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1. Introduction

The set of all complex analytic functions, normalized by the conditions x(0) = 0 and «'(0) = 1, in
the unit disk Z = {& € C : |g| < 1}, whose Taylor series expansions of the form

K(S):S-I-Z%jé‘j, (1.1)
j=2

is denoted by B. Let S be a subclass of B consisting of univalent functions.
There are some very common subfamilies of S, some of them are class of convex and starlike
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functions, denoted by C and S, respectively:

B ) ek’ (g) -
C—{KEB. Re(1+/<’(g))>0’ seu},
. L () _
S—{KEB. Re(K(S))>O, seu}.

The concept of Hankel determinants, introduced in 1966 (see [1]), continues to be a topic of
significant interest for researchers today. The definition of the ¢ Hankel determinant H, ;(k) of
analytic functions « € B is as follows:

2 Xjr1 o Hjrg-1
% . % . DY % .
J+l1 J+2 Jt+q .
Hy () =1 . . (Jsg € N).
Hjrg-1 Xjrg "~ Kj2g-2

The expression for the third-order Hankel determinant for the specific values j = 1 and g = 3 is
denoted by H; 1 (k), and is given by

Hi1 (k) = 2tarsny — 33 + HsHs — HsH; — Hy. (1.2)

It is extremely difficult to derive a sharp bound for Hankel determinants, which is why numerous
researchers have tried to do so for different subclasses of analytic functions. For example, Sun and
Kuang [2] obtained the third Hankel determinants for Ozaki close-to-convex functions, Raza et al. [3]
derived sharp upper bounds of |H,,(k)| and |H; (k)| for starlike functions associated with a cardioid
domain, Raza er al. [4] investigated thr third Hankel determinant for starlike and convex functions
associated with the exponential function. Additionally, upper bounds for the third Hankel determinant
for various subclasses of S were obtained by Kumar and Verma [5], Verma and Kumar [6], Kumar et
al. [7], Shi and Arif [8].
For k € S, k has an inverse ™! given by

K (w)

- 1
Wt )G W <r) (o) 2 7):
m=2

W— %W + (2%% — )W — (5%3 — Sxoxs + xg)W?
(14365 + 335 — 21553 + O304 — 25)W + - - -, (1.3)

+

From (1.3) and (1.2), we get

Hii(k") = 2040505 = G+ C5C5 = C5C3 - €]

= —3%‘2‘%3 + %g + 2xox3%4 + 3%%%% - 2%2 - %%%5 - %i + X35, (1.4)

Let k € S. The logarithmic coefficients 7; of « are defined by
lo —K(S) =2 E n & (1.5)
g & j:1 7] . .
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Differentiating (1.5), we yield

m= %%2,
m = 5(2%3 - %%),
n3 = %(3%4 + %; — 3xy3), (1.6)

Ma = g(4us — 25 + Anss — gy — 25).

Therefore, we have

1
M — 175 = &(—12%3 + 120554 + 23), (1.7)
2 1 4 2.2 3
Mns—1n; = @(72%3%5 — 6x5x3 + 12000304 + 18525 — 3635
— 3655 — 725 — 12x34 + %5). (1.8)

Ma and Minda (1992) also utilized this concept and studied the general form of classes C('¥) and
S*(P) as:

C(¥P) = {K eB and 1+ © ~}’

P <W¥(E), e€Z=

ek’ (&)
k(&)

Here, WY(¢) is a univalent analytic function with positive real part in the unit disk =, such that ¥(0) = 1
and ¥’(0) > 0, where ¥ maps the open unit disk onto a region starlike with respect to 1 and symmetric
with respect to the real axis.

In recent years, a number of researchers have introduced significant and fascinating function classes
by assigning different values to W(&). Here, we highlight some of these developments:
(a) For W(¢) = 1 + sin(sine), the class R,,; was defined and investigated by Ahmada and his
coauthors [9].
(b) By setting W(e) = 1 + ‘3—‘8 + %82, the family C(¥) reduces to the family C,,, introduced by Shi and
his coauthors [10] given as

S*(W) = {K B and <We), se E}.

4 4 2
erZ{KEB: 1+ (8)<1+—s+—sz, seE}. (1.9)

K (&) 3 3

(c) For Y(¢) = €°, the class S*('¥) becomes S defined and examined by Mendiratta et al. [11] given
as:

S::{KeB: HE) e sea}. (1.10)

k(g) ’
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(d) The family C, = C(e®) was introduced and studied by Shi et al. [12] given as:

ek’ (€) . -
ERTE se_}. (1.11)

Ce:{KGBI 1+

(e) Setting W(&) = e+ VI + &2, the class S*(¥) becomes S*L introduced by Raina and Sokol [13] given
as:

*L:{Kez;: HE) e NTT 2, seE}. (1.12)
k(&)
The class « € C, of convex function is defined as
ek’ (&) -
CLZ{KGB: 1+ 258 Vv e, se.:.}. (1.13)
K'(e

The authors of [10] have obtained a non-sharp bound of Hj;(x) for C.,.. They have proved that
|H;1 (k)] < 433% for k € C. It was conjectured that [H; (k)| < 81—1 . Shi et al. [12] have obtained
the first three sharp coefficients bounds, and gave a non-sharp bounds of | (x)| for k € S*(e) and
k € C,. Recently, Raza et al. [4] obtained the sharp upper bounds of |H; ;(«) for the classes x € S} and
k € C,, and showed that |H; (k)| < é , for k € 8 and |H; (k)| < ﬁ for k € C,. For the class S;,
Shi et al [14] achieved the sharp bounds of Hankel determinant of logarithmic coefficients, and Naz et
al. [15] obtained the third Hankel determinant of inverse coefficient. In [16], Riaz and Raza established
results concerning the third Hankel determinant for 8’ and « € Cy.

Unlike existing estimation methods for Hankel determinants, this paper shifts the estimation
objective from the original function itself to its inverse function, and provides sharp bounds for third-
order determinants simultaneously for Ma—Minda subclasses including exponential kernel, cardioid
domain, and lune domain, which differs from earlier literature that only derives non-sharp bounds or
deals exclusively with original functions. In addition, this work also addresses the second-order Hankel
determinant of logarithmic coefficients, resulting in a more comprehensive coverage than previous
conventional methods. The non-linearity of inverse function coefficients transforms the “single-
variable coefficient bounding” problem into “multivariate polynomial sharp bound optimization”,
which constitutes the core difficulty that distinguishes this approach from most existing studies.

