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1. Introduction

Steady Darcy—Brinkman equations are complex systems coupling velocity, temperature, pressure,
and concentration, governing the steady double-diffusive convection phenomenon arising from
combined heat and mass transfer in saturated porous media. The classical Darcy law characterizes
seepage flow in porous media at low Reynolds numbers. Because it assumes a uniformly distributed
velocity profile, it cannot handle scenarios involving significant velocity shear or coupling with free-
flow regions. To overcome this limitation, Brinkman proposed an extended model incorporating
an additional viscous stress term, known as Darcy—Brinkman equations. This model is capable of
describing flow behaviors ranging from seepage in low-permeability porous media to flows in high-
porosity media that more closely resemble pure viscous fluid motion.

These equations are well-suited for addressing more complex porous media flow problems
encountered in industrial and natural environments. For instance, in hydrocarbon recovery from
fractured reservoirs, fluid transfer must account for both the permeability of the porous matrix and
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the viscous resistance at fracture walls. In cases where fracture apertures are small, the traditional
Darcy model can lead to significant errors, whereas Darcy—Brinkman equations provide more accurate
calculations of relative permeabilities for water and gas flow [1]. In another example, Darcy—Brinkman
equations have been used to investigate the relationship between heat transfer performance and jet
impingement distance in open-cell copper foam [2]. Furthermore, Darcy—Brinkman equations have
increasingly become a research focus in areas such as heat and mass transfer in porous electrodes of
solid oxide fuel cells and in solute transport in groundwater pollution remediation [3-5].

The primary difficulty associated with steady Darcy—Brinkman equations compared to other models
lies in their complex multiphysics coupling. The equations not only couple velocity, pressure,
temperature, and concentration nonlearly but also acount for inertial effects, viscous resistance, and
double-diffusive (thermal and solutal) effects within the porous medium. This complexity poses
significant challenges for numerical solution. To address these challenges, researchers have developed
various numerical methods. The traditional finite element method is a classic approach for solving
these equations. It directly discretizes the governing equations and employs iterative techniques
to handle the nonlinear terms. Rigorous mathematical analysis is then conducted to establish the
existence and uniqueness of the numerical solution as well as to evaluate the stability and error bounds
of the scheme [6]. Furthermore, mixed finite element methods reformulate the original problem
as a saddle-point problem by introducing additional variables such as vorticity. This approach is
particularly suitable for handling complex flow scenarios involving three-dimensional geometries or
the coupling of highly permeable media with classical porous media [7]. To significantly enhance
computational efficiency for problems involving complex parameters or long-term evolution, reduced-
order modeling techniques, especially those combining variational multiscale methods with proper
orthogonal decomposition, have been successfully applied to extract dominant system features, thereby
substantially reducing computational cost while maintaining accuracy [8]. Additionally, operator
splitting methods effectively decouple the original coupled problem into a sequence of relatively
simpler subproblems (e.g., a flow subproblem and a transport subproblem) solved alternately, providing
an effective framework for handling incompressibility, strong nonlinearities, and multiphysics
coupling [9]. As problem complexity increases, other approaches such as multiscale methods (e.g.,
two-scale finite element methods, lattice Boltzmann methods) and data-driven machine learning
techniques are also being explored for simulating flow in highly heterogeneous porous media and
addressing numerical upscaling challenges.

Zhu et al. [6] studied the Newton iterative method based on finite element discretization for
Darcy—Brinkman equations. They used an amplification technique to prove convergence. In this paper,
we adopt a different approach to derive sharper convergence criteria for the three iterative methods.
Our criteria are significantly less restrictive than those in [6] and, in certain cases, provide an exact
characterization of the convergence domain. In particular, we obtain explicit spectral radius conditions
that are directly amenable to numerical verification.

The remainder of this paper is organized as follows. Section 2 introduces the necessary
preliminaries, including the variational formulation of Darcy—Brinkman equations and the key
mathematical properties required for the subsequent analysis. In Section 3, we describe the Stokes,
Newton, and Oseen iterative methods; derive error estimates for the three iterative methods; and
establish their convergence. Section 4 presents numerical experiments based on an analytical solution,
where we compute and compare the convergence rates of the three iterative methods. Finally, we
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conclude the paper with a summary of our findings and an outlook on future research directions.
2. Preliminaries

2.1. Darcy-Brinkman equations

We consider the following steady Darcy—Brinkman equations:

—vAu + (- Vyu + D'u + Vp = (BrT + BcC)g, x € Q,

V-u=0,x€Q,

—yAT + (u - V)T =0,x € Q,

-DAC+ (u-V)C =0,x € Q, 2.1
u=0,x¢ecoQ,

T = TQ,C: Co,xear,

or _ dC _
0 = on —O,xEGQ\GF,

where Q C R? is a bounded domain with Lipschitz continuous boundaries 4Q and I, and I is a
nonempty proper subset of dQ. Let x = (x;, x»). We denote the velocity vector by u = (u;(x), u»(x))7,
the fluid pressure by p = p(x), the temperature by T = T'(x), and the concentration by C = C(x). Let
n be the unit outward normal, g be the gravitational acceleration vector, v > 0 be the viscosity, D,
be the Darcy number, y > 0 be the heat diffusivity, D. > 0 be the mass diffusivity, and S and B¢ be
the thermal and solutal expansion coefficients, respectively. The Eq (2.1) is written in its dimensional
form.

