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Abstract: A graph is said to admit a reverse super edge trimagic labeling if its vertices and edges can
be bijectively labeled with consecutive integers such that the differences between the edge labels and
the sums of the labels of their end vertices attain exactly three distinct values, with the vertex labels
occupying the smallest integers. In this paper, we establish new results on the existence of reverse
super edge trimagic labelings for several families of path- and cycle-related graphs. Specifically, we
prove that path graphs, the m-copy path graphs, corona products of a path and a null graph, cycle
graphs, m-copy cycle graphs, and corona products of a cycle and a null graph admit reverse super
edge trimagic labelings under specified conditions on their parameters. For each graph family, we
provide explicit constructions of the corresponding labelings and determine the associated three magic
constants. These results extend the known results on reverse super edge trimagic labelings to broader
families of path and cycle-related graphs.
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1. Introduction

Labeling is one of the well-studied topics in graph theory, which has attracted significant attention
for both its theoretical importance and practical applications. In general, graph labeling refers to the
assignment of integers to the vertices, edges, or both under certain conditions [1]. Over the past
decades, numerous types of graph labelings have been introduced and investigated, including various
magic-type labelings [2]. These studies have produced many interesting results for different classes of
graphs and graph operations. One of the earliest labeling concepts is magic labeling, which originated
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from the idea of Sedlacek [3]. A well-known subclass is edge-magic labeling, where labels are assigned
to edges. This concept was later extended by Kotzig and Rosa in 1970 to edge-magic total labeling,
where labels are assigned to vertices and edges such that the sum of the label of an edge and the labels
of its incident vertices is constant [4].

Another important variation is edge bimagic labeling, introduced by Babujee in 2004 [5]. In this
labeling, two distinct constants are obtained. Further developments include super edge bimagic
labeling on pyramid graphs and snake graphs [6], graphs with cycles [7], and other graph families [8].
Several recent works have also investigated this labeling on other graph structures, such as (3, n)— kite
graphs, bistar graphs K,y, double wheel graphs [9, 10], hibiscus graphs [11], and wheel-related
graphs [12]. A further extension is edge trimagic labeling, introduced by Jayasekaran and
Regees [13], where three distinct constants are obtained. Many results on super edge trimagic labeling
have been reported for various graph families, including disconnected graphs, generalized prism
graphs [14, 15], umbrella graphs, dumbbell graphs, circular ladder graphs [16], Mobius ladder graphs,
book graphs, dragon graphs [17], and corona products of dovetail graphs and null graphs [18].

These labeling concepts have also been extended into reverse versions. In reverse edge magic
labeling, the difference between the label of an edge and the sum of the labels of its incident vertices
is considered. Several results on reverse super edge magic (RSEM) labeling have been established
for different graph classes. There are y—trees, generalized Peterson graphs, (2m + 1)C3 graphs given
in [19], and tree graphs, lobster graphs, and banana graphs were investigated in [20]. Furthermore cycle
with chords, and cycle and path-related graphs where explore in [21]. RSEM has continued to reverse
super edge bimagic (RSEB) in the work of Amuthavalli and Sugapriya. The result of this research are
star-related graphs [22]. The other results in reverse edge bimagic labeling are gear graphs, hibiscus
graphs, and dovetail graphs [23]. Furthermore, Amuthavalli and Sugapriya [24] introduced reverse
super edge trimagic (RSET) labeling. In [24], a graph H is said to admit a reverse edge trimagic
labeling if there exists a bijection ¢ : V(H) U E(H) — {1,2,...,|V(H)| + |E(H)|} such that {{(wv) —
(Cw) +Z(v)wv € E(H)} = {0, 6, 65} for some distinct constants 6, 6, 65. If the vertices are assigned
the labels {1, 2, ...,|V(H)|}, and the edges are assigned {|V(H)|+1,|V(H)|+2,...,|V(H)|+|E(H)|}, then
the labeling is called a reverse super edge trimagic labeling. Star-related graphs have been researched
in [24]. Recent work has also investigated on dovetail-related graphs [25].

Although several classes of graphs have been studied under reverse super edge trimagic labeling, the
existence of such labelings for families of graphs related to paths and cycles has not been thoroughly
investigated. In particular, previous studies considered star-related graphs [24] and dovetail-related
graphs [25], whereas path-related graphs and cycle-related graph families have not been systematically
studied in the context of RSET labeling. Moreover, the result on the corona product of the path P; and
a null graph P; © N, obtained by Amuthavalli provides a specific case for a path corona graph. In this
paper, we generalize this result by establishing RSET labelings for the corona product P, ® N; under
appropriate conditions on r and s.