The current research on the third-order Hankel determinant of inverse functions mainly focuses on
estimations for the classical categories such as S* and C, etc [17-20]. Further research is needed on
subclasses with more complex geometric structures. Early studies mostly employed simple coefficient
scaling or univariate optimization, which struggled to handle the coupling effects of high-order cross
terms in inverse function coeflicients, resulting in only non-sharp bounds. This paper introduces a
multi-parameter expansion of the Schwarz function and the construction of extremal functions, and
through refined multivariate extremum analysis, successfully overcomes the constraints imposed by
cross terms for the first time, accurately determining sharp constants. This highlights the novelty and
superiority of the extremal method in decoupling complex coeflicient structures. Furthermore, this
paper extend the exact bounds of the third-order Hankel determinant of the inverse function to fine
subclasses such as exponential, heart-shaped, and crescent-shaped.

In Section 2, we obtain the sharp bounds of third Hankel determinants |3 ;(«)| of inverse functions
fork € S, k € C,, k € 7, and k € C, which provide a completely new perspective. Although the
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precise constant is the same as the existing result, we have elevated the function category to the inverse
function category. In Section 3, we extend the second-order Hankel determinant of the logarithmic

coeflicient of the function class k € S} to the class S*L and obtain precise results. In Section 4, we

improve the third-order Hankel determinant of the function class C., from 31 o L which resolve

4374 'V 81>
the existing conjecture in [10].
Lemma 1.1. ( [21]) Let

W(E) = Pr&+pa&” + p3&’ +pas’ + - (1.14)

be a Schwarz function. Then,

pr = (1=lpiPa,

3 = P =1piP) + 1 =P =14,

ps = P =1lpi) = (L= oA = 1GPUEGE +20010)
+ (L=l =GP =167

for some §; € Cwith || <1 (i=1,2,3).
2. The third Hankel determinants of inverse functions for S3, C,, S, and C,

Theorem 2.1. If k € S, then
1
|50 (kD] < 3

The result is sharp for

& [2 _ 1 1
ki(e) = sexp(f ¢ dt) —e+ - 4.,
0 t 2

And the corresponding Schwarz function is w(¢) = 2. The image domain of extreme value function is
an infinitely spiraling strip-like convex domain generated by the exponential map and symmetric about
the real axis.
Proof: Let k € S;. Then by (1.10), we have
HE) _ ot @.1)
k(€)
where w(g) is known as Schwarz function.
Utilizing (1.1), we derive

ek’ (€)

k(&)

= 1 +ue+ Q3 —13)e” + (33 — 3ng3 + 3x4)>
+ (—dyny + bony — 3 — 2005 + dus)et + - (2.2)

Using series form of w(e) in right hand side of (2.1), we achieve
w(e) 1 2N 2 1 3 3
e = l+pe+ 5(2,02 +p1)e” + g(p1 + 6p102 + 603)€
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1
+ ﬁ(24p4 + 1203 + 24p1p3 + 120202 + pDe* + - - . (2.3)

It follows from (2.2) and (2.3), that

%y = pi, (2.4)
1 2
%3 = Z(zpz +3p7), (2.5)
1 3
Xy = %(17/01 + 300102 + 12p3), (2.6)
1
#5 = = (18p4 + 42p1p3 + 60pipa + 1803 + 19p7). 2.7)

By (1.4) and using the identities (2.4)—(2.7), we achieve

_ 1
Hai() = 5255 (28803 + 180p102p3 + 1020105 + 3407 = 324p; + 324p2p, = 204pip>
+ 306pip; — 162p1p4)
1
= —1296(—144/95 + 90010203 + 510303 + 1705 — 16203 + 162p204 — 102p%p,

+ 153pip; — 81pipa). (2.8)

From Lemma 1.1 and (2.8), we get

1
T206 18017 (1 = o1 P’ = 1621417 (1 = 61 = |1 P)*2; = 90(1 = |1 P)*lor P

— 364,(1 = o1)*( = G101t + 908011 = 14 1DA = |1 G + 1624, (1 = 141

(1 =11’ =14 + 1705 + 153p7(1 — |01 )47 — 162(1 — |oy )47 — 102

(1 = 1p1P)pies = 8101 = lo1 )i *E = 144451 = |1 Y’ (1 = 16 )? + 510 = o)
(1 =14Ppis - 811 = |0 )Y = 1LPYA = 16P)pids + 81(1 = o1 P)(1 = 14Dt ds
16241(1 = o)1 = 16 Pypioida = 5100 = loi Pyeron 1.

Hi (k)

+ X X X

Hence, we have

1
H (k") = 1296 [0'1 (o1, &) + o2 (p1,8) & + 03 (o1, L) & + T (p1,§1,§2)§3] ,

where

ai(pnd) = (1-1eP){[153p1¢F - (162 = 72lpi)E + 1861 °211(1 — o) - 816170747
=S51pipydt — 1022101} + 1708,

o2 (e, = (1- |P1|2)(1 - |§1|2) (90011 — 3601 7)1 — |1l + 16210101 + 5107,
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(1= lo (1 =G PI(=144 - 1814 = o1 + 818071,
(1 =16PA = 14D = jo)[=81p7 + 162(1 — |oi[))1]-

o3 (01,41)
L'y (01,41, 02)

Replacing |o| = p, |{1] = £, |{3| = 7, and utilizing |{3] < 1, we obtain

1
[Ha1(x™h)| < 1296 (|0'1 (o1, LD + o2 (o1, QDI T + 1073 (o1, L) 77 + [y (Pl,§1,§2)|)
1
< 1296T1 (P»LT),
where
Tl (p’{’T) =7 (p’f) +72(Pa§)7'+73 (p’{)TZ +74(P’§)(1 _TZ),

with
Y10 = 17p°+ (1= p?)[(1628° - 7207 + 18p°¢* + 153070 (1 = p?) + 1020* + 51p°% + 819,
r20.0) = (1-97)(1-8)[(900¢ +3608%) (1~ p?) + 5107 + 16207
y3(0,0) = (1= -p)144 + 1821 - p*) + 81p°¢],
vs0.0) = (1-2)(1-p7)[162¢ (1 - %) + 8107).

It is obvious that
73(0,0) < (1=pH(1 = HIA8L + 144)(1 = p*) + 81p%] = Y1 (p, ).
Therefore, we obtain
110,80 <1 (0, ) + 72 (0, )T+ 10, 07" + 74 (0, ) (1 =) = E1(p, £, 7).

Differentiating & (p, £, 7) with respect to 7, we have

ot
or

v2 (0, Q) + 2t[Y1(p, {) — va (p, )]
¥2 (0, ) +367(1 — p*)*(1 = £)(¢* —9¢ + 8) > 0.