Next, we introduce the function spaces and the commonly used norms for these function spaces
employed in this paper [10]:

X = H)(Q)? = {u € H(Q)* : ulsq = 0},
W = H\(Q),
Wo = {¢p € H(Q) : ¢lar = 0},

E:Lg(g):{qeﬁ(g):fqu:O},

Q

V:{veX:fgodivvdx:O,cheE}.
Q

Let || - ||o denote the norm induced by the inner product of L*(Q2). Furthermore, (Vu, Vv) and ||Vul|
represent the inner product and norm in H(l) (Q2) and X, respectively. The symbol || ||, - denotes the norm
of the classical Sobolev space W*"(Q).

We further define the bilinear forms and introduce the trilinear forms as follows:

a(u,v) = (Vu,Vv), Vu,v e X, 2.2)
a(T,y) = (VT,Vy), NT,yeW, (2.3)
d(q,v) = (q,divw), VYve X,Yq € E, 2.4)

bu,v,w)=(u-Vyy,w)+ %((divu)v,w)
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= %((u -V,w) — %((u -Vw,v), VYu,v,weX, (2.5
- 1
bu,T,y) = ((w- VT, ¢) + 5((divu)T, ¥)

= %((u VT, ) — %((u -V, T), YueX VT, yeW. (2.6)

It can be verified that the bilinear forms a(-, -) and a(-, -) are continuous and coercive. The bilinear form
d(-,-) is continuous, and satisfies the following property [11]: There exists a positive constant 8 such

that da.w)
q,v
sup ———— > fllqllo, Vg €E. 2.7)
vexpz0 [[VVllo
Similarly, we can also establish that these trilinear forms are continuous and satisfy the following

property [12,13]:

b(u,v,w) =-bu,w,v), (2.8)
b(u,v,v) =0, (2.9)
Ib@u, v, w)l < N|[Vullol[Vvlol[Vwllo, Vu,v,w € X, (2.10)
b(u,T.y) = —b,y,T), (2.11)
bu,T,T) =0, (2.12)
b, T, )| < NIIVullolVTlolIV¥llo,  Yu € X, YT,y € W, (2.13)
where
Ib(u,v,w)
N = su , (2.14)
u,v,wI;X”VuHOHVVHOHVWHO
= b, T, )|
N= su . (2.15)
uex, Tyew [Vl lol VT ol Villo
Additionally, the following properties hold in Sobolev spaces:
llullo < a||Vullp, VYu € X(or W), (2.16)

where « is a positive constant depending only on Q.
We make the following assumptions regarding the domain € and its boundary conditions [14, 15]:

(A1) For any f € H72(Q)? and the Stokes problem
-Av+Vg=f, V-v=0 in Q, =0, (2.17)
the solution (v, g) satisfies the following regularity result:
Wil + liglli-1 < &llf 2y 1=1,2,3, (2.18)

where « is a positive constant depending on Q.
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(A2) Let & be a sufficiently small positive constant, and suppose that AQ € C*/ with k > 0 and j > 0.
Then, for Ty, Cy € C*(0Q) in Eq (2.1), there exist corresponding extensions Ty, Cy € C*/(Q)

satisfying
~ g
1Tollk, < % k>0,1<r<oo,

~ e (2.19)
ICollx,r < 3 k>0,1<r<oo.

2.2. Variational formulation

Based on the discussion in the previous subsection, the variational formulation of Eq (2.1) can be
derived as follows: Find (u, p, T,C) € X X E X W x W such that for all (v, ¢, ¥, s) € X X E X Wy X W,
it satisfies

va(u,v) + D;l(u, v)+ b(u,u,v) +d(e,u) —d(p,v) = (BrTg + BcCg,v),
ya(T, ) + b, T,¥) = 0, (2.20)
D.a(C,s) + b(u,C,s) = 0.

Lemma 2.1. [6] If Assumptions (Al) and (A2) hold, and

2 2 A7
25ma“Ne <1 32ma uNe <1

, , 2.21
3v? 3y @:21)
then Eq (2.20) admits a unique solution (u, p,T,C) € X X E X W X W and satisfies
Sma’e £ £
IVallp < » VTl < 5, IIVCll < 3, (2.22)
3v 2 2

where m = |glmax{|Br|, |Bcl}, u = max{y™', D7'}, and ¢ is a sufficiently small positive constant.

To introduce iterative methods for the steady Darcy—Brinkman equation (2.1), it is necessary to
discretize the equations based on the variational formulation. First, we introduce a triangulation of the
aforementioned function spaces. Let the mesh size be a positive real number O < & < 1. Then, we
consider a collection K, = {K : Uxcq K = Q} of nonoverlapping regular and uniform triangulations of
Q. For a fixed partition K, we define the following finite element subspaces X, E;, and Wj,:

X, = (v, € XN CUQ)Y? : vk € PAK), VK € Ky},

Ey=1{q, € ENCYQ) : qux € Pi(K),VK € Ky},

W, = {sn € WNCUQ) : sk € Pu(K),VK € K}
Here, P;(K) denotes the set of piecewise polynomials of degree at most i on K, and i, j, k are non-
negative integers. Next, we define Wy, = W, N W,. Meanwhile, we assume that the finite element

spaces (X}, Ej) satisfy the following discrete inf-sup condition: For any ¢, € E;, there exists a positive
constant 8 > 0, independent of 4, such that

|d(gn, vi)|
vieXy,vp#0 ||VVh||0

> Bllgallo- (2.23)

AIMS Mathematics Volume 11, Issue 9, 30979-31004.



30984

(A3) Forany v € D"''(Q)*> N X and g € H'(Q) N E, there exist approximations 7,y € X, and p,q € E,,
satisfying

V@ —mwllo < ch' W1, r=1,2,
llg = ongllo < ch'ligll,,  r=1,2. (2.24)

With these preliminaries, the standard finite element Galerkin approximation of the variational
equations is given as follows: Find (u,, py, T, Cy) € X, X Ej;, X W), X W), such that

va(u,, vy) — d(pp, vi) + d(op, up) + b(up, up, vy) + D7 (wy, vy)

= BrThg +BcCrg,vn), vy € Xp, o € Ep, (2.25)
va(Ty, yp) + b(uy, Ty, ) = 0, Yy, € Wop,
D.a(Cy, sp) + E(uh, Ch,sp) =0, Vs, € Wop.