Motivated by these observations, this paper investigates the existence of RSET labelings for several
families of graphs related to paths and cycles. Specifically, we consider the path P,, the m-copy path
mP,, the corona product of a path graph and a null graph P, ® Ny, the cycle C,, the m-copy cycle
mC,, and the corona product of a cycle graph and a null graph C, ©® N;. For each graph family,
we provide explicit constructions of the corresponding labelings and determine the three associated
magic constants. Thus, the main contribution of this work is to extend the existing study of RSET
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labeling from star-related and dovetail-related graphs to broader families of path-related graphs and
cycle-related graphs, while also generalizing the known corona result for P; © Ny to P, © N;.

2. Results

Here, we provide concepts required for the main results, primarily from [24] and the corona product
of two graphs according to [26].

Definition 2.1. Given a graph H = (V(H), E(H)) with order r and size m, a reverse edge trimagic
labeling of a graph is a bijective function { : V(H) U E(H) — {1,2,3,...,r + m} such that {{(wv) —
Cw) +L)wv € E(H)} = {0y, 6,, 65}, where 0, 8,, and 65 are distinct constants. Furthermore, a
reverse edge trimagic labeling is said to be super if ((V(H)) = {1,2,3,...,r},and J(E(H)) = {r+1,r+
2,r+3,...,r+mj.

Definition 2.2. Given a graph H = (V(H),E(H)) with order r, and size m;, and a graph
K = (V(K), E(K)) with order r, and size m,, the corona product of H and K, denoted by H © K, is the
graph obtained from one copy of H together with r| copies of K, denoted by K; for 1 < i < ry.
Furthermore, for each vertex v; € V(H), the vertex v; is joined to every vertex of the corresponding
copy K;, namely the ith copy of K.

The first fundamental structure graph that we investigate is a path graph. The path graph is a
graph that isomorphic to H graph with vertex set V(P,) = {w,wp, ws,...,w,} and edge set E(P,)
wwiqll <i<r-1}

Theorem 2.3. The path graph P, is a reverse super edge trimagic graph for any r > 4.

Proof. Let P, be a path graph with vertex set V(P,) = {wy,w,, ws,...,w,} and edge set E(P,) =
{wiw;i1]1 <i < r—1}. In order to prove the existence of a reverse super edge trimagic labeling on P,,
we explicitly construct a bijective labeling ¢ such that each vertex and edge of the graph is uniquely
assigned a label from the prescribed set of labels that fulfills the conditions of reverse super edge
trimagic labeling. The construction is divided into two cases according to the parity of r.
The first case is for odd r.

We define a labeling ¢ : V(P,) U E(P,) — {1,2,3,...,2r — 1} such that the labels of vertices are
provided below:

i+ 1
S 1sisroddi
W)=\ p¥ir1 _ '
, 1<i<reveni,

2

and the edge labels are given by

r+1, 1<i<r-3,
{wiwi) =4 r+i+1, i=r—2,
r+i—1, i=r—1.

We now verify that this labeling produces exactly three distinct difference constants.
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(1) For edges w;w;,; with 1 <i <r — 3, we obtain

i+1 r+G+1D+1
2 )

= = 02’

Lowiwin) = (o) + LOvi)) = 1+ — (

(2) Similarly, for i = r — 2, we obtain

i+1 r+(i+1)+1)

f(WiWi+1)—(K(Wi)+§(wi+1))=7”+i+1—( 5 + 5
_r—l_‘9
= =6
(3) Fori =r — 1, we obtain
LOvtin) = (€O + vy = r i =1 - (CEZ L
_r—5_9
=—— =0

Thus the three distinct constants are 6; = (r —5)/2, 6, = (r—3)/2, and 6; = (r — 1)/2.

The second case is for even r.
We define the vertex labeling using the same rule as in the first case:

i+ 1
’2 1 <i<roddi,
twy =1 2 | |
—, 1<i<reveni,
2
and the edge labeling is constructed differently depending on the value of r:
r+i+1, i=1, —
r+21_3, i:2’37
+i 1<ic 24
r4+i, <i< ,
2
L(wiwiyy) = Lio<i<r—1,
- r>6
+i+2, = ——1,
r+i i=7
rri-1, s <i<o+1
’ 27 T2

Next, we show that this labeling produces exactly three distinct difference constants, 6, 6,, and 65.
(1) For r =4,

a. consider the edge wyw,,

1+1 +(1+1
LT ( ))

