AIMS Mathematics, 11(9): 31250-31266.
DOI: 10.3934/math.20261234
AIMS Mathematics Received: 15 May 2026

Revised: 10 September 2026

Accepted: 16 September 2026
https://www.aimspress.com/journal/Math Published: 23 September 2026

Research article

Bilateral series weighted by periodic functions

Jing Li' and Wenchang Chu**

I School of Mathematics and Statistics, Zhoukou Normal University, Zhoukou, China
2 Independent Researcher, Via Dalmazio Birago 9/E, Lecce 73100, Italy

* Correspondence: Email: chu.wenchang @unisalento.it.

Abstract: By incorporating the derivative operator 6 and hyperbolic cotangent function, a general
summation formula is established for the “Dirichlet-like” bilateral Q-series. Seven classes of infinite
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1. Introduction and outline

Denote by N and Z the sets of natural numbers and integers, respectively, with Ny = {0} U N. For a
periodic function y(n) of period ¢ € N, it is determined by the first {-tuple

(D, x(2),--+ ,x(0)} since x(k+ jl)=xk) for 1<k<¢ and jeZ.
Then for m, p € N and g € Z, we shall examine the “Dirichlet-like” bilateral series

x(n)
+(pn+q)?)"’

Qu(p.q, x:x) = Z 2

n=—oo

(D

where m and y will be suppressed when m = 1 and/or y(n) = 1. To evaluate this series explicitly,
the following route path will be followed. First, reduce the series with weight y to finitely many
unweighted residue-class series. Then, evaluate the case m = 1 by the partial fraction expansion of

coth. Finally, work out higher powers by means of the differential operator — X — together with

derivative polynomials for tanh and coth. This will concretely be realized by employing three crucial
lemmas. The first one is a binomial formula as below.
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Lemma 1 (m € N and j € Nj). ‘
/ lim+im—i_(m,::])
Z(E)( i )m+i_ 2

i=0

Proof. 1In fact, this formula follows easily by telescoping. Introducing the sequence 7; and then
calculating the difference

_(m+ 1) _(m+ 1)y ~_ (Wifm+i\m—i
T; = and Ti—Ti_l—T(m—l)—(—) —

l 214! i
we immediately have

L ifm o+ i\m — i J (mn';'])

i=0

which gives rise to the desired formula. O

Let 6 stand for the differential operator % X % = % X D. Then it is not hard to verify that

(=0)
0Q,(p,q,x) = =2mQ1(p,q, x) = Qui1(p,q,x) = Wﬂm(p, q, x).

By iteration, we find that

m

Quni(p.4.0) = S p. g, ). @)

To show an explicit expression, it is necessary to determine the higher powers of 6 as in the second
lemma below.

Lemma 2 (m € N).

9" =

¢ (—_l)k(m+k)!(m—k)(m Dt
N2 mim+ k) \k

m+k *
k=0 X

Proof. This can be proven by means of the induction principle on m. For m = 1, the equality is
obviously true. Suppose the equality is valid for the positive integers < m. Then we have to verify the
equality for m + 1. In fact, we have

“ D < —Lk(m + k)(m = k) (m\ D"+
o :exg’":;;o(j) m!(m + k) (k)x’”*"
:i —_l)k(m+k)!(m—k)(m)1)”m‘k
1 2 m!(m+k) \k) xi+m+k
5 —1\k(m + k)!(m — k) (m\ D"
B e (7) m! (k)x2+m+k'

Rewriting the latter sum by reindexing k — k — 1

—1\k (m + k) 'k (m\ D'k
22(7) m!(m+k)(k) xlmek

m
k=1
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and then unifying it to the former one, we find that

x1+m+k ’

9’”"’1 — mzﬂ(__l)k(m+k+ 1)'(1 +m—k) m+ 1 Dl+m—k
) 27 (m+D!m+k+1) \ k

k=0

where we have employed the binomial relation

(m+k)!(m){m—k 2k }_ (m+k)!(m)_ (m+k+1)!(l+m—k)(m+l)

m \k)\m+k m+kl m! \k]  m+DWm+k+1) \ k
This confirms the claimed binomial expression. |