We also present some primary results and error estimates for the finite element method.

Theorem 2.2. [6] Under the assumptions of Lemma 2.1 and (A3), there exists a unique solution
(up, pn, T, Cp) € X, X Ej, X W), X W), to the finite element Galerkin approximation (2.25) provided that

a’e

Sm
Vo < Ty IVTllo <

IVCillo < 5, llpallo < . (2.26)

N M
SNV

Theorem 2.3. [6] Under the assumptions of Theorem 2.2, suppose that (u,p,T,C) € H™(Q) x
H'(Q) x HY(Q) x H*(Q) is a solution to problem (2.20). Let | = min{r,i, j + 1,k}; then, the finite
element solution (uy, pp, Ty, Cp) € X X E X W), X W), to Problem (2.25) satisfies

lle — wpllo + [T = Thllo + 1IC = Cillo

< k™ (lllys1 2+ 1plla + 1T N2 + ICH 0 2), (2.27)
IV@ —upllo +llp = pallo + V(T = Tw)llo + [[V(C = Cllo
< k' (ullysrz + 1pllz + 0T Nrs12 + 1Cllrs12), 7 =1,2. (2.28)

3. Iterative methods based on finite element discretization

We propose three iterative methods—Stokes, Newton, and Oseen—to solve for the solution
(un, pn, T, Cp) in Eq (2.25). Each subsection introduces one method and establishes its convergence.

3.1. Stokes iterative method

Forn=1,2,..., given (u}~", T;',C;™"), we find (u], p}, T}, C}) € X), X E;y X W), X W), such that for
all v, € X, on € Ep, ¥, € Wop, 51 € Wy, the following holds:

va(uy,vy) + D'l vy) + b ui ™t vy) + d(gp, u)) — d(pl,vy)
= BrT, g +BcCrg,vn),

ya(T} ) + b~ Ti" gy = 0,

D.a(C", s) + b=, Cr!, 5,) = 0.

3.1
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For computational convenience, we set the initial values as u2 =0, Tg =0, C2 = 0. The following
boundedness theorem for the Stokes iterative method is a straightforward consequence of induction,
analogous to that in [6]; we omit the proof for brevity.

Theorem 3.1. The solution (u}, p}, T;, C}) obtained by the Stokes iterative method satisfies

028 & &

Sm
IVujlo < 25, INT;lo< 2. IVCillo< 3. [Pl < (3.2)

To prove the convergence of the Stokes iterative method, we define (e",&",0",n") = (w, —uj, T) —
T, Cy — C}, pp — p}). In the following, we will demonstrate the convergence of the Stokes iterative
method.

Theorem 3.2. For the Stokes iterative method, under the assumptions of Lemma 2.1, let

) J(IQUMN 20MN]2 800uM2NN
D, = + - .

33
3y 3y2 9y3 (3-3)
If
2
O<e<— — , (3.4)
Dy + 1500 | 2

the following convergence estimate holds: 1im(||Ve"|o + |[VE"|lo + |IV™|lo + I7"lo) = O.

Proof. First, subtracting (2.25) from (3.1) yields the fundamental expressions. All subsequent
calculations are based on these three expressions.

va(e",v;) — d(p",v;) + d(gp, €") + D' (e",vy) + b(e" ', u) ", vy)

+ by, e" ' vy) = (Bré" g + Bed" g, vi), (3.5)
ya(€", i) + b€, Th, y) + b, &7 yy) = 0, (3.6)
Da(6", sp) + b(e"™", Cp, sp) + b, 6", 5) = 0. (3.7)

Because the expression for ||[Ve"||, involves ||V&"||y and ||[Vd" ||y, we first estimate ||[VE"||y and ||[V6"|o
and then estimate ||Ve”||y. Finally, ||"||p will be estimated.

Now, we consider n = 1. Because u) = T} = C) = 0, it follows from (3.6) and (3.7) that we obtain

ya(é', yn) + by, T ) = 0, (3.8)
D', si) + b(w, Ch, 1) = 0. (3.9)
According to (2.26) and (2.13), setting y, = £! and s;, = ', we obtain

IVl < v "NIIVasllo IV Tllo
_=Sma*ce &

<v =<,

v 2712

IV8'1lo < DZ'NIIVusllolVCillo

(3.10)
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_=Sma*ce &
<D_'N - < —.
¢ v 2 12

Forn =1, Eq (3.5) follows:

va(e',vy) —dn',vy) + d(gn, e') + D' (e',vy) + b(uy, wy, vi) = (Bré' g + Bed' g,vh).

For this equation, we take v;, = e, ¢;, = n'. Then, according to (2.10), we obtain

IVe'llo < v ' NIVullg + v 'ma?(IVE o + 1IVSlo)
Smale

3y

_ _ &€ _
< v IN( Y +v lmazg <v'Me,

where M = (ma?*)/2. For n > 2 with u = max{y~!, D.'}, it follows from (3.6) that
ya&", £ = yIIVe'lly
< lb(e"™", Ty &) + Ib) ", &").
Then,

1V&"ly < uNIVe" oIV Tillo + NIIVaty ol1 V€™l
Sma’*

3v
1 AT n—1 10 -1 AT n—1
= EﬂeNHVe llo + 3 uMeNI[IVE™ fo.

