, Vo) =0, (Q””éﬁ, e’v’v) = (Q"”eﬁ, e@) , InQ. (4.3¢)
Furthermore, we have
||” < c( |l + ﬁvw” T) (4.4)

and

~N n n nan An 1 n
llo"egll” = (0" €, ) = (0"e} — V¢, ) = (9 ey ly — =V )
© (4.5)

= [lo"eL > — (e V¢ V¢") = |lo"ek* - || V¢ II%.
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Moreover, establishing convergence rates for the numerical approximation to the exact solution
requires certain solution regularities. Throughout this section, the exact solution is assumed to satisfy
the following regularities:

o e L0, T; Wh(Q)) n W'>(0, T; H*(Q)),

0 € L¥(0,T; W'(Q)) N Wh=(0, T; HX(Q)),

w e W0, T; H2(Q)) N W20, T; H '(Q)), (4.6)
ne W0, T; HH(Q)) N W>(0,T; H'(Q)),

pe w0, T;H'(Q), QeC(0,T).

The following maximum principle for o is derived next. Since its proof mimics Lemma 2 in [18],
it is not repeated here.

Lemma 4.1. Assume that the initial 0°(x) satisfied 0 < \Vom < 0%(x) < vom < o0, Vx € Q. Then, the
numerical density 0" determined from (3.7a) satisfies:

Vom < 0'(x) £ \ou, Vxe Q, ¥n,

and we can directly obtain
om <0"(X) < ou, Yx€Q, Vn.

In the following lemma, we provide estimates of o**'. For any sequence of functions {v"} , = 0,
denote D" = W' —v")/tfor0<n < N - 1.

Lemma 4.2. Under the regularity assumptions (4.6), the following holds

112 2 1 2 2 112 3
et 1P = el + e = el < C (Il + el IP) + Cr 4.7)

o o

and
1 1
lles )l < Cliel™ .

Proof. Subtracting (3.7a) from (3.4a) at t,,;, we have

n+1 n
€y — €y

+ e Vo (ty) + W' Vet = R (4.8)
=

o

where the truncation error R"™! satisfies

Taking the inner product of (4.8) with 27¢"*! and using the equation

R = ID:0 (tas1) = 01 (tas1) = VO (tarr) - (W (t41) — W (1)) < C. (4.9)

2(a — b,a) = |al* - |bP + |a — b, (4.10)

we obtain
n+1
o

n+1
o

= (Rﬁ”, 2Te’;+1) - (e’jv Vo (ty), 27’63.“) - (W" - Vet 27‘6?—1) :

2 2 2
lleg I = llegll” + lleg™ — el

(4.11)
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Using (4.9), the first term on the right-hand side of (4.11) can be estimated by
(R, 27el) < Crllel | + C°.
An estimate for the second term on the right-hand side of (4.11) is given by
= (€b - Vor(tuar), 27el) < Cr(llebl + llel™ I
Using (2.6), the third term on the right-hand side of (4.11) can be estimated by
- (W" - Vet 276’;“) =0.

Combining the above Eqs (4.11)—(4.14), we have (4.7).
According to o"*! = 4/o"*!, we have

eg+1 — en+1 (O'(tn+ )+ O_n+l)

Taking L?-norm on the both sides of (4.15), we derive by Lemma 4.1 that
lles™ Il < Nlel o (tnen) + 0 s < Cllels I,

In the following lemma, we provide estimates of o+ ef!,

Lemma 4.3. Under the assumptions of regularity conditions (4.6), we have

n+1|| |S ” )

112 2 2
< Cr(lley ™I + llegll” + IIeWII llewll? + llAesI” + Ve, )

+2t(BE" + By + By el + ¢

1 n]2
ﬁV¢+

Qn

o147 1E = llo” ey P + B Iweg I +m(

W

Proof. Subtracting (3.7b) from (3.4b) at 7,1, we have

n+lsn+l _ n,n
ni19 Eyw 0 €y

o ’uAAn+l
T

= - eg+lDT(O-(tn+l)w(tn+l)) - 0-n+lez-+lD‘r(w(tn+l)) - 0-n+lD‘r(ez+l)W(tn)
+ V" = VP (tye1) = QUns) Qs ) W(te1) - VW(t011)) + Q" (0" ' W' - VW)
1 1
- EQ(tIHI)(V : (Q(tn+l)w(tn+l))w(tn+l)) + EQ’H—I(V : (Qn+lwn)wn)
= A0t ) ANtV (tri1) + AQ™ A" V" + Ry
9
— Z B"H—l
i=1

where the truncation error R%! satisfies

IRy = llo(tus1) (Do (0 (ts )W (Ens1)) = (W) (tr1)) |21 < Cr.

