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Abstract: We present a complete mathematical treatment of the reliability-weighted product-of-
experts (RW-PoE) framework for multimodal Bayesian classification with provable guarantees. The
modality posteriors are fused via a log-linear pool with weights w € Ay, fitted by maximum
likelihood on the simplex. We prove the following: (i) Strict convexity of the weight objective if
and only if the modality log-posteriors are independent in the simplex-tangent sense of Definition 4.2,
which guarantees a unique global maximum likelihood estimate (MLE); (ii) Additive decomposition
of H(Y) — H(Y | X) across a hierarchical cascade; (iii) An explicit non-asymptotic contraction
bound on an interior simplex region and the exact y-dependent local linearization of the finite-step
entropic mirror update; (iv) Finite-sample marginal conformal coverage at least 1 — @, with the upper
discretization bound 1 — @ + 1/(ney + 1) under the no-ties condition. A Hellinger—Bayes criterion
yields a distribution-specific floor R}, = 0.235 on the acoustic-only error at the root node for the
observed distributions, showing that fusion is necessary in this setting (Remark 3.3 specifies the scope
of this claim). A clinical study on n = 1105 infant cry episodes (CHU Sidi Bel-Abbes) reports
w = (0.42 +£0.03, 0.31 + 0.04, 0.27 + 0.03), realized coverage 0.910 (target 0.900; no-ties theoretical
band [0.900, 0.905]), accuracy 0.916, x = 0.889 (95 % CI: 0.844-0.934).
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1. Introduction

1.1. Motivation

Many inference problems present the analyst with several streams of evidence about a common
latent label, where the streams differ in quality and where the quality of each stream is not known in
advance and may even depend on the value of the label. A canonical instance, which motivates and
supplies the running case study of this paper, is multimodal classification: one observes an acoustic
signal, a vector of contextual covariates, and a behavioral (video-derived) descriptor, and must infer a
discrete cause from a fixed taxonomy. Concretely, the case study of Section 7 concerns inferring the
cause of an infant’s cry from its sound, the infant’s recorded clinical context, and a short video of its
movements; the causes call for different responses, and in the data studied here the sound alone
separates them poorly, which is what makes the fusion problem non-trivial. The central statistical
difficulty is not the construction of any one modality-specific classifier, but the principled fusion of the
modality-specific posteriors into a single posterior that (a) respects the differing and unknown
reliabilities of the modalities, (b) is determined by transparent axioms rather than by an ad hoc
combination rule, (c) is fitted by an estimator with provable optimization guarantees, and (d) delivers
a quantified, distribution-free statement of confidence for each individual decision. Each of these four
requirements has a mature classical answer in isolation. Logarithmic opinion pooling is the unique
coherent way to aggregate probability distributions under natural axioms [1]; weighted log-pooling
coincides with a weighted Kullback—Leibler centroid [2]. Exact expectation-maximization (EM) has a
classical missing-information convergence theory [3,4]; the finite-step entropic mirror map used here
instead has a step-size-dependent linearization. The Bhattacharyya coefficient and the Hellinger
distance furnish sharp lower bounds on the Bayes error [5]; and split conformal prediction yields
finite-sample, distribution-free coverage under exchangeability alone [6,7]. What has been missing is
a single, fully specified framework that assembles these classical tools into one coherent estimator for
reliability-weighted multimodal Bayesian classification, together with the regularity conditions under
which the assembled estimator inherits the guarantees of its components. Supplying that framework,
and proving those conditions, is the purpose of this paper. Although our running example is
multimodal classification, reliability-weighted log-linear pooling arises across applied mathematics:
in sensor fusion, where heterogeneous sensors of differing accuracy are combined; in ensemble
methods, where base learners are aggregated with learned weights; and in distributed or federated
inference, where local posteriors are pooled across nodes. The convexity and identifiability geometry
of the pooling weights, and the distribution-free coverage layer developed here, are therefore of
methodological interest beyond the specific application, and the results are stated at that level of
generality.

1.2. Contributions
The contributions of this paper are mathematical and are stated below, with care taken not to
overstate their novelty relative to the classical results recalled above (see Section 1.3).

(1) A unified reliability-weighted product-of-experts estimator (new as an integration;
components classical). We give a complete specification of a reliability-weighted
product-of-experts (RW-PoE) estimator that assembles the logarithmic opinion pool, finite-step
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generalized  expectation-maximization  (GEM)/entropic-mirror ~ weight  estimation,
observed-information standard errors, a Bhattacharyya—Hellinger analysis, and a conformal
layer into one internally consistent object (Sections 2—6); novelty lies in the integration, not the
classical components.

(2) Strict convexity and uniqueness on the simplex (explicit specialization). 'We make explicit
and prove, in the reliability-weighted log-pool setting, that log-posterior independence in the
sense of Definition 4.2 is necessary and sufficient for strict convexity of the weight objective on
the simplex, with the Hessian identified as »}; Vary.p,(x,)[£i(k)]; the condition is necessary and
sufficient for strict convexity and, when it holds, guarantees a unique global minimizer.

(3) An entropy-decomposition theorem for the cascade (new). We prove (Theorem 2.2, full
chain-rule proof) that the probabilistic hierarchical cascade decomposes H(Y) — H(Y | X)
additively across nodes and never increases residual-label entropy, with strict decrease
characterized node-by-node.

(4) A data-driven necessity criterion for fusion (new use of a classical bound). We formulate
(Theorem 3.2) a criterion under which one modality provably cannot reach a target accuracy;
the Hellinger—Bayes bound is classical [5], and what is new is its use as a distribution-specific
necessity test, a falsifiable statement about the observed distributions and the observed feature
representation, from which nothing follows for other populations, other recording conditions, or
other representations, and whose full scope is set out in Remark 3.3.

(5) A complete case study (rew). We report (Section 7) a single-site trimodal study with a stated
data split and protocol, including divergence estimates, node-level discrimination, learned
weights with standard errors, conformal coverage, and hypothesis tests.

1.3. Positioning relative to prior work

We are deliberate about the division between classical results that we use and results that are ours,
since this division is what a careful reader should check.

Classical, and cited as such. The uniqueness of the logarithmic opinion pool as the coherent
aggregation operator on the simplex is due to Genest and Zidek [1]; the identification of the weighted
log-pool with a weighted-KL (Bregman) centroid is due to Abbas [2]; Heskes [8] treated the distinct
problem of selecting the pool weights. The missing-information rate for an exact EM operator is due
to Dempster et al. [3] and Louis [4]. It is recalled only for contrast: the finite-step map implemented
here is differentiated directly in Proposition 5.2. The Hellinger/Bhattacharyya lower bound on the
Bayes error is classical and is taken from Devroye et al. [5]. The finite-sample, distribution-free
coverage of split conformal prediction under exchangeability is due to Vovk et al. [6], with the
modern treatment and adaptive scores in Angelopoulos and Bates [7]. None of these results is claimed
here as new; each is invoked with attribution as part of the classical theory the framework builds on.

Ours. Against this backdrop the five contributions of Section 1.2 are extensions of the classical
results just named: The novelty lies in the integration, in the identifiability conditions, and in the
distribution-scoped reading, rather than in the classical components themselves. One scope note is
worth isolating, as it is not restated with the contributions: Item (2) claims no priority over the
classical strict convexity of the multinomial-logistic/exponential-family log-likelihood, of which the
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weight objective is a structured instance; what is ours is the explicit necessary-and-sufficient
identifiability condition and the covariance-Hessian identity specialized to the reliability-weighted
log-pool on the simplex.

Related literature. Multiplicative pooling of expert distributions originates with the PoE of
Hinton [9], where renormalized products of latent-variable models yield sharp posteriors when
experts agree; the older mixture-of-experts architecture of Jacobs et al. [10] combines experts
additively through a gating network, the additive counterpart of the multiplicative rule used here. Our
weights act as exponents in a log-linear pool rather than as gating probabilities, which is what makes
the simplex geometry of Section 4 available. On the conformal side, the adaptive prediction sets of
Romano et al. [11] and the regularized variant of Angelopoulos et al. [12] supplied the
non-conformity score we adapt to the RW-PoE posterior in Section 6, with the general split-conformal
guarantee as in [6,7]. The present contribution is to couple the log-linear pool, its identifiability
geometry, and the conformal layer into one estimator with explicit regularity conditions, rather than to
propose a new pooling or conformal primitive. Throughout, (€, % ,P) denotes the underlying
probability space, Y the latent label taking values in

Y={1,....,K} and X = (Xp)mem
the collection of modality observations, indexed by a finite set M. In the case study
IM|=3 and M ={a,b,v},

standing for acoustic, biological, and video. For a modality m, p,,(- | k) denotes the class-conditional
density of X,, with respect to a dominating measure y,,, and p,,(k | x,,) the corresponding posterior.
The probability simplex on K outcomes is

A =pe RS Y pe=1),
k

and the weight simplex is A1 The total-variation distance is TV, the Bhattacharyya coefficient is
BC, the squared Hellinger distance is

H>=1-BC and Dz=-InBC

is the Bhattacharyya distance. We write £;(k) for the vector of modality log-posteriors at observation
i and label k, and P,(- | x) for the RW-PoE posterior under weights w € AM=1. Symbols are defined
at first use and used consistently thereafter; vectors are set in bold and their scalar components in
lightface, so that

T = (ﬂ-l’ .o 77TK)9 w = (Wla o aWM) and [l(k) = (logpm(k | xi,m))meM

are bold while 7y, w,,, and v €;(k) are not; the weight of the type therefore always distinguishes a vector
from one of its entries. Table 1 collects the principal symbols of Sections 1-3 (setup and information
geometry), and Table 2 those of Sections 4—6 (estimation and the conformal layer); the two tables are
split at the Section 4 boundary due to length and share a single numbering scheme.
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Table 1. Principal notation, Sections 1-3 (setup and information geometry), with the section,
definition, or equation in which each symbol is introduced.

Symbol Meaning First appears
Q,7.,P) probability space Section 1.3
YeVY={1,...,K} latent label; K classes Section 1.3
kel generic realization (value) of the label Y Section 1.3
M, M =|M| modality index set; M = {a,b,v}, M =3 Section 1.3
Al probability simplex in R4+ Section 1.3
TV, BC total variation; Bhattacharyya coefficient Section 1.3
H?=1-BC, Dy=—1InBC squared Hellinger; Bhattacharyya distance Section 1.3
Xons modality-m observation; dominating measure Def. 2.1

X € X, generic realization (value) of X, Def. 2.1
= (m) class prior on AX! Def. 2.1

P (X | K)y Pk | X)) class-conditional density; posterior Def. 2.1
R*, R}, Bayes risk; Bayes risk from modalities M’ Def. 2.2
A,,ch(v), D, node label set; children; node decision Def. 2.3
ci(x),0(x), TC copula ratio; log-spread; total correlation Def. 2.4
BCESOl pooled one-vs-rest coefficient Def. 3.2
R: Bayes-risk floor at the binary root node Rem. 3.2

a,root

Table 2. Principal notation, Sections 4-6 (estimation and the conformal layer), with the
section, definition, or equation in which each symbol is introduced.

Symbol Meaning First appears
Ci(k) vector of modality log-posteriors at (i, k) Eq (4.4)

we AM-! reliability weights; w the MLE Section 4.1
P,(- | x) RW-PoE posterior under weights w Def. 4.1

ay =1 prior-strength exponent; @y = 1 in Section 7 Def. 4.1
Z(x;w) RW-PoE normalizer Def. 4.1
gm(k | xn) alias for p,,(k | x,,) as a pooling input Section 4.1
NixW), bk pooled logit; prior offset Eq (4.4)
L(w), £ops(w) negative log-likelihood; observed log-lik. Egs (4.5), (5.1)
T,D,0r tangent space; centered design matrix; proj. Rem. 4.2

s sff,), rg’ )(k) observed statistic; model expectation; fitted class probability Section 5.2
y finite-step entropic mirror-step size Eq (5.6)

h, B, negative-entropy mirror map; Bregman div. Def. 5.1
Swins Z, [y restricted region; curvature constants Thm. 5.3
Ee, Hr, Er simplex metric and tangent Hessian matrices Prop. 5.2

qy y-dependent local spectral factor Eq (5.11)

L ovs,r tangent observed-information matrix Eq (5.13)
$(x,¥), Ar, kreg PoE regularized adaptive prediction sets (RAPS) score; parameters Def. 6.1

Reals o calibration fold size; conformal threshold Def. 6.2
C,(x) conformal prediction set at level « Def. 6.2
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The remainder of the paper is organized as follows. Section 2 sets up the probabilistic model, the
PoE factorization (Theorem 2.1), the cascade entropy decomposition (Theorem 2.2), and the
dependence-robustness bound (Proposition 2.3); Section 3 develops the Hellinger—Bayes necessity
criterion; Section 4 defines the reliability-weighted PoE and proves convexity and uniqueness on the
simplex; Section 5 develops finite-step GEM/entropic mirror weight learning with a monotonicity
guarantee, a region-wise bound, the y-dependent local linearization, and observed-information
standard errors; Section 6 presents the distribution-free conformal layer; Section 7 reports the case
study in full; and Section 8 records the single-site scope and the natural multi-site and federated
extensions.

2. Problem formulation

2.1. Probability space and the trimodal model

Definition 2.1. (Probability space and label-modality model) Let (QQ, F,P) be a probability space
carrying a latent label Y: Q — Y = {1,...,K} and a finite family of modality observations X =
(XD mems Xm: Q — X, indexed by a finite set M with |M| = M. Write

X = ]_[ X
meM

and let u,, be a o-finite dominating measure on X,,, with product measure
h= Qi
m

The label law is the prior m = (xy,...,ng) € AXL m. = P(Y = k) > 0, and each modality admits a
class-conditional density

dP(X,, | Y =k
pm(xm | k) = %(Xm), Xm € Xm, ke V.

In the case study of Section 7, M = 3 and M = {a, b, v} (acoustic, biological, video).

Notation. The two meanings of the modality symbol are separated by the order of the arguments,
never by context alone: p,(x,, | k) always denotes the class-conditional density in x,,, whereas p,,(k |
x,,) always denotes the label posterior. The subscript m is kept at first use because from Section 2.5
onward several modalities occur in the same expression, where an unsubscripted p(x | k) would not
distinguish p,(x, | k) from p,(x;, | k); where a single modality is in play the subscript is dropped, and
in Section 3 we accordingly write

p(xa) = pa(xa | k*) and CI(xa) = pa(xa | .])

2.2. Conditional independence as a modeling assumption

Assumption 2.1. (Class-conditional independence of modalities) The modality observations are
mutually independent conditionally on the label:

P((Xdmem € [1 Bu | Y = K) = TluepP(Xn € Bu | Y = b), (2.1)
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equivalently, the class-conditional joint density factorizes as

pe 1 k) = [ | putxn 1K)

meM
for u-a.e. x.

Remark 2.1. (Status and scope of Assumption 2.1) Assumption 2.1 is a tractable modeling
approximation, not a physical law, and residual dependence after conditioning on Y is expected in
applications. Two facts limit its impact here. First, it is testable: all class-conditional Spearman
correlations between the acoustic log-posteriors and the biologicalivideo log-posteriors satisfy
los| < 0.20 across the 5 X 2 X 5 = 50 class-stratified, cross-validated pairs involving the acoustic
modality (five classes, excluding cold/hot, whose rank correlation is undefined on these folds; two
acoustic pairs; five folds), with maximum |po] = 0.19 (class hungry, acoustic vs. video). The
biological-video pair itself is larger (lps] < 0.54, mean 0.24 over 25 cells) and is the regime
Section 2.6 quantifies rather than excludes. Second, the effect of any residual violation is not merely
asserted but bounded: Section 2.6 (Proposition 2.3) controls the excess Bayes risk by the
class-conditional total correlation, which Section 7.7 measures on a controlled Gaussian model.
What matters is the label-heterogeneity of the dependence, not its magnitude, and both are small here.
The exact-PoE posterior below is thus the reference object that Section 4 generalizes and corrects.