€ -
IvE o

— 3 g —
< uN||Ve" 1”05 +N

Similarly, from (3.7), we obtain

D.a(8",8") = D |IV&"|I3
< |b(e™", Cp, ") + b, 6", 67|,

Then,
n 1 AT n—1 10 -1 AT n—1
198"llo < SueNIVe"llo + < uMeN |V .

Substituting v, = €”, ¢, = " into (3.5) yields

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

va(e",e") — d(",e") + d(f", e") + D' (e",e") + b(e" ", u} ", e") + b(u;,e" ', e") = (Bré"g + Bcd" g e").

From (2.10), (3.15), and (3.17), we obtain

va(e",e") = v||Ve"|3

< |b(e" ", ul ™t eM| + |b(uy, "', e")| + |(Bré" g + Bcd" g, e").
Then,

IVe"llo <v™' NIIVe" llolIVaej lo + v~ NIIVasllol Ve lo + v~ ma(IVE"lo + 1V6"]lo)

(3.18)
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Sma? — 10 —
< NIV o =5 + v ma NIVl + v uMeN(IVE" lo + V6" o)
4
-1 n—1 10 -1 T 10 -2 2X7 n—1 n—1
<2y Meg||lVe" ||y ?v N+ uN|+ ?,uMsv ma”N(||[VE" o + IIVO" o). (3.19)
We set
ma’e e e
A WL 3.20
M=) T Tn (3.20)
and
a, = IVe'llo, b, =1IVE o, ¢, =1IV'llo, n>1, (3.21)
20MNe 2uMNe 20uM?*Ne
1= + ’ A2 = = >
32 y 32
1 _ 10, —
Az = E,UNS, Ay = ?v UNMe. (3.22)

Then, we have for n > 1

a, < Alan—l + AZ(bn—l + cn—l)’

b, < Asa,_1 + Asb,_1, (3.23)
cp < A3a,,_1 + Asc,_1.
Let
a, A1 A2 A2
Zn=|b,|, A=|A; Ay 0. (3.24)
Cn A3 0 A4

Then, we obtain z, < Az,; < A"!z,. The vector inequality z, < A" !z, is understood
componentwise. To prove z, — 0, it suffices to show A" "'z, — 0. For a non-negative matrix A,
the condition A"! — 0 is equivalent to p(A) < 1, where p(A) denotes the spectral radius. Therefore,
Z, — 0 is guaranteed whenever p(A) < 1. The eigenvalues of the matrix A are Ay, A,, A3, where

A1 = Ay, (3.25)
Al + Ay — (A — Ay)? + 8ALA
a2, = At V( 12 4) 243 (3.26)
Al +As+ (A — Ay)? + 8A,A
2= At A V( 12 4) 243 (3.27)
Therefore, z, — 0 is guaranteed if p(A) = A3 < 1, as z, < A" !z,. Then, from A3 < 1, we obtain
2A2A3 < (1 —Al)(l —A4). (328)

Substituting A;, Ay, A3, A4 into the inequality and simplifying the resulting quadratic inequality in &,
we obtain

e< 2 (3.29)

5, 16uMN | 20MN’
Dl + 3y + 32

where
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) J(muMN 20MN)2_ 800uM2NN

D, = + 3.30
: 3y 3y2 9y3 ( )
Finally, we obtain that when
2
£< — - , (3.31)
By + 1, 2
we have
lima,=0, limb,=0, limc,=0. (3.32)
Hence,
r}ijg(IIVe”llo +IVE o + IV [lo) = 0. (3.33)

Based on the previous results, we can estimate ||1"||o. Setting ¢, = 0 in (3.12), we estimate ||'||y by

ld(n', vl
7'l < sup ———=—22 (3.34)
Plinllo = sup =g

and
dm',vy) < vate', vl + 1D (€', vi)l + by, up, vi)l + |(Bré' g + Bed' g, vi)l. (3.35)
Then, we have

Blin'llo <vIVe'llo + D;'@?|IVe'lly + NIIVayllg + ma(IVE lo + 1V lo)

12 -1 Smale\’ 1
<Me+ D, a v Me+N + =Me
3y 3
< (1 + DoV + I)Ms
<QiMe, (3.36)

where Q) =2 + D;'a?v™!. Then, |[7'|lp < B7'Q1Me. For n > 2, setting ¢, = 0in (3.5) yields

Bll'lly <vIIVe'llo + D' a”[IVe" o + NIIVe"™ llol Vet~ lo
+ NIIVe" ol Vatglly + ma>([9€" o + V6" lo)

_ .. 20MNs _ . . .
<(v+D;'a)|Ve"lo + ?TIIW Hlo + ma?(IV€"lo + IV8" o). (3.37)

Because ||[Ve"||o, [IVE" |0, [[VO"||o have already been established, it follows that lim ||5"||o = O . Thus, the
proof is complete. O
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Lemma 3.3. Consider the inequality system

ay, < Aray_ +Ay(byoy + cymy),
b, < Aza,_; + Asb,_1, n>2, (3.38)
Cp < A3an—1 + A4cn—1’

with non-negative initial data ay, by, c,. Define a new sequence (ay, b,, ¢,) by taking equalities and the
initial values

a =a;, by =& =max(by,c), (3.39)

and forn > 2,
Gy = A8y + As(byy + Enoi),
l;n = Asaq,_1 + A4Bn_1, (340)
C, = Asza,_1 + AsCp_q.

Then, for any original sequence (a,, b,, c,) satisfying the inequalities, we have
Uy <8y, by <by, ¢, <&, VYnx>1 (3.41)

Consequently, the original sequence converges to zero if the equality sequence (@, b,, ¢,) converges to
zero.