2 D) 3

Lwiwy) = (W) +{wa) =r+1+1 —(

’
2
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b. similarly, for the edge w,ws,
L(waws3) = (L) + {(w3)) =r—4=0=104;
c. for the edge wiwy,

r—2
2

(wswyg) — (L(w3) + L(wa)) = = 6,.
(2) Forr > 6,

a. consider edges w;w;, with 1 <i < (r —4)/2,

[+ 1 [+ 1 -2
i+ +r+(l+ )):r

Loviwinr) = (Ew) + {wi)) = 7+ i = (= > > =0
b. in the case of edge w;w;,; withi = r/2 — 1, we obtain
Lovmin) ~ €COon) + Lov) = 2% =
c. foredges wyw;,y withr/2 <i<r/2+1,
e r =0 (mod 4),
Covwin) = €0 + Lo = 50 =
e r =2 (mod 4),
Covwin) = €Oon) + Lo = % = b
d. for edges wiw;y withr/2 +2 <i<r-—1,
r+i (@+1)+1 r—2
Lwiwin1) = (Cwi) + {wi)) = r +1i —( >t ( 2) ) =5 = 0,.

For the second case, we obtain that for r = 4, we have 6, =0, 6, = (r —2)/2, 6; = r/2, and for r >
6, we have 6, = (r—4)/2, 6, = (r—2)/2, 83 = (r +2)/2.

Therefore, {{(wv) — ({(w)+{(v))lwv € E(P,)} = {64, 65, 85}. Thus, the path graph P, admits a reverse
edge trimagic labeling. Because a path graph P, with r vertices are assigned the labels 1,2,3,...,r, and
the edges receive the remaining labels, the labeling is a reverse super edge trimagic labeling. Hence,
any path graph is a reverse super edge trimagic graph. O

An illustration of reverse super edge trimagic (RSET) labelings for path graphs Py and P, are
provided in Figures 1 and 2.

10 /2N 11 /72N 12 /70N 13 /70N 14 N 15 7N 17 /72N 16
OO OO 0=0)

Figure 1. Reverse super edge trimagic labeling of Py with 8, = 2, 6, = 3, 6; = 4.

@11/6\12/2\13/7\16/3\14/8\15/4\17/9\18/5\19 "
1\ 4 O 1\ e O3 O3\ e\ g

Figure 2. Reverse super edge trimagic labeling of Py with 6, =3, 6, =4, 605 = 6.
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Theorem 2.3 shows that the path graph P, admits a reverse super edge trimagic labeling through
a balanced arrangement of vertex and edge labels. This labeling pattern naturally leads to a broader
question, namely whether the same construction can be adapted to disconnected graphs formed by
several copies of P,. Therefore, we next consider the graph mP,.

Theorem 2.4. The m copy of a path graph mP, is a reverse super edge trimagic graph form > 2, r > 5,
and r is odd.

Proof. Let mP, be the disjoint union of m copies of the path graph P,. The vertex set is V(mP,) =
Wil <i<rl<j<m}and EmP,) = {w/w/ Il <i<r-1,1< j<m}. We prove the existence
of a reverse super edge trimagic labeling by constructing a bijective function ¢ : V(mP,) U E(mP,) —

{1,2,...,2mr — 1}, that provides the vertex labels as follows:
. . [r}
i=|=
Js Ak
{(w{): m(r+1—2i)+ j, ISiS[gJ, r>51<j<m,
. r . r .
(2(1—[5-‘)—1)m+], [Ew+1Sl§r,

and the edge labels as follows:

(1) forl <j<m, r=35,

14m —i+ 1 +4j

. e E RS
J1) —

Cwiwiyy) = 10m+i2—4+4j, s

2)forl<j<m, r>7, r=3 (mod 4),

m2r —4i + 1)+ 2], 1sism,
. . [r . r
mQ3r—4i)—1+2j, L—J+ISZS{§J,
Lwiwl, ) = r 3r
m@di—r—2)—1+2j, —J+lsis =
2 4
. ) 3r )
mi=2r =) =1+2j, | |+1<i<r=1;

B)forl<j<m, r>7, r=1 (mod 4),

m2r - 4i + 1) +2j, 1sism,
mGr - 4i) — 1 +2, 4—”+15i£EJ,
JUATE ] 3
+ mdi—r—2)—1+2]. IJ+1sls 7,
2 4
. . 3r
m4i—2r—-1)—1+2j, T +1<i<r-1
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To complete the verification, we show that the constructed labeling gives rise to exactly three distinct
difference constants. We consider three cases based on the value of r.