Thus, &(p,{,7) is an increasing function of 7 € [0, 1], and attains its maximum value at 7 = 1.
Therefore, we get

Ti(, 0,1 < &0, 1) <&, D) =y1(0,0)+72(0, ) +¥1(p, )
= 170 = 51p° + 63p* + 51p° — 207p* + 144 + (18p° — 36p° — 54p* + 72p° + 540>
— 36p — 18)* + (=153p° + 72p° + 387p* + 18p” — 396p* — 90p + 162)° + (102p°
+ 87p° —300p* — 123p° + 324p% + 36p — 126)¢* + (—=1020° — 72p° + 102p* — 18p°
90p) = Ni(p, d).
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The critical points of N (p, {) satisfy the conditions

B = 102p° — 255" +2520% + 153p% — 414p + (108p° — 180p* — 216p° + 216p* + 108p — 36)¢*
+(—918p° + 360p* + 1548p% + 54p% — 792p — 90)3 + (612p° + 435p* — 1200p° — 369> + 648p

136)2 + (~612p° — 360p* + 4080 — 5492 + 90)¢ = 0,
oN1 _
s 90p — 18103 + 102p4 — 72p5 - 102/)6 + (72p6 — 144/)5 - 216/)4 + 288p3 + 216/)2 — 144p — 72){3

+(=4590° + 2160° + 1161p* + 540> — 1188p% — 270p + 4860)72 + (20405 + 17405 — 600p* — 24603
+648p% + 72p — 252)¢ = 0.

Using Matlab, we achieve
pi1 =~ 1, pi2 =~ 1, pi3 ~ 1, P14~ —1, p1s5 =0,
O~ 1.5393, bo ~ —2.2507, b3 ~ —0.2886, Gia ~ 0.5862, L5 =0,
pre ~ 0.1279, P17 ~ 3.3243, pis ~ —0.7593, p1o ~ —0.9506,
(1,6 ~ 05507, {1,7 ~ 155478, 41,8 ~ —160982, {1,9 ~ 02941,

P1,10 = —09905, P11 = —13815,
{110 & —0.3195, G~ 7.4027.

Hence, we get (o1 6, {16) as one of the critical point at which the function N;(p, {) attains its maximum
value, which is 8;(p, {) < Ni(p16,{16) = 133.842178.

(1) Forp =1,
Ni(1,0) =17.
(2) For p = 0,
Ni1(0,0) = 144 -126% + 1627 — 187" < 144.
(3) For ¢ =0,
Ni(p,0) = 144 — 207p* + 51p° + 63p* — 51p° + 17p° < 144.
(4)For ¢ =1,

Ni(p, 1) = 162 — 225p* + 198p" — 118p° < 162.

Hence, we get

162 1
-1 <= -
|7’(3,1(K )| < 1296 3

For the Schwarz function w(g) = &%, formulas (2.4)—(2.7) give %, = 0, %3 = 5, %4 = 0, and x5 =
equation (1.4) leads to H; (k') = —%. This completes the proof.

Theorem 2.2. If k € C,, then

1
2’

1
—1 <
|7{3,1(K )| < 144
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The inequality is best possible for the function

© f( (fxets_ldt))d N
KH\E) = ex X =& —&
2 o U T 12

And the corresponding Schwarz function is w(g) = &*. The image domain of extreme value function is
the same as in Theorem 2.1, an infinitely spiraling convex domain determined by the exponential map.
Proof: Letk € C,. By (1.11), we have

ek’ (g)
K(e)

@, (2.9)

From (1.1), we have

ek’ (e)

1+ P

= 1+ 2108 + (=45 + 613)8" + (=183 + 823 + 12:¢4)&” + (=162,
+ 48533 + 20x5 — 323425 — 18x3)e* + - - -, (2.10)

By comparing (2.10) and (2.3), we have
1

oy = 5/91, (2.11)
1 2
x3 = E(zpz +3p1)s (2.12)
1 3
%y = m(17p1 + 300102 + 12p3), (2.13)
1
x5 = %(18,04 + 1805 + 60p1ps + 420301 + 19p07). (2.14)

Using (2.11)—(2.14) and (1.4), we have

Hai(k™) = $o2as (72003 = 144p1paps = 5pf - 96p3 + 12002 = 180pip3

+ 1200703 + 864p204). (2.15)

From Lemma 1.1 and (2.15), we obtain

1 —
Oacgg| =3P+ 14407 (=l P)*E = 864G — G = i)’

— 288(1 = |01 (1 = 15101418 + 864(1 =141 = lo1 (1 = 16D
+ 144(1 = |01 P12 — 180p7(1 — |o1)*¢t = 144p1(1 — o1 *(1 = GG &
— 96(1 — o8 + 1203(1 = |o1)¢ = 72053(1 = |piH)(1 = |G P)?

+ 120031 — [PYA = 101P)% - 12001 — |1 P)pie 3]

Hi (k)
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Therefore, we obtain

Hs (k) [0'4 (01, 41) + 05 (01, 5) & + 06 (01, 1) & + Ta (Pl,fbfz)fs],

~ 103680

where

(1= lo1P) | (~1800327 = 967 + 240101 PZ; + 144p,°21)(1 = o1 ) = 120036147
+120741| - 595,

as(pr,d) = (=1aP) (1= i) [(-144p141 - 28861)(1 = |oi ) + 120p7],

Te(p.&) = (1=1pi®? (1= 1617) (- 144151 - 720),
D211, 0a) = 86441(1 = 1)1 = 16D = o).

o4 (p1,41)

Upon taking |{3] < 1 and setting p = |p1],{ = |{i1], T = |, we obtain

1
[H.16N] < oz (1w (01 201 + lors (o1 201 7 + I (1. 201 72 + 12 (o, 1. 22))
1
< 03680 26T
where
T2(0,4,7) =y (0. D)+ (0, DT +71 (0, )T +y3 (0, ) (1 = 1),
with
ys(p.0) = 5p°+ (1 -p?)[(9647 + 24007 + 144p°* + 1800°%) (1 - p?) + 120° + 120087
Y. 0) = (1-07)(1-2)[(144p¢ +28808%) (1 - p7) + 1200°],
y1(0.0) = (1= —p*)(720 + 14477,
y5(o.0) = 864(1-)(1-p7) .

Differentiating Y (p, £, 7) with respect to 7, we obtain

0,

=== Y60, 0+ 2tly1 (0, ) = ¥ (0, 01 = 6 (p,O) + 288(1 - P -6L+5)1 - > 0.