Proof. The system (3.38) can be written in the matrix form as
2, <021, n>2, (3.42)

where the vector inequality is understood componentwise, and forn > 1,

an Al Ay Ay
Zn = bn ’ O = A3 A4 O . (3.43)
Cp A3 0 A4

Similarly, we define the corresponding equality sequence (3.40) by

Zn = Ozn—]a nz 2’
Zy = (@, by )", n> 1. (3.44)

Because all entries of O are non-negative, the map 7(z,) = Ogz, is monotone with respect to the
componentwise partial order. Consequently, X <Y implies 77(X) < 71(Y).
Suppose Z, — 0. From the definition of the initial values, we have z; < Z;. We then have

20 < T1(z1) £ T1(Z1) = Za. (3.45)
Assume inductively that z,,_; < Z,_;. Then,
Zn < T1(2n-1) £ T1(Zu-1) = Zp- (3.46)

Then, z, < Z, for all n and consequently z, — 0. Therefore, the inequality sequence converges to zero

if the associated equality sequence converges to zero. O
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3.2. Newton iterative method

Forn=1,2,..., given u} ', 77", C}™"), we find (u}, p}, T}, C}') € X;, X E, x W), X W, such that for
all v, € X, o, € Ep, i € Won, s, € Wop,

va(u},vy) + DN}, vy) + b, ul ™t vy) + b ul, vy) + d(en, up) — d(pl,vi)
= b u) ™ vy) + (BrT) g + BcCrg.va),

Ya(Tp ) + b~ T w) + b, Tr~" yy) = b Ty,

Da(Cl, s) + b=, 1, s;) + b, CI ', 5) = b~ CI7', s53).

(3.47)

For computational convenience, we also set the initial values as ug =0, T}? =0, C2 = 0. Define
(e",&", 0" 1n") = w, —u,, T, = T;,C, — C}, pp, — P}).
Theorem 3.4. [6] The solution (u}, p;,T;, C}) obtained by the Newton iterative method satisfies

a’e

Sm
IV llo < 3y IVT,llo <

IVCillo < 5. lIP4llo < & (3.48)

N M
N M

Lemma 3.5. Consider the inequality system

ap < ASai_l + A6an—1(bn—l + Cn—l),
b, < Aja, + Agan,lbn,l, n>?2, (349)

Cp < A7an + ASan—lcn—l’

with non-negative initial data a,,by,c,. Define a new sequence (@, b,,c,), for n > 1 by taking
equalities and the initial values

511 =da, l;] = 5‘1 = max(bl,cl), (350)
and forn > 2,

Gy = Astis_y + Agln-1(bp-1 + Eyi), (3.51)

l;n = Asa, + ASEln—ll;n—l 5 (3.52)

¢, = Aqa, + AS&n—lz‘n—l- (353)

Then, for any original sequence (a,, b,, c,) satisfying the inequalities, we have

a, <a,, b,<b, ¢,<&, n>1l. (3.54)

Consequently, the original sequence converges to zero if the equality sequence (@,, b,, &,) converges to
zero.

Proof. The system (3.49) can be written separately in the following matrix quadratic forms:

A5 46 4s a
M 2 2 n—1

ap < (dnt bot co)| 5 0 0 f|b ], (3.55)
20 0)\ew
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0 2 0)(@-
by < Aray+ (an ba cot)|2 0 Of|buct |, (3.56)

0 0 0)\co

0 0 2)(a.
Cn S Ay + (anor buot €at)| 0 0 0 [[byey |, (3.57)

20 0)\en

where n > 2. Write the inequalities in the compact matrix form

PX, <R(X,_|), n>2, (3.58)

where the vector inequality is understood componentwise, and

00 As % 0 2 0 0 0 &
P=|-4; 1 0|, By={%2 0 0|, B,=|% 0 0f, B;=|0 0 0} (3.59)
~A; 0 1 20 0 0 00 200
a, X5_1B1Xn_1
X,=|b,|, n>1, RX,))=|X B:X, |, n>2. (3.60)
Cn X" B:X,
Similarly, Eqs (3.51)—(3.53) satisfy
PX,=RX,-), n>2, X,= (b)), n>1 (3.61)

Because all entries of P~! are non-negative, multiplying both sides of the vector inequality by P~!
preserves the componentwise order. Hence,

X, <P 'R(X,_1) = To(X,). (3.62)
Similarly, Eqs (3.51)—(3.53) satisfy
Xn = TZ(Xn—l)~ (3.63)
Because P~! has non-negative entries, and B, B,, B; are symmetric, non-negative matrices, the
quadratic forms X7 B;X are nondecreasing with respect to the componentwise order (i.e.,if 0 < X < Y,
then X”B,X < Y'B,Y). Hence, the map 7,(X) is also componentwise nondecreasing.
From the definition of the initial values, we have X; < X; componentwise. The original sequence
satisfies X,, < 7,(X,,—1), and the equality sequence satisfies X, = T>(X,_)).