(1) Case 1 is designated for edges w{wlﬁrl, r=51<i<r-1.

a. Fori=1,

. -  lAm—1+1+4j
Zoviwh) = ] + gy = ==

+j+mir=20+D)+ 1)+ j)=m=6b;

—(m(r—-2(1)+1)

b. similarly, for i = 2,
LWIw]) = (W) +cwl) = mB —r) = 1 = 65;

c. fori =3, o ' .
LWiwy) = (W) + L(wy)) = 6m — 1 = 65;
d. fori =4, o ' '
Lwywl) = (LW + Lwh)) = m = 6.
(2) Case 2 corresponds to the edges w{ wa, r>7, r=3 (mod 4).

a. Consider edges wljwl’ L with 1 <i < [r/47:

Lwiwl ) = (W) + LWl ) = mQ2r = ri+ 1) + 2 — (m(r = 2i + 1)
+j+mir=2(i+ 1)+ 1)+ j))=m=20;

b. similarly, for edges w/w’/ , with [r/4]+ 1 <i < |r/2],

LWIWl ) = W) + 2wl ) = mr— 1 = 65
c. in the case W,/ le+ , with i = [r/2], we obtain,

{Wiwl, ) = W) + L), ) =m(r = 1) = 1 = 6y;

d. for edges wiw/,, with [r/2]+ 1 < i < |3r/4],

Lwiwl ) = ) + L), ) = mr =1 = 65;
e. for edges wiw/  with [3r/41+1<i<r-1,

LWiwl ) = W) + L], ) = m = 6,.

(3) Case 3 is provided for edges w{wl{r], r>9, r=1 (mod 4).

. i . . r .
a. Consider edges w{ w{ g With1 <i< L_lJ’ we obtain

LWIw! ) = (W) + LWl ) = mQ2r — 4i + 1) + 2 — (m(r — 2i + 1)

i+1
+j+m(r=2(+1D+1)+j)=m=0y
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b. for edges wiw/ , with [r/4]+ 1 <i < |r/2],

LWIwl ) = W) + W] ) = mQ2r — 4i + 1) + 2j — (m(r — 2(i + 1)
+j+mr-=2+D)+ 1)+ j)=mr—1=0;;

c. similarly, for edges w{ w{ o withi =[r/2],
LWIwl ) = (W) + LW ) =m(r— 1) = 1 = 6y;
d. for edges wiw/, | with [r/2] +2 < i < |3r/4], we obtain

LWiwl ) = W) + LWl ) = mr— 1 = 63

) ;.. |3r . )
e. consider edges w/w’, | with {Z| +1<i<r-1;weobtain

wiwlo ) = i) + LW, ) = m = 6y,
Thus, the above construction for every case yields exactly
{{wy) = (W) + LW)wv € mP,} = {6, 6,, 63}

for some distinct 6, 6,, 65, and mr vertices of mP, are labeled with the first positive integers
1,2,3,...,mr, which means that mP, graphs admit a reverse super edge trimagic labeling.
Furthermore, mP, graphs are reverse super edge trimagic graphs form > 2,r > 5, when risodd. O

Here, we give an illustration of reverse super edge trimagic labeling of 2Py, and 2Py, in Figures 3
and 4, respectively.

@32/\24/\3;/5\23/1\]?/3\27@2;@228@

DT VB (2 2L N D N 2 N 30
2\ 2\ O OV s OV OS2\ 2

Figure 3. Reverse super edge trimagic labeling of 2P with 6, = 2,6, = 15,65 = 17.

D D () 2 (D) (DD E (D) (D) () (5 2
2\ 2\ 2\ \ a2\ 2\ 2

42 /TN 34 TN 26 /N 37 SN 29 /N 25 /N 33 N 4l N 30 SN 38
(22135195105 )= (O)3-()5H(12)51e)5

Figure 4. Reverse super edge trimagic labeling of 2P; with 8, =2, 6, = 19, 6; = 21.

Theorem 2.4 concerns a family of disconnected graphs formed by several copies of path graphs.
We now turn to another family graph derived from path graphs through the corona operation. The
following theorem considers the path graph corona null graph, P, © N;.

AIMS Mathematics Volume 11, Issue 9, 31041-31061.



31049

Theorem 2.5. For any positive integer r > 4 and s > 1, the corona product of a path graph and a null
graph, P, ®© N is a reverse super edge trimagic graph.

Proof. Construct the graph P,ON; with vertex set V(P,ON;) = {w;|1 <i < r}U{w{ll <i<r 1<j<s}
and edge set E(P, © N;) = {wiwi|ll <i <r—-1}U {wiwfll <i<r 1< j< s} Weprove the
existence of a reverse super edge trimagic labeling of P, © N, by constructing a bijective mapping
{:V(P,ON,)UEP,ON;) — {1,2,3,...,2r(s + 1) — 1}. The construction is divided into two cases
according to the parity of r.
The first case is for even r.

Assume that r > 4 is even and that s > 1. Define the bijection { : V(P, © N,) U E(P, ® Ny) —

{1,2,3,...,2r(s + 1) — 1}, where the vertex labels are assigned as follows:
[+ 1
L l<i<roddi
(wy=1{ .2,
T, ISiSr,eveni.