The first five examples are displayed as follows:

g2
==,
D D
2
0_?_)63
3 2
¢’ 23—3% 3D5,
X X
64—1)—4—623+1522—152
s x° x0 X7
» D D D’ D
0 = = - 10— + 45— - 105 + 105=,.
X X X X X

Denote by S(n, k) the Stirling number of the second kind (cf. Comtet [4, Chapter 5] and [7,
§6.1]). We shall make use of the polynomial P,(y) of degree n + 1. They are explicitly defined
(cf. Boyadzhiev [1]) as follows:

4 | .
Poy)=y and P,(y)=2"(y-1) Z(—I)J%S(n,j)(l +y). 3)

=

These polynomials can be used to represent higher derivatives of hyperbolic functions as highlighted
in the third lemma below.

Lemma 3 (Boyadzhiev [1], see also Chu and Wang [3]).
D'{tanh x} = P,(tanhx) and 9D"{cothx} = P,(cothx).
The initial polynomials are given as follows:

Po(y) =y,

Pi(y) = 1-7%

Py(y) = =2y(1 — y),

P3(y) = (6y* — 2)(1 - y°),
Py(y) = (16y — 24y")(1 - y°),

AIMS Mathematics Volume 11, Issue 9, 31250-31266.
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Ps(y) = (120y* — 120y* + 16)(1 — y?).

As preliminary results (for m = 1), explicit formulae for Q(p, g, x; y) (Propositions 4 and 5) will
be derived in Section 2. Then the preceding three lemmas will be incorporated in Section 3 to prove
a very general summation formula for Q,(p, g, x; x¥) as in Theorem 6. Seven classes of infinite series
identities will be illustrated as consequences in Section 4. Finally, the paper ends with concluding
comments in Section 5.

2. The initial series with m = 1

Let us start from the following simple, but important case.

Proposition 4. Let p € N and q € Z. Then, for an indeterminate x > 0, we have the algebraic

identities:
N 1 _ n(x + gi) m(x — gi)
Q(p.gq,x) = n;o ek sz{ coth (T) + coth (T)}
nsinh (%) nsinh (2’;7“‘)

px{ cosh (22) —cos(%)} - 2pxSinh(@)Sinh(n(x;qi)).

Proof. Recalling the partial fraction decomposition [6, §1.42 (4)]

o0

1 2x 1 1 - 1
th = — 4+ — — =1 ,
coth(rx) ax om kz; x2 + k2 7Tn1—>n;kz x + ki

= =—n

we can deduce the expansion

n

coth (P2 corh () = 2 tim D { o+
— -kl
p

n—oo 3
T i=n 5 + ki

2px . 1
= — lim _—
V4 n—»oo];_n X2+ (pk + Q)z

which is equivalent to the first expression stated in Proposition 4. The second and the third expressions
follow from the first one after some routine trigonometric simplification. O

For n € Z, by writingn — k + j{ with 1 <k < { and j € Z, we have the analytic formula.

Proposition 5. Let y be a periodic function of period €. Then, under the same conditions of
Proposition 4, the following formula holds:

(o8]

_ Z‘: i x(k)
£ 32+ (p(k + j6) + q)>

_ox Z x (k) sinh (%
plx = cosh (%) — cos (Zpk’;#)
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By specifying function y, we illustrate seven infinite series identities as below.

e p=1andg=0with y(n) =1and £ =1 (cf. [6, §1.42]):

[Se]

Z 1 n sinh(2rx) 7«

= = —coth .
x*+n?> xcosh(ax)—-1 x coth (7x)

n=—oo

e p=1and g =0 with y(n) = (=1)"and £ = 2 (cf. [6, §1.42]):

n=—oo

o (-1 7 sinh(7x) sinh (7rx)
Z X2 +n? 2_x{cosh (rx)—1  cosh (nx) + 1}
_n { sinh (7x)

n
= —{——————} = —csch(mx).
cosh? (mx) — 1 } X (nx)