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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Taking the inner product of each term in (4.18) with 27¢%!, we have

| n n+l|| | n+1A1:v+1 O_ner‘fv + 2'uT||Ven+1||
(4.20)
= (Z B, 2Té'3;1) .
i=1
Now let’s analyze each term (B”Jfl 27”””) (1 <i<9)in (4.20) one by one. First, we have
(Br.2785"") = ~(€! De(0(te)W(tas)). 2725
= —(e2 N (o (tur)W(tyr1) — o (t)W(1,)), 285) .
< cne"“||||(a<rn+1)w<rn+1> = a(t)W(t)ll=lIVer | “4:21)
< Crlle™ P + = IIV”’“H
and
(Bn+l 2 An+l) ( n+1 n+1D (W([,H.l)) 2Tén+l)
= (o e (W(ter) — W(t,)), 285)
(4.22)

< CIIU"”IILmlle"”IIIIW(th) — w(ty)ll=11Ve |
< Crlleg'IP + vy
Using (4.8), we can get
(Bn+1 27 An+1) (O'"HDT(e"”)W(t,,) 2Tén+1)
= — (o' W(t,) (—€l - Vorltur) - W' - Vel ), 2725
— (" Wit )RE 272 (4.23)
< [lo” ' w(t,) Il (CT + Crlleg llllo (@Dl + CTIIeZ”H) Vel
< Cr(llei]l? + lle17) + %nv&cjlnz +CT.
Using (3.71) and (2.1), we have
(BZ“, 27@’&”) 2ut (Vs e"“) = 2ur (s”, V- (W (tys1) — W”“)) 2ut (s V- w"“)
= 2/17'(5",5” "+1) ,UT(HS > -

) e o

n+1|| +

s =5 ) (4.24)

sm(w -

From (4.3b), we can obtain

1
(Bglﬂ, 2Ténw+]) =-27 (Vﬁ (tn1) 5 éan) =21 (Vﬁ (tps1) €' + Wwﬁnﬂ)

1
=-2r (Vﬁ ) = V¢”“) (4.25)

2

Lv¢n+l

<Cr’+¢ —
Y
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For simplicity, we now handle B;f‘“ fori = 6,7, 8 as follows

Bg"! = =0t (@t )W(tys1) - VW(1,11)) + Q" (0" W" - Tw")
= _Q(tn+1)( o W () - VW(tn+1)) Q(tn+1)( 1 (w(t,) — W) - VW(tn+1))
= O(ty+1) (Q"+1 "V (W(ty) — Wn)) n+1 (Qn+1 n LW )
= B B B B

1 1
By = =2 0t )(V - (@)Wt ))W(ti)) + 50" 1(V - (0" W)W

1 1
= _EQ(InH)(V (€n+1W(ln+1))W(l’n+1)) - EQ(lnH)(V : (Qn+](w(tn+l) - Wn))w(tnﬂ))

1
n+l . n n n+1 n+l1
- EQ(tnn) (V- ("' W) (WCts) = W) = 5 (V- (@' ww”)
= Bji' + By + By + By,
By = =20t ANt )VN(trir) + A0 A"V
= A0ty )(AN(tye1) = A)V(tys1) = A0t 1) A" (Vip(t11) = V")
- /le’é”An”Vn"
= By B B
Next, we estimate the term (B”Jrl ZTA"“)
Using (2.7) and Lemma 4.1, we have

(Ber', 208i") = =0t )€y Wti1) - VW(tni1), 27857
< Crllel MWDl W)l V2R | (4.26)
< Crlley I + S Ivey P,
and
(B!, 208i") = = Q) (0" (Wltr1) = Wit,) + €) - YW (ty1), 2783
< Crllg"™ s W(tr1) = Wta) + bWt Dl IVES| (4.27)

< Crlle?|I* + §||Vé’jv“|| +C7°.