2.3. The PoE factorization

Theorem 2.1. (PoE factorization) Under Assumption 2.1, for u-almost every x € X with positive
marginal density the posterior over labels factorizes as

Ttk HmeM pm(xm | k)

PY=k|X=x) = -, ke l. (2.2)
Zj'{:l T HmeM pm(xm | ])
Equivalently, in logarithmic form,
logP(Y =k | X =x) = logm + Z log pi(x,, | k) — log Z(x), (2.3)

meM
with normalizer Z(x) = 3 ; 70; [ 1, Pm(Xm | J)-
Proof. By Bayes’ theorem, for x with 3 ; 7; [1,, pm(xm | j) > 0,

Y=k
P(Y = k| X =x) = POIY =0
2imipx|Y =)
where p(x | Y = k) = dP(X | Y = k)/du exists by the product structure of u and the existence of the

marginal densities p,,. Assumption 2.1 gives p(x | Y = k) = [],, pmn(xm | k) for u-a.e. x. Substituting
yields (2.2); taking logarithms and collecting the k-independent terms into log Z(x) gives (2.3). O

Remark 2.2. (Reduction and robustness) Equation (2.3) and the reliability-weighted operator of
Section 4 share a log-additive product structure, but they use different factors: Theorem 2.1 multiplies
class-conditional likelihoods with unit exponents, whereas Definition 4.1 pools modality-specific label
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posteriors with simplex-normalized exponents. Thus, the latter is a discriminative reliability-weighted
generalization, not a literal simplex-parameter special case of (2.3). Setting one reliability weight to
zero removes the corresponding posterior expert, so the pooled construction is well defined under
arbitrary modality missingness. The learned weights (Section 5) accommodate heterogeneous
reliability or residual dependence, as anticipated in Remark 2.1.

2.4. Bayes classifier and risk

Definition 2.2. (Bayes classifier and Bayes risk) For a measurable classifier ¢. X — M, the
misclassification risk is R(¢) = P(¢(X) # Y). The Bayes classifier ¢*(x) € argmax,, P(Y =k | X = x)
minimizes R over all measurable classifiers, and the Bayes risk is

R* = R(¢*) = 1—1qr]£1€ay;<P(Y:k|X:x)] = inf R(@). (2.4)

For a sub-collection M’ C M of modalities we write R%,, for the Bayes risk of the classifier that
observes only (X,)mepr- Two instances recur: the single-modality acoustic risk R} := R{’;} and the
full-fusion risk Rf, . := R}, instantiated along a nested chain in Table 6 of Section 7.4.

fusion

Since enlarging the observed o-algebra cannot increase the Bayes risk, Rj‘wz < RXAI whenever M, C
M, € M (fresh index names, to avoid re-using M’ of Definition 2.2); the strict-improvement direction
is quantified information-theoretically in Section 3.

2.5. The probabilistic hierarchical cascade and an entropy-reduction theorem

The K-class decision is organized as a probabilistic hierarchical cascade (PHC): A rooted tree whose
leaves are the classes and whose internal nodes are successive refinements of the label. This structure
is convenient operationally and, as the next theorem shows, it yields an exact additive accounting of
where the observed evidence reduces uncertainty about Y.

Definition 2.3. (PHC) Let T be a finite rooted tree with leaf set in bijection with M. For a node v let
A, C Y be the set of leaves of the subtree rooted at v, so that A, = M, the sets {A, : u € ch(v)}
partition A, for every internal node v (with ch(v) its children), and each leaf is a singleton. A node v is
reachable if P(Y € A,) > 0. On the event {Y € A,} define the node decision D, € ch(v) fo be the unique
child u with Y € A,; thus D, is a deterministic function of Y on {Y € A,}.

The tree is a modeling choice fixed before any data are observed. Because each leaf is a singleton,
“leat” and “class” are interchangeable; and because each D, is a deterministic function of Y, the
label law 7 of Definition 2.1 induces the law of every node decision. No symbol beyond those of
Sections 2.1-2.4 is introduced.

Positioning. The decomposition of H(Y) over a fixed label hierarchy follows from the classical
entropy chain rule [13, Section 2.5]. Related information-decomposition constructions, such as
Watanabe’s total correlation [14], allocate dependence among variables rather than across the nodes
of a label hierarchy conditional on X. Theorem 2.2 instead decomposes /(Y; X) across the reachable
nodes of the hierarchy through the reach weights P(Y € A,).

Theorem 2.2. (PHC entropy decomposition and reduction) Let T be a probabilistic hierarchical
cascade for Y and let X be any observation. Then, with all conditional entropies of D, taken under the
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conditional law P(- | Y € A,) at each reachable internal node v,

H(Y)= ) P(YeA)HD,|YcA), (2.5)
v internal
HY|X)= ) P(Y€A)HD,|X Y E€A,). (2.6)
vinternal
Consequently,
H(Y)-H(Y | X) = Z P(Y e A)ID,; X | Y €A,) > 0, 2.7)

vinternal

each summand being a nonnegative conditional mutual information. In particular H(Y | X) < H(Y),
with strict inequality if and only if (D,; X | Y € A,) > 0 for at least one reachable internal node v.

Proof sketch. A local entropy chain rule at each reachable internal node v unfolds recursively over the
tree, the branch factors S,(x) telescoping to the reach probabilities P(Y € A, | X=x); a Bayes change-
of-measure integrates out X, and subtracting the conditional from the unconditional decomposition
yields Eq (2.7), each summand a nonnegative conditional mutual information. The complete proof is
given in the supplementary material. O

Remark 2.3. (Interpretation of Theorem 2.2) The reach weights in (2.7) localize the contribution of
the observation to individual nodes of the hierarchy. Consequently, a modality may contribute little
information at a high-reach node while remaining informative elsewhere. This distinction motivates
the node-level necessity analysis of Section 3 and is examined empirically in Section 7.2.

2.6. How wrong may the independence assumption be?

Assumption 2.1 is an approximation. Its effect on the product posterior depends not only on the
magnitude of class-conditional dependence, but on how that dependence varies across labels.

Definition 2.4. (Class-conditional copula spread) For x = (X,;)mepm Write

p(x|Y =k)
HmeM pm(xm | k)’

The ratio c;(x) is the class-conditional copula density: the factor by which the true within-class joint
departs from the product of its margins. The spread (x) measures how much this factor varies across
labels.

cr(x) = o(x) = log 1?3/)( cr(x) —log r]glyn cr(x) > 0.

Writing the true and product posteriors side by side,

PY =k|x) _ w1 Pmxm [ K) ~cr(x)
PY =jlx)  7i[1npu(on | ) c;(¥)

so the entire effect of dependence on the decision is carried by the ratio cx(x)/c;(x): If the copula does
not depend on the label then every such ratio is 1 and the product posterior is exact.

Proposition 2.3. (Cost of ignoring label-dependent dependence) Let ¢® be the plug-in classifier built
from the product posterior P2(- | x) o« m; [1,, Pm(Xm | k), and let R* be the Bayes risk of the true
(possibly dependent) law. Then:
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(i) Exactness. If 6 = 0 then P?(- | x) = P(- | x) for a.e. x and R(¢®) = R*.
(ii) Pointwise. TV(P(- | x), P®(- | x)) < min{l, }‘(e‘s(x) - D}

(iii) Tail form. For every t > 0, R(¢®) — R* < 5(e' — 1) + 2P(6 > 1).

1

2

(iv) Total-correlation form. R(¢®) — R* < V2TC, where TC = Ey[TC(X | Y)] and TC(X | Y = k) =
KL(p(- 1 O) || TTn P 1 K)).

Proof. (1) If 6 = 0 then ¢(x) is constant in k; the common factor cancels on normalization, so P(: |
x) = P®(- | x) a.e. and the induced Bayes rules, hence risks, coincide.

(i1) With
we = (D)2, 20 = ) P | X)),

J

one has
Pk | x) = P°(k | x)u; and Z POk | Xy = 1;
k

since ci/c; € [e7%, €°] the multipliers satisfy u; € [e7%, €°], and a short computation with the mean-one
constraint bounds 1 3 P°(k | x)lux — 1| by min{1, 3(¢° — 1)}.

(iii) The plug-in regret satisfies R(¢®)—R* < 2 E[TV(P, P? | x)] [5]. Splitting on {§ < ¢t} and {6 > 1}
and using (i1) gives
E[TV] < 1(¢' - 1)+ P(6 > 1),
hence the claim.

(iv) By Pinsker,

TV(pC 1), | | P 1K) < \/ e | Y = kb

averaging over k, applying Jensen, and using the same plug-in inequality yields

R(¢®) —R* < 2Ey,/§TC(X| Y) < V2TC.

This completes the proof. O

Remark 2.4. (Why the total correlation, and not an exponential moment) Form (iv) is the certificate
we adopt: the class-conditional total correlation is the Kullback—Leibler divergence between the true
class-conditional law and the product of its margins, so it is the natural information-theoretic measure
of how wrong Assumption 2.1 is, and it is estimable. The more elegant exponential-moment route is
not used because E[e° — 1] diverges for Gaussian modalities, so that certificate is vacuous in the model
class in which Section 7.7 then measures.

3. Information-theoretic necessity of fusion
This section gives a formal sense in which a single modality can be provably insufficient. The
development is entirely classical in its tools (the Bhattacharyya coefficient and the Hellinger—Bayes

inequality of [5]); our contribution is to organize these tools into a data-driven, distribution-scoped
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necessity criterion, stated with explicit limits of validity in Remark 3.3. Throughout, fix two labels
k*,je Y, k* # j, and write p(x,) := pa(x, | k%), q¢(x,) := pa(x, | j) for the acoustic class-conditional
densities.

3.1. Divergences and a Hellinger—Bayes lower bound

Definition 3.1. (Bhattacharyya coefficient and Hellinger distance [15]) For densities p, g with respect
10 W,

BC(p.q) = fX VP(x) q(x) dpa(x) € [0, 1], H’(p,q) = 1 - BC(p, q), (3.1

and the Bhattacharyya distance is Dg(p,q) = —InBC(p,q) > 0. Total overlap (BC = 1) forces
maximal confusion; disjoint supports (BC = 0) permit zero error.

We distinguish two acoustic overlap coefficients used below, as they are different quantities. The
pairwise coeflicient BC(p,(- | k), p.(- | j)) compares two single classes k, j (these are the entries
reported in Figure 1). The pooled coefficient compares one index class against the mixture of all
others.

Definition 3.2. (Pooled one-vs-rest Bhattacharyya coefficient) Fix an index class k* with prior m.
Form the pooled “rest” density as the prior-weighted mixture of the remaining class-conditional
acoustic densities,

1
Poir(0) = 7= ) T palx | ), (3.2)

1 - :
JEK*

and define the pooled (one-vs-rest) coefficient BCESO1 = BC(p.(- | k*), p_i) and pooled distance

D%OO] =—In BCESOI. In general, BCpfOl is not a function of the pairwise coefficients {BC(p,(- | k*), pa(- |
D)}j; it is the relevant quantity for the binary hunger node (index class versus the rest), whereas the
pairwise coefficients describe the class-versus-class acoustic geometry. Two Bayes-risk floors derived
from BC™ recur below and are named once here. The primary floor uses the actual empirical node
prior « = m« in the unequal-prior bound (3.4) and describes the problem as it is posed; the benchmark
floor uses the conventional equal-prior value a = % in (3.5) and is reported only for comparability
with the balanced classical statement of Lemma 3.1. For the hunger node (m~ = 0.366) these give

R* .. = 0.235 (primary) and R ., > 0.262 (benchmark), the two labeled rows of Table 3.

a,root a,root

Lemma 3.1. (Hellinger—Bayes lower bound [5, Chapter 3, Section 3.4, Theorem 3.1]) For densities

P, q with respect to i,
TV(p,q) < +1-BC(p,9)*. (3.3)

More generally, for the two-class problem with priors @ on p and 1 — a on g (@ € (0, 1)), the Bayes
risk is

RY, (@) = f min{a p, (1 - @) q}du,
X,

> 4(1- V1-4a(1- ) BC(p.9?).

(3.4)

The equal-prior case a = % recovers

RY () = 31 =TV(p, @) = 3(1 - VT-BC(p,9p). (3.5)
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Proof sketch. Factor p — q = (1/p — +/9)(4/p + +/q) and apply Cauchy—Schwarz, using
f( VP F V@) du, = 2(1 ¥ BO);

the unequal-prior form follows from minf{u, v} = %(u +v—|u—-v|) withu = ap,v = (1 — a)q. The
complete proof is given in the supplementary material. O

In its equal-prior form the two-sided bound is classical [5, Chapter 3, Section 3.4, Theorem 3.1,
pp. 23-24] (which the monograph attributes to earlier work of Kailath and of Hudimoto); the unequal-
prior form (3.4) used in Definition 3.2, Theorem 3.2 and Table 3 is the elementary extension proved
above, so no stronger claim is made for the source than it supports.

A worked closed-form instance (two Gaussians, showing what the floor does and does not say) is
given in supplementary material, Example S1 and Figure S1.

3.2. The necessity theorem

The barrier established below is, by design, a statement about the observed acoustic distributions
and the acoustic representation used to estimate them, and not a universal impossibility claim; the full
scope 1s set out in Remark 3.3, stated immediately after the theorem to which it applies.

Theorem 3.2. (Acoustic Bayes-risk barrier) Let p,q be two acoustic densities with respect to U,
(either two class-conditionals p,(- | k*), p.(- | j), or an index class against the pooled mixture p_;» of
Definition 3.2). Suppose BC(p, q) > 1 — € for some € € (0, 1).

(i) (Two-point barrier, actual priors) For the binary problem with priors @ on p and 1 — a on g, by
Eq (3.4),

R (@ > 51— T=4a(l = a)(1 - £)2). (3.6)

Under the equal-prior convention @ = %, this reduces to the benchmark

R&’q}(%) >1(1- \e-8) > 3

as € — 0.

(i1) (Acoustic K-class positivity) The acoustic Bayes risk satisfies
RY > (me +m) R, > 0, (3.7)

where Ri{*k* i is the Bayes risk of the binary problem conditional on Y € {k*, j} (with renormalized

priors). As € — 0, R?*’j} — min(7mx, 71;)/ (M + 1), so R} — min(m, ;) > 0.

Proof sketch. Part (1) substitutes BC > 1 — ¢ into the unequal-prior bound (3.4); part (ii) restricts the
Bayes classifier to {Y € {k*, j}}, where its conditional error is at least the binary Bayes risk R?*,J.}, and
lets € — 0. The complete proof is given in the supplementary material. O
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3.3. Does fusion strictly help?

It is tempting to assert that any positive conditional mutual information /(Y; (X, X)) | X,) > 0
strictly lowers the Bayes risk. This is not correct in general: additional evidence can sharpen the
posterior without ever moving its mode, leaving the Bayes risk unchanged. We therefore prove
monotonicity and give the condition for strict improvement.

Proposition 3.3. (Monotonicity and strict improvement) Let G| = 0(X,) C G, = 0(X,, Xp, X,). Then
R* . < RX. Equality holds if and only if there exists a G,-measurable label selection  such that

fusion —

Y eargmaxP(Y = k| G,) P-almost surely. (3.8)
keY

If both posterior modes are almost surely unique, this is equivalent to agreement of the G- and
G>-Bayes labels. Fusion strictly reduces Bayes risk precisely when no such common G,-measurable
maximizing selection exists.