X

e p=1and g =0with y(n) = (-1)®). The period of y equals £ = 4, since it is routine to check that

n |12 3 ]4
x(n+4)=xmn and OISR

Then

i e li x (k) sinh ()
n=—oo - 4 k

2+ n? cosh (£) — cos (%)

Y 5% 1 1 1 1

= — sinh (—){ = - + }
4x 2 /lcosh (”—2") cosh(’%) +1 cosh (’%) cosh (”—2)‘) -1
T X 2 T X

= —g¢inh(—)}——k = — h(—).
ax Sin ( D) )COSh2 (,%) 1 ZXCSC ( 2 )

e p=1and g =0 with y(n) = (-G, The period of y is also equal to £ = 4 since

n |[112]3]4
x(n+4)=xn) and FOIRARREREE Then

S (=D a1 x(k)sinh(5)
Z X2 +n? 4_xz c

e i cosh (£) — cos (%)

1 1 1
+ +
( ){cosh(’”‘ cosh (5) + 1 " cosh (%)  cosh(%) - 1}
2 cosh
:i i ( ) ( ) icoth(ﬂ—x).
4x 2 cosh® (&) - 2x 2

e p=2andg=—-1withy(n)=1and ¢ =1 (cf. [6, §1.42]):

0o

1 n sinh (7x) n X
Z NI ETY) = = —tanh(—).
—ox*+(2n-1)*>  2xcosh(mx)+1 2x 2
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e p=2andg = -1 with y(n) = (=1)®) and ¢ = 4:

) Z xR sinh (%)
£ 32+ (2n—1)* ~ 8x & cosh () — cos (%2=1)
/g _){ 1 B 1

4 /\cosh (%) —cos(§)  cosh (%) — cos ()

1 N 1 }
cosh (Z) — cos (Z)  cosh (%) — cos (%)
T (TX V2 msinh (%)
2 sinh (22 _ .
4x - ( 4 )COSh2 (%x) - % \/Excosh(%)

e p=2and g = -1 with y(n) = (=1)® and € = 4:
Z"’: -n® Z“: x (k) sinh (%)
A a2+ (2n— 1) 8x & cosh (=) — cos (2z-1)
7TX){ 1 1
+
4 /\cosh (%) —cos(§)  cosh (%) — cos (¥)

T
8x

— sinh (

1 1
_ N }
cosh (%) —cos (Z)  cosh (&) — cos (&)

o sinh(ﬂx) 1 o sinh(’%)
4x 4 COSh(%)—% 2x2005h(’%)_ \/§

3. The main theorem and proof

Now we are ready to demonstrate the following general theorem.

Theorem 6. Let m € Ny and y be a periodic function of period €. Then under the same conditions of
Proposition 4, the following formula holds:

Qi1 (P g, X3 X) = (_1)1(%)“]( )(2m ) Z )
J=0 p

(m!)? (2x)1+2m=)

n(x + pki + gi)

ol )+Pj(coth

X {P]( coth ﬂ(x+];l_ql))}

Proof. When m = 0, the assertion is precisely Proposition 5. Hence, we may assume m > 1. For
n € Z, we can write n — k+ j¢ with 1 < k < £ and j € Z. Then, we can reformulate the bilateral series

[Se]

x(n)
P-4 3520 _Z (2 + (pn + g)?)"