It is evident that 1, (o, {, 7) is an increasing function of 7 € [0, 1] and attains its maximum when 7 = 1.
Thus, we have

IA

T2 (0,4, 1) =v5(0,0) + 76 (0, 0) +¥7 (0, {)

50% — 120p° + 720p* + 120p° — 14400 + 720 + (144p° — 288p° — 432p* + 576p°
432p% — 288p — 144)* + (2400° — 144p° — 384p" + 288> + 48p* — 144p + 96)?
(600p° + 408p° — 816p" — 696p° + 1332p% + 288p — 576)* + (—12p° + 144p° + 12p*
— 288p% + 144p)¢ = Ry(p, 0).

TZ (p’g’T)

+ +
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Consider

B = 30p° — 600p* + 28800 + 360p> — 2880p + (864p° — 1440p* — 1728p° + 1728p” + 864p
—288)¢* + (1440p° — 7200 — 15360 + 864p% + 96p — 144)73 + (3600° + 2040p* — 326403
—2088p% + 2664p + 288)7% + (720" + 720p* + 4803 — 864p% + 144)¢ = 0,

P = 144p - 288p° + 12p* + 144p° — 120° + (576p° — 11520 — 1728p* + 2304p + 1728

—1152p — 576)% + (720p° — 4320° — 1152p* + 864p% + 144p% — 432p + 288)72 + (1200
+816p° — 1632p* — 13920 + 2664p> + 576p — 1152)¢ = 0.

By utilizing Matlab, we obtain

o1~ —1, P12~ —1, p13 =0, P14~ 11.9155, P15 = —0.9622,
{1’1 = 07112, 51,2 = —07592, (1’3 = 0, (1’4 = 0, (1’5 = 0,
Ple = 10467, P17 = 39420, P18 = 79944, P19y =~ —06129,
{1,6 = 0, {1,7 ~ —21087, gl’g ~ —00325, {1,9 ~ 10878,
P1,10 = —08933, P11 = —10264,
{1,10 ~ —1.0413, {1,11 ~ 2.5043.

Computation shows that there is no solution in (0, 1) x (0, 1).

(5) Forp =1,

No(1,0) =5.
(6) For p = 0,

N,(0,0) = 720 -576% +967° — 1447* < 720.
(7) For ¢ =0,
No(p, 0) = 720 — 14400% + 120p° + 720p* — 120p° + 5p° < 720.
(8)For ¢ =1,
No(p, 1) = 96 + 372> — 900p* + 4370° = a1 (p) < @1(0.5034) ~ 139.5849.

Hence, we achieve

720 1
103680 144"

[0k <

For the Schwarz function w(g) = &°, formulas (2.11)—(2.14) give %, = %3 = x5 = 0 and %, = ﬁ, and
equation (1.4) leads to Hs (k") = — 1.
Theorem 2.3. Ifk € S j:’ then
1
[Hs,1 (k7] < 3
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The result is sharp and achieved by

P+ NI+ -1 1
K3(8)=8€xp(f dt)=6+—83+---.
0 t 2

And the corresponding Schwarz function is w(g) = £2.The image domain of extreme value function is
a convex lune symmetric about the real axis with a cusp at the right endpoint.
Proof: Letk € Sz. Then by (1.12), we obtain

8/’:(5) = w(e) + V1 + o). (2.16)

As

1 1 1
e+ Vi+g& = 1+8+§82—§84+1—86+-~-. (2.17)

Putting w(e) in Eq (2.17), we have

1
wE) + V1 +wXe) = 1+ps+ (o + Ep%)eZ + (03 + p1o2)E”

1
+ g(8,04 +4p5 + 8p1p3 —pHe* + - - -, (2.18)
From (2.2) and (2.18), we get
%2 = pr1, (2.19)
1 2
%3 = 1(3;01 +202), (2.20)
1 3
2y = ﬁ(spl + 100102 + 4p3), (2.21)
1
#5 = 57(6p4 + 14pips + 17pips + 603 + 4p}). (2.22)
Using (1.4) and (2.19)—(2.22), we have
. 1
Haa() = 52(=3203 + 20010205 + P = 3603 = 1Tpipa + 160705 = 18pips
+ 22p7p3 + 36p2p2). (2.23)

From (2.23) and Lemma 1.1, we achieve

1
Hsi(k) = ﬁ[ztgi‘mz(l—|p1|2>2—36§§|§1|2(1—|p1|2>2<1—|41|2)—20|p1|2§?(1—|p1|2)2—8p'1§%

X (1=l = 167 + 200011 =14 P)A = |oiP)?8 + 36434 (1 =141 = |41
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(1= lp1lP)* +pf + 16p17(1 = o1 ) = 36(1 — |o1P)’8} = 170141 (1 = |oiP) — 1847011
(1 =1p1) = 32(1 = 1511 = o1 PY°8 + 2207531 = 1GP)YA = o1 ) = 180743(1 = |41)
(1 =141 =11 + 1801515 (1 = 1411 = i) + 360101541 (1 = 14 P)(L = |1
22p101(1 = o1 ¢

Hence, we have

X X X

1
Hs (™t = 788 [07 (01, () + 05 (p1, ) & + 09 (01, 4) & + T3 (Ph(b{z)é%],

where

a1, &) = (1=loiP){[16p1¢7 = 36 = 16101} + 4410111 = |oi ) - 1807017
~220i147 = 17501} + 5,
os(pid) = (1=l (1= 1P) [20p141 = 81Z)(1 = |o1) + 36416107 + 2203],
oo (o)) = (1=loiHA = 14PI=32 = 44 P)A = o) + 1803411,
T3(p1.41.0) = (1=16PA = o)1 = 141807 +36(1 — o1 )]

Setting |o;| = p,{ = |{1l, 12| = 7, and upon taking |{3] < 1, we ahieve

1
[ < 2 (I (o1, 201 + lo7s (1. £DI T + oo (o1, )| 7 + T3 (1, 41, L))
1
< ﬁ‘r3 (p’ g’ T),
where
30,47 =79 (0, 0) +¥10 (0, )T +y11 (0, )T+ y12 (0,0 (1 = 7°),
with
¥9(p.0) = p°+(1-p7)|(364° = 1697 +4p7C* + 16p°%) (1 = p°) + 17p°L + 220° L + 18p* ),

Y. 0) = (1-p7)(1-2)[(200¢ +802%) (1 - p*) +220° + 36p°¢ |,
yi(.0) = (1= -p)HB2+451 - p?) + 18p°L],
Yi2(p, ) = (1 - {2)(1 —p2) [36{(1 —p2) + 18p2].
Note that

yii (0, 0) < (1= - pHIAEL +32)(1 - p°) + 180°] = Ya(p, ).