Proof sketch. The tower property gives max; P(Y=k | G;) < E[lmax,P(Y=k | G») | Gi]; taking
expectations yields R . < R}, with equality precisely when a maximizer of P(Y=k | G,) admits a
Gi-measurable selection a.s. — condition (3.8). The complete proof is given in the supplementary

material. o

Remark 3.1. (Empirical confirmation of condition (3.8)) Three observations from Section 7 show that
the fitted fusion rule uses information beyond the acoustic channel and changes held-out predictions.
They are consistent with failure of condition (3.8), but do not by themselves identify the unobserved
population Bayes modes or prove strict Bayes-risk improvement. (i) The MLE w = (0.42,0.31,0.27)
does not concentrate at the acoustic vertex (1,0,0): w, = 0.31 £ 0.04 and w, = 0.27 + 0.03 carry
observed-information standard errors excluding zero (Proposition 5.2(iii)), supporting nonzero fitted
contributions under the RW-PoE model. (ii) The acoustic mode is near-random at the root node
(AUC,ugiopunger = 0.560, p = 0.49, DeLong [16]) while the trimodal Tier-1 selective accuracy is
95.8%. (iii) A McNemar test of the trimodal rule against the audio-only baseline gives
Xi/[cNemar = 68.1 (p < 1071), rejecting equality of the two fitted prediction rules on the test fold.

3.4. Numerical reading and scope

Remark 3.2. (Numerical reading; an important distinction) For the binary hunger node of the case
study (Section 7), the index class is discriminated against the pooled mixture of the remaining classes,
and the estimated pooled coefficient is BCEEEL,W > 0.88, i.e., € < 0.12 in Theorem 3.2. The hunger
node is the binary problem {hungry, rest} with the actual renormalized priors @ = Tpyngry = 0.366

and W1 — a = 0.634. Substituting @ = 0.366 and BC™' = (.88 into the unequal-prior bound (3.6)

hungry
gives, with 4a(1 — a) = 0.9282,
R = %(1 — V1-0.9282 x 0.88?) = 3(1 - 0.5303) = 0.2349 ~ 0.235. (3.9)

Thus, 0.235 is a rigorous lower bound on the Bayes error of the optimal acoustic classifier at the
hunger node under its true priors (3.6); the equal-prior benchmark is

11 = V1 -0.88) ~ 0.262,
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and we report the actual-prior value as primary. This bound is conceptually distinct from the error of
any particular acoustic classifier; Remark 7.1 (Section 7.2) details that distinction once the empirical
audio error is reported. Finally, the pooled coefficient BCEEE;TY of Definition 3.2 is a one-vs-rest
quantity and is not determined by the pairwise class-versus-class coefficients of Figure 1 (whose
smallest acoustic distance, hungry-discomfort, is Dg = 0.29, i.e., pairwise BC ~ 0.75); the two
coefficients describe different comparisons.

Table 3 collects all four Bayes error lower bounds in one place for comparison. The primary bound
uses the actual node prior a = 0.366, whereas the benchmark uses the equal-prior convention @ = %
The bounds are not ordered by implication; they describe different aspects of the acoustic information

geometry and must not be equated.

Table 3. Acoustic Bayes error lower bounds.

Comparison type BC used Prior convention ~ Formula R* lower bound
Pooled one-vs-rest BCP! = (.88 Actual: @ = 0.366 (3.6) 0.235 (primary)
(Def. 3.2, primary) 1-a=0.634

Pooled one-vs-rest BCP = (0.88 Equal: @ = 0.5 (3.5 0.262 (benchmark)

(Def. 3.2, benchmark)

Pairwise hungry—discomfort BC = 0.75 Equal: @ = 0.5 3.5) ~0.170
(Figure 1, Dg = 0.29) £=025 L1 - V0.25 x 1.75) = (1 - 0.661)

Pairwise hungry—tired BC ~0.73 Equal: @ = 0.5 3.5 ~ 0.160
(Figure 1, Dy = 0.31) £=0.267 L1 - V0267 x 1.733) = 1(1 - 0.680)

Rows 3—4 are pairwise bounds, smaller than the pooled bound because the pairwise comparison
isolates two classes while the pooled comparison aggregates all non-hungry classes; none of the four
bounds implies any other.

Remark 3.3. (Scope: this is not a universal impossibility) Theorem 3.2 is deliberately and explicitly
distribution-dependent.

(a) The bound is driven by the observed class-conditional acoustic distributions and the estimated
pooled overlap BCEZE; .- 0.88; a population with different acoustic geometry (distinct recording
conditions, vocal characteristics, or class taxonomy) could exhibit a different BC and hence a different
floor.

(b) The bound applies to the specific acoustic feature representation used to estimate BC; a
Jundamentally different representation, or vastly more data, could in principle reduce the overlap.

(c) The result is a statement about the acoustic channel within the observed space;, it neither asserts
nor implies that acoustic discrimination of cry causes is impossible in general.

A population-level impossibility claim would require a minimax lower bound over a distributional
class satisfying only the estimated constraints, which is a strictly stronger object and is not attempted
here. What the theorem does establish is a rigorous, falsifiable, data-driven lower bound on the
acoustic Bayes risk for the observed distributions, which, together with Proposition 3.3 and the
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empirical gap of Section 7, explains why fusion is necessary here rather than merely convenient.
4. The RW-PoE

4.1. Definition and log-linear form

Write g,,(k | x,,) = pm(k | x,,) for the modality-m posterior over labels, viewed as a point of AK~1,
and let w = (W,)mem € AM~! be a vector of nonnegative reliability weights summing to one. The
equality is an alias, not a second object: g,, and p,,(- | x,,) denote the same point of AX~!. It is adopted
only to match the pooling literature, which writes the operator inputs as ¢, . .., gy and reserves p for
the pooled output, so that (g, . .., gy) in Proposition 4.1 does not collide with the p on the left of the
centroid characterization (4.3).

Definition 4.1. (RW-PoE) For a prior & € AX™! and a prior-strength parameter ay > 1, the RW-PoE

posterior is
1

Z(x;w

Pull = k10 = s | | putk )™ (4.1)

meM
with normalizer

meM

K
2wy = > 2 [ ] puGil 2™
=1
equivalently, in log-linear form,

log P,(Y =k | x)=(ap— 1)]logm + Z wy log pn(k | x,,) —log Z(x; w). “4.2)
meM

Setting w,, = 0 removes modality m (its factor becomes 1), so (4.1) remains a valid posterior under
arbitrary modality missingness;, on the observed set O C M the deployed weights are
w,(,? ) = Wi/ 2o Wnr» SO the exponent budget is preserved and the pool is not implicitly cooled when
a channel drops out. The symmetric choice w,, = 1/M recovers an unweighted logarithmic opinion
pool. It should not be confused with the unit-exponent likelihood factorization of Theorem 2.1; the
latter is the generative reference motivating the product structure. The parameter ay controls prior
regularization: ay = 1 (used throughout the case study of Section 7) removes the prior contribution
entirely, recovering a pure log-linear pool; ay > 1 introduces a prior-power factor that increases the
influence of the fixed class prior m (and, as Proposition 4.3 (iii) shows, ultimately concentrates on its
mode).

The role of a(, what it leaves invariant, what it costs, and how it behaves on the case study, is treated
in full in Section 4.4 (Proposition 4.3) and Section 7.8.

4.2. Axiomatic grounding (classical)

The log-linear form (4.2) is not an arbitrary choice: it is the unique coherent way to pool the
modality posteriors, and it admits a variational (weighted-KL centroid) characterization. Both facts
are classical and are recalled here with attribution; neither is claimed as a contribution of this paper.

Proposition 4.1. (Coherence and weighted-KL centroid) Let F: (AX")M — AK=1 qgoregate M label
distributions into one, and assume q,,(k) > 0 for everym € M and k € Y.
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(a) (Genest—Zidek [1]) Among operators satisfying the standard pooling axioms (in particular
external Bayesianity), the unique form is the weighted logarithmic opinion pool
F(G1s--->qu)k) o< [1,, gu(k)", which coincides with (4.2).

(b) (Abbas [2]) This pool is the weighted Kullback—Leibler centroid of the inputs:

F(qu,....qu) = argmin >~ wy KL(pllgn). (4.3)

peak! meM

Proof sketch. Part (a) is [1, Thm. 3]. For (b), the Karush—-Kuhn-Tucker conditions of the strictly
convex program min,eas-1 2., W, KL(pllg,) subjectto 3 pr = 1 give log py = >, wy log g,,(k)+const,
ie., pr < [, gm(k)"™, the unique minimizer (4.3). The complete proof (the Lagrangian A(p, 1), its
stationarity condition, and the verification that the constraint p; > 0 is inactive at the minimizer) is
given in the supplementary material. O

Attribution. The weighted-KL centroid identity (4.3) is due to Abbas [2]. Heskes [8] addressed the
distinct problem of selecting the weights w,, by a Kullback—Leibler criterion and does not contain this
centroid identity; it is therefore cited in Section 5.1, where weight estimation is treated, rather than
here.

4.3. Strict convexity and uniqueness of the weights

We now turn to estimation. Given labeled data O, = {(x;, y;)}\_,, the weights are fitted by maximum
likelihood; we study the geometry of the associated objective. For each i and k, collect the modality
log-posteriors into the vector

bi(k) = (10g pulk | Xim))yeps € RY, Mix(W) = by +w'E(k), (4.4)

where b;; = (ap — 1) log m; gathers the w-independent prior offset, so that

Pw(k | Xi) — em,k(W)/ Z e’]i,j(w).
J

The negative log-likelihood of the weights is

n

L0 == Y tog Py 130 = 3 [ 1og > e — g o). 4.5)
i=1 k

i=1

Definition 4.2. (Log-posterior independence) The modalities are log-posterior independent on D,, if
there is no nonzero v € RM with Y, v,, = 0 such that, for every i, the scalar Y., v, 10g pn(k | Xi,n) =
vie(k) is constant ink € Y.

The restriction ), v, = 0 confines v to the tangent space of the weight simplex; a direction v
violating Definition 4.2 is one along which moving the weights leaves every per-example posterior
unchanged, hence a flat direction of L.
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Theorem 4.2. (Strict convexity and unique minimizer) Assume p,,(k | x;,,) > 0 for all i,k,m. Then,
L in Eq (4.5) is convex on AM~', and its Hessian is the sum of posterior covariance matrices of the
log-posterior vector:

V2Lw) = ) Varp,ql6i0)] = 0. (4.6)
i=1
Here the covariance is taken over the random label k ~ P, (- | x;), with €;(k) the corresponding
random vector; substituting the observed label y;, whose €,(y;) is deterministic and has zero variance,
is not intended. The summation over k hidden inside the variance operator is displayed explicitly in
Eq (4.7) below. Moreover; L is strictly convex on AM~! if and only if the modalities are log-posterior
independent (Definition 4.2); in that case L has a unique global minimizer w € AM~1,

Proof. Convexity and Hessian. In (4.5) the terms —n;,,(w) = —b;,, — w'€i(y;) are affine in w. Each
A;(w) = log Y, "™ is a log-sum-exp of functions affine in w, hence convex; thus L is convex.
Differentiating the log-sum-exp,

VAW) = D" Pulk | ) 60) = Epp, 1) [6(R)]
k

Written out, so that the sum over k € Y is explicit,

V2A W) = 3 Pulk | x) G = (D Ptk | x) 6R))( D Pyl | 2) £:(8))
keY keY keY (4.7)

= Vari.p, x) [£i(K)].

The affine terms have zero Hessian, so summing gives (4.6); each covariance matrix is positive
semidefinite, hence V2L > 0.
Strict convexity criterion. Movements within AM~! are tangent directions v € R with 1"y = 0. For

such v,
n

VTVZL(W) V= Z VT VarkNPW(.m)[[i(k)] V= Z VarkNPW(.|xi)[vT[i(k)] > 0.
i=1 i=1

Because p,,(k | x;,,) > 0, the responsibilities P, (- | x;) have full support on Y for every w in the relative
interior; thus Varp, [V #;(k)] = 0 holds iff k = v"£;(k) is constant on all of Y. Hence, v' V2L(w)v = 0
for some nonzero tangent v iff there is a nonzero v with 1"v = 0 for which v'£;(k) is k-constant for
every i, exactly the negation of Definition 4.2. Therefore, V?L(w) > 0 on the tangent space for all
interior w (so L is strictly convex on AM~!) if and only if the modalities are log-posterior independent.
The criterion is uniform in w because full support holds throughout the interior.

Uniqueness. A strictly convex function on the nonempty compact convex set AM~! attains its
minimum (continuity and compactness) at a unique point w (strict convexity). This w is the
maximum-likelihood weight vector computed by the finite-step recursion of Section 5. m|

Remark 4.1. (Interpretation and misspecification) By the Hessian identity (4.6), a modality whose
log-posterior is nearly constant across labels (an uninformative channel, as for acoustics at the
hunger node, Section 3) contributes little curvature and is weakly identified, whereas informative,
non-redundant modalities sharpen the optimum. Log-posterior dependence, the failure mode of
Definition 4.2, is the collinearity induced by redundant or perfectly correlated modalities. When

AIMS Mathematics Volume 11, Issue 9, 31134-31184.



31151

Definition 4.2 fails, there exists a nonzerov € T = {v € R™ : 17v = 0} such that L(w + tv) = L(w)
whenever both points are feasible. Hence the tangent Hessian is singular and the likelihood cannot
distinguish weights along feasible segments parallel to the corresponding kernel. If the minimizer lies
on a nontrivial such segment, the MLE is nonunique and the finite-step recursion may select different
points from different initializations. Boundary geometry can, however, leave an isolated minimizer
even when strict convexity fails; failure of Definition 4.2 therefore establishes a flat, unidentified
direction, not, by itself, the multiplicity of constrained minimizers. Thus, Theorem 4.2 guarantees a
unique optimum under log-posterior independence and diagnoses loss of curvature under exact
redundancy, the same issue anticipated in Remark 2.1.

Remark 4.2. (Sufficient condition for log-posterior independence) A verifiable algebraic sufficient
condition for log-posterior independence (Definition 4.2) is as follows. Define the matrix ® € R"xM
whose row indexed by (i, k) is the mean-centered log-posterior vector

K
$i = k) — & > €(j) € RM.
j=1

Let ®y denote the projection of ® onto the tangent space T = {v € R™ : 17v = 0}, obtained by
expressing each row in any orthonormal basis of T. If ®r has full column rank M — 1, then the
modalities are log-posterior independent.

Rank deficiency of ®r is equivalent to the existence of a nonzero tangent v € T with v €,(k) constant
in k for every i, the negation of Definition 4.2, so the condition is checkable directly on the training data
(a 663 X 6 X 2 array projected to two tangent coordinates here). Rank deficiency can arise from any
exact tangent linear dependence among the centered modality log-posteriors; pairwise proportional
experts are only one special case. Pairwise Spearman correlations do not certify this rank condition,
which is why @7 is checked directly in Section 7.3.

Remark 4.3. (Practical reading of Definition 4.2) Three points bear on whether log-posterior
independence holds in practice. (i) The condition constrains fitted posteriors, not raw modalities.
Definition 4.2 concerns the log-posterior vectors £;(k), not the observations X,,: correlated inputs
need not produce log-posterior-dependent scores, and independent inputs fail the condition once their
classifiers are functionally related (e.g., one distilled from the other), so the condition neither implies
nor is implied by Assumption 2.1. (i1) Genericity. @y has nK = 663 x 6 = 3978 rows and M — 1 =2
columns in the case study; rank deficiency of a 3978 X 2 matrix is a measure-zero event under any
absolutely continuous score law, so failure signals a structural cause, not sampling noise; an audit of
the pipeline, not a statistical test.  (iii) Exact structural dependence is the relevant issue.
Near-redundancy may make the curvature small without making it zero. As one illustrative,
non-exhaustive mechanism, suppose M = 3 and modality 2 is a temperature rescaling of modality 1,
log pa(k | x;2) = tlog pi(k | x;1) + ¢; with ¢; independent of k. For a tangent v with 17v = 0,

vili(k) = (vi + tvp)log pi(k | x;1) + v3log ps(k | x;3) + vaci.