00 4
Z Z Xi(n)
i (x2 + (pn+ q)?)"

n=-—0o
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i x(k)
— (X2 + (p(k + jO) + 9)*)"

Jj=

1]
~ 1 Mm
-

xXK)Q,(pl, pk + g, x).
k=1

By combining this with (2), we can proceed with the series

(— )"

Qui1(p,q, %) = Zx(k)ﬂ(pf pk+q,x)

(=D Z )Lk)gm{z COth(jT(x + pki + qi)) LT coth(ﬂ(x — pki — qi))}
X

2mm) — 2pt \x pl pt
_ =D Zx(k) Z (mﬂ)’(m—l)
2"m! 2pt & m!(m + 1) i
Dm—.l{ECOth(T[(X+pkl+ql)) th(n(x—pki— Qi))}
X x pl pl
According to the Leibniz rule, the higher derivatives can be determined as below:
Z)m—'i{z 0 (ﬂ(x + pki + qi)) L7 coth(ﬂ(x — pki — qi))}
xmrt \ x pt X pl
o oo (m=i\ i 1, o n(x + pki + gi) n(x — pki — gi)
_ (i — m) i yn- /{ (ﬂ(x + pki + qi)) + coth (7‘[()6 — pki — qi))}'
= xl+m+j pf pg

Recalling Lemma 3 and then making substitution, we have further
=D N —1i(m + D) (m — i) (m) <~ (( —m)j Lm—j
Qi (P24 2200 = 2 ;(7) Tmim+ i)\ ; X (p{f)

¢ c . ..
n(x + pki + gi) n(x — pki — gi)

_ =)< 1+m j & (m+l)'(m— i) (m\ (i —m),_;
= 2m+1l’l’L! ]Z: Z m'(m + l) (l) x1+m+j

i=0

i ..
n(x + pki + gi) m(x — pki — gi)
X kZ:;X(k){Pm_,( coth T) + Pm—j( coth T)},

where by making use of Lemma 1, the binomial sum with respect to i has been reduced to

/ (m+z)‘(m i) (m\ (i —m);;
Z ml(m+i) \i) xWm+i

i=

AIMS Mathematics Volume 11, Issue 9, 31250-31266.
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Coml= G im i\m =i
_(m—j)!x”mﬂz(i)( i )m+i

i=0

my () _ (—_1)1(17) (m + j)!

_(m—j)!xl+m+j 2J 2 m!\ xl+m+i’

Finally, we arrive at the following expression after substitution

Qpar(prg ) = ot S () (T (’")M

2m+1m! = pt 2 7\ j)mlxt+mti
¢ cL .
n(x + pki + gi) n(x — pki — gi)
X )((k){Pm_ ( coh ———) + P,,_;| coth ————— }
; J ( pl ) J ( pl )
Under the replacement j — m — J, this becomes the formula displayed in Theorem 6. O

4. Seven classes of infinite series identities

By specifying p € N and g € Z as well as periodic function y(n) in Theorem 6, we are going to
explore explicit evaluations for seven classes of infinite series as examples. Following this presentation,
the reader can examine more series with different periodic function y, even though the resulting
expressions may be more involved.

For each formula stated in the corresponding corollary, the specific examples with m = 1,2,3 are
obtained by making use of the following Mathematica commands to simplify the related expressions:

FullSimplify[ComplexExpand[Re[uvw],TargetFunctions->Re]]
Factor[Simplify[TrigFactor[%]]]

4.1. p=1landq=0withy(n)=1and { =1

In this case, we deduce from Theorem 6

- 1 3 < ' (m\ 2m - ))!
n:Z_Oo (xz + n2)m+l - Z(_l)](m!)z(J)(zx)HZm—j

J=0

X {PJ( coth(rx + ni)) + P (coth (7rx — ﬂi))}.
Observing that
2 coth(mrx) = coth(mrx + ni) + coth(rx — xi),

we derive, by differentiating j-times with respect to x and then using Lemma 3, the corresponding
relation

2P ( coth(mx)) = P,( coth(rx + i) + P,( coth(mx — 7).

Thus, we obtain the following simplified formula.

AIMS Mathematics Volume 11, Issue 9, 31250-31266.
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Corollary 7 (p = 1 and ¢ = 0 with y(n) = 1 and € = 1).

0 1 B m (_1)Jﬂ.l+j m (zm_])‘
n:z—oo (2 + 2yt ? /=0 (2x)1+2m—f(1) (m!)? P,(coth(rx)).