Furthermore,

rj+1)+i—-1

b

1<i<r-1,o0ddi,

g(wl!) = 2rj+i
2
r(j+ 1), i=r.

<i<r-— 1 .
, 1<i<r-2,eveni, l<j<s r>5,

The edge labels are defined by

r(s+1)+i, 1sis§+1,oddi, r>4,
Lwiwiry) = ) r ' '
r(s+2)+i-3, 5+2§1§r—1,evenz, r>6,
and,
r(s+3)+i+j-5, 1<i<?2,
3r
N ) rs+—+i+j-2, 3<i<r-1, j=1,
{(W,'Wi)— 2 }"24,
r(s+3)+j—2, i=r,
r(s+j+1)+i-1, 1<i<r, 2<j<s.

Next, we verify that ¢ satisfies the reverse super edge trimagic condition by evaluating the difference
between the label of each edge and the sum of the labels of its incident vertices.

(1) For edges wyw;;; with 1 <i<r/2+1,

[+ 1 |+ 1

i+ N r+ @+ ))
2 2

:92.

Lwiwir) = (W) + Lwip)) = (s + 1) +i —
_2rs+r—2
=S
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(2) Similarly, for edges wyw; withr/2 +2 <i<r -1,

2rs +3r—38

Lwiwip) — (W) + L(wigy) = B E—— 6.

(3) In the case edges wiw{ with1 <i <2, j=1, we obtain

a.i=1,

Lwiwy) = (Lwy) + L(wy) = W = 03;
b. i=2,

L)) — @) + 20wy = TR 2 g,

(4) Consider edges w,-w{ with3 <i<r—-1, j=1. We obtain
a. odd i,
Lwiwy) = (Cwi) + E(w)) = rs = 1 = 6;;

b. even i,

Lwiw) = (Lw) +Lwp) = rs = 1 = 6.

(5) Foredges wiw/ with 1 <i<r, 2<j<s,

a. odd i,
j i 2rs+r=2 .
é(wiwi) - (f(W,) + {(Wl) = T = 0,;

b. even i,
Lovw!) = QOw) + Z(w)) = % _a,

(6) For edge w,w!,
Lwew)) = Gwp) +Lw) = rs — 1 = 6.

Hence, in the first case, the three distinct constants are 6; = rs—1, 6, = 2rs+r—2)/2, and 65 =
2rs + 3r—8)/2.
The second case is for odd r

Now, suppose that r > 5 is odd and that s > 1. Define a bijection ¢ : V(P, © Ny) U E(P, ® Ny) —
{1,2,3,...,2r(s + 1) — 1}, where the vertex labels are

i+1

> 1<i<roddi,
dw) =3 r¥iv1
2

1<i<reveni,

and
27+ 1)+
j % | <i<roddi,
W) =1 2747 _ . 1<j<s,
> 1 <i<reveni,
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and the edge labels are given by
Lwwi)=r(s+ D) +i, 1 <i<r-1

and
r(s+j+2)+i-3, r>5 1<i<2,

Lww!) = { 1<j<s,

r(s+j+1)+i-3, r>53<i<r-1.

To prove that £ is a reverse super edge trimagic labeling, we evaluate the quantity f(wv)—(f(w)+ f(v))
for every edge wv € E(P, ® Nj).

(1) Consider edges wiw;y; with 1 <i <r—1:

2rs+r—-3

Lwiwipr — (Cwy) + L(wisr) = 5 = 0,.

(2) In a similar manner, for edges w,-w{ withr=3, 1<i<r, 1<j<s,

a. i=1,
Loww!) = (Lwi) + L)) = % _ o,
b. i =2,
con) = @On) + gOw)y = T2 — gy
c.i=3,
o) = €Oon) + ¢Ovfy = =2 gy
(3) Likewise, for edges w,-w{ withl1 <i<2, j=1,
a. i=1,
Cov]) = (@Oow) + 2w = 22T < g
b. i=2,
Lwiw!) = (L(w) + Zow!) = % _ o,
(4) For edges wiw{ with3<i<r 1 <j<s,
a. odd i,
Lovawd — (COony + Lovly = 2T <
b. even i,
Lowwd) = (Cw) + L)) = % _e,.
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Therefore, in the second case, we have three distinct constants 6; = Qrs +r—7)/2, 6, = Qrs +r —
3)/2, and 63 = 2rs + 3r—17)/2.

Combining both cases, we conclude that the graph P, © N; yields three distinct constants, {{(wv) —
(Cw) + Lv)wv € E(P, © Ny)} = {61,6,,05}. Because the vertex labels are precisely the integers
1,2,3,...,r(s+ 1), the labeling { is a reverse super edge trimagic labeling. Consequently, P, ® N; is a
reverse super edge trimagic graph. O

Here, we present a visual representation reverse super edge trimagic labelings of Ps ® Ny in Figure 5
and P¢ © N; in Figure 6.