If modalities 1 and 3 are not themselves affinely related in k modulo k-constants, this is k-constant
for every i only if vi + v, = 0 and v = 0; with vi + v, + v3 = 0 this forces vo(t — 1) = 0, hence
v = 0 unless T = 1. Under the stated non-affine condition on modalities 1 and 3, this particular
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temperature-rescaling mechanism creates a flat tangent direction only at exact duplication (t = 1).
Other exact multi-expert linear dependencies are possible; the full-rank criterion for ®r, rather than
a list of examples, is decisive.

4.4. The regularization parameter «
Proposition 4.3. (Role of ay) Fix ay > 1 and assume p,,(k | x;,,) > 0 and 7ty > O for all i, k,m. Then:

(i) Identifiability is ay-free. L(-;ap) is convex on AM~! for every ay, and strictly convex iff the
modalities are log-posterior independent (Definition 4.2); the criterion does not involve .

(i) Conformal validity is ay-free. For every « fixed in advance, the lower coverage guarantee (6.4)
holds; the upper bound in (6.5) additionally requires no ties, since Theorem 6.1 constrains the
provenance of the score, not its predictive quality.

(i11) What ay costs. If the prior mode k, = arg max; m is unique, then as ¢y — oo, Py(- | x) = 0,
uniformly inw € AM~'; consequently

V2LW) = > Varp, s [6:(0)] = 0

and the weights become unidentified in the limit.

Proof. (1) The offset b;; = (ap — 1) log m; of (4.4) does not depend on w and so contributes nothing to
V2L; and 7, > 0 ensures the responsibilities retain full support on Y, the only property of P,, used in the
proof of Theorem 4.2. (ii) Immediate from the hypotheses of Theorem 6.1, with its no-ties assumption
retained when the upper bound is invoked. (ii1) For k # k,,

Pw(k | X) _ (ﬂ)ao—l 1—[ ( pm(k | xm) )Wm.

Pw(kn | X) B Tk, meM pm(kn' | xm)

Since ), w, = 1, the second factor is a weighted geometric mean of the M ratios and lies in a
positive compact range fixed by the data and independent of w; the first factor tends to 0
geometrically. Boundedness of £; then yields the Hessian statement. m|

ao— 1 is the coefficient of the fixed log-prior term: increasing it strengthens the prior ranking and, by
(iii), simultaneously flattens the weight likelihood, so the two effects run in opposite directions and no
regime makes raising a free. It should therefore be selected by cross-validated log-loss on the training
fold alone. Departing from @y = 1 may be considered when prior regularization is substantively
justified; it is not implied by a sample-size ratio alone. In the case study n.,;,/K = 663/6 = 110.5, and
ao = 1 was fixed in advance. The empirical sweep is Table 8 of Section 7.8.

5. Finite-step GEM learning of reliability weights

5.1. Objective and score equation

The reliability weights are estimated by maximum likelihood,

weAM-1

W= argmax Co), L) = Y log Py(yi | x) = —L(w), (5.
i=1
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with L the negative log-likelihood (4.5). By Theorem 4.2, under log-posterior independence £y 18
strictly concave on AM~!, so w exists and is unique. Differentiating (5.1) gives the score

n

Veor®) = > (600) = Brr, o [€:K]), (5.2)

i=1

so, for the interior MLE considered in Proposition 5.2, the maximum-likelihood condition must be
imposed on the simplex tangent space rather than by setting the full score vector to zero. If E €
RM*(M=1 has orthonormal columns spanning T = {v € R¥ : 17y = 0}, the correct constrained moment-

matching identity is
n

E™ Y {6 = Biepyn 16001} = 0. (5.3)
i=1
Equivalently, VL(w) = «1 for some scalar x. Thus, the MLE equalizes the empirical and model-
expected log-posterior statistics in every feasible (tangent) direction; componentwise equality is neither
required nor generally true under the simplex constraint. At a boundary optimum the corresponding
statement is the usual KKT normal-cone condition, not Eq (5.3).
Heskes [8] studied the related but distinct problem of selecting the pooling weights by minimizing a
Kullback—Leibler criterion; the maximum-likelihood route (5.1) adopted here differs in both objective
and estimator.

5.2. Finite-step GEM / entropic mirror-descent recursion

We minimize the observed negative log-likelihood L = —{, directly on the simplex. Write #,, =
>.ilog p,(yi | xi,,) for the observed log-posterior statistic of modality m. At iteration ¢, evaluate the
fitted class probabilities rl@(k) = P,wu(k | x;) and the corresponding model expectations

n K
S0 = 3" k) log pulk | xim) = " Bipycian] 10g puk | Xi)]- (54)

n
i=1 k=1 i=1

Equation (5.2) gives the component identity

tn = 8 = [VlorsW )], = ~[VLOW )] (5.5

m*

Let h(w) = ), w, logw,, be the negative-entropy mirror map. Its Bregman divergence is Bj,(u,v) =
>om Um log(u,, /v,,). One mirror step is

1

w1V = arg min {<VL(W(t)), w> + —Bj(w, w(”)} ,
weAM-1 Y

5.6

ety _ W exp(n = 5) 60

" S W exp(y; - 1)

m=1,...,M,

where y > 0 1s the step size. Thus, Eq (5.6) is exactly an entropic mirror-descent, or exponentiated-
gradient, update for the observed objective. It preserves positivity and the simplex constraint whenever
w@ is interior.
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Remark 5.1. (GEM terminology and the map analyzed below) The expectation s gives the
recursion an EM-like, or GEM-type, form. For finite 'y, however, (5.6) is not an exact EM M-step.
Every convergence statement in this section therefore concerns the explicit finite-step map (5.6); no
exact-EM missing-information Jacobian is attributed to Algorithm 1.  Proposition 5.1 proves
likelihood ascent directly from the mirror step, and Proposition 5.2 differentiates that same map.

Algorithm 1 Finite-step GEM / entropic mirror descent for RW-PoE weight estimation.

Require: data D,; interior w®; fixed step 0 < y < 1/L, (Proposition 5.1)

Require: tolerance g, = 107%; cap Tnax = 200

Ensure: w
1: precompute t,, < > ;log p,,(y;i | x;,n) for each m > observed sufficient statistics
2: repeat
3: Expectation/score evaluation: rl@(k) — Pk ]| x); s« ik rft)(k) log p(k | xim) »

cost O(nKM)

4: Entropic mirror step: w,(,ﬁ”) — wﬁ,’f exp(y (t,, — sﬁ,?)); renormalize over m > cost O(M)
s: until WD —wO|, < g1 Or > Thax
6: return w « w0

5.3. Monotone ascent of the finite-step update

Proposition 5.1. (Likelihood ascent and convergence of the finite-step map) Assume p,(k | x;,) > 0
foralli,k,m, and let

Ly = sup AL (V?’L(w)) < o, T={(eR":1Tv=0}. (5.7)
weAM-1
For an interior initialization and a fixed step 0 < y < 1/Ly, the update (5.6) remains interior and
satisfies

1 1
Low™) < Lw") - ;Bh(w(’),w(’“)) - (; - LA)Bh(w(’“),w(’)) < L(w"). (5.8)

Equivalently, Ly, (WD) > €4 (WD), with strict inequality unless w® is stationary. If. in addition, log-
posterior independence holds and the iterates stay in some S,, . = {w € AM 1w > Wi Ym) with
Wmin > 0, then w® — w, the unique MLE.

Proof. The complete proof, including the relative-smoothness inequality, strict-ascent criterion, and
limit-point argument, is given in supplementary material, Section S1.6. O

5.4. Local convergence of the finite-step update; observed-information standard errors

Proposition 5.2. (Local rate of the finite-step GEM]/entropic-mirror map) Assume log-posterior
independence and that the unique MLE W is in the relative interior of AM~. Let

w O exp{—yVL(w)}
17[w © exp{—yVLwW)}]’

where products and exponentials are componentwise. This is exactly the finite-step update (5.6). Let

M, (w) = y >0, (5.9)

T=WweR":17yv =0, =, = Diag(w) —ww",
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and let E € RM™M=D haye orthonormal columns spanning T. Write

Hy = ETV’L(W)E, Er=E"

[1]

«E.

Then:

(i) (Jacobian of the implemented update) The constrained first-order condition gives VL(w) = k1 for
some scalar k, and hence M, (W) = w. The Jacobian of the actual finite-step map, restricted to
the simplex tangent space, is

Jy,T = ETDMY(;‘DE = IM_] - ’)/ETHT. (510)

(i1) (y-dependent local rate) Both Hy and E7 are positive definite. If 0 < vy < .-+ < vy are the
eigenvalues of the symmetric positive-definite matrix B, = EIT/ 2HTElT/ 2 then the eigenvalues of

Jyr are 1 —yvj, and the local spectral factor is

gy =p(yr) = max [1—yv). (5.11)
1<j<M-1
In particular, q, < 1 precisely when
2
O<y< —o, (5.12)
YM-1

and under this condition w is locally attracting and the finite-step iteration converges locally
linearly with spectral factor q,.

(i11) (Observed-information standard-error approximation) Direct differentiation of the observed
likelihood gives the tangent observed information

Tops.r(W) = Hy = ET{Z VarkNPW(.m)[l’,-(k)]} E>0. (5.13)

i=1

Under independent-observation likelihood regularity, the usual observed-information covariance
estimate under the simplex constraint is C/O\V(@ = EH;IET, and the associated Wald standard-
error estimate is o, = [EH;IET],I,{,i. These are asymptotic plug-in estimates, not exact finite-
sample covariances.

Proof. The complete derivation, KKT fixed-point identity, quotient-rule differentiation, tangent-space
reduction, spectral analysis, and constrained covariance formula, is given in supplementary material,
Section S1.7. ]

For comparison, the classical missing-information Jacobian concerns a distinct exact-EM operator
whose M-step maximizes its surrogate [3]. It is not the Jacobian of the finite-step map M, in (5.9); its
spectral radius is therefore not a convergence rate for Algorithm 1.

We do not infer a numerical convergence factor from an empirical stopping count. Numerical
evaluation of the local factor requires the implemented step size and loss-normalization convention;
the mathematically identified factor is the y-dependent quantity (5.11).
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5.5. A non-asymptotic linear rate for the entropic mirror update

Proposition 5.2 gives the exact local linearization of the finite-step map for any fixed 7y, but it
applies only near w. For a certified finite-iteration guarantee from an arbitrary initialization in S,, . ,
Theorem 5.3 analyzes the same entropic mirror construction on that restricted region using the relative-
smoothness framework of Lu et al. [17]. The results are complementary: Proposition 5.2 yields the
y-dependent asymptotic factor g,, whereas Theorem 5.3 supplies a region-wise non-asymptotic bound
for the certified step y = 1/L.

Definition 5.1. (Negative-entropy mirror map and relative smoothness/convexity) Let
hw) = 3 epWanlogw,, on AM™1 with Bregman divergence B,(w',w) = Y, w/, logWw! [w,) (the
Kullback—Leibler divergence on the simplex). For constants 0 < u < L, the objective L(-) of (4.5) is
L-smooth relative to h and p-strongly convex relative to h on a convex region S € AM=! if. for all
w,w €S,

uB,(w,w) < Lw)—Lw)—(VL(w),w —w) < LB,(w,w). (5.14)

Theorem 5.3. (Explicit non-asymptotic linear rate) Assume log-posterior independence
(Definition 4.2) and p,(k | x;,y) > 0 for all i,k,m. Fix wyin € (0,1/M] and restrict to the compact
region S,, . = {w € AM7! 1w, > wuy, Ym), assumed to contain the minimizer w. Define, on the
simplex tangent space T = {v € RM : 17y = 0},

L= sup AT (V2L(w)), c= igf AL (VEL(W)), (5.15)

wesS,, . W
Wmin min

where /erni 0 Al are the smallest and largest eigenvalues of the positive semidefinite Hessian

V2L(w) = Z Var_p, (1) [i(k)]

of Theorem 4.2 restricted to T. Then L(-) is L-smooth and u-strongly convex relative to hon S,, . with

the explicit constants

Wmin

L=L  fg=Wnne  O<pc<lL, (5.16)

and ¢ > 0. Consequently the entropic-mirror update with feasible set restricted to S, . and step
y = 1/L (that is, w**D = argmin, . ((VLW®),w) + L By(w, w")}) satisfies, for every t > 1,

'min

min E

L) - L) < L(1-2) B w?),  1-4= l—wz €[0,1). (5.17)

Proof. The full five-step proof, including the Loewner—Bregman integration and the four-stage
contraction argument, is given in supplementary material, Section S1.8. O

Remark 5.2. (Local and non-asymptotic factors) The factor 1 — u/L in Theorem 5.3 is a region-wise
finite-iteration certificate. By contrast, q, in Proposition 5.2 is the exact spectral factor of the
fixed-point linearization at w. Their empirical evaluation requires the same loss normalization and
the recorded step size; the corresponding computation and certification protocols are given in
supplementary material, Sections S1.7 and S1.8, respectively.
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Remark 5.3. (What the weights do and do not measure) (a) Imbalanced quality. By the Hessian
identity (4.6), the information the data carry about w,, is the posterior variance of that modality’s
log-posterior; a channel whose log-posterior varies little across labels contributes little curvature
and is weakly identified. The symptom is a large observed-information standard error, not a
systematically small weight. A modality can be both uninformative and heavily weighted if nothing in
the likelihood pins its exponent down. (b) A weight is a global, not a node-level, statistic. The
acoustic weight is the largest, w, = 0.42 + 0.03, even though the acoustic channel is statistically
indistinguishable from chance at the root hunger node (AUC = 0.560, p = 0.49): the weight is fitted
on the whole training fold, and the acoustic channel is informative elsewhere in the cascade (node B:
AUC = 0.798). A large w,, certifies aggregate usefulness, never uniform reliability across the tree,
which is the argument for per-node weights recorded in Section 8. (c) A label-constant channel does
not break the fit: if £;,,(k) is constant in k its contribution cancels in the softmax, and w,, becomes a
temperature rather than a reliability. (d) Missing modalities. By Definition 4.1, on the observed set
O C M the deployed weights are w9 =W,/ > weo Wnr» SO the exponent budget is preserved and the
pool is not implicitly cooled when a channel drops out; the conformal guarantee survives provided the
triples (X, Y, missingness pattern) are exchangeable between calibration and test.

6. A distribution-free conformal layer

The estimator of Sections 4 and 5 produces a fitted posterior Py(- | x), but a point posterior carries no
finite-sample guarantee on its own. We add a split-conformal layer [6,7] that converts the posterior into
a set-valued predictor with a finite-sample, distribution-free coverage guarantee under exchangeability.
The construction and its guarantee are classical; we state them for the RW-PoE score and give the full
proof via rank uniformity, so the framework is self-contained.

6.1. The PoE-RAPS non-conformity score

Partition the data into a training fold (used to fit w, Section 5), a calibration fold of size n.,, and a
test fold. The score below is the RAPS score of [12], building on the adaptive prediction sets of [11],
applied to the RW-PoE posterior.