Thus, we have

T3(0,4,7) <9 (0,0) + 710 (0, ) T+ Y2, )T +y12 (0,0 (1 = T) = &£(p, £, 7).
Differentiating &,(p, £, T) with respect to 7, we have

0
% = 710 (0.0 + 2tlYa(p, O) = ¥12 (0. )]

AIMS Mathematics Volume 11, Issue 9, 31267-31293.



31280

= yi0(p, ) +81(8 =9 + (1 — (1 - p*)* 2 0.

Therefore, & (p, £, T) attains its maximum value at 7 = 1. Thus, we obtain

T3(P,§’T) < fz(P,f,l):7’9(P,§)+710(P,§)+W2(P,§)
= p®—220° + 14p* + 22p% — 46p% + 32 + (4p° — 8p° — 12p* + 160> + 12p* — 8p — 4)¢*
+ (=34p° + 16p° + 86p" + 4p® — 88p* — 20p + 36)2° + (—6p° + 30p° — 20p" — 38p°
+ 5407 +8p —28)7% + (—=17p° — 16p° + 17p* — 4p° + 20p)¢ = 8s(p, O).

Consider

% = 6p° — 110p* + 56p> + 66p% — 92p + (24p° — 40p* — 48p° + 48p* + 24p — 8)*
+(=204p° + 80p* + 344p> + 12p% — 176p — 20)° + (=36p° + 150p* — 80p° — 114p?
+108p + 8)2 + (=102p° — 80p* + 68p° — 12p? + 20) = 0,

% =20p —4p> + 17p* — 160> — 170% + (16p° — 32p° — 48p* + 64p° + 48p* — 32p — 16)°
+(=1020° + 48p° + 258p* + 12p* — 264p? — 60p + 108)? + (—12p° + 60p° — 40p* — 76p°

+1080% + 160 — 56)¢ = 0.

By calculating, we achieve
pr1 =1, pi2 =1, pi3 =~ 1, pra =~ —1,
él],] ~ 16138, é/]’z =~ —19659, é/]’g ~ —06479, {1’4 ~ 05601,
P15~ -1, P16 = —1, p17 =0, p1g ~ 0.1152,
{15 = —0.7201, (16 = —0.3214, £17=0, {18 = 0.5600.
Thus, there is a solution (p;3,¢18) in (0, 1) x (0, 1), at which N3(p, ) attains its maximum value:
N3(p, ) < N3(p18,18) = 29.677055.

(9) Forp =1,
N3(1,0) =1.
(10) For p = 0,
N3(0,0) = 32-287%+368° —474 < 32.
(11) For ¢ =0,
N3(p,0) = 32 — 46p% + 22p° + 14p* — 22p° + p® < 32.
(12) For ¢ =1,

Ns3(p, 1) = 36 — 68p” + 85p* — 52p° < 36.
Thus, we yield

36 1
< — = Z
[H1 (k)] < %8~ 8
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and %5 = +, and

For the Schwarz function w(g) = &%, formulas (2.19)—~(2.22) give %, = x4 = 0, %3 = 1, .
Eq (1.4) leads to H; (k") = —5.
Theorem 2.4. Ifk € C, then
1
-1 <«
|H,1 (k)] < 144

The result is sharp and achieved by

i S 1+0-1 1
k4(€) = f (exP(f * il dt))dx —e+—&t+.--

And the corresponding Schwarz function is w(¢) = &*. The image domain of extreme value function is
the standard unit disk itself, without any distortion.

Proof: Let k € C. Then by (1.13), we obtain

+ SE(S) = w(e) + V1 + (o).

From (2.10) and (2.18), we have

1
Hy = 5/01, (2.24)
1 2
X3 = E(sz + 3/)1), (225)
1 3
ny = @(4/33 + 10p102 + 5p7), (2.26)
1
#5 = 1500ps + 1Tpip2 + 14p1p3 + 6p3 + 4p)). (2.27)
Using (2.24)—(2.27) and (1.4), we achieve
_ 1
H;.1(k H = M(—Zﬂ)p% — 48010205 — 15)0? - 32/03 + 12/0?/02 - 204/0%/0%
+ 1200703 + 2880204). (2.28)

From (2.28) and Lemma 1.1, we achieve
1 _
335601 ~ 1508 +4841p12(1 = |o1H)? = 288141175 (1 = |oaH*(1 = 1)
- 96(1 — |1 »)*(1 = ¢, |2)§1ZP_1{2 +2882143(1 — &)1 = |4 H)A = o1 [H)?
+ 48lpi P (1 = 1) = 2044707(1 = |1 ) — 4841501 (1 = o1 ) (1 = |11%)
— 32(1 = |p)*E + 1241(1 = o1 P)pt = 24021 — 4,0 = |or*)?

7’[3,1(K_1)
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+ 120507(1 = o1 P)(1 = 141 *) = 120450361 (1 = |o1P) .

Thus, we have

1
Hs (k") = 34560 [0'10 (p1,01) + 11 (01, L) & + 012 (01, 4) & +F4(Pl,§1,§2)§3],

where

a8 = (1-10iP) (204018 = 322 + 80loi P} + 4801711 = 11 ") — 12061017
+1241p1| - 1505,

(1= 1lo1P) (1 = 1P = o1 P)(=48p141 = 96p14D) + 120p3],

(1=14117) (= 48141 1> — 240)(1 = |1 )?,

288(1 — [ )0 (1 =141 = 14P).

o1 (p1,41)

o2 (01,41)
1—‘4 (pl’éll’gl)

Upon taking |{3] < 1, and setting 7 = |53l [o1] = p, £ = |{1], we achieve
1
34560
1
34560

|Hs.1 (7))

IA

(I710 (o1, 201 + lo11 (1, £0I T + lomiz (1, L0172 + T (o1, 41, 22)1)

IA

T4(p7§’7)7

where

Ts(0, 4, 7) =13 (0. O + Y12 (0, )T+ 715 (0, ) T+ y16 (0, ) (1 = T°),

with

Y13 (0, {)
Y14 (0, 0)
Y15 (0, §)
Y16 (0, {)

150° + (1 - p?) (3243 + 8000 + 48020 + 204028 (1 = p?) + 124" + 120°p%]
(1= %) (1 - 2%)[(480¢ + 96027 (1 - p?) + 1200°).