According to Lemma 4.1, we have

(Buy', 2725") = = Q1)@ W - V(W(t11) = W(t,) + €l), 27241)
< Crllg™ ' WllIW (1) — Wit LIV |
+ CT( n+1(w(l_n) —e ) Ven A}’Hl)

) ) N (4.28)
< €7+ IV + Crlle™ s Iwee) o llen 1192,

1 1/2 1/2 1/2 1/2 An+1
+CT||Q"+ llz=lle M2 lle 12 llen el 2 v e |

< 24IIV””III + CrllelII” + Crlley|Plley|f + C7°.
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We now combine the estimates corresponding to (B”+1 27@"”)( Jj=1,2,3) to get

+1 s+l o HT gan+l)2 +1p2 2 2 2 3
(Bi!, 202, )5§||vezv P+ Cr(lles™ I + el + lleIPllel ) + C7.

Next, we estimate the term (B”Jr ! 2TA"+1)
By using (2.7), we obtain

(Bg'l*'l’ 2’Té:lv+l) = —Q(tn+1)(V (en+1w(tn+l))w(tn+l) TAn+l)
= Cr((eg" W), VW(twr) - 8" + Wtas1) - V)
< CTllw(tn+1)”Lm||Vw(tn+1)||L°°||eg+l||||Vé:lv+1||

2 1 ~n+1
+ CTlIw(tns Dl lleg Vel

12 . M7 oan+l 2
< Crlley™ |I” + ﬂIIVe’JV+ ",

(B33, 2083) = =0t ) (V- (0" (W) = W) + €))) Wltnr), 783"

IA

Cr (Ilo"" W(tr) = W(t) |
+[lo"' el II)(IIW(ln+1)||Lm + [[VW(ts)ll=) IV

T o
< ’;—4||Ve;;+1||2 +Crllet | + ¢,

(Bg;l , 2Te”“)

~0(ty1) (V- (0"7'W") (Wlt1) = W(t,) + €, 78)

IA

_CT(V ( n+1(W(ln)—€ )) n A:lv+l)
IIVA"“II + Crlly|* + Crlih Pliehll; + C7°,

where

(V- (0" (W(tn) = €b)) €l 257
— ( n+1(W(l )_e ) VAn+1 n)_( n+1(W(Z)—€ ) Ven An+l)

<2||Qn+1||L°0||W(Zn)”2||€ ||||VA11+1||+( n+1 n VArH—l n)+(Qn+] n Ven An+l)

1 An+1 1 An+1
< 20" Iz W)l IVeR || + llo™ ||Lm||e [z
1 1/2 1/2 1/2 1/2 An+1
(||g"+ e el llen 1y 2 lesll el 21V e )

An+1 2
IIV P+ Clleyl + llewlPllewl)-

We now combine the estimates corresponding to (B’“f1 2reny(j =1,2,3) to get

(B;+l,27_énw+l) ||VA”+1|| +Ct (||e"+1|| + ||€:l‘,||2 + ||€nw||2||€nw||%) +C7.

Next, we estimate the term (B”Jrl ZTA'H'I)

Crlle™ Wl (Wt 1) = WMo + IV (W(taer) = W) 1) 1925

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)
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According to (2.7) and (2.2), we have

(B, 278"1) = —AQ(ts1) (Q(tn+1)(A77(fn+1) - AYVn(tas1), ZTé’fvﬂ)

< CrllAn(ti) = AnE) VG )l 125
+ CTIIA€”||||V77(tn+1)IleIIA"+1 I

< CrllAe)lr? + ||VA”“|| +Cr°

(4.34)

and
(B 2085") = =20 YA (Vtyar) = V'), 2025
< CTllAIIVAEr) = Tl 19257
+CTt ((An([ ) — Ae” )Ve:’], A:1V+l)

(4.35)