The first three series are highlighted in closed form as follows.

Example 8.

mesch?(mx) )
Z 2+ n2)2 = 13 {27x + sinh(27x)},

B2
Z = eSO 4 3 cosh(3rx)esch(nx) + (877 x% — 3) coth(mx){,
- (xz n2)3

32x5

h4
Z e = g (27— 60mr+ 20247 ~ 19)sinh2n)

+Amx(42R + 15) cosh(2mx) + 15 sinh(47rx)}.

4.2. p=1landqg=0withy(n)=(-1)"and € =2

According to Theorem 6, the corresponding series becomes

Z -1 < (—1)’(2)“]("1) (2m - ))!
(xz +n2)m+l - & (m!)z 2 J (2x)1+2m—]

m(x + 2i)
)

- PJ( coth i+ i))

X {PJ( coth
+ P]( coth MXT—h)) - PJ( coth n(xz— i))}.

Taking into account the trigonometric relation

2coth (%) - 2tanh () = coth (n(x2+ 21, coth (ﬂ(xz— 2i))

(x+1) (x—1)
7TX2 l)—COth(ﬂxz l)’

— coth (

that can be verified manually (or by Wolfram Mathematica version 11), we derive analogously the

following related equation about the P -polynomial:

m(x + 2i))

2PJ( coth %) - 2PJ( tanh 7%) = PJ( coth

+P j( coth —n(xz— Zi))

m(x +1)

_ P]( coth 7r(x2— i)).

) -P j( coth
Consequently, this leads us to the following analytic formula.

Corollary 9 (p = 1 and ¢ = 0 with y(n) = (-1)" and ¢ = 2).

=Dt O (—1) i+ (2m - p!
Z (x2 + p2ymt] =2 Z, (m;)z(g) j(?)(z)’g]—ﬂ,{z_]{PJ( coth 7%) — P]( tanh %)}

AIMS Mathematics Volume 11, Issue 9, 31250-31266.
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We display three initial formulae as examples.

Example 10.

{1 + nx coth(nx)},

i (-1)"  mesch(nx)
— (x

24022 2x3

1y b’
Z e - )2)3 = ﬂcs; E_ﬂx) {37r2 ? — 3+ (3 + n°x%) cosh(27x) + 37x smh(27rx)}
x> +n x

1) h3
Z (xg n 312)4 = mslc;zg X){36”2’“2 + 60 sinh”(mx) + 7x(237°x” — 15) coth(x)

n=—oo

+1272%x% cosh(2rrx) + nx(15 + 7°x?) cosh(37rx)csch(7rx)}.

4.3. p=1and g = 0 with y(n) = (-1)® and ¢ = 4

In this case, we can write down the series corresponding to Theorem 6:

Z _(=He ne & (_1)J(ﬁ 1+(m\ 2m — ))!
- (X nZ)m+l B = (m')2 4) J (zx)1+2m—J

X {P]( coth 7r(x D

m(x —1)

)+ B,(coth ™) b (coth "2 _p ( cotn " 2D)

-P (coth 7@) - PJ( coth W) + PJ( coth W) + P./( coth W)}

J

By invoking an easily proven identity (using Wolfram Mathematica version 11)

200th(%) — 2tanh (%x) — coth Jr(x4+ i)) N coth(ﬂ(x4_ i))

m(x + 2i)) _ coth (ﬂ(x - 2i))
4

m(x — 3i)

) (2

m(x ;r 41)) + coth (n(x; 41))

— coth (

b

we can show, by differentiating j-times with respect to x and then using Lemma 3, the following
formula

m(x +1)

2P]( coth 7%) - ZPJ( tanh ?) = PJ( coth ) " P]( coth 7T(x4— i))

C th7T(x_+2i))—P (cothﬂ(x—_zi))
J

- PJ( 0 1
P, (cotn ") (ot T
+ P]( coth 7r(x—+41)) + P]( coth ﬂXTW)

Therefore, we have established the general formula as below.