We prove the assertion. Suppose X, — 0 componentwise. Because X; < X, and 75 is monotone,
we have

X, < (X)) < (X)) = Xo. (3.64)
Assume inductively that X,_; < X,_;. Then,

Xn < %(Xn—l) < T2(Xn—1) = Xn (365)

We conclude that the inequality sequence converges to zero if the associated equality sequence
converges to zero. O

Thus, X,, < X,, for all n and consequently X,, — 0.
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Theorem 3.6. Set

_ S _
N+ Y- \/(\/B#N_ )’y GV

v

7 3ma’uN (X - uN) : (3.66)
v 2v
SN+ 24 (VTN = ) 4+ CYE-3u

& = 3maluN (N —) ’ (367)
3ma-u
=\ ~HN

( — 3N
Fr= -2 (N + 2. (3.68)
2v 2v

If € > 0 satisfies

e 0 <& <—1/F, =v*/(ma®N) when N/(2v) = uN,
e 0<e<e& when N/2v) > yﬁ,
e 0 <e<é& when N/(2v) < uN,

then the Newton iterative method satisfies the convergence estimate lim(||Ve"|ly + |[VE"|lo + |[V8"|lo +
n—oo

lI7"ll0) = 0.
Proof. Subtracting Eq (2.25) from Eq (3.47), we obtain

va(e",v,) + D, (", vy) — d(i",v;) + d(pn, €") + ble", u} ™", v,,)

+ b e v,) + be e v,) = (Bré" g + Bed" g, vi), (3.69)
ya(&", yn) + b(e", Ty~ ) + b, & ) + be™™ ', & y) = 0, (3.70)
Da(6", sp) + b(e",Ci ™1, sp) + b, 6", 5,) + b(e"™", 6", 5,) = 0. (3.71)

We first consider the case n = 1. Because u) = Ty = C) = 0, Eqs (3.70) and (3.71) reduce to

ya(é', yn) + b(uy, Ty, 1) = 0, (3.72)
D.a(8', sp) + b(uy, Ch, sp,) = 0. (3.73)
Using (2.10) and (2.26), we have
. = —&d5ma’e ¢
IVE o < vy NIIVupllolIVTyllo < uN= < —, (3.74)
2 3y 12
— —&Smale &
IVS'llo < D' NIIVusllollVCillo < uN= < —. (3.75)
2 3y 12
For (3.69), we have
va(e',v;) + D' (e',vy) —dm',vy) + d(pp, ') + b(uy, uy,vy) = (Bré' g + Bed' g, vn). (3.76)

Taking v, = e', ¢, = ' in (3.76) and using (2.10), we have

25m?ate? . ma’e

IVe'llo < v ' NIVully + v~ ma?(IVE'llg + IV6'[lo) < v™'N 92 &

<v'Me, (3.77)
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where M = (ma?)/2. Taking ¢;, = 0 in (3.76), by (2.26), we obtain

7' llo < B~VIIVe'llo + B~ D, @?IIVe'llo + B~ NlIVuylli + B~ ma(IVE | + 11V llo)
25m*ate’N
9B
<p'2+D;'a* v HMe. (3.78)

<B'Me+B7'D; Py Me + + B~ ma? (V€' lo +11V6"lo)

Taking ¥, = " and s, = " in (3.70) and (3.71), we obtain

ya@E', e +be", Ty, &)+ ble"",&7',¢") =0, (3.79)
D.a(8",8") + be",CI™', 6" + b(e" ™', 6", 6") = 0. (3.80)
It follows from (2.13) that
€ = AT - n—
IVE o < EﬂNHVé’"Ho + uN|[Ve" lIVE™ o, (3.81)
& — — _ e
IV6™llo < iuNIIVe”Ilo + uN|[Ve" 1ol V" [lo. (3.82)

Taking v, = €", ¢, = " in (3.69) leads to
va(e",e") + D' (e",e") + b(e", u}~' e") + b(e" ', e" ', e") = (Br&" g + Bco" g €"). (3.83)
We then deduce from (2.10), (3.81), and (3.82) that
(v = NIV llo — me?uNe)||[Ve'llo < NI[Ve" |5 + ma’uN(Ve" lo(IVE" lo + V6" Mlo).  (3.84)

Using (3.48) and (2.21), we have
3 _ n— 3 — T n— n— n—
IVe"[lo < Y 'NIIVe" |15 + 3V 'mauN||IVe" lo(IIVE" [l + V8" lo). (3.85)

Taking ¢, = 01in (3.69), by (2.10) and (3.48), we obtain

I7"llo < B~ (v + D;'a® + 2N1[Vu " l0)IVe"llg + B~ NIIVe" ™ [I§ + B~ ma’(IVE" lo + 1V6"]lo)

<B'v+D.'a? + %V)IIW"IIO + B NIIVe" I + B~ ma?(IVE o + 198" llp). (3.86)

We set
a, = |IVe'llo, by =1IV" o, o =1IVS"ly, n=1, (3.87)
As = %V_IN, Ag = %v‘lmazuﬁ, A7 = g,uﬁ, Ag = uN. (3.88)

Using (3.85), (3.81), and (3.82), we have

ap < ASai_l + A6an—1(bn—l + cn—l)’
b, < Aja, + Aga,_1b,-1, n>2, (3.89)

Cn < A7an + ASan—lcn—la
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which can be written in matrix form as

X! B.X,_
P.X, <|X! BsX,.|, n>2, (3.90)
X! BeX,_
where X,, = (a,, b,,c,)",n > 1, and
a, 1 00
Xn:bna P,=|-A; 1 Of,
Cn ~A; 0 1
As Qe & 0 20 00 %
B,=[%2 0 0|, Bs=[2 0 0|, Bg=|0 0 O (3.91)
20 0 0 00 20 0

By Lemma 3.5, it is sufficient to analyze the associated equality sequence with the majorizing initial
values. Due to the identity b, = ¢, for all n, we omit the tildes, set b, = ¢, =: u,, and work directly
with the equalities.

Because ay, by, c; are non-negative, and all entries of Pgl , B4, Bs, B¢ are non-negative, by induction
using (3.89), we have a,, b,,c, > 0 for all n; that is, X,, > 0. Let u, = b, = ¢, and set r,, = u,/a,.
Then, we obtain

a, = Asa>_| + 2A¢a, 11, = a-_(As + 2A¢7,_1) (3.92)
and

U, = A7an + ASan—lun—l
= A7a’_ | (As + 2A¢Tn1) + Agly_ 1y
= a>_(AsA7 + 2A6A7r, 1 + Agry_1). (3.93)

We then have
u, AsA7+ (2AcA7 + Ag)r,

r, = —

a, A5 + 2A6rn—1

= f(rn-). (3.94)

We now study the fixed point of f. First, we show that f is strictly increasing for » > 0 by computing
its derivative:

(2A6A7 + Ag)(As + 2Aer,—1) — 2A6[AsA7 + (2A6A7 + Ag)r—1]
(As + 2A¢r,-1)?