(240 +482°)(1 = £*)(1 - p*),

288 - £)(1-p7)

Differentiating Y4 (o, {, 7) with respect to 7, we achieve

oy

57 - Y (0, O) + 271y15 (0, 0) — Y16 (0, O] = Y12 (0, 0) +96(5 — 6 + ¢*)(1 = £)(1 - p*)*7 2 0.

It is evident that 4 (p, £, 7) is an increasing function of 7 € [0, 1]. Therefore, we yield

T4 (0,4, 7) T, &) =y13(0,0) +y14 (0, ) + y15 (0, )

150°% — 1200° + 240p* + 120p° — 480p* + 240 + (48p° — 96p° — 144p* + 192p°
144p* — 96p — 48)¢* + (80p° — 48p° — 128p* + 96p° + 16p* — 48p + 32)°
(840° +216p° — 480p" — 312p° + 588p” + 96p — 192)¢? + (—120° + 48p°

120" = 960° + 48p)¢ = Ra(p, ).

IA

+ + +
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Consider

e 9005 — 600p* + 960p* + 360p* — 960p + (288p° — 480p* — 5769 + 5T6p" + 288p — 96)¢°*
(48005 — 2400" — 5120° + 288p% + 32 — 48)73 + (504p° + 1080p* — 1920p° — 93602 + 1176p
196)72 + (=72p5 + 240p* + 48p° — 288p2 + 48) = 0,

% = 48p — 960> + 12p* + 48p° — 120° + (1920° — 384p° — 576p* + 768p> + 576p> — 384p
Z192)03 + (2400° — 14405 — 384p* + 2880 + 48p% — 14dp + 96)72 + (1680° + 432p° — 960
—6240° + 11760 + 192p — 384)7 = 0.

By calculating, we achieve

pi1 =1, pip = —1, pi13 = —1, p14 =0, P15 = 3.7093,
(1’1 ~ —62500, {1,2 ~ 08045, 41’3 ~ —08045, (1,4 = 0, 41’5 ~ 0,

Ple = —09032, P17 = 11939, P18 = 1, P1y = 10990,
(1,6 ~ 0, §1,7 ~ O, é’l,g ~ —126421, 41,9 ~ 09634,
P1,10 = 11707, P11 = 26666, P12 = —05454, P1,13 = —07505,
§1,10 ~ —05138, 51,11 ~ —00163, {1’12 ~ 09661, 51,13 ~ —09806,

{ pris ~ —1.7149,

{1aa & —1.6703.
Therefore, there is no solution in (0, 1) x (0, 1).
(13) Forp =1,
Ni(1,0) =15.
(14) For p = 0,

N40,0) = 240 —1927% +327° — 487* < 240.
(15) For £ = 0,
N4(p, 0) = 240 — 480p> + 120p° + 240p* — 120p° + 15p° < 240.
(16) For ¢ =1,
Ni(p, 1) = 32 + 268p* — 5000* + 215p° = a»(p) < @2(0.5870) ~ 73.7762.

Thus, we achieve

240 1

< 22—
Ha1 (O < 33560 = Taa

The equality holds for »s = %3 = %, = 0 and 24 = 7.
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3. The second Hankel determinant of logarithmic coefficients for S’

Theorem 3.1. Ifk € S*L, then
) 1
Immns —ml < 16
The result is sharp and achieved by

o+ V1 +624 -1
K;3(e) = 8exp(f " dt),6 - 1.
0

And the corresponding Schwarz function is w(g) = §&%,6 — 1~. The image domain of extreme value
function is a bilobed folded region centered at the origin with two symmetric lobes.
Proof: Letk € S*L' From (1.7), (2.19), (2.20), and (2.21), we have

1
Iz — 3l = o5l 1203 + 4p%p;, + 160105 — 3p1l. (3.1)

From (3.1) and Lemma 1.1, we obtain

1
mns =ml = 151 = 1601 = leiPleaPEt + 1601 = loi )1 = 10aP)prda + 41 = i Pprds = 3p)

- 1201 = | PEL.

By putting p = |pi1,1¢1] = £, and upon taking |{>] < 1, we get

é[mu C PP + 16p(1 = (1 = ) + 41 = 2 + 3p* + 12(1 = 2P0

Rs(p, ).

s — 13l

Differentiating Ns(p, ) with respect to £, we achieve

6_N5_L 2 A2 2 2
o —192[4;0(1 p7) + 81 —p)(p” —4p +3)(1= 0.

Therefore, Ns is an increasing function of £ € [0, 1]. Thus, we have

12 1

1
-3 < Rs(p, 1) = —(12-4p* - 50" < — = —.
Imms —ml < Ns(o, 1) 192( 0 5/0)_192 T

Theorem 3.2. If k € S*L, then

2 1
724 — 1751 < 36

This equality is sharp for the function

TP+ V1+0-1 1
K5(8)=8€xp(f ; dl)=6+ §S4+"'.
0
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And the corresponding Schwarz function is w(¢) = &*. The image domain of extreme value function is
a three-leaf clover-shaped folded region with triple rotational symmetry about the origin.
Proof: Let k € §7. From (2.19)—(2.22) and (1.8), we have

1

4608
+ T2pipa + 144p04). (3.2)

Mot — 173 (=128p3 + 72p1p3 — 905 + 7205 — 18pip2 — 920105 — 112030291

From (3.2) and Lemma 1.1, we have

1
Mis =15 = m[léﬁ(l — o102 = 14414, PG — 146 PYA = o1 P2 + 11283 = o1 lor P

— 32030 = [6HA = |1 = 11250140 = |01 = |6 + 1444,45(1 = |41 )

(1= o1 = 16 = 908 = 9203(1 — |1 2EF + 72(1 = |1V’ E — 18411 — |o1 ot
7281 = o1 )pi %03 = 128301031 = |01 ) = 12853 (1 — |y (1 = 61 + 72403
(1 = lo:iP)Y(A =14 + 7285021 = o)A = 16PN =141 = 7280251 = i)
(1 =121 = 1445401011 = 11 (A = (6]

X X + X

Thus, we achieve

1
s — 13 = —— [0'13 (01, + 014 (1, &) & + 15 (o1, ) & + Ts (/01,{1,52)(3],

4608
where
a3, d) = (1=1piP)[(160°¢ = 9201¢7 +724] + 4000 PEH(1 = i) + 7261014,
~72010347 — 182101 ] - 965,
Ta(pnd) = (=l (1= 10P) (1120141 = 32001 = |oiP) = 144010781 +72p7],
ais (e, ) = (1=l =1GPI(=128 = 161411 = |01 ) = 720141,

Ts(01,4,8) = (1 =165 = ol DA = 14P)[7207 + 144(1 = o1 )]

By setting |{;| = 7, { = |{1], |e1] = p, and upon taking |{3] < 1, we obtain

s = 3| < ﬁ (lo13 (o1, 201 + o1 (o1, EDI T + o1 (01, L0 T + s (o1, &1, )
< e Tsp. L),
where
Ts (0.4, 7) = 717 (0,0) + 715 (0, )T+ 719 (0, ) T° + 20 (0, ) (1 = 1),
with
Y (0. 0) = 9%+ (1-p?)|(728° + 40078 + 16p°* + 920°0) (1 = p*) + 18p°¢ + 720> + 729° |,
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Y. = (1-p7)(1-2) (1120 + 3208%) (1 - p7) + 720 + 144p°
Y9(0.0) = (1=2)(1 - p)I(128 +16¢%)(1 = p*) +T2p%],

Yo .0) = (1-2)(1-p%)[1447 (1 - p?) + 720].