Definition 6.1. (PoE-RAPS score) Fix the fitted posterior Py(- | x). For an input x, let

(kays k@, - - -, ki) ) order the labels by decreasing posterior mass, Py(kay | x) > -+ > Pk | x), and
let rank(k | x) be the position of label k in this order. With regularization parameters A, > 0 and
kreg € {1,..., K}, the non-conformity score of the pair (x,y) is
rank(y|x)
sy = Y Palky 1 %) + A (rank(y | X) = Keeg),, (6.1)

J=1

where (t), = max(t,0). The unregularized case A, = 0 recovers the adaptive prediction set (APS)
cumulative score; A, > 0 penalizes deep ranks and controls set size.

Definition 6.2. (Conformal quantile and prediction set) Let si,..., s, be the scores (6.1) on the
calibration fold, and for level a € (0, 1) define the conformal threshold

Go = [(1 — @)(Nea + 1)-|-th smallest of {s1, ..., S, +o}. (6.2)
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The appended +oo is the usual finite-sample convention; it makes the definition also valid when the
requested rank is n.y + 1, without changing the quantile at the levels used in the case study. The
conformal prediction set for a test input x is

C,(x)={keV: s(x,k) < q§,}. (6.3)

6.2. Finite-sample coverage

Theorem 6.1. (Distribution-free conformal coverage) Suppose the calibration pairs
(X1, Y1), ..., (Xnyys Yo,) and the test pair (X, Yie) are exchangeable, and the scoring function s is
fixed (it depends on the data only through the training fold, which is disjoint from calibration and
test). Then the set C, of (6.3) satisfies the marginal lower bound

P(Ye € Co(Xe) > 1-a. (6.4)

If, in addition, the joint calibration-and-test scores are almost surely distinct (no ties; e.g., the score
has a continuous distribution), then

1
Neq + 1

l—a < P(Ye € ColXe) < l—a+ (6.5)

Proof sketch. Exchangeability of the n., + 1 scores makes the rank of the test score (sub)uniform; the
inclusion

{ste < go} 2 {rank(se) < [(1 = @)(nca + D1}

gives the lower bound (6.4), and almost surely distinct scores give the matching upper bound. The
complete proof is given in the supplementary material. m|

Remark 6.1. (Case-study instantiation and the coverage band) With n., = 220 and a = 0.10, the
theoretical coverage band (6.5) is

[l—a,l—a+ L ]:[0.900, 0.900+L]:[0.900, 0.905 ]

Nea+1 221

(to three decimals). The empirical test-fold coverage is 0.910 (ney = 222), within sampling error of the
band; the fraction of singleton (decisive, “Tier-1") prediction sets is 85.2%. These values are reported
in Section 7. The exact upper bound requires the no-ties condition, so [0.900,0.905] is reported as a
conditional theoretical band. If score ties or atoms are present, the lower guarantee remains valid;
exact finite-sample randomization requires a randomized conformal construction.

Remark 6.2. (Scope of the conformal coverage guarantee) The lower guarantee (6.4), and the upper
bound in (6.5) when its no-ties condition holds, are marginal over the test distribution and apply to
any fixed score, however the posterior was fitted; misspecification of the RW-PoE model affects the
size of C, (sharper posteriors give smaller sets) but not the coverage level, which depends only on
exchangeability. It does not by itself deliver conditional (per-input) coverage, nor does it transfer
across a distribution shift between calibration and test folds, a limitation relevant to the single-site
scope discussed in Section 8.
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Remark 6.3. (Coverage under distribution shift) The guarantee does not collapse abruptly when
exchangeability fails, it degrades linearly. Let C, be constructed from training and calibration folds
drawn from a law P on X X Y, and let the test pair follow Q instead. Then

QY € Co(Xee)) 2 1 —a-TV(P, Q).

Indeed, conditionally on the training and calibration folds, C, is a fixed set-valued map, so A = {(x,y) :
vy € Co(x)} is a fixed measurable event. Hence

Q(A) = P(A) =TV(P, Q).

Taking expectations over the calibration fold and applying Theorem 6.1 to the P-term gives the claim.
The bound therefore degrades linearly with the total-variation shift and becomes vacuous when
TV(P, Q) > a. This limitation motivates the site-stratified and covariate-shift remedies discussed in
Section 8.

7. Numerical case study

We illustrate the framework on a single-site trimodal classification problem: The PIDD
infant-distress dataset collected at CHU Sidi Bel-Abbes. The study is presented as a case study. It
demonstrates the estimator end-to-end and supplies the numbers referenced in Sections 3—6, while the
inferential scope is the observed single-site distribution, whose limitations are stated in Section 8. All
reported quantities are produced by the procedures of Sections 4-6 with hyperparameters fixed in
advance (g = 1, @ = 0.10, g = 107°, bootstrap replicates B = 2000). With @y = 1, the prior
log-weight term (@p — 1)logm; vanishes identically from Eq (4.2), so the RW-PoE posterior (4.1)
reduces to the unregularized log-linear pool

log Py(Y=k | ) = > wyy10g pu(k | x,) = log Z(x; w),
and all reported weights, coverage, and accuracy figures correspond to this unregularized form. The
case @y > 1 increases the influence of the fixed class prior 7; its effect is quantified in Section 7.8.

7.1. Data and protocol

What the problem is. The case study concerns classification of infant-cry causes from three
complementary sources of information: acoustic features, biological context, and video-derived
behavioral descriptors.

The dataset is the PIDD corpus assembled under ethical approval from the CHU Sidi Bel-Abbes
ethics committee (reference: CHU-SBA-2025-017) in collaboration with the neonatology and
pediatric units of the Centre Hospitalier Universitaire de Sidi Bel-Abbes, Algeria. It comprises
n = 1105 labeled cry episodes, each carrying three modalities, an acoustic signal (a), a biological
context vector (b), and a video-derived behavioral descriptor (v), and a ground-truth label in the K = 6
class taxonomy Y = {hungry, tired, discomfort, cold/hot, belly pain, burping}. Accurate identification
of cry cause is clinically consequential: misreading a pain or feeding cry as ordinary distress can
delay intervention, while over-triage burdens neonatal units. An uncertainty-aware, set-valued output
with a stated marginal coverage guarantee is therefore useful at the point of care; this is the role of the
conformal layer in Section 6.
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Modality descriptions. All three modalities are real clinical measurements:

e Acoustic (X,, p, = 425 features). A total of 1105 cry episodes (duration 2—45 s) were recorded
in standard clinical rooms at 44.1 kHz using a calibrated Sony ECM-CS10 microphone at 30 cm
from the infant’s face.

e Biological context (X, € R"). Caregiver-provided clinical metadata recorded via a structured
questionnaire administered by trained nursing staff at the moment of each cry episode. The 15
features cover five clinical groups: feeding context (time since last feed, feeding type,
caregiver-rated hunger score), thermal state (axillary and environmental temperature), activity
(body-movement intensity, prior cry frequency, cry duration), medical history (reflux indicator,
medication status, hydration status, recent illness), and developmental factors (corrected
gestational age, weight percentile, time of day).

o Video (X, € R). A total of 2,390 video clips (6.6h at 25fps) were captured with a Sony
HDR-CX405 camcorder and processed offline: facial action units (AU4, AU6, AU12, AU17,
AU20, AU23) were extracted via OpenFace 2.0, and pose kinematics (limb velocity, leg
retraction frequency) via MediaPipe Pose, yielding a p, = 50-dimensional descriptor per
episode.

Raw recordings are not publicly shared in accordance with clinical data governance and patient
privacy requirements (CHU ethics approval CHU-SBA-2025-017); the feature matrices and fitted
posteriors used in the reproducible case study are available from the corresponding author upon
reasonable request.

Ground-truth labels. Labels were assigned independently by two pediatricians (inter-rater
k = 0.81); disagreements were resolved by a third senior pediatrician. This coefficient is reported as a
measure of the reliability of the labeling process and is not used anywhere as a baseline for the
classifier.

Data partition. The episodes are partitioned once, by label-stratified sampling, into
Nirain = 663, near = 220, Niest = 222, (71)

so that 663 +220+222 = 1105. The training fold fits the modality-specific posteriors and the reliability
weights (Section 5); the calibration fold sets the conformal threshold (Section 6); the test fold is used
once, for the reported metrics. The prevalence of the index “hungry” class is 7yynery = 0.366. The class
taxonomy is organized as the probabilistic hierarchical cascade of Definition 2.3: a root hunger node
(hungry vs. the rest), a tired/active node, and a discomfort-subtype node.

7.2. Acoustic information geometry and the necessity of fusion

Figure 1 shows the pairwise acoustic Bhattacharyya distances Dg = —In BC between classes. The
“hungry” row carries the smallest distances (the acoustic barrier): The nearest neighbors are
discomfort (Dp = 0.29, BC = 0.75) and tired (Dg = 0.31, BC ~ 0.73), confirming severe acoustic
overlap of hunger with other states.
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Acoustic information geometry
(pairwise Bhattacharyya distances Dp)

Hungry « barrier

0.7
Tired { 0.31 [ 0.6
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Discomfort 4 029 = 0.48 K] ]
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1 -03 |

Cold/hot 4 044 055 | 0.52 I !
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Belly pain { 038 047 041 = 049 [01
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Figure 1. Pairwise acoustic Bhattacharyya distances Dg = —In BC among the six classes.
Larger Dp (greener) means more separable; the hungry row (boxed) has the smallest
distances, the acoustic “barrier” that motivates fusion.

The barrier is confirmed empirically at the level of the audio-only classifier. Figure 2 (receiver
operating characteristic (ROC) curves) and Figure 3 (node confusion matrices) show that at the root
hunger node the acoustic channel is statistically indistinguishable from chance,

AUC dio, hunger = 0.560, p = 0.49 (DeLong test [16]), (7.2)

with node accuracy 0.568 (Table 4), whereas the tired/active node is acoustically easier (AUC = 0.798).
The right panel of Figure 2 shows the finite-step GEM/entropic- mirror learned RW-PoE weights.
Its annotations give the estimates and standard errors, and the whiskers give asymptotic observed-
information Wald 95% intervals. The likelihood-ratio test rejects equal weights (A = 47.3, p < 10717),

Audio-only ROC curves
(near-chance acoustic barrier at node A)

1.0 .. . . .
Finite-step GEM / entropic-mirror weights
(observed-information Wald intervals)
0.8 - —--- Equal weights (1/3) A=47.3,p<10710
0.6 (rejects equal weights)
ot
s 4 0.42+0.03
o 0.6 g 02
2 <
‘é ,_ED 0.4 - 0.314+0.04
= 9] 0.27+0.03
o 0.4 AU S s St Lty
E 2 03
/' --- Random chance 5
02 1 s Node A, hungry vs. non-hungry Eo 0.2 1
: e = AUC=10.560 (p=0.49, DeLong)
Node B, tired vs. active 0.1
= AUC=0.798
0.0 1
T T T T T T 0.0 -
0.0 02 04 0.6 08 1.0 Acoustic Biological Video
False positive rate (Wa) (p) (wy)

Figure 2. Audio-only ROC curves (left) and learned RW-PoE weights (right).
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Node A — hungry vs. non-hungry Node B — tired vs. active ~ Node C — discomfort subtypes
(audio-only, n = 155) (audio-only, n = 49) (audio-only, n = 98)

Belly pain —S8 bk 3 11
Active [ 9

Non-hungry - 12
[} (] (]
E E Burping - 1 14 7
Hungry - 1 Tired - 5

Discomfort = 7 12
1 ] 1 ] i i ]
S/ <y (WO e A K

\400““)0@ Y\‘)“% ne? e ge\\‘l o %\)@\;‘\6&6\&0

] Predicted .
Predicted Predicted

Figure 3. Audio-only confusion matrices at the cascade nodes: (a) hungry vs. non-hungry
(n = 155; accuracy 0.568, near chance), (b) tired vs. active (n = 49), (c) discomfort subtypes
(n = 98). Near-chance performance at node (a) is the empirical signature of the acoustic
barrier.

Table 4. Audio-only discrimination by cascade node (test fold). AUC at the binary nodes
with DeLLong p-value against AUC = 0.5.

Node n Accuracy AUC (p)

A: hungry vs. non-hungry 155 0.568 0.560 (0.49)
B: tired vs. active 49 0.714 0.798 (< 0.01)
C: discomfort subtypes 98 3-class; see Figure 3c

Remark 7.1. (The acoustic floor: theory versus observed error) Two distinct quantities should be kept
separate. The rigorous Hellinger—Bayes lower bound (3.6) on the best-possible acoustic error is, at

the pooled one-vs-rest overlap BCEEﬁ;ry = 0.88 (Definition 3.2) with the actual hunger-node priors

(a,1 — @) = (0.366,0.634), %(1 - \/1 —4a(1l — @) 0.882) ~ 0.235 (the equal-prior convention gives
the benchmark ~ 0.262); at the level of pairwise class comparisons (Figure 1) the analogous per-
pair bounds are smaller still. The empirical audio error at the hunger node is 1 — 0.568 = 0.432,
i.e., near chance, consistent with AUC = 0.560. These are different objects: a lower bound on the
error of the optimal acoustic classifier versus the observed error of a near-chance one. The empirical
error lies above the rigorous floor because the audio classifier is far from Bayes-optimal at this node.
The annotation R} = ~ 0.432 in Figure 5 denotes this empirical near-chance audio error, not the

emp

Hellinger—Bayes floor. The primary rigorous floor is R .. = 0.235 (Remark 3.2, Table 3); it, the

a,root =
equal-prior benchmark 0.262, the smaller pairwise per-class bounds, and the empirical near-chance

error Ry, ~ 0.432 measure different quantities and must not be equated.
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7.3. Learned weights

The fitted reliability weights with observed-information standard errors (5.13) (Figure 2, right) are

w=(0.42+0.03, 0.31 +£0.04, 0.27 +£0.03). (7.3)

acoustic biological video

The weights are recovered entirely from data; the corresponding two-sided 95% Wald intervals
exclude 0, supporting nonzero fitted contributions from all three modalities. The acoustic weight
remains the largest despite the near-chance audio performance at the hunger node (AUC = 0.560,
Eq (7.2)) because acoustics is informative at non-root cascade nodes (Remark 2.3, Table 4), not at the
hunger split.

Empirical identifiability check (Definition 4.2). On the training fold (ny,, = 663), the
centered 3978 X 2 tangent design matrix ®7; of Remark 4.2 has full column rank,
rank(®7r) = 2 = M — 1. This directly verifies the log-posterior-independence condition for the
reported fit and hence the uniqueness conclusion of Theorem 4.2. We deliberately do not reinterpret a
pointwise Hessian eigenvalue as either the local factor g, or a region-wise constant: those quantities
require, respectively, the recorded step size and the full calculation prescribed in Proposition 5.2, or
certified bounds over S, as in Theorem 5.3.

7.4. Classification performance

Figures 4 (Cohen’s « forest plot) and 5 (accuracy and macro-F;) compare modality configurations
on the test fold; Table 5 collects the numerical values. The trimodal RW-PoE attains accuracy 0.916,
Cohen’s k = 0.889 (95% CI 0.844-0.934), and macro-F; = 0.910, improving on every uni- and
bimodal configuration. Relative to the audio-only baseline (0.568 accuracy), trimodal fusion adds 34.8
percentage points.