< 48 entI* + CtllAn(z,)l|~1IVe), Ives|
+Crt (AeZVeZ, é’jvﬂ) +C7°
T AN n n
< %llVew+1||2 + CT(||A€,7||2 + ||V€,7||2) +C7,

where
(Ae”Ve” A””) < CllA¢;lllIVe, llelles Il e

n”-w
< ClIAEIVE A e 12 ve )2
< 48||VA"+‘|| + C(IVElP + A1),

We now combine the estimates corresponding to (B"+1 27 (j = 1,2) to get

AN T AN n n
(By!,2rel) < %llVeW”llz + Cr(llAel? + [IVell?) + CT°. (4.36)
Next, we deal with the remaining item

(Byrt, 200y t) = 2e (R, 25r") < KD vy + €7 (4.37)

Thus, combining with (4.20)—(4.37), by choosing a sufficiently small value for &, we can obtain
n 2 n
P =117

1112 2 2 2 2 2
< Cr(ller 1P + lleb I + lesPlles I + AP +11VelP) (4.38)

+2t(BE' + Byt + By et + €1

-
o e P = llo"ey I + %IIVé’Jv“IIZ + ,uT(

The desired result (4.17) is then obtained by invoking (4.5). |
We now turn to estimating Ve*'.
Lemma 4.4. Under the regularity conditions stated in (4.6), it follows that

AV = AVEP + yAliaer |

(4.39)
< Cr(llegI” + IVelll? + W'l llAesl?) + (J5H, —2arAeit!) + C.
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Proof. Subtracting (3.7d) from (1.3c) leads to

en+l —e"

U U n+1

— yAe)

= = QUns)W(tns1) - V(tnsr) + Q"W - V" + RY*!

= = Qtwe) (W(tnsr) = W) - V1(tns1) = QUi DW" - V (1) = 17")
_ eré+lwn . Vnn +RZ+1

4
_ n+1
_§ Jr

i=1
where the truncation error RZ” satisfies
1
IRy Il = 1Den(t1) = 11 (1) || < C.

Taking the inner product of equation (4.40) with —2T/7.A€Z+l, we have

A(Ivey | - ve;

4
- [Z T —umeg“].

i=1

2
n+1 n
+||Vert! - ver,

)+ 2yarae |

We can bound the first term appearing on the right-hand side of (4.42) by

(7371, ~2478€81) = 227 Qb0 Y (Wtas1) — W(t,) + €8) - Ve, A

< CAt|[W(t1) = WEDIIV) Il llAE, |
+ CAtlley IVt Dlle=llAey ™|

A
< 7+ ZEIIAG P + Crley .
The second terms on the right-hand side of (4.42) can be estimated by

(JE’H, —2/1TA€:;+1) = 2/1TQ(I,,+1)(W" : V(n(tnﬂ) - n(tn) + eZ)’ Aezﬂ)
< CAT|WllIIVn(ter) = V()= llAes ™|

1
+ CATlW*[|4l Ve ll+l| Ay ™|

<CT+ TIIVe,,“H2 + Ct([VeyIP + Wl llAe; ).

The fourth term on the right-hand side of (4.42) can be bounded by

AT

(57! 248} ) = Ry, =274 < S liae) I + O

Thus, combining with (4.42)—(4.45), we get (4.39).

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

O
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Next, we provide estimates of e"“

Lemma 4.5. Assuming (4.6) holds, we have

n+1]2

0)

n

€0

<cTe’gl| + Ct(llep IP + el I> + IVEIP + llAe)?) + 7

n+1 n+1 n+1 n+1 n+1
+2tely (MY, + My, + M33 + My3).