AIMS Mathematics Volume 11, Issue 9, 31250-31266.
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Corollary 11 (p = 1 and ¢ = 0 with y(n) = (=1)®) and ¢ = 4).

( 1)(2) - 1)1 1+ Q2m - ))!
Z (x2+n2)m+l = Z m')2 j(’?)@)’:;_ﬂi_}{PJ(coth%)—Pj<tanh7%)},

n=—oo

The first three series are given below as applications.

Example 12.

Z_ (( He :HCSCh(%){2+nxcoth(%x)},

+n?)? 8x3
- ~H® nesch? (2
( (2 +) 22)3 = 123 (52 ){37r2x2 —12+ (12 + 7T2x2) cosh(mx) + 6mrx sinh(nx)},
=, n X
= (=H® _ 7rcsch3(”7x){ - - o, .
Z_;)O C+m)t 30724 727°x” + 24n°x~ cosh(nx) + nx(237°x" — 60) coth (7)

3
+480sinh? (Z°) + (60mx + ') cosh (%)csch(%)}.

4.4. p=1and q=0with y(n) = (-1 and ¢ = 4

By applying Theorem 6, we can explicitly state the corresponding series as

-1 i (—1)1(7r)1+1 m\ (2m — ))!
Z @+l T L i d) @t

X {PJ( coth T+ l)) + P.,( coth 7T(x4— i)) + PJ( coth @) + PJ( coth ﬂ(x; 2i))
~,(coth "20) b coth ") (ot ) 4 pcotn ")),

Similar to the procedure shown in Subsection 4.3, we have the trigonometric formula (easily verifiable
by Wolfram Mathematica version 11)

+ coth(ﬂ(x 4_ i))
m(x — 2i)
T)
Oth(ﬂ'(x; 31))
oth (M) + coth (@)

coth (

This is equivalent to the identity below (by differentiating j-times with respect to x and then making
use of Lemma 3)

m(x +1)

2P]( coth 7%) + 2PJ( tanh %) = PJ( coth ) + Pj( coth 77(954‘ i))

AIMS Mathematics Volume 11, Issue 9, 31250-31266.



31261

m(x + 2i)
4
m(x + 3i)) B

+Pj(coth )+Pj(coth;

- P]( coth
+P ]( coth n—(x al 4i))

Hence, we arrive at the following simplified formula.

Corollary 13 (p = 1 and g = 0 with y(n) = (=1)() and ¢ = 4).
( 1)(%) < 1)’ 1+J 2m — ))! X X
Z_ o2 + 2y Z ;)2 ( )(2x)1+2m—] {P]( coth Z) + PJ( tanh Z)}

The three initial analytic formulae are illustrated as examples.

Example 14.

) h*(%
Z 2 = 1)n2)2 = ﬂcscéx3( 2 ){nx + sinh(rx)},

Z (-D®  mesch’(%)
— (

3
= {67rx + (27°x* = 3) coth (%) + 3 cosh (%)cseh(%)},

X2+ n?)3 64x3
n=—0oo

i (-H® _ﬂcsch4(%)
(

(4t 768x7 { m°x” + 2 x” cosh(mrx) + 60mx sin (2)

+2(67°2 — 15) sinh(rx) + 15 sinh(27rx)}.
45. p=2andqg=-1withy(n)=land { =1

In view of Theorem 6, we have the corresponding series

Corollary 15 (p =2 and g = -1 with y(n) = 1 and € = 1).

1 ~ m (_1)J \l+(m (Zm—])V
n;m (X2 + (2n — 1)+l - p (my)z(i) ] m

X {PJ( coth 7r(x2+ i)) + P]( coth 7r(x2— i))}
m l)j 14y (2 )’
Z ml)? 21+2m( ) xi]n+2m]] P,( tanh %)

The first three series are produced as consequences.

Example 16.