Figure 6. Reverse super edge trimagic labeling of P © N5 with 6, = 17, 6, = 20, 6; = 23.

In the three previous theorems, we focus on path related graphs. We now give attention to the other
fundamental graphs, namely cycle-related graphs. We start with the cycle graph C,. Recall that the
cycle graph C, is a graph that isomorphic to G graph with vertex set V(G) = {w; | 1 <i < r} and edge
set E(G) ={wwi1 |1 <i<r—-1}U{ww,}.

Theorem 2.6. For any positive integer r > 5, the cycle graph C, is a reverse super edge trimagic
graph.

E(C,) = {wwill <i<r—-1}U{ww,}. We define a bijection ¢ : V(C,) U E(C,) — {1,2,3...,2r} such
that the condition of reverse super edge trimagic labeling is satisfied. The construction is divided into
two cases based on the parity of r.

Case 1 is for odd r.

Assume that r > 5. Define the bijection ¢ : V(C,) U E(C,) — {1,2,3,...,2r} by assigning the vertex

Proof. Consider the cycle graph C, with r > 5, vertex set V(C,) = {w;|]l < i < r} and edge set

AIMS Mathematics Volume 11, Issue 9, 31041-31061.
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labels as {(w;) = i,1 < i < r, and label the edges as
r+2i—1, 1<i<?2,
. ) r
é/(wiWHl): r+2l—2, 3SZS’V§ ) r25’
2i+ 1), mustg—l,

Lwmw,) =r+2.

The following computations show that the differences edge label with the sum of vertices label are
incident to the edge and produce exactly three distinct constants.

(1) For edges wyw;,; with 1 <i <2,
Lwiwi) = (W) +LWip) =r+2i—-1-(G+@G@+ 1) =r—-2=6s.
(2) For edges w;w;,; with3 <i < [r/2],
Lwiwi)) = (W) +LWip) =r+2i-2-(@(+@G+1)=r-3=0,.
(3) Similarly, for edges wyw;q with [r/2]1+ 1 <i<r-1,
Cwiwir) = (W) +{win) =2i+2 -+ @@+ 1) =1=6.

(4) For edge wiw,,
Lwiw) = (Ew) +Lw) =r+2-(1+r)=1=0,.

Furthermore, in Case 1, we have 0, =1, 6, =r—3, 6; =r—2.
Case 2 is for even r.

Now, assume that r > 6 is even. Construct a bijection { : V(C,) U E(C,) — {1, 2, ...,2r} with vertex
labels given by

i+1

, 1<i<roddi,
(=1 .2 r= 6,

r+i : .
—, 1<i<reveni
2
and the edge labels by
r+2i—1, 1<i<?2,
r+2i—4, 1 =3, r>6
COnmwie) =9 44 jg, §+1si§r—1,

r+i, 4Sl$£, r>8,

2
3r+2
{(Wlwr)— 2

We show below that { is a reverse super edge trimagic labeling by computing {(w;w;,1)—({(W;)+{(Wis1))
for every edge in E(C,).
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(1) For edges wiw;,1, r > 6,

a. fori =1,
r—2

2

Lwiwa) = (L(wy) + {(w2)) = = 0y

b. moreover, fori = 2,
’

L(wawz) = ({(wr) + L(w3)) = 3= 03,

c. fori =3,
r—4

{wswg) = (L(w3) + {(wy)) = > =0;;

d. likewise, forr/2+1<i<r—-1, r=0 (mod 4),

L0vwian) = (COn) + Ewian)) = 5 = 6
e. considerr/2+1<i<r—-1, r=2 (mod 4),

Lwiwirr) — (Ewy) + {(Winr)) = % =0;.

(2) In the case edge wiw; 1,1 > 8, i =4,

r—2
Lwiwip) — (C(w) + {wigy)) = 2 = 0,.
(3) Likewise, for edge wiw; 1, ¥ > 10, r/2+1<i<r-1,
r—2
Lwiwir) = (E(w) + L(wisr)) = 5= 0,.

(4) For edge wyw,,
-
Lwiw,) = (C(wy) + L(wy)) = 3= 6.

Thus, Case 2 yields the three distinct constants 6, = (r —4)/2, 6, =(r—2)/2, and 65 =r/2.
Finally, according to Case 1 and Case 2, we find {{(wv) — ({(w) + {(v))lwv € E(C,)} = {6y, 6,65}
for some distinct 0y, 8,, 85, and every vertex is assigned a unique label from the set {1,2,3...,r}. Thus,
the cycle graph C, admits a reverse super edge trimagic labeling. Hence, C, is a reverse super edge
trimagic graph for any r > 5. O

Figures 7 and 8 show examples of reverse super edge trimagic labeling of Cg and Co, respectively.