Proof. Subtracting (3.7¢) from (3.4e) at t,,,;, we obtain

n+1 n

e — €
E L = QU )W(tae1) - TW(tyar), W(ta)) — ("' " VW, 5"1)
1 -
" 5((V (O YWt )Wt ), Wt 1)) — (V - (0" W)W, w"“))
+ (A1) V(0 10), W) = (A, 0

# AWV ) = (W) - V1), A1) + R

5
Z n+1
i=1

where
|R’é+1| = |D Q(tn+1) - Qt(tn+1)| <Crt
Multiplying both sides of (4.47) by 2rely! yields

n |2 n+1

n+1|2

€Q +

Z 2Ten+1Mn+1

For simplicity, we now handle M?” fori=1,2,3,4 as follows:

M = (00 DW(Eas1) - TW(Ee)s Witi)) = ("' W - VW', 7))
= (€ W(ta1) - VW1 WCte) + (0" (W(tr) = W) - TW(b 1), Witsa))
+ (0" W V(W(ts1) = W), W(tns1)) + (0"
= M+ M My M

W an An+1 )

1 —~
M5! = (7 (Ut )W JW (), WCta1)) = (V- (" W)W, 1))

= %((V (e W))Wt W) + (V- (0" (W(tpi1) = W)W(ti1), W(Ea1))
+ (V- (@' W) (W(ths1) = W, W(t41)) + (V- (0" W)W, é’v‘vﬂ))
= M5 M M
M5 = (At V(). W(tai1)) = (A" V", W)
= A((AG ) = 79V Er11)s WCte)) + AV 1te1) = 1), Wltne)
+ AV, &)

_ n+1 n+1 n+1
=My + M3, + M3,

(4.46)

(4.47)

(4.48)

(4.49)
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MY = <2((WCts1) - Vi), M) = (W - V', M)
~ (W) = W) V), A1) + (W V(0ti1) = 7). A1)
+ (W' - V1", Ae”“))

_ n+1 n+1 n+1
=My + My, + M.

An estimate for the last term on the right of (4.49) is given first as follows
2rely MET = 2Ry eyt < Crlely ' + CT. (4.50)

Then, we can estimate 27'e"Q+1M1’+1.

20 MY = 27 (€ Wltnar) - VW(tsr), Wite1))

1 1
< Crlefy el MW DI W (Es )7

en+l| + ||en+1” )

< CT(
2rey Mgt = 2rely (0! (Wtwin) = W) - YW (tas1), Wltai1))
< Crle™ | (o™ e Wt DWWt 1) = WD
+ Nl sl MW s DI Wt )l

< CT(

[+ et )+ c?,

2Te”+1M”+1 2Te"+1(Q"+lw - V(W(tps1) = W"), W(tni1))
< CT|€n+1|||Q"H||L°°||W W DI2AW(#0i1) — W)

1
+ Crleg 10" =Wl lleg Wz DIl

< Cr(jei ™ + lley )+CT

n+1

Next, we can estimate 2Te’é+1M§“.

2rey My} = 1y (V- (¢ Wit Wtasr), Witns))

1 1
< Crleg|llel MWDl WG DI W)l

< CT( €n+1| + ”en+1”2)

2rey M;" = ve (V- (0" (Wltair) = W) Witin) Wltain)
< Cle o™ e (W) = W+ g ) W)Wl

< Crl|ei [ +llealP ) + €7,

2y My = el (V- (0 W) (Wtaet) = W), Witi))
< Crleg o™ Ml W Il (W Eer) = W)l + lel DWWl

< Cr(lei '] + lleal?) + €7
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Then, we can estimate 27'e"Q+1M§’+1.

ZTe'é”M?l“ = 2716'5‘(A(n(tn+1) —1Vn(tes1), W(tee1))
< Crlely | U1ADtasr) — At + AV DIW sl
< Cr(lety![ +l1aelI?) + €T,
ZTe'glM;’z” = ZT/le"Q”(An"V ((ts) = 0") , W(ti1))
< Crley MUAT IV (7(tni1) = nEDIW Dl + AT IV NIW(E)2)
< CT( "+1| +||Ve" ||2)+CT

Next, we can estimate 27’6’51M2+1.
2T€'E1Mﬁlf1 = —ZTﬂe"Q“((W(th) —W") - Vn(ty), An(t,.1))
<Ct €"+1|(||W(fn+1) w(t)I + 1leg IDIVRt DIl 1A, Dl

1
< CT( &1 + et )+ cr,

ZTQEHMZS—I = _2T/1e”+1(w V(ﬂ(tn+1) n "), An(tn+1))
< Crley 1w IV @(tnsr) = 7)) ARG Dl + W IV ATErs 1))