Agreement by modality configuration
(ntest = 222)

Trimodal RW-PoE - e ().889

Biological + Video - —— (.747

Audio + Video - —— 0.757

Audio + Biological - ——— (.831

Video only — e (.52

Biological context only - —— e (). 545

Audio only { =@ 0.481

0.4 0.5 0.6 0.7 0.8 0.9 1.0
Cohen's k (95% bootstrap CI, B=2,000)

Figure 4. Cohen’s « by modality configuration with 95% bootstrap confidence intervals
(B = 2000, neg = 222). The trimodal RW-PoE reaches « = 0.889.
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Multimodal fusion vs. the acoustic barrier

(ntest = 222)

1.0 4 +34.8 pp
0.865 (.853
0.8
3}
5064 05 0.558
S
wn
041 EEENAN T BN
IPRER O OREREER N\ R
0.0 T T
Audio only Audio + Bio Trimodal
(baseline) context RW-PoE
—— Empirical near-chance audio error Ry, ~0.432 Accuracy
Macro-Fy

----- Hellinger-Bayes lower bound ~ 0.235 (actual priors)

Figure 5. Accuracy and macro-F; for audio-only, audio+biological, and trimodal RW-PoE
configurations. The marked level near 0.43 denotes the empirical near-chance audio error
RX =~ 0.432 (= 1 - 0.568, the audio-only accuracy), which is the observed error of a near-

emp

chance classifier and is distinct from the rigorous Hellinger—Bayes lower bound (= 0.235 at
the actual hunger-node priors); see Remark 7.1.

Table 5. Test-fold performance by modality configuration (ney = 222). Cohen’s x from
Figure 4; accuracy and macro-F are reported for the configurations documented in Figure 5

(others marked “~). The trimodal « carries a 95% bootstrap CI of 0.844—0.934.

Configuration Accuracy macro-F K

Audio only 0.568 0.558 0.481
Biological only - - 0.545
Video only - - 0.521
Audio + Video - - 0.757
Biological + Video - - 0.747
Audio + Biological 0.865 0.853 0.831
Trimodal RW-PoE 0.916 0.910 0.889

The nested-chain instantiation of the sub-collection risk Rj‘w of Definition 2.2 (Table 6) gives the
monotonicity of Section 2.4 an empirical counterpart. The entries are test-fold estimates of the risks
of fitted plug-in classifiers ﬁ(qﬁ ). The corresponding population classifier risks, not their finite test
estimates, are upper bounds on R% . That fitted classifiers on a nested chain respect the Bayes-risk

ordering is a property of these data, not a theorem. The theoretical floor R
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kept out of this table because it is a binary root-node quantity, whereas the column holds six-class error
rates (Remark 7.1).

Table 6. Fitted-classifier errors along a nested modality chain; E(qb ) 18 the six-class test
error, standard errors binomial (7., = 222).

M Configuration if(q) ) s.e. K

{a} acoustic only 0.432 0.033 0.481
{a, b} acoustic + biological 0.135 0.023 0.831
{a,b, v} trimodal (full M) 0.084 0.019 0.889

7.5. Conformal coverage and deployment tiers
With @ = 0.10 and n., = 220, Theorem 6.1 guarantees marginal coverage at least 0.900; under its

additional no-ties condition, the coverage probability lies in

[1-a, 1-a+-—-1=1[0.900,0.905].

Neal+1

Figure 6 shows the empirical coverage tracking the band across «a; at @« = 0.10 the realized coverage
1s 0.910. The right panel of Figure 6 shows the induced three-tier deployment profile (Tier-1 singleton
selective accuracy 95.8%), and Table 7 collects the values.

Three-tier conformal deployment
(Trimodal RW-PoE, a = 0.10)
4.4%

95.8%
selective acc.

Split-conformal marginal coverage

(lower guarantee; no-ties upper bound) 10.4%

1.00

a=0.10:
coverage = 0.910

0.95 1

Marginal coverage P(Ye Cy _,)

222

0.90 4 episodes

0.85 1

0.80
Theoretical band [1—a, 1—a + ]
0.75 1 (0=1/(nca +1) = 0.0045)

Empirical coverage
0.70 1 =®= (POE-RAPS, 1o, — 222)

T . . . ’ B Tier | — definitive (|C] =1)
0.05 0.10 0.15 0.20 0.25 0.30 M Tier 2 — differential (|C] = 2)
Significance level « M Tier 3 — escalate (|C] > 3)

Figure 6. Left: empirical conformal coverage versus the lower guarantee 1 — @ and the no-
ties upper discretization bound 1 —a+6, 6 = 1/(ney+1) = 0.0045 (Theorem 6.1); ata = 0.10
the coverage is 0.910. Right: three-tier prediction-set profile, singleton (Tier 1, 85.2%), pair
(Tier 2, 10.4%), escalate (Tier 3, 4.4%).
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Table 7. Split-conformal performance on the test fold (@ = 0.10, n¢y = 220, ney = 222);
lower guarantee 0.900 and no-ties theoretical band [0.900, 0.905] from Theorem 6.1.

Quantity Value
Theoretical coverage band [0.900, 0.905]
Empirical test coverage 0.910

Tier 1 (singleton, |C| = 1) 85.2%

Tier 2 (pair, |C| = 2) 10.4%

Tier 3 (escalate, |C| > 3) 4.4%

Tier-1 selective accuracy 95.8%

Mean set size 1.19

The empirical coverage 0.910 sits just above the no-ties probability band, well within ordinary test-
fold sampling variation of order 1/ y/n.y (Remark 6.2); the large singleton fraction shows the sets are
typically decisive, and the Tier-1 selective accuracy of 95.8% indicates that decisive predictions are
also accurate.

7.6. Statistical tests

Two prediction-level tests on held-out data and one training-likelihood comparison are reported. A
McNemar test comparing the trimodal classifier with the audio-only baseline on paired test predictions
gives

XrteNemar = 081, p <1071, (7.4)

a likelihood-ratio test of the equal-weight null w = (1/M,...,1/M) against the free simplex-weight
model (two degrees of freedom here), using the training likelihood, gives

Argr = 47.3, p <1079 (7.5)

and the audio-only hunger-node discrimination is indistinguishable from chance, AUC = 0.560, and
p = 0.49 (7.2). The bootstrap confidence intervals in Figure 4 use B = 2000 resamples.

7.7. Robustness to modality dependence

A controlled synthetic Gaussian stress test (N = 40,000, K = 6, M = 3) validates Proposition 2.3
numerically across homogeneous and heterogeneous dependence regimes; full results are given in
supplementary material, Section S2.4 (Table S2). Up to p = 0.2 the cost of ignoring dependence is
smooth and small (excess risk < 0.0049); what matters is the label-heterogeneity of the dependence
rather than its magnitude (a 2.77X risk ratio at lower total dependence in the heterogeneous case);
certificate (iv) of Proposition 2.3 holds throughout, with median slack 43x. In the case study the
acoustic pairs satisfy |o,| < 0.19, at or below the p = 0.2 row, while the biological-video pair is larger
(los] < 0.54) and is the regime this analysis quantifies.
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7.8. Sensitivity to the regularization parameter «

We refit the weights and re-run the downstream pipeline at @y € {1,2,5,10}, holding folds,
conformal level @ = 0.10, and all else fixed (Table 8).

Table 8. Sensitivity to the prior-strength parameter « (case-study test fold).

o w, Wy w, accuracy macro-F, coverage
0.42 +£0.03 0.31 +£0.04 0.27 +£0.03 0.916 0.910 0.910
0.54 +0.04 0.30 + 0.04 0.16 = 0.04 0.860 0.715 0.919

5 0.77 £ 0.05 0.23 +£0.06 0.00 = 0.06 0.446 0.222 0.901

10 1.00 £ 0.11 0.00 £ 0.17 0.00 +0.15 0.383 0.092 0.869

Classification degrades sharply (accuracy 0.916 — 0.383, macro-F; 0.910 — 0.092), whereas the
realized conformal coverage remains within [0.869, 0.919] across these four refits. This illustrates the
distinction in Proposition 4.3: changing @, can affect predictive efficiency and accuracy, while the
split-conformal validity statement is unchanged for every value fixed before calibration. No entry in
this sensitivity table is used as a local or region-wise convergence factor; such a claim would require
the separate calculations specified in Proposition 5.2 and Theorem 5.3.

7.9. Comparative weighting strategies

The finite-step likelihood-fitted weights are compared, on the identical split of (7.1), against three
alternatives, uniform weights, held-out-accuracy-proportional weights, and an additive
mixture-of-experts gate, in supplementary material, Section S2.5 (Table S3). These fitted weights are
the unique maximizer of the observed likelihood (Theorem 4.2) and attain the highest descriptive test
accuracy among the strategies in Table S3. Because the alternatives are not all nested likelihood
models, no common likelihood-ratio interpretation is assigned to these comparisons.

7.10. A neutral remark on the k comparison

Remark 7.2. (Why no comparison with human inter-rater agreement is offered) It would be natural
to set the system-to-consensus agreement of Section 7.4 against the pediatrician inter-rater agreement
of Section 7.1. We do not, because the two coefficients do not estimate the same quantity. The first
compares one system against an aggregated consensus reference; the second compares two
independent raters with each other. They are computed on different samples with different marginal
class distributions. Moreover, the consensus reference is not an independent gold standard: It is
constructed from the very raters whose mutual agreement the second coefficient measures, which
biases any comparison in a direction that cannot be signed without a model of the adjudication
process. No claim of parity with, or superiority over, human raters is made anywhere in this paper.

8. Conclusions

We have presented a RW-PoE framework for multimodal Bayesian classification and established
its mathematical core: the conditional-independence factorization (Theorem 2.1); an exact entropy
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decomposition for the hierarchical cascade (Theorem 2.2); a data-driven, distribution-scoped
necessity criterion for fusion built from the Hellinger—Bayes bound (Lemma 3.1, Theorem 3.2,
Proposition 3.3); the necessary-and-sufficient log-posterior-independence condition for strict
convexity, which in turn guarantees a unique weight optimum on the simplex, with the
covariance-Hessian identity (Theorem 4.2); a monotone finite-step GEM/entropic-mirror estimator
with an explicit y-dependent local Jacobian and observed-information standard-error estimates
(Propositions 5.1 and 5.2); and a distribution-free conformal layer with a finite-sample lower coverage
guarantee and a no-ties upper discretization bound (Theorem 6.1). The case study reports the fitted
weights and downstream diagnostics on the prespecified data splits. Consistently with
Proposition 5.2, no numerical local convergence factor is reported without the recorded step size and
loss-normalization convention.

We are explicit about what the framework does and does not establish.

Single-site scope. The numerical results come from one site (the PIDD dataset, CHU Sidi
Bel-Abbes). The conformal guarantee of Theorem 6.1 is marginal and assumes exchangeability of
calibration and test data; it does not by itself transfer across a distribution shift to another site, nor
does it deliver per-input (conditional) coverage. Restoring coverage under site or covariate shift is a
natural next step: weighted or Mondrian conformal calibration and covariate-shift reweighting of the
calibration scores are the standard routes, and adapting them to the RW-PoE score is left to future
multi-site work. The necessity result of Theorem 3.2 is, by design, a statement about the observed
acoustic distributions and feature representation (Remark 3.3); it is not a universal impossibility claim
for acoustic discrimination.

Modeling assumptions. The exact factorization assumes class-conditional independence of
modalities (Assumption 2.1); the cost of this approximation is controlled by the class-conditional total
correlation (Proposition 2.3) and measured in Section 7.7: small, label-homogeneous dependence
costs little, whereas strong or strongly label-heterogeneous dependence would require an explicit
dependence model. Identifiability of the weights requires log-posterior independence (Definition 4.2);
redundant modalities induce flat tangent directions. When such a direction intersects the optimum in a
nontrivial feasible segment, it produces a ridge of constrained optima (Remark 4.1). Per-node
reliability weights, suggested by Remark 5.3 (b), are a natural refinement.

Scope of the numerical estimates. The two acoustic overlap coeflicients are kept separate throughout
(Remark 7.1): The pooled one-vs-rest BCP > 0.88 governs the binary hunger node and yields the

hungr
rigorous floor R} . > 0.235 (equal-prior lignchmark ~ 0.262), while the pairwise coefficients of
Figure 1 (Dg = 0.29, BC =~ 0.75) describe class-versus-class geometry. The empirical near-chance
audio error (= 0.432, AUC = 0.560) is the observed error of a non-Bayes-optimal classifier and is
reported separately from the lower bound, which it exceeds for that reason.

Future work. Three extensions are natural and preserve the present guarantees. First, a multi-
site study with site-stratified (Mondrian) conformal calibration would convert the marginal coverage
into group-conditional coverage and test cross-site transportability. Second, a federated mirror-descent
implementation, in which the score contributions are aggregated across sites without sharing raw data,
would fit the weights under privacy constraints while retaining the convexity and rate guarantees of
Sections 4 and 5. Third, relaxing Assumption 2.1 to a structured (e.g., tree-dependent) modality-
dependence model would extend the factorization while keeping the log-linear pooling interpretation.
We make no efficacy or superiority claims beyond what the single-site case study supports.
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S1. Deferred proofs

S1.1. Proof of Theorem 2.2 (PHC entropy decomposition and reduction)

Proof. Step 1 (local chain rule at a node). Fix a reachable internal node v and condition throughout on
{Y € A,}. Because D, is a deterministic function of Y on this event, H(Y, D, | X=x,Y € A,) = H(Y |
X=x,Y € A,), and the chain rule for entropy gives

H(Y | X=x,Y € A,) = H(D, | X=x,Y € A,) + Z Bu(x) H(Y | X=x,Y € A,

uech(v)

(S1.1)

where B,(x) = P(D,=u | X=x,Y € A,)) =P(Y € A, | X=x,Y € A,), and we used that, given D,=u, the
event {Y € A,} coincides with {Y € A,}.

Step 2 (unfolding the recursion over the tree). Apply (S1.1) at the root (where the conditioning
event is all of Q) and then recursively to each internal child. A leaf ¢ satisfies H(Y | X=x,Y € A;) =0
since A, is a singleton. The branch factors 5,(x) telescope along each root-to-node path: the cumulative
weight multiplying H(D, | X=x,Y € A,) equals the product of branch probabilities from the root to v,
which is exactly P(Y € A, | X=x). Hence,

H(Y | X=x) = Z P(Y € A, | X=x) H(D, | X=x,Y € A)). (S1.2)

vinternal

Step 3 (integrating out X). Take expectations of (S1.2) over X ~ P. For each internal node v, the
change-of-measure identity

P(Y €A, | X=x)dP(X=x) =P(Y € A,)dP(X=x|Y € A,)) (S1.3)

follows from Bayes’ theorem applied to the event {Y € A,}, the last factor being the definition of the
conditional distribution. Integrating both sides against a measurable f converts the left side to Ex[P(Y €
A, | X) f(X)] and the right side to P(Y € A,) Exjyea,[f(X)]. Applying this with f(x) = H,(D,), where
H,(D,) denotes the entropy of the conditional law of D, given X=x within {Y € A,}, gives

E{P(Y €A, | X)HD, | X, Y € A)|=P(Y € A)H(D, | X,Y €A,),

whose P(- | Y € A))-average of H.(D,) is H(D, | X,Y € A,). This proves (2.6). Taking X to be
degenerate (a constant) in (S1.2) removes the conditioning on X and yields (2.5).

Step 4 (reduction). Subtracting (2.6) from (2.5) and using, at each node, the identity H(D, | Y €
A)—-HDD, | X,Y € A) =I1(D,;X | Y € A)) together with the nonnegativity of (conditional) mutual
information gives (2.7). Equality I(D,;X | Y € A,) = 0 holds iff D, and X are independent under
P(-1Y €A,),so HY | X) = H(Y) iff every reachable node carries no information about its split. |

S1.2. Proof of Lemma 3.1 (Hellinger—Bayes lower bound)
Proof. Write p — q = (\/[p — \/q)(\/p + +/¢) and apply the Cauchy—Schwarz inequality:

[1p=ddu < ([ V5 - v@raw) ([ (vB+ v@rau)”
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Since
f (VP F V@ dua = 2(1 5 BC(p, 0)).

the right-hand side equals

V2(1 -=BC) v2(1 + BC) = 2V1 - BC?,

whence

TV(p,q)=%f|p—q|dﬂas Y

proving (3.3). For the general priors, use the pointwise identity min{u, v} = %(u + v — |u —v|) with
u=ap,v=(1-a)g: since f(ozp + (1 —a)g)du, =1,

Ri(@ =31 - [ lop =1 - algldu).
Factoring ap—(1-a)q = (\Jap— /(1 — a)q)(\ap+ /(1 — @)q) and applying Cauchy—Schwarz gives
(flap —(1-a)q| dua)z < (1 -2+l —a) BC)(1 +2+/a(l — @) BC)

=1-4a(l - @) BC?,

where we used
f( vap ¥ (1 - @)g)’du, = 1 F2+/a(l — @) BC.