= 1 nsechz(% .
Z i Bl { sinh(7rx) — 7x},

AIMS Mathematics Volume 11, Issue 9, 31250-31266.
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1 27rsech2(’%) _ - o
n:Z_oo (x2+(2n—1)%)3 - 6415 {3 sinh(zrx) — 37x — °x tanh(E)},
N 1 nsech“(%) X
:Z_oo (X2 4+ 2n-1)2)* T T 76847 {4” —27x(15 + 7°x%) cosh(mx)

— 307mx + 2(15 — 67°2) sinh(rx) + 15 sinh(27rx)}.

4.6. p=2and q= -1 with y(n) = (—1)('5) and € =4

By means of Theorem 6, the corresponding series reads as

o0 (_1)(’21 B m (_I)J T+ (m (2m_])'
Z‘x, (2 + 2n — 12yt jz.; (m!)z(é) (])W—zmj

m(x + 3i))
8

m(x +1) m(x —1)

- PJ( coth

) - PJ( coth
(x — 5i)
—5 )

) + P‘,( coth
m(x + 5i))

X {PJ( coth Q)

m(x + 7i))

- PJ( coth - P]( coth + PJ( coth + PJ( coth

By employing four almost trivial identities

m(x +1)

Pj( coth ) = PJ-( coth M)

(x + 3i)
ﬂX;' l)

B

9

m(x ¥ 5i)).

Pj( coth = Pj( coth

we derive the general formula as stated in the following corollary.
Corollary 17 (p = 2 and g = —1 with y(n) = (—1)('21) and £ = 4).

PO L ) “”’(Q‘*J(’”)M
= (x2 + (2n — 1)2ym+ — o (m!)2\8 7] @x)1+2m=s

m(x +1)

m(x —1)

n—(x al 3i)) - P]( coth

m(x — 3i))}.

X {P]( coth ) + PJ( coth ) - P]( coth 2

The three initial series are recorded as follows.

Example 18.

i ( 1)(;) _ T {4 h 37rx) 4 h(m) + h 37r)) 3 h(“)}
(2 +@2n - 122 16 v2x3 cosh? (=) sin sin X cos X COS

S (- 1)(2) _ n 2 2 . Smx ) 2 . 3rx
Z FF =17 5125% coy (%){(n X +48) smh(T) —3(3n°x” + 16) sinh (T)

5 3
—2(112%x* — 48) sinh (%) + 127rx( cosh(%) —3cosh (%) —2cosh (7%))},

( 1)(;) T { 20 . Trx ) 5 ' Srx
= 24(nx” + 40) sinh (——) — 24(97°x~ + 40) sinh (——
Z @ 24576 2T cost (5) U ) sinh (=) = 24( )sinh (2-)

3 7
~72(77x* — 40) sinh (%) + 24(137%%% — 120) sinh (’;—x) + mx(7®x® + 240) cosh (%)

5 3
—97x(37° x*+80) cosh (%) — mx(1217°x* + 240) cosh (%) + Sax(477°x* — 240) cosh (%)}

m(x g 7i) )}

“4)
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4.7. p=2and g = -1 with y(n) = (—1)(3) and € =4

Considering Theorem 6, we can express the corresponding series as

()

-1)®) R (—l)J(ﬂ)lﬂ m\ 2m — J)!
Z (2 + Q2n = D2yt L (ml)? 8/ \ ) @x+m

n=—oo

a(x +1) m(x — i)

m(x + 3i) m(x — 3i)
5 ) 5 )

X {PJ( coth ) + P{,( coth ) + PJ( coth

Si — 5i ; e
o ) con M) ) o 5T

+ PJ( coth

This can further be simplified, by using (4), into the formula as below.

Corollary 19 (p = 2 and ¢ = —1 with y(n) = (-1)® and ¢ = 4).
Z D® N (—1)’(5)“1(”1) @m - ))!
- (X% + (2n — 1)2)ym+l - & (m!)*\8 7] (@2x)1+2m=;

x [P coth "2ED) 4 p(comn "D

The three initial series are explicitly evaluated in closed form.

Example 20.