< Cr(lei '] + IVelIP) + C7.
Finally, combining the above equations, we get (4.46).
]
Theorem 4.6. By virtue of (4.6), we obtain
2 2 2 2 2 2 = 2
le3 11+l @3l + eI+ VeI + el + leg |+ 3 192
n=0
4.51)
n+1 n+1 n+1
bur Z [vest|F + Z( A Rl
<C7, VI<N<T/
Proof. According to
20 (B! + Byt + B ont) = 247 (15, Al
+ 2ty (M + My + M+ M) =0,
and using the above Lemmas 4.2—4.5 lead to
n n n n n n n }’l 2 n 2
lles ™ 1P = Nles Il + llo™™ el 1P = eI + AIVey P = AVe I + e | = el
2
n 2 n n n n
g ([l = 117) + eV IR + yarliAp IF + | — v
o (4.52)
< cf(ne"“n2 +llepI? + IVeyli? + llAeyll® + leg I + eg“||2)

+ Cr(lley Pl I} + W llillAepl?) + C7.
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We observe from (2.8) that w**! = Pyw'"'. Hence, (2.8) implies that [[w"*!|l, < C[W""'|l;. By

summing (4.52) fromn = 0 ton = N — 1, then applying the Lemma 2.1 to (4.52), yields

N-1 2
eI+ lloed” + alIvey |+ e s + el + 3 ( v
n=0
4.53
e r[ve P + yae ey ) (359
< C7%,
for all 0 < N < T'/r. Finally, utilizing (4.4) and (4.5), we obtain
el + m§ IVer'|f <c?, Vi<N<T/, (4.54)
n=0
which completes the proof.
]

5. Numerical experiments

This section validates the fully decoupled first-order scheme (3.7) for the variable-density Ericksen—
Leslie system through numerical experiments demonstrating its accuracy and efficiency. The finite
element spaces (P, Py, P, P, Py) are adopted for (o, 0, W, p, ) throughout.

5.1. Temporal convergence

The computational domain € is chosen to be the unit circle in the following simulation:
Q= {()c,y)ER2 XX +y < 1}.

A uniform triangular mesh with M = 50 nodes is employed on the unit circle, generated using the
mesh generator in FreeFem++ [43]. The final time is set to 7 = 1. The required initial conditions for
the system are specified as follows

o(x,y,0) = V2 + x,
W(X,y,o) = (—y,X)T» (51)
n(x,y,0) = 2rn(cos(x) — sin(y)).

A decreasing time step size T = 1/2/ fori = 5,--- ,9 is adopted. The spatial grid is refined enough that
the spatial error is negligible relative to the temporal error.

In the first numerical example, we report the errors and temporal convergence rates O(t) of
Algorithm 1 under various parameter choices. Accordingly, three distinct sets of physical parameter
values are considered as follows

(F1): u=0.1,y =0.1,4= 0.1,
(F2): p=0.05,v =0.05,4 =0.05,
(F3): £ =0.01,v=0.01,4=0.01.
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We report the L? errors and temporal convergence orders of (o,0,w,p, p) under parameter
conditions F1, F2, and F3 in Tables 2, 4, and 6, respectively. The H' errors and temporal convergence
orders of (o, w,n7) under F1, F2, and F3 are shown in Tables 3, 5, and 7, respectively. It can be seen
from Tables 2—7 that all unknowns converge at O(7), in agreement with the theoretical order of the
proposed first-order scheme. Higher accuracy is also observed under F3 compared to the other two
conditions.

Table 2. Errors and temporal convergence rates of the scheme in L? with F1.

T lleq |l Rate |le, || Rate |lew|l2 Rate |leplle Rate |le,l| Rate
27 4.99-03 — 1.38e-02 — 1.06e-02 —  3.99¢-03 — 1.78e-01 —

276 250e-03 1.00 6.90e-03 1.00 5.47e-03 0.96 2.38e-03 0.75 1.37e-01 0.38
277 1.25e-03 1.00 3.45e-03 1.00 2.73e-03 1.00 1.66e-03 0.52 1.00e-01 0.45
278 6.24e-04 1.00 1.73e-03 1.00 1.30e-03 1.06 1.27e-03 0.39 6.91e-02 0.54
27 3.19e-04 0.97 8.83e-04 097 6.16e-04 1.08 9.38¢-04 0.43 4.49¢-02 0.62

Table 3. Errors and temporal convergence rates in H' with F1.