> 0, (3.95)

f(r) =
_ AsAg
(A5 + 2447,

which means that f is strictly increasing on (0, o).
Define g(r) = f(r) — r. Then, g is continuous on (0, c0), and

AsA7 + (QAgA7 + Ag)r
= —-r

g(r) A5 + 2A6r
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_ —2A67'2 + (2A6A7 + Ag — As5)r + AsA5
- As + 2Aer '

(3.96)

Because the denominator A5 + 2A¢r is positive, the sign of g(r) is determined by its numerator
gl(l") = —2A61"2 + (2A6A7 + Ag - A5)I" + A5A7. (397)

Observe that g;(r) is a quadratic function opening downward. Moreover, g;(0) = AsA; > 0 because
As, A7 > 0. Consequently, g,(r) has exactly one positive zero, denoted by r*, and g(r) > 0 for 0 < r <
r*, and g;(r) < 0 for r > r*. Hence, the same sign properties hold for g(r). The unique positive root r*
is given by

. 2A6A7 +Ag —As + \/(2A6A7 + Ag — A5)2 + 8A5A6A7 S
- 4As

r

0. (3.98)

Now, consider the sequence {r,} defined by r, = f(r,-1) with r; = u;/a; > 0. Recall that f is strictly
increasing on (0, o) and r* = f(r*). We examine the convergence of r, to r* according to the initial
value ry.

o If ry = r, then trivially, r,, = r* for all n.

o If 0 < r < r*, from the sign properties of g(r), we have r < f(r) < f(r*) = r for0 < r < r".
Applying this to ry yields r; < r, = f(r;) < f(r*) = r*. Assuming 0 < r,_; < r*, the same
reasoning gives r,,_1 < r, = f(r,-1) < f(r*) = r*. Hence, by induction, {r,} is strictly increasing
and bounded above by r* and therefore converges to a limit, which must equal r* by continuity
and uniqueness of the fixed point.

o If r; > r*, then f(r) < r for r > r*; also, f(r) > r* because f is increasing, and f(r*) = r*. Thus,
ry = f(r1) < r,and r, = f(ry) > f(r*) = r*. By induction, we obtain r* < r, < r,_; for all n, so
{r,} is strictly decreasing and bounded below by r*, converging to r*.

In all cases, regardless of the initial value of r; > 0, we have lim r,, = r*.

n—oo

From the recurrence a,, = ai_ ((As + 2A¢r,1) and the fact that r, — r*, we have

A" = lim(As + 2A¢7n-1) = As + 2A¢r"

_ As + 2A6A7 + Ag + \/(AS + 2A6A7 + Ag)2 —4As5Aq (3 99)
- 2 . .
Because r* > 0, it follows that 1* > As. Iterating the recurrence yields
/l* 2n—l
ay ~ V>, = % as n — oo. (3.100)

Consequently, if 4*a; < 1, then a,, — 0 exponentially fast. Otherwise, the sequence does not converge
to 0: It either diverges to co (if A*a; > 1) or tends to the positive constant 1/4* (if 1*a; = 1).
Recall that

1= A5 + 2A6A7 + Ag + \/(AS + 2A6A7 + Ag)z - 4A5A8 ma’e

. ar= "= (3.101)
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We have
a*AsAg — a)(As + 2A6A7 + Ag) + 1 > 0.
Using (3.88), we obtain

3m*a*uN (N —\ , ma®( — 3N
T(Z/—MN)E—W(MN+E)8+I>O.

Define the coefficients by

3m*a*uN (N — 2( — 3N
F = PO HRY (——,uN), Fr=-"C(N+2Z) <o
4y? 2v

Set

G(e) := F1&* + Fre + 1.

(3.102)

(3.103)

(3.104)

(3.105)

If F, = 0 (i.e., N/(2v) = uN), (3.103) reduces to Foe+1 > 0, so we have 0 < € < —1/F, = v*/(ma>N).

If F; # 0, the discriminant satisfies

— F2 _ — - N
A=Fy -4k 4y? Y 2v N

m*a* [ — 3N\ 3mPe*uN (N
KN Y ( )

m2a* [[ — 3NY — (N —
o [("N+E) - 1248 (5, - N

2 4 2 _ N
mia [(mﬂﬁ_sN) .\ 313 3)/JNN}

4y? y

> 0.

The equation F &% + F,e + 1 = 0 has two distinct real roots, denoted by &, &,, where

—F>— VA
EN = —
: 2F,
_ — 5 _
AN R (VI - ) Y
- ma2uN - ’
3 V,uN (% —,LlN)
_ — 3 —
uUN + 32%’ + \/( V13uN - 32_1:’) " (3\/§V3)uNN
&y =

3ma’uN (ﬂ #N)

v v

(3.106)

(3.107)

(3.108)

If Fi > 0 (i.e., N/(2v) > uN ), the smaller root & is positive, and the inequality holds for 0 < & < &;.
If F; < 0 (.e., N/2v) < uN ), the roots &, > 0 and & < 0 hold. Then, the inequatlity holds

for0 < e < ¢gy.