(- 1)(3 B bd X . X . X
Z Eron PR 1632 cosh (2) - \/5}2{ V2rx cosh(I) — 27x — 4V2sinh (Z) + 4 sinh (?)},

(- 1)(3 B bd X X
Z (C+@Qn-123 256:°(2 cosh () - TR {127Tx(3 V2 + V2cosh (?) — 6 cosh (Z))

+6(24 — ") sinh (%x) — V2(96 - 7*x*) sinh (7%) + 48 sinh (34ﬂ)},

S -G B Pis 5 5 ) 5 X
Z Ty 6140072 cosh(=) = V7 {247rx(7r x* = 120) — 8ax(°x” + 240) cosh (7)

3
—V2rx(1172°x% = 3120) cosh (%) + V2mx(n®x* + 240) cosh (?) + 960 sinh(rrx)

3
+24 V2(7n%x% = 200) sinh (7%) — 192(n%x® — 40) sinh (”—Z’C) + 24 V2(rx* - 120) sinh (%)}.
5. Conclusions

For the bilateral series Q,,(p, g, x; x) introduced in (1), we succeeded in finding their analytic
formulae when

{pzl&qu

p=2&q=-I } with periodic function factors y(n) = (+1)", (—1)(3), (—1)(51).

Some of these formulae were shown by means of the residue calculus (cf. [5]) in the initially submitted
version. For instance, the series

1 .
n:Z_;x, (X2 + n2ym+l in Corollary 7,
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was evaluated by considering the contour integration of the meromorphic function

meot(nz) 7 cos(mz)
(x2 + 2yl - sin(nz)(x2 + Z2)m+1

f@):=

along the rectangle characterized by four vertices ( + (M + %), iMi) oriented anti-clockwise (where
M € N subjec to M > x). Then the formula displayed in Corollary 7 can be confirmed by determining
the residues of f(z) at simple polez=n € ?Z

Res f(z) =lim(z - n)f(z) = @y

and at two poles z = +xi of order m + 1

Res f(z) =

z==%xi (2x)2m+2 Pk( COth(ﬂ-x))' O
B k=0

(=272 (m\ (1 + m)ys
(k) m!

To our knowledge, almost all the identities presented in this paper seem new, since the series with
powers of quadratic functions in denominators are rare in the literature. The only related reference that
we located is due to Wright and Osler [9]. For two complex numbers a and b subject to conditions
a + banda,b ¢ Z, they found that

()

nsin(am — brm) 3 {cot(aﬂ) N COt(bT()} Z

(a — b) sin(an) sin(br) d b-a a-b

1
(a+n)b+n) ©®)

This may serve as an extension of Euler’s famous solution of the Basel problem (cf. [2, 8])
1 7

2) := — = —,

£(2) ;:1 il

since the latter results equivalently in the limiting case a,b — 1. In fact, lettinga — 1 and b — 1
across (5), we deduce that

00 4 o 4 -1 4
2 _ _— = _— —_—
DY (1 + 2n)? nzz(;(nzn)z +n;o(l+2n)2

n=—0oo

- 8 -
= — ]n — —1 — n for the second serles\
nzz(; (1+2n)

8 8
- ;{(1 T2 2 +2n)2} = 6002).

When a, b — +ix, the series in (5) becomes Q(1, 0, x), a particular case of Proposition 4.
In addition, there remain three simpler series below

xZ + nZ)m ’

n+l " oo _ (nJZrl)
Q,(1,0,x: (1)) = 0, (1,0, 2: - D) = Y (( )
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(=1)" B
+Qn-1)2m 7

Qu2,-Lx (1)) = ) &

-neH
+Q2n—1)%)m

2 -Lu D) = )

The former is justified by the replacement n — —n and evaluated as in Corollary 11. The two latter
identities follow easily by inverting the summation index n — 1 — n.
In general for £,m € N, one may examine similar series with denominators

(4" and (P + (2n - 1))
Their evaluation would be more involved and worthy of further investigation.
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