Figure 7. Reverse super edge trimagic labeling of Cs with 8, =2, 0, =3, 6; = 4.
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Figure 8. Reverse super edge trimagic labeling of Cy with 6, = 1,60, =6,6; =7

Theorem 2.6 has discussed RSET for connected graphs, namely cycle graphs. Next, we investigate
disconnected graphs related to the cycle graphs. The graphs are formed by several copies of cycles,
specifically disjoint copies of cycles, denoted by mC,.

Theorem 2.7. The m copy of a cycle graph mC, is a reverse super edge trimagic graph for any m > 2
and for every even integer r > 6.

Proof. Let mC, be the disjoint union of m copies of the cycle graph C,. The vertex set is V(mC,) =
{w’ll <i<rl<j<mj andtheedgesetlsE(mC)—{ wi, |1 <i<r-1, ISJSm}U{w wrll <
J < m}. In order to prove the existence of a reverse super edge trimagic labeling on mC,, we construct
a bijective function ¢ : V(mC,) U E(mC,) — {1,2,3,...,2mr} that provides the vertex labels by

Hmﬂ; 1 <i<roddi,
§(Wj)= 2 1<j<m,
! +
(%—1)m+], 1<i<reveni,

and the edge labels as follows:

mir+i—-1)—-1+2j, 1<i<r-1,0ddi, 1<j<m,

g(ijl+ 1 ) - {

m(r+i—2)+2j, 1<i<r-1,eveni.

Lwlwl) = 2m(r = 1) + 2.

Furthermore, we investigate the difference between the edge label and the sum of the labels of its
incident vertices, that is, { (w wi, 1) 04 (wj )B4 (wl +1)) for every edge w +1 € E(mC,). In this context,
we have three cases based on the value of i.

(1) Foredgesw 1<i<r-1,o0ddi, 1 <j<m,

1

+1’

. . -2
Lwhwl ) = (Cwh) + Lol ) = ’"’2 = 6,.

(2) Foredgesww 1<i<r-1,eveni, 1 <j<m,

i+1°

mr —2m

f(W l+1)—(§(W1)+§(W,+1)) T=91-
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(3) For edges w{w{, 1<j<m,
LWIwl) — (CW)) + Lw))) = m(r — 1) = 65.

Based on the value i, we find that {{(wv) — ({(w) + {(v))lwv € E(mC,)} = {6,, 6>, 65}. In this case, every

vertex is assigned by integers {1, 2,3, ..., mr}, and the edges receive labels {mr + 1,mr + 2,...,2mr}.
Hence, the mC, graph admits a reverse super edge trimagic labeling. Therefore, mC, graph is a reverse
super edge trimagic graph for any m > 2, r > 5 when r is even. O

Here, we give diagrams of reverse super edge trimagic labelings of 2Cg and 3Cy in Figures 9 and 10.

Figure 10. Reverse super edge trimagic labeling of 3Cg with 8, =9, 6, = 11, 6; = 21.

In this section, we discuss reverse super edge trimagic labeling of a corona product of two graphs.
We recall Definition 2.2 to construct the graph C, ® N,. The corona product of a cycle graph and a
null graph, C, ® N; is a graph formed from one copy of the cycle graph C, together with r copies of
the null graph N, in which each vertex w; € V(C,) is adjacent to every vertex w{ in the ith copy of
Ny, forl <i<rand1<j<s.

Theorem 2.8. For any positive integer r > 3, s > 1, the corona product of a cycle graph and a null
graph, C, © N, is a reverse super edge trimagic graph.

Proof. Construct the graph C, ©® N, with vertex set
V(C,oN) ={wll <i<riuwll<i<r 1<j<s)
and edge set E(C, O Ny) = {wiw; |l <i<r—-1}U{ww,}U {wiwljll <i<r 1<j<s}. Weconstruct a

bijective mapping ¢ : V(C, © N,) U E(C, O N,) — {1,2,...,2r(s + 1)} to prove the existence of reverse
super edge trimagic of C, © Ny with vertex labels and edge labels that are divided into two cases, odd
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r and even r.
The first case is for odd r

Construct a bijective mapping ¢ : V(C, © N,) U E(C, ® Ny) — {1,2,...,2r(s + 1)} in the following
way. Define the vertex labels {(w;) =i,1 <i < r, and {(w{) =rj+i,1 <i<r 1< j<s. Furthermore,
assign the edge labels as follows: {(wiw;y) = (s+ Dr+2i, 1 <i<r-1,{(wyw,) =(s+ Dr+ 1, and