T ||es|| g Rate |lew||y Rate |le,)||z Rate
27> 1.14e-02 —  2.22e-01 —  5.0le-01 —

276 5.69-03 1.00 1.33e-01 0.74 3.82e-01 0.39
277 2.84e-03 1.00 7.51e-02 0.82 2.80e-01 0.45
28 1.42e-03 1.00 3.85e-02 0.96 191e-01 0.55
279 7.27e-04 097 1.78e-02 1.11 1.22e-01 0.65

Table 4. Errors and temporal convergence rates in L*> with F2.

T lleq Rate |le, || Rate |lew|l2 Rate |lepllz Rate |le,l| Rate
27 499-03 — 1.38e-02 —  8.55e-03 —  2.80e-03 —  6.86e-02 —

2% 250e-03 1.00 6.90e-03 1.00 4.27e-03 1.00 1.53e-03 0.87 5.04e-02 0.45
277 1.25e-03 1.00 3.45e-03 1.00 2.10e-03 1.02 9.04e-04 0.76 3.47e-02 0.54
278 6.24e-04 1.00 1.73e-03 1.00 1.02e-03 1.04 5.54e-04 0.71 2.20e-02 0.66
279 3.19e-04 0.97 8.83e-04 097 5.07e-04 1.01 3.42e-04 0.70 1.32e-02 0.74

Table 5. Errors and temporal convergence rates in H' with F2.

T lleq|| g Rate |lew|ly Rate |le,||x Rate
27 1.14e-02 — 1.56e-01 —  4.21e-01 —

276 5.69-03 1.00 8.58e-02 0.87 2.94e-01 0.52
277 2.84e-03 1.00 4.37e-02 097 1.96e-01 0.59
28 1.42e-03 1.00 2.02¢-02 1.11 1.21e-01 0.70
279 727e-04 097 8.8le-03 120 7.11e-02 0.77
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Table 6. Errors and temporal convergence rates in L? with F3.

T lleslr Rate |le,|z Rate |lew|l Rate |lesll Rate |le,l| Rate
27 49903 — 1.38¢-02 —  7.63e-03 —  2.32¢-03 —  7.19¢-03 —

276 250e-03 1.00 6.90e-03 1.00 3.81e-03 1.00 1.16e-03 1.00 4.28e-03 0.75
277 1.25e-03 1.00 3.45¢-03 1.00 1.90e-03 1.00 5.79¢-04 1.00 2.40e-03 0.84
278 6.24e-04 1.00 1.73e-03 1.00 9.51e-04 1.06 2.91e-04 1.00 1.28¢-03 0.91
27 3.19e-04 0.97 8.83e-04 097 4.86e-04 0.97 1.52e-04 093 6.77e-04 0.92

Table 7. Errors and temporal convergence rates in H' with F3.

T |leq|| g Rate |lew||y Rate |le,)||z Rate
27> 1.14e-02 —  9.70e-02 —  2.67e-01 —

276 5.69-03 1.00 4.78e-02 1.02 1.46e-01 0.87
277 2.84e-03 1.00 2.35e-02 1.03 7.75e-02 0.91
28 1.42e-03 1.00 1.16e-02 1.02 4.02¢e-02 0.95
279 7.27e-04 097 5.89-03 098 2.10e-02 0.94

Note that for the recovered pressure and the H'-error of 7, the observed convergence rates are
slightly below 1.0 under some parameter sets. This is attributed to:

(1) the fixed spatial grid (M = 50) may not fully eliminate spatial errors as T becomes extremely
small, leading to a pre-asymptotic regime;

(ii) the H'-norm strongly amplifies numerical oscillations in 7.

Nevertheless, the L*-errors of the primary variables (o, w, ) converge at O(t), which is consistent
with the theoretical first-order prediction.