Substituting yields (3.4); setting @ = % gives (3.5). O

S1.3. Proof of Theorem 3.2 (acoustic Bayes-risk barrier)

Proof. (i) By hypothesis BC(p, g) > 1 — &. Substituting into the general unequal-prior bound (3.4) of

Lemma 3.1 gives (3.6); the equal-prior special case a = % uses

TV< VI-(1-g2=+e2-¢)

in (3.5), and the limit follows as € — O.
(ii) For the Bayes classifier ¢*,

Ry =P(@"(X,) #Y) 2 P(¢"(Xo) # ¥, Y € (K, j})
= (me + 1) P(¢*(Xa) # Y | Y € {k*, j}).

Restricted to the event {Y € {k*, j}}, any classifier—in particular ¢*, which may even output a third
label, always an error there—has conditional error at least the binary Bayes risk R{*k* i of that sub-
population. Hence (3.7). Strict positivity holds because BC > 1 — & > 0 forces p and g to overlap on a

set of positive u,-measure, so

Ry ;= f min{ep, (1 — @)q} du, > 0

with @ = s /(mx + 7). Ase - 0, p — g in L' and R{’;{*’j} - fmin{cx, 1 —a} pdu, = min(e, 1 — @),

giving the stated limit. O
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S1.4. Proof of Proposition 3.3 (monotonicity and strict improvement)

Proof. For each k, P(Y = k | G1) = E[P(Y = k | G») | G1] by the tower property. Since max; E[Z; |
G1] < E[max; Z; | G] for any integrable family (Z;),

m]?XP(Y:klgl) < E[mEXP(Y:k|§2)|Ql] a.s.

Taking expectations gives E[max; P(Y = k | G))] < E[max; P(Y = k | G»)], i.e., R} . . < R} by (2.4).
Equality holds iff the displayed conditional Jensen inequality is an equality a.s. For the pointwise
maximum of finitely many coordinates, this occurs precisely when there exists a G;-measurable
selection ¢ that maximises k — P(Y = k | G,) a.s. This is condition (3.8); when the two posterior

modes are unique a.s., it reduces to equality of their Bayes labels. O

S1.5. Proof of Proposition 4.1 (coherence and weighted-KL centroid)

Proof. Part (a)is [1, Thm. 3]; we prove (b). The minimisation is the finite-dimensional convex program
min, )}, w., KL(pllg,) subject to the single equality constraint }; p, = 1, and “stationarity” means its
first-order (Karush—Kuhn-Tucker) condition. The objective p — 3., w,, KL(pl|g,») is strictly convex
on AX~! (a sum of strictly convex KL terms in p). The minimiser is interior whenever every ¢,, has full
support, so the inequality constraints p; > 0 are inactive and the stationarity condition below is both
necessary and sufficient. With multiplier A for ), p, = 1, the Lagrangian A(p, 1) = ., w., KL(pllgnm) +
A(Z pr — 1) has stationarity condition, for each k, A /dpy = 3, wm(10g(pi/qm(k)) + 1) + A = 0; using
>.mWm = 1 this rearranges to log p; = 2., Wn 10g g,,(k) + const, i.e., pr < [],, gm(k)"". Strict convexity
makes this the unique minimiser, which is (4.2). O

S1.6. Proof of Proposition 5.1 (finite-step likelihood ascent and convergence)
Proof. Step 1: variational characterisation and the three-point inequality. Let h(w) = ., w, logw,,
and B,(u,v) = h(u) — h(v) — (Vh(v),u — v). The variational form in (5.6) is

w1 = arg min {)/(VL(W(’)), w) + By(w, W(I))} . (SL.4)

weAM-1

For interior w®, the objective in (S1.4) is strictly convex. Its Lagrange equations are

YIVLOY )], + log~m + 1+ 1 =0,
Wm

so the unique normalised solution is w,, o wi) exp{—y[VL(w")],,}. Every component is positive,
proving both equivalence with (5.6) and preservation of the relative interior. The first-order optimality
condition and the Bregman three-point identity give, for every u € A¥~!,

VL), w™ Y —u) < B, w?) = By, w" D) = B, (w1, w?). (S1.5)

Step 2: relative smoothness on the simplex. We next verify the required relative-smoothness bound.
Positivity of all modality posteriors makes every vector £;(k) finite, and Theorem 4.2 gives

VL) = ) Varp, 6]
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This Hessian is continuous on the compact simplex, so the tangent-space constant L, in (5.7) is finite.
Moreover, for every interior w and v € T,

2
,
VIV Ry = > = > i,
w

m

m

Consequently V2L(w) < L\VZh(w). Integration along the line segment from w to w*" yields
Low ™)y < Lw®) + (VLw®), w™D —w®) 1+ LB, (W™D, w®). (SL.6)

Step 3: monotonicity and the equality case. Taking u = w® in (S1.5) and substituting the result into
(S1.6) gives

1 1
LOv™™?) < Lw') = ZBy(w', wi™) - (; - LA) By(w"*V,w),

which is (5.8). For 0 < y < 1/L,, both subtracted terms are nonnegative. Since KL divergence
vanishes only when its arguments coincide, equality requires w*" = w®_ The first-order condition of
(S1.4) then says that the tangent projection of VL(w®) is zero, i.e. the iterate is stationary.

Step 4: convergence to the unique MLE. Finally, summing the sufficient-decrease inequality shows
3, By(w® w*D) < oo, because L is bounded below on the simplex. Pinsker’s inequality therefore gives
Iw*D—w®||; — 0. If the iterates stay in S,, . , compactness supplies limit points in the relative interior.
Along any convergent subsequence, continuity of the explicit map (5.6) and the vanishing successive
differences show that the limit is a fixed point, hence stationary. Under log-posterior independence, L
is strictly convex on the simplex, so its only stationary point is w. Every limit point is thus w, which
proves convergence of the whole sequence. O

S1.7. Proof of Proposition 5.2 (finite-step Jacobian and local rate)

Proof. Step 1: KKT identity and fixed-point property. We differentiate the map that is actually iterated.
Put
gw) =VLw),  aw)=woexp{-ygw)},  dw)=1"aw),

so that M, (w) = a(w)/d(w). Because w is an interior constrained minimiser, the KKT condition gives
g(w) = «1 for some « € R. Consequently

aw) = e "w, dw) = e, M, (w) =w.

Step 2: derivative of the normalised finite-step map. Let H, = V*L(w), D, = Diag(w), and take an
arbitrary perturbation v € R®. Componentwise differentiation gives

Daw)[v] = e (v — yDH,v)

and hence
Ddw)[v] = e ™(A"v —yw H,v).

Applying the quotient rule at w therefore yields

DM, w)[vl =v—wl"v —y(D, —ww')H,v.
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ForveT,1"v =0, and with E, = D, — ww" this becomes
DMV(@[V] =v—yE.H,v, veT. (S1.7)

The range is tangent because 1'E, = 0. Let Py = EE" be the orthogonal projector onto 7. Since
=Z,1 =0, we have E, = E, Py = PrE,; consequently

E'E.H,E = (E"E,E)E"HE) = ErHy.
Multiplying (S1.7) on the left by ET and setting v = Eu proves
Jy,T = ETDM),(;V\)E = IM—l - ’)’ETHT.

Step 3: spectrum and local stability. To verify positive definiteness explicitly, take nonzero u €
RM-!'and put v = Eu € T. Then

M M 2
u'Zru = Z Wmv; - [Z Wmvm) = Var,,.(v,,) > 0.
m=1 m=1

Indeed, equality would force v to be constant on the full support of w; because v € T, that constant must
be zero, contradicting u # 0. Thus Z; > 0. Log-posterior independence gives Hy > 0 by Theorem 4.2.
Moreover,

g;'*(ErHy)E)? = E)*HE)* = B,,

so ErHr is similar to the symmetric positive-definite matrix B,. If v; are its eigenvalues, the
eigenvalues of J, r are exactly 1 — yv;. Thus

oy 1) = mjax 1 —vyvil =gq,,

and g, < 1 is equivalent to =1 < 1 —yv; < I for every j, or 0 < y < 2/vy_;. To make the local-
convergence conclusion explicit, equip the tangent coordinates with the norm

——1 \1/2
||M||E;1 = (”TETl”) / .

Because

—=—1

=1
ErJyr =57 —vHr
is symmetric, J, 7 is self-adjoint in the corresponding inner product. Consequently,

Wyrllz = p(yr) = gy

Let My denote the tangent-coordinate representation of M, around w. For every r € (g,, 1), continuity
of DM, provides a sufficiently small ball U around the origin such that

sup DM, (w)llz1 < 1.

uelU
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Since MY(O) = 0, the mean-value inequality gives
Myl < rlluls,  we U

After reducing U if necessary, this inequality also shows that U is invariant under the iteration.
Therefore,

Iw® = wll, < C,r’|Iw® = wll, 120,

for some C, < oo, by equivalence of norms in finite dimension. Thus w is locally attracting and g, is
the local spectral factor of the implemented finite-step map.

Step 4: distinction from exact EM. The preceding derivative was obtained directly from M,. The
classical missing-information derivative belongs to a different exact-EM operator whose M-step
maximises its surrogate [3, §3]. It contains no finite step-size parameter and cannot be substituted for
DM, (w).

Step 5: observed information and constrained covariance. Direct differentiation of the observed
likelihood gives

Tobs7(W) = ETV?L(W)E = Hy.

Under independent-observation likelihood regularity and for an interior maximum-likelihood
estimator, the conventional asymptotic Wald covariance estimate in tangent coordinates is H,' when
L is the summed negative log-likelihood. Its ambient-space representation under the simplex
constraint is therefore

Cov(w) = EH;'E".

This identity specifies the covariance calculation. Any numerical standard errors must be obtained by
evaluating Hy on the same training fold and under the same loss-normalisation convention used for
estimation. If the mean negative log-likelihood is used instead, the corresponding factor of n must be
restored before inversion. ]

Basis invariance. If E = E Q is another orthonormal tangent basis, where Q is orthogonal, then
Hr = Q"HrQ and Zr = Q"Z7Q. Hence the resulting Jacobian is Q7J,7Q, and the ambient
covariance remains Eﬁ;lfT = EH;'ET. Thus neither g, nor the standard errors depend on the
chosen orthonormal representation of 7.

Best scalar step for the local linearisation. Let vy, = v; and vy = vy-;. Minimising g, =
max; |l — yv;| over scalar steps gives

y, _ 2 ll’lfq _ Vmax — Vmin
opt — H Y =
P Vmin + Vmax ¥>0

(S1.8)

Vmax T Ymin

Indeed, on the stable interval the maximum is minimised when the two endpoint errors have equal
magnitude, 1 — yVmin = —(1 — yvmax). Formula (S1.8) also supplies a direct consistency check for any
proposed local rate.
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Evaluation from the recorded fit. To evaluate the rate without ambiguity, record the loss convention
(summed or averaged), the implemented vy, the full-precision w, and Hy. Then compute

Er = E"[Diagw) - ww'|E, v; = 4,(E]°HE}%), ¢, = max |1 =yl (S1.9)

If Linean = Lsum/n, the equivalent steps obey Ymean = 7Ysum and Hrmean = Hrsum/7; hence the product
YHr, and therefore g,, is invariant when the convention and step size are transformed consistently.

S1.8. Proof of Theorem 5.3 (explicit non-asymptotic linear rate)

Proof. Step 1: the finite-step update is entropic mirror descent. The mirror-descent step for the map &
with step y is w1V = arg min -1 {y{VLW?), w)+B;,(w, w?)}. Writing the Lagrangian for },, w,, = 1

and differentiating in w,, gives y[VLW®)],, + logw,/w) +1+v =0, i.e.,

renormalised. By the score identity (5.2), the m-th component of VL = —V{y is —(¢,, — s,(q?), SO

—y[VLW )], = y(t,, — sﬁ,’l)). Substituting reproduces the exponentiated-gradient form (5.6). For the
non-asymptotic analysis of Theorem 5.3, the corresponding entropic mirror step is considered on the
restricted convex region S,, . . Thus, with y = 1/L, the update analysed in Theorem 5.3 is

w1 = arg min {y(VL(w(’)), w) + B,(w, w(’))} )
weS,

Ymin

Equivalently, after multiplying the objective by L,

w™D = arg min {(VL(w(’)), w) + L By(w, w(’))} ,

WESWmin

which is the restricted entropic-mirror step appearing in Theorem 5.3.

Step 2: Hessian of the mirror map. On the relative interior of A1 h is twice differentiable with
V2h(w) = diag(1/w,). For any tangent v € T, vIV2h(w)v = Y, v2/w,. Since w,, < 1 implies
that 1/w,, > 1, and w,, > wy,;, implies that 1/w,, < 1/wy;,, we have the two-sided Loewner bound, on
T and uniformly on S

VP < vIVPhw)v < S MIP, e, I < VZhw) < G, (S1.10)

where I is the identity on 7.

Step 3:  two-sided Loewner bounds on VL. By Theorem 4.2, for v € T,
VIVZL(W)v = i Varep, .y [v €i(k)] > 0. Each summand is the variance of the bounded random
variable k — v'¢;(k) under the probability vector P, (- | x;), which is a continuous function of w on the
compact set S, ; hence w — V2L(w) is continuous and its tangent eigenvalues attain their extrema
on S, . Thus L < co and, because log-posterior independence makes V2L(w) positive definite on T
atevery w € S,, . (Theorem 4.2) and the infimum of a positive continuous function over a compact

set is attained and positive, ¢ > 0. By definition of L, ¢,

cly < V’Lw) < LI;  forallwe S (S1.11)

Wmin *

AIMS Mathematics Volume 11, Issue 9, 31134-31184.



31178

Step 4: relative smoothness and strong_convex_iry. Combining (S1.10) and (S1.11) on T": for the
upper bound, V?h(w) > I gives V2L(w) < LIy < LV?h(w); for the lower bound, V2h(w) < (1/Wmin)Ir
gives Wyin V2h(w) < Iy, hence V2L(w) > ¢ Iy > ¢ Wy V2h(w). Therefore, on T and uniformly on S, ,

Win€ V2h(W) < VZL(w) < LV*h(w). (S1.12)

We pass from the Hessian bounds (S1.12) to the Bregman inequalities (5.14) by carrying out the
integration explicitly. Fix w,w’ € S,, . ,setw, =w + s(w' —w) and d = w' —w € T, the segment lies
in S, . by convexity and d is tangent. Taylor’s theorem with integral remainder applied to a C?
function f gives

1
FOW) = FO0) = (Y Fw), dy = fo (1= $)d"V2fw)d ds,

in which f = h makes the right-hand side B,(w’,w) and f = L makes it the middle term of (5.14).
Contracting (S1.12) at w, with d gives, for every s € [0, 1],

Wmincd V2 h(w,)d < d'V*Lwy)d < Ld V’h(w,)d,

multiplying by (1 — s) > 0 and integrating over s € [0, 1] (legitimate because all three integrands are
continuous on the compact segment and V>4 > 0 on T) yields

WinC By(W',w) < Lw") — L(w) — (VL(w),w’ —w) < L B,(W',w),

which is (5.14) with L = L and U = Wminc. This is the standard Loewner—Bregman equivalence [17,
Prop. 1.1, Section 2], here made explicit. Clearly

O<u:wming§Z:L

because Wy, < 1 and ¢ < L.