(s+j+ Dr+i, r=3,1<i<2, 2<j<s,
(s+Dr+2i+1, r>3, 1<i<r-1, ji=1,
(s+j+2)r, r>3,i=r, 1<j<s

Lwiw!) = RS s 1 eicl”
(s+j+Dr+2i—-1, r>3, _l_bJ, 2<j<s,

(s+ jyr+2i+]1, rZS,E-‘gigr—l,

We now verify that £ defines a reverse super edge trimagic labeling on C, ® Ny by considering the
differences between the label of each edge and the sum of the labels of its incident vertices. The
resulting values are as follows:

(1) For edges wiw; 1, 1 <i<r-1
Lwiwis1) = (W) + {wir) = (s+ Dr+2i =+ @+ 1)) =(s+ Dr—1=065.
(2) For edge wyw,,

Lwwy) =(Cw) +{w)) =(s+ Dr+1 - +r)=rs=6,.

(3) Considering the edges wiwf , two subcases arise:

a. forr =3,
Lif1<i<2, j=1,8ww)) = (Cw) +L{w)) =rs+ 1 = 0y;
i ifi=1,2<j<s ww)) = () + WD) = (s + Dr—1=65;
iii. if i =2, 2< j<s, Lww!) — W) + W) = rs+ 1 = 6y;
iv. ifi =3, 1 <j<s, {ww)) = (w) +w)) = rs = 64
b. forr > 5,
Lif 1<i<|r/2], 2<j<s dwwl)—Cw) +Zw)) = (s+ Dr—1= 6,
i if[r/21<i<r—1, 2<j<s ww)—@w) +ZW)) =rs+1=6,,
i, ifi=r, 1<j<s, ww))—(Cw)+Lw)) =rs=6,.
In the first case, the labeling yields three distinct constants given by 8; = rs, 6, = rs + 1, and 6; =
(s+ Dr-1.
The second case is for even r

Assume that ris even with r > 3 and s > 1. Define a bijective mapping { : V(C,ON,)UE(C,ON;) —
{1,2,...,2r(s + 1)} by assigning the vertex labels as follows:

'+ 1

’2 , 1<i<roddi,
g(wl): r+l . )

5 1 <i<reveni,
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and
i+ 1 . ) .
_ rj+ 7 1<j<s 1<i<roddi,
g’(w{): r+i
rj+T, 1<j<s 1<i<reveni.

The edge labels are defined by

(wiwiy) =G+ Dr+i, 1 <i<r-1,
Lwiw,) = (s +2)r,

{wwh=(s+1+jr+il<i<r 1<j<s

We now show that the labeling £ fulfills the reverse super edge trimagic property by considering {(wv)—

(W) + (), wv € E(C, © Ny).
(1) Foredges wiw;y1, 1 <i<r-1,

a. if i is odd,

LOwiwiar) = (COw) + L)) = (s + Dr+i = (

b. if i is even,

{wiwin1) = (W) + L)) = (s + Dr+i — (
(2) Likewise, for edge wiw,,
Lww,) = (w) +Lwy) = (s + Dr—1=06;.

(3) Similarly, for edges wiw{,l <j<s, 1<i<r,

a. if i is odd, Z(ww!) — (C(w)) + L)) = (s + Dr — 1 = 65;

b. if i is even, {(w,-w{) —L(w;) + §(w{)) =rs=0,.

i+1 +r+(i+l))_2rs+r—2
2 2 B 2
r+i+(i+1)+1)_2rs+r—2
2 2 B 2

= b6

D

In the second case, the labeling produces the three distinct constants 6y = rs, 6, = 2rs+r—2)/2, 6; =

(s+ Dr-1.

The two cases above show that {{(wv)—({(w)+{(V))wv € E(C,ONy)} = {61, 6,, 85}, for some distinct
01, 0,, 05, and every vertex is assigned a unique label from the set {1,2,...,r(s + 1)}. Consequently,
the graph C, © N, admits a reverse super edge trimagic labeling. Hence, the corona product of C, ® N;

graph is a reverse super edge trimagic graph forany r > 3,5 > 1.

O

[lustrations of reverse super edge trimagic labeling on C¢®N; and C;©N; can be found respectively

in Figures 11 and 12.

AIMS Mathematics
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Figure 12. Reverse super edge trimagic labeling of C; © N3 with 6, = 21, 6, = 22, 6; = 27.

3. Conclusions

In this paper, we determined reverse super edge trimagic labelings for several families of path-
related and cycle-related graphs, including path graphs, multiple copies of path graphs, and the corona
product of path graphs with null graphs, cycle graphs, multiple copies of cycle graphs, the corona
product of cycle with null graphs. Hence, we demonstrate that several families of path-related and
cycle-related graphs are reverse super edge trimagic graphs.
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