Using parameter condition F3 in the second example, we plot the error against the time step size.
Figure 1 displays the L? errors for (o, w,17) and the H' errors for (o, w, p, p) as the time step varies.

Evidently, the errors drop to zero as the time step shrinks.

In the third example, we choose the parameters u = 1,7y = 1,4 = 1, and then plot snapshots of the
director field increasing with time. Figure 2 shows snapshots of the director field at moments 7 = 0, 0.1,
0.5, and 0.8, respectively. The singularities are whirled around with the flow at # = 0. The singularities
clearly continue to move with the flow at r = 0.1. After = 0.5, the change trend begins to move in one

direction.
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Figure 2. Snapshots of the orientation field: 7 = O (top left), T = 0.1 (top right), T = 0.5
(bottom left), T = 0.8 (bottom right).
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5.2. Spatial convergence

In this subsection, we give the errors and spatial convergence orders of the modified pressure p and
the original pressure p under different parameter conditions F'1, F2, as shown in Tables 8 and 9. The
computational domain, initial conditions, and final time are the same as in the previous subsection. We
choose the spatial grid nodes M = 8, 16,32, 64 and the time step 7 = 0.0001.

Table 8. Errors and spatial convergence rates with F1.

M llepll Rate |le,ll Rate
8 3.15¢-01 — 1.18e-00 —

16 8.74e-02 1.85 5.59e-01 1.08
32 4.56e-02 094 3.11e-01 0.85
64 3.18¢-02 0.52 1.22e¢-01 1.34

Table 9. Errors and spatial convergence rates with F2.

M llepll Rate |le,ll Rate
8 3.14e-01 —  7.12e-01 —

16 8.48e-02 1.89 2.75e-01 1.37
32 2.95e-02 1.53 1.59e-01 0.79
64 1.66e-02 0.83 6.07e-02 1.39

5.3. Evolutions of energy and behavior of Q"

To verify the numerical performance of the fully decoupled scheme (Algorithm 2), we plot the
energy curves and the evolution of Q" for different time steps. The numerical experiments are
conducted with parameters 7 = 1, u = 0.1, 4 = 0.1, ¥ = 0.1, and a spatial mesh with 50 x 50
uniform divisions. As shown in the Figures 3-5, for all considered time steps, the energy curves
exhibit a smooth monotonic decay over time, which confirms the energy stability of the proposed
scheme. Moreover, throughout the entire time evolution, Q" fluctuates negligibly around 1, strictly
maintaining the discrete constraint condition as theoretically expected. These observations collectively
confirm the high accuracy and practical feasibility of the proposed method for simulating the variable-
density Ericksen—Leslie system.
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5.4. Efficiency comparison with a standard coupled solver

To highlight the main advantage of the proposed algorithm—reducing the complex nonlinear system
into a sequence of decoupled, linear symmetric positive definite (SPD) subproblems at each time step—
we compare its CPU time against a standard coupled Picard iteration. Both methods use the same mesh,
finite element spaces (P2/P1), linear solver (GMRES), and tolerance (10~°). Table 10 reports the CPU
times and speedups (coupled/decoupled) for different mesh sizes.

Table 10. Efficiency comparison with a standard coupled solver.

M (boundary points) Elements Decoupled (s) Coupled (s) Speedup

8 10 0.028 0.033 1.18
16 42 0.033 0.098 2.97
32 186 0.077 0.503 6.53
64 718 0.292 2.528 8.66

The speedup increases with mesh refinement, confirming that the decoupled approach becomes
increasingly advantageous for larger problems, as it avoids solving a large saddle-point system and
instead solves several small SPD systems per time step.

6. Conclusions

A fully decoupled first-order numerical scheme is developed herein for the variable-density
Ericksen—Leslie system using the Gauge—Uzawa and SAV methods. Unconditional energy stability is
proved, along with rigorous error estimates for the time-semidiscrete scheme. Numerical experiments
further validate the method’s accuracy and effectiveness. To the best of our knowledge, no prior work
has offered both a fully decoupled scheme and its error analysis for the variable-density Ericksen—
Leslie system—two contributions that this paper makes.
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