Note that

Y9 (0,0) < (1=p))(A = A6L +128)(1 — p?) + 72p%] = Y3(p, ).
Thus, we have
Ts (0,4, 7) < y17 (0, 0) + y18 (0, O) T+ Y30, O)T* + 20 (0, ) (1 = 1) = &3(p, £, 7).

Differentiating &;(p, £, T) with respect to 7, we achieve

o,
or

Y138 (0, ) + 27[Y3(0, §) — y20 (0, O]
Yis (0, ) +32(8 = 9¢ + (1 — p*)*(1 = )T > 0.

Thus, &(p, £, T) attains its maximum value at 7 = 1. Therefore, we obtain

Ts(.{,1) < &) <&EE LD =y70.0+7180,0) +¢3 (0.0
= 905 —720° + 56p* + 72p° — 184p” + 128 + (16p° — 32p° — 48p* + 64p° + 48p>
— 32p—16)* + (=320° + 320° + 64p* + 80p> — 104p% — 112p + 72)7° + (20p°
+ 104p° — 152p* — 136p° + 244p% + 32p — 112)¢* + (=18p° — 32p° + 18p* — 80p°
+ 112p)0 = Ne(p, 0).
Consider

N

a—pﬁ = 54p° — 360p* + 224p> + 216p? — 368p + (96p° — 160p* — 192p* + 192p? + 96p — 32)*
+(=192p° + 160p* + 256p° + 2400 — 208p — 112)7 + (12007 + 520p* — 608p> — 4080 + 488p
+32)2% + (=108p° — 160p* + 72p° — 240p% + 112), = 0,

% = 112p — 80p> + 18p* — 32p° — 18p% + (64p° — 128p° — 192p* + 256p> + 192p* — 128p
—64)3 + (=96p° + 960> + 192p* + 24003 — 312p> — 336p + 216)7% + (40p° + 208p° — 304p*

—272p% + 488p* + 64p — 224) = 0.

By calculating, we obtain

pr1 =1, pr2 =1, pi3 =1, pia = -1,

{11~ 1.4109, {12 = —1.7545, {13 = —0.6564, {14 = 0.7193,
{ p1s5 = —1, { p1e = —1, { p17 =0, { p1s = 1.6891, { p1o = —0.2027,

§1,5 ~ —08476, {1,6 ~ —02025, 51,7 = O, {1,8 ~ 27304, {1’9 ~ 10011,

P1,10 = —07386, P11 =~ —09197, P12 = —10616, P1,13 = —16501,
{l,lO ~ _162075, {1’11 ~ 03865, {1’12 ~ —06001, §1’13 ~ 3.4859.
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Therefore, there is no solution in (0, 1) x (0, 1).

(17) Forp = 1,
Ne(1,{) =9.
(18) For p = 0,
Ne(0,0) = 128 — 1127 +720° — 167* < 128.
(19) For ¢ =0,
No(p,0) = 128 — 184p* + 72p° + 56p* — 72p° + 9p°® < 128.
(20) For ¢ =1,

Ne(p, 1) = 72 + 4p* — 62p* = 5p° = a3(p) < @3(0.1793) ~ 72.0643.

Thus, we yield

e 128 L
4TI 1608 T 36
4. The third Hankel determinant for C.,,
Theorem 4.1. If x € C,,,, then
1
[H3.1(6)] < TR

The result is sharp and achieved by

E X 4 2 1
Ke(€) = f (exp(f (= + —t6)dt))dx —e4 4.
0 0 3 3 9

4.1)

And the corresponding Schwarz function is w(e) = £°. The image domain of extreme value function is
a heart-shaped (cardioid) convex domain symmetric about the real axis with a cusp at the right end.

Proof: Let k € C,,,. By using (1.9), we achieve

ek (e) _ 1+ iw(g) + %wz(g),

1
* K (&) 3 3

where w(e) is known as Schwarz function.
Using series form of w(e) in right hand side of (4.2), we obtain

4 2 4 1 4
1+ ga)(g) + ng(g) = 1+ 5/018 + 5(4;32 + 2p%)82 + g(p3 +p1p2)s3

2
+ 3Qpa+ 20103+ )"+

From (2.10) and (4.3), we achieve

%2 = ZP1,

4.2)

4.3)

4.4)
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1
X3 = E(@oz + 11p?), (4.5)
1 3
Hy = 5(17/)‘1 +27p1p2 + 9p3), (4.6)
1
%= 5235 0(162,04 + 684p1ps + 18903 + 450p30, + 235p7). “4.7)

From (1.2) and (4.4)—(4.7), we have

H; 1 (k) (=2430p3 + 13500703 — 2450° + 124203 + 738p}p, — 25650703

196830
—  486p3p4 +2916p,04). (4.8)

From (4.8) and Lemma 1.1, we have

Hs 1 (k)

oeg30l ~ 24508 + 4860221 (1 — o1 ) = 291621417 (1 — 12121 = o[>

— 9725605 (1 = 4P = o) + 2916441 = 141D = |oi (1 = L)
— 2430451 =141 = |p1P)? = 256547 01(1 = |o1 ) + 1242471 = o1 )’
+ 738p1¢1(1 — |pi*) — 486076174 (1 — o1 ) + 486450151 (1 — 16D — oy )
+ 97206010141 = [o1 )1 = [P — 4864307(1 — |11 = lod (1 = [2117)