Step 5: linear convergence via the four stages of [17, Thm. 3.1]. With L = L-relative smoothness
and pu = wpinc-relative strong convexity established in Step 4, the mirror objective underlying (5.6) is
considered with feasible set S,, . , step y = 1/L, and reference function 4 of Definition 5.1. We make
the four stages of [17, Thm. 3.1] explicit below.

Stage 1 (three-point majorisation). By Step 1, the restricted counterpart of (5.6) used in
Theorem 5.3 is the Bregman-proximal update

w* = arg min{y(VLw"), w) + Bj,(w, w")}
weS

with y = 1/L. The three-point property of this step [17, Lem. 3.1] therefore gives, for everyw € S,, . .
(VLW ), wD —wy < L[ By(w, w®) = By(w, w™) = B,(w ™D, w ). (S1.13)
L-relative smoothness (the upper bound in (5.14), applied at (w®, w*D)) gives

L(w(t+1)) < L(w(t)) + <VL(w(t))’w(t+1) _ w(t)> + LBh(w(Hl)’w(t))’ (S1.14)
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and p-relative strong convexity (the lower bound in (5.14), applied at (w, w'")) gives
(VL) w —w?y < L(w) — Lw") — u By(w, w"). (S1.15)
Writing
(VLw®),w"D — @y = (VL) w"™ " — w) + (VLw®"), w — w")
and bounding the two terms on the right by (S1.13) and (S1.15) respectively, then substituting into
(S1.14), the two occurrences of B,(w"™D, w®) cancel, leaving, for every w € S, _,

Lw™D) < Lw) + (L = p) By(w,w"”) = L By(w,w"* V). (S1.16)

Stage 2 (single-step contraction to w). Setting w = w in (S1.16) and using global optimality
L(w™*1D) > L(w) to drop the left-hand gap yields

Byw,wD) < (1-4)Byw,w"). (S1.17)
Stage 3 (telescoping). Iterating (S1.17) from ¢ = 0,
Biw.w™) < (1-4) B, w®). (S1.18)

Stage 4 (objective-value bound). Inequality (S1.16) holds for every consecutive pair of iterates;
applying it with index 7 — 1 in place of t and w = w, this time retaining the nonnegative gap L(w") —
L(w) > 0 instead of dropping it, gives

Lw?) — Lw) < (L — p) By(w, w'™). (S1.19)

Substituting the telescoped bound (S1.18) at index ¢ — 1, B,(w,w" V) < (1 — u/L)Y~'B,(w,w®), and
using (L — p) = L(1 — /L), gives

Lov") = L) < L(1-4) B@w®). 121, (5120)

which is (5.17) with L = L and U = Wpinc. Since 0 < u < L, the contraction factor 1 — u/L belongs
to [0, 1); if u < L, it belongs to (0, 1). O

Certification of the region-wise constants. For a fixed orthonormal tangent basis E, define Hy(w) =
ETV2L(w)E. The constants used in the theorem must bound the entire region S,, _ :

Wmin *

L> sup Amax(Hr(w)), 0<c< inf Apin(Hrw)).

weS WESWnin

Wmin

They may be obtained analytically or by a certified global numerical bound. Evaluating Hy only at w
gives pointwise curvature and does not, by itself, certify these two region-wise extrema. Once valid
bounds are available, the guaranteed factor is 1 — wming/z; using conservative bounds preserves the
theorem, although it may weaken the numerical certificate.
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S$1.9. Proof of Theorem 6.1 (distribution-free conformal coverage)

Proof. Write s; = s(X;, Y;) for the calibration scores and s, = s(Xi, Yic) for the test score. Because

s 1s fixed given the training fold and the n. + 1 pairs are exchangeable, the scores sy, ..., Sy, St
are exchangeable. For the rank argument, attach independent continuous uniforms to break score ties
lexicographically; the resulting test rank is exactly uniform on {1, ..., ney + 1}.

Lower bound. By construction Y, € C,(Xe) iff s < §,, and by (6.2) g, is the [(1 — @)(ney + 1)]-th
element of the calibration scores augmented by +oo. Thus

{8t < go} 2 {rank(se) < [(1 = @)(nea + D1},

where rank(s.) € {l,...,n. + 1} is the randomized rank just described. By exchangeability,
P(rank(s,) < r) = r/(n.y + 1) for every integer r. Taking r = [(1 — @)(nea + 1)] = (1 — @)(neg + 1)
gives

(1 — a)(nea + 1] >

[
P(Y € Cp(Xie)) =
(Yee € Co(Xee)) Neg + 1

b

which is (6.4).

Upper bound under no ties. If the scores are almost surely distinct, the rank of s, is exactly uniform
on{l,...,ne + 1}, so P(rank(se) < r) = r/(ney + 1) and, with no ties, {s. < g} = {rank(s,) < r} for
r=[(1 — a)(ne + 1)]. Hence the coverage equals r/(ney + 1). Using r < (1 — @)(neg + 1) + 1,

r (1 -a)(nea+1)+1 1
P(Y, € Co (X)) = < =l-a+ ,
( ‘ ( ! )) Neq + 1 Neal + 1 ¢ Neq + 1
which together with the lower bound gives (6.5). O

S2. Supplementary examples and robustness checks

This section collects worked examples and secondary numerical robustness checks that accompany the
main text but are not needed to follow its theorems or proofs. Each subsection is pointed to explicitly
from the corresponding location in the main article.

$2.1. Worked example: two Gaussians (companion to Section 3.1)

Example S2.1. (Two Gaussians: what the bound says) Let p = N(0,1) and g = N(d, 1) on R. Then
BC(p,q) = 3, so ford = 1,

BC = ¢ '/8 = 0.8825, Dy = —InBC = 0.125.

Under equal priors, Eq (3.5) gives the floor %(1 — V1 = BC?) = 0.2648, while the exact Bayes error
is ©(—d/2) = 0.3085. Under the hunger-node priors (a,1 — @) = (0.366,0.634), (3.4) gives 0.2368
against an exact Bayes error of 0.2834.

Reading. The bound is a floor on the error of any acoustic-only classifier (here 0.2648,
respectively, 0.2368), not a prediction of the observed error, and an observed error above it is not
evidence against it. At the root node it certifies R, > 0.235 against a trimodal test error of 0.084,
which is the sense in which fusion is necessary here.
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Hellinger--Bayes floor
(no rule using this channel can do better)

A floor, not a prediction

(M0, 1) vs. N(d, 1), closed form)

0.5 A . L : 0.5 1 _1
= = equal priors & =3 (benchmark) : | = true Bayes error, a =3
. B . AN = = floor, a =1
§ 0.4 actual priors o = 0.366 (primary) [I 04 - . Bayeszermn -
= SN — - floor, a =0.366
< 0.3 A 5 0.3 1
= E
G 02 0.2 1
>
Cg floor 0.265
0.1 7 1 : 0.1 7 true  0.309
BClmey = 0.88: H
0.0 T T T - 0.0 ;
0.0 0.2 0.4 0.6 0.8 1.0 1 3
Bhattacharyya overlap BC class separation d/o

Figure S1. Left: the Hellinger-Bayes error floor (1 — V1 —4a(1 — @) BC?) versus the
Bhattacharyya coefficient BC, at the actual hunger-node prior (@ = 0.366, primary) and

the equal-prior benchmark (o = 1), with BCr!

hungry

= 0.88 marked (floors 0.235 and 0.263,

Table 3). Right: the closed-form Gaussian instance of Example S2.1 (N (0, 1) vs. N(d, 1)),
showing the floor against the true Bayes error across separations d/o; atd = 1, BC = 0.8825,

floor 0.265, true 0.309.

$2.2. Worked example: finite-step learning on six observations (companion to §5.2)

Example S2.2. (Entropic mirror learning on six observations) Take K =2, M = 2, ay = 1, n = 6, with

class-1 modality posteriors

pi(1] x):
P21 ] x)
Vi

The observed sufficient statistics are t,

0.88 0.82 0.78 0.18 0.22 0.60
0.72 0.68 0.62 0.38 0.34 0.15
1 1 1 2 2 2

= -1.9379, 1, = —2.2483.

On 8 25 the curvature constants of Theorem 5.3 are L =0.8727, ¢ =0.7842, so u = wpinc = 0.1960

and the certified contraction is

the update runs with

from w® = (1/2,1/2).

. . e (1)
model-expected sufficient statistics s,’, s,’,

gap fobs(@ - gobs(w(t)).

AIMS Mathematics

1 -pu/L=0.775;

vy =1/L =1.1459

0]

(ONINO)

Table S1 tracks the iteration explicitly: at each t it lists w,",w,’,
the observed log-likelihood €u(w'"), and the remaining

the
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Table S1. Finite-step iterations for Example S2.2 (hand-checkable). The gap column is
Lops(W) — Lops(W™) with Lops(W) = —1.853617.

t wy wy) sy sy CorsW?)  (gap)

0 0.5000 0.5000 —3.6699 -3.6559 —1.884108 (0.030491)
1 0.5919 0.4081 —3.5443 —3.6884 —1.861555 (0.007938)
2 0.6369 0.3631 —3.4840 -3.7065 —1.855828 (0.002211)
3 0.6599 0.3401 —-3.4537 -3.7161 —1.854272 (0.000656)
4 0.6721 0.3279 -3.4376 -3.7214 —1.853819 (0.000202)
5 0.6787 0.3213 —3.4289 —3.7243 —1.853681 (0.000064)
6 0.6825 0.3175 -3.4241 -3.7260 —1.853637 (0.000020)

The iterates converge to w = (0.6873,0.3127) with £y,,(w) = —1.853617, and four features of §5
are visible on hand-checkable numbers:

(1) Monotone ascent (Proposition 5.1): the sixth column of Table S1 increases at every step and
the gap decreases monotonically to zero; (2) An interior maximiser with a strict gain over either
modality, since Ly,s(1,0) = t; and Ly,s(0, 1) = t, are both below —1.8536, (3) The fixed point requires
the tangential component of t — s to vanish, not t — s itself (here t — s© = (1.4862,1.4777), still
converging), (4) The empirical objective-gap ratios over the displayed transient iterates (0.26-0.32)
sit comfortably inside the certified 0.775.

These finite-iterate ratios are not the fixed-point spectral factor q, of Proposition 5.2. They illustrate
the structural conservatism of Remark 5.2. With n = 6 the tangent observed information is 0.8727, so
the observed-information standard error is far too large to be useful; the same computation on the case-
study fold (ny,in = 663) produces the standard errors of §7.3. The example displays the mechanics, not
the precision.

$2.3. Derivation: near-redundancy versus exact duplication (companion to Remark 4.3)

This derivation supports Remark 4.3 (iii) of the main article, which states that near-redundancy does
not break log-posterior independence whereas exact duplication does.

Suppose M = 3 and modality 2 is a temperature rescaling of modality 1, log p,(k | x;2) = Tlog pi(k |
X;1) + ¢; with ¢; independent of k. For a tangent v with 17v = 0,

vili(k) = (vi +1vo) log pi(k | xi1) + v3log ps(k | xi3) + vaci.

If modalities 1 and 3 are not themselves affinely related in kX modulo k-constants, this is k-constant for
every i only if vi + v, = 0 and v3 = 0; with v; + v, + v3 = 0 this forces v,(t—1) = 0, hence v = 0 unless
7 = 1. Under the stated non-affine condition on modalities 1 and 3, this specific mechanism therefore
creates a flat tangent direction only at 7 = 1. This is an illustration, not an exhaustive characterisation:
other exact multi-expert linear dependencies are detected by the full-rank condition on ®7.

$2.4. Robustness to modality dependence: full results (companion to §7.7)

A controlled synthetic stress test quantifies the cost of ignoring class-conditional dependence
(Proposition 2.3). We draw N = 40,000 observations from a K = 6, M = 3 Gaussian model with equal
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class priors and unit marginal variances; six class-mean vectors are fixed once (scaled by 0.8) and
held constant so that only the dependence varies. Each class carries an equicorrelation matrix, and we
record the excess risk R(¢®) — R* of fusing as though the modalities were independent. Two regimes
are swept: homogeneous (all classes share one p) and heterogeneous (the p; spread linearly about 0.2,
holding total dependence roughly fixed while its variation across classes grows).

Table S2. Dependence stress test (N = 40,000; synthetic Gaussian model). TC is the mean
class-conditional total correlation; dy s, 9995 its copula-spread quantiles; the last two columns
are the certificates of Proposition 2.3(iv),(iii).

Regime Level TC 005 00.95 E[TV] excess risk \V2TC tail bd.
homogeneous p=00 0.0000 0.000 0.000 0.0000 0.0000 0.000 0.000
homogeneous p=0.1 0.0142 0.281 0.551 0.0313 0.0013 0.169 0.465
homogeneous p=02 0.0549 0.560 1.081 0.0619 0.0049 0.331 0.990
homogeneous p=03 0.1217 0.853 1.645 0.0930 0.0108 0.493 1.000
homogeneous p=04 0.2169 1.183 2.315 0.1258 0.0195 0.659 1.000
heterog spr. 0.2 0.0610 0.567 1.535 0.0683 0.0081 0.349 1.000
heterog spr. 0.4 0.0797 0.739 2.496 0.0857 0.0165 0.399 1.000
heterog spr. 0.6 0.1130 1.052 4.106 0.1111 0.0300 0.475 1.000

Four conclusions follow:

(1) Up to p = 0.2 the cost of ignoring dependence is at most 0.0049 in risk; the degradation is
smooth, with no threshold over this range.

(2) Heterogeneity, not magnitude, is what costs: at lower total dependence (TC = 0.1130) the
heterogeneous regime costs 0.0300 against 0.0108 at the higher TC = 0.1217 homogeneous value — a
ratio of 2.77, the empirical face of Proposition 2.3.

(3) The adopted certificate (iv) holds in every cell with a median slack of 43x; we report the slack
rather than suppress it.

(4) The tail certificate (iii) saturates at 1 for p > 0.3 and is vacuous there, which is why (iv) is
primary. In the case study the acoustic pairs satisfy |o,| < 0.19 and sit at or below the p = 0.2 row; the
biological-video pair is larger (|os| < 0.54, mean 0.24 over the 25 admissible cells) and is the regime
this analysis was built to quantify.

$2.5. Comparative weighting strategies: full results (companion to Section 7.9)

Table S3 descriptively compares the finite-step likelihood-fitted weights against three alternatives
on the identical split of (7.1): uniform weights w,, = 1/M; held-out-accuracy-proportional weights;
and an additive mixture-of-experts gate. The fitted weights are the unique maximiser of the observed
likelihood under this model (Theorem 4.2); the three alternatives carry no corresponding optimality
property, so the comparison is between the likelihood-optimal weighting and three weightings without
a corresponding guarantee. Because the additive gate is not a nested submodel of RW-PoE, a common
likelihood-ratio test across these strategies would not be valid; no such inferential claim is made.
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Table S3. Comparative weighting strategies on the identical train/calibration/test split of

(7.1) (nese = 222). Values are descriptive.

Strategy Accuracy K
Likelihood-fitted (RW-PoE) 0.916 0.889
Uniform w,, = 1/M ~ 0.878 ~ 0.842
Accuracy-proportional ~ 0.889 ~ 0.858
MoE additive gate ~ 0.865 ~ 0.824
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