— 1350270301 (1 = |p1?) + 1350503 (1 — [o1 )1 = [11P)]-

Therefore, we obtain

Hi,1 (k) = 196330 [0'16 (o1, () + 17 (p1, ) & + 015 (01, L) & + Tg (91,51’42)53] ,
where
Ti6(01.0) = (1= 1o1P){[=2560147 + 12421 = |p1)g; + 486072111 — |oi ) — 48641074
1350010347 + 7384191} — 24505,
o (end) = (=16P) (1= 1oiP) [ = 97201471 = |oi) + 13500} + 97201041,
Tis(end) = (1=lpiP)(1 = 16P)[(2430 - 486121°)(1 — |o1*) + 48641011,

Lo (01,1,8) = (1 —16PA = 1GPA = o1 P)[-486p7 +2916(1 — |y )]

By replacing |{1| = £, |o1] = p, 12| = T, and upon taking |{3|, we obtain

| Hs.1 (%)

IA

196830 (|0'16 (o1, 01 + 1017 (o1, LI T + lomis (1, L)1 £ + [T (P1,§1,§2)|)

IA

19683OT6 (p’ ga T) 5
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where
Y6 (0,4, 7) =721 (0. 0) + ¥ (0. )T+ 723 (0. )T +y24 (0, ) (1 = ),
with
v (p.0) = 2450° + (1= p?)[(12424° - 124207 + 486p°¢* + 2565p°%) (1 = p?) + 738p%¢
+13500°2% + 486p° %),
yn.0) = (1-p7)(1-2)[97208 (1 - p?) + 1350p° + 9720%¢]
y5(0.0) = (1= -p")[(2430 +486°)(1 - p) + 48607,
yu(p.) = (1-2)(1-p)[29167 (1 - p?) + 4867
Note that

¥ (0, 0) < (1=p»)(1 =) —p*)(486L +2430) + 4860°] = yu(p, {).

Hence, we obtain

T (0,4, 7) < ¥21 (0, 0) + Y22 (0, ) T + Y, OT° + y2u (0, ) (1 = T°) = &(p, £, 7).
Differentiating &4(p, £, T) with respect to 7, we have

984

5 = 1200+ 2700, 0) = v (0. D1 = ¥2 (0, 0)) + 972(* - 6 +5)(1 = (1 - p*)’7 = 0.

Hence, &, is an increasing function and attains its maximum value at 7 = 1. So, we have

TG (p’ 4/7 T) §4(p’ 47 T) < é‘:4(p’ {’ 1) =721 (p’ 5) + Y22 (p’ éu) + w4(p’ g)
245p% — 1350p° + 1944p* + 1350p° — 4374p% + 2430 + (486p° — 972p° — 1458p"

+ 1944p° + 1458p% — 972p — 486)* + (—1728p° + 9720° + 4212p* — 972p° — 3726p°
+ 1242)7 + (1215p° + 23220° — 5238p* — 3294p° + 5967p% + 972p — 1944)7>
+ (=7380° = 972p° + 738p* + 9720°)¢ = R4(p, O).

The critical points of 8;(p, {) satisfy the conditions

B = 14700° — 6750p" + T776p + 4050p* — 8748p + (2916p° — 4860p* — 5832p° + 5832
+2916p — 972)¢* + (—10368p° + 4860p* + 16848p° — 291602 — 7452p)73 + (7290p° + 11610p*
—209520° — 988202 + 11934p + 972)¢2 + (—4428p° — 4860p* + 2952p° + 2916p2) = 0,

oN7 _
B~ 972p% + 738p" — 97205 — T380° + (194400 — 388807 — 58320* + T776p° + 58320* — 3888p

—1944)73 + (=5184p° +2916p° + 12636p* — 29160> — 111780 + 3726)72 + (24300° + 46440°
—10476p* — 65880° + 11934p? + 1944p — 3888)¢ = 0.

By calculating, we obtain
P11 = I, P12 = I, P13 = I, P14~ -1, P15 = 0,
{11 =~ 1.7501, {12 = —=2.1473, {13 = —0.6028, {14 = 0.7343, $i5=0,
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Ple = 35077, P17 = —04222, P18~ —08245, P1o = —09060,
{1,6 ~ 51611, 41,7 ~ 10806, é/],g ~ —25111, {1,9 ~ 00747,

{ prio ~ —0.9482, { o111 ~ —1.1989,

{110 ® —1.1199, {11 = 4.4103.
Thus, no solution exists in (0, 1) X (0, 1), resulting in no critical points.
(21) Forp =1,
N-(1,0) =245.
(22) Forp =0,

N7(0,0) = 2430 — 194477 + 124273 — 4867* < 2430.
(23) For = 0,
N7(p, 0) = 2430 — 4374p” + 13500° + 1944p* — 13500° + 245p° < 2430.
(24) For ¢ =1,
N7(p, 1) = 1242 — 675p> + 198p* — 520p° < 1242.

Therefore, we have

2430 1

< = .
Hs1 091 < 156330 = 81

The equality holds for s, = g and %, = %3 = %5 = 0.
5. Conclusions

The Hankel determinant sharp bound analysis method established in this paper can be extended
to nonlinear stochastic systems through fuzzy logic. For the problems of hidden modes and
asynchronous switching in Markov jump systems, by drawing on the research ideas of asynchronous
fuzzy dynamic sliding mode control and output feedback asynchronous fuzzy SMC, the coefficient
functional estimation framework based on Schwarz—Pommerenke parameterization in this paper can
be embedded into the Takagi-Sugeno (T-S) fuzzy modeling process. By matching fuzzy rules with the
nonlinear subsystems and correcting the random jump parameters through the hidden mode detection
mechanism, the bound estimation of the Hankel-type functional can be achieved within the fuzzy
domain, thereby providing a new quantitative tool for the stability analysis of nonlinear stochastic
systems and the synthesis of sliding mode controllers. This expands the application boundaries of the
method in the modeling of random complex systems.

Based on the research results of this paper, future development can be further expanded in the
following aspects: First, the method can be extended to higher-order Hankel determinants and more
generalized subordinate kernels (such as multivariate star-shaped functions, hypergeometric function
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classes, and bounded steering functions), breaking through the existing three-order limitation. Second,
by combining fuzzy logic with Markov jump systems, the Schwarz parameter boundary estimation
can be embedded into T-S fuzzy modeling, providing coefficient functional constraints for sliding
mode control of nonlinear stochastic systems. Third, the geometric characterization of inverse
function extremum functions can be deepened, clarifying the subordinate limit mapping properties
corresponding to the boundaries, and exploring the association with the Bieberbach conjecture
coeflicient bounds. Additionally, attempts can be made to standardize interval arithmetic verification,
resolving the controversy over the rigor of numerical optimization, and providing a replicable proof
framework for similar extremum problems.
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