Summarizing the above cases, the convergence condition can be expressed uniformly as 0 < € <
min{—1/F,, &;}. For such &, we have 4*a; < 1, which implies a, — 0. Moreover, because b, = ¢, =
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a,r, and r, — r*, it follows that b, — 0, and ¢, — 0. By Lemma 3.5, the original inequality sequence
converges to zero.

From the preceding analysis, we have established that for all 0 < £ < min{—1/F>, &}, the sequences
a, by, ¢, converge to zero:

an =IVe'llo » 0, by =1V&"lo = 0, ¢, =1IV&'llo = 0. (3.109)

It remains to prove the convergence of ||17"|[p. Using the estimate (3.86), the coefficients on the
right-hand side are non-negative constants independent of n. Therefore, substituting a,, b,, ¢, into the
right-hand side and using their convergence to zero, we obtain ||"||[p — 0 as n — oo.

Thus, all error components converge to zero. This completes the proof. m|

3.3. Oseen iterative method

Forn=1,2,..., given (u', Tp~!,CiY, find (u}, p, T}, C}) € Xj, X Ej X W, X W, such that for all
Vi € Xp, on € En, Y € Won, i € WOh»

va(u,,vy) + D' (u}, vy) + b~ uj,vy) — d(p}l,vi) + d(gy,u})
=BrT, g +BcCLg,vn),

Ya(Ty, yn) + b, Tr,gy) = 0
Da(Cy, ;) + b, Cl, 51) = 0

(3.110)

Set the initial values as u) = 0, T = 0, CY = 0. Let (¢",&", 6", 1") = (uy—u}, Ty =T}, C,— C}, pp— p}).
The following boundedness theorern for the Oseen iterative method is a straightforward consequence
of induction, analogous to [6]; we omit the proof for brevity.

Theorem 3.7. The solution (u}, p;, T, C}) obtained by the Oseen iterative method satisfies

2

" Smae . £ € "
IVagllo < 3 IVT;llo < > IVCillo < R lppllo < «. (3.111)
Theorem 3.8. For the Oseen iterative method, the following estimate holds:
vMe, n=1,
IVe"lp < ~ n-1 (3.112)
-1 25MNeg 15uNMe
v Mg( 62 2(3v—10Ma,uN)) . nzl,
) 5, n=1,
23v-10MeuN) \  6v2 2(3v—10MsuN) ’ ==
3 n=1
23v—10MeuN) \ 672 2(3v—10MeuN) ’ =
—_— n—-1
25MN. 15uNM.
17" llo Sﬁ_lQ3M8( > £t pTe ) n>l, (3.115)
ov 2(3v — 10M&uN)

where M = (ma?)/2, Qs = 2+ D;'a®v™", u = max{y™', D'}, and the definitions of N and N are given
in (2.14) and (2.15).
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Proof. Subtracting Eq (2.25) from Eq (3.110) yields the following fundamental expressions:

va(e",v;,) + D' (e",vy) + b(e" " ,u;,v;) + b}, e",v;,) — d(y", v) + d(gy, €")
= (Br&"g + Bco" g, vh),

ya(€", yn) + b(e"", Tu, yn) + by, &, yn) = 0,

D.a(8", s) + b(e"™", Cy, sp) + b, 8", 5,) = 0.

We first consider the case n = 1. From Eqs (3.116)—(3.118), we obtain

va(e',v;) + D(;l(el, vi) + b, up,vy) —dm',vy) + d(gp, e') = (Bré' g + Bed' g, vi),
ya(&',yn) + by, Tp, ) = 0,
D.a(8', s) + b(uy, Cy, s3,) = 0.

Then, we obtain

IVe'llo < v NIIVuylig + v ma*(IVE' o + IV llo) < v Me,
E
E,
— &
V6l < uNIIVullol[VClly < o
In'llo < B~ (v + D;'®)IVe'll + B~ NIIVullg + B~ meP(IVE [lo + 1VS' llo)
<B'QO3Mse,

IV€"llo < uNIIVugllol Y Thllo <

where Q3 = 2 + D;'a?v™!. For n > 2, from Eqs (3.116)—(3.118), we obtain

19€"llo < (v = NIV o) (NIVaalloliVe™lg + ma>(I9€" o + 1967l
B (25MN8 .\ 15uMNeg
L 6% 23v-10uMNg)
19&"lo < (1 - uNIIVu o) 1V IVe™ oIV Tl
< 3uvNe
2(3v — 10uMNe¢)
196"llo < (1 — uNiIVa o) uNII9e" oIV Cillo
< 3uvNe
2(3v — 10uMNe)
Blli"llo < (v + D;'a® + NIVuy o)l Ve"llo + NlIVasllol Ve llo + ma(1VE"lo + 1V8"lo)

10MN¢ 10MN¢e
y

)IIVe"_lllo,

-1
IVe" o,

-1
IVe" o,

IVe"Hlo + ma(1V€" o + 1196"]lo)-

< (v+ D;'a? + )llVe”llo +

Then, we can obtain

-1 1
IVe"llo < ¢"1IVello

(3.116)
(3.117)
(3.118)

(3.119)
(3.120)
(3.121)

(3.122)
(3.123)

(3.124)

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)
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= v_lqu”_l, (3.130)
3uvNe B
IVE |y < i ———T AT
2(3v - 10uMNe)
= 0.4"72, (3.131)
3uvNe B
V6" < e 2ve'lo
2(3v — 10uMNe¢)
= 0.4, (3.132)

10MNg
3y

OMN.

— - n— — 1 € n— — n—
l7"llo < B 1(v+Daloz2+ )q Nve'llp + 87" v *IVe'llo + B '2ma’ Quq"

_ _ 1 e [ 10MNeg 6uvMNe o
<p! (v +D.'a” + —v) IVelllog" ™ + 87! ( + K - ]||V61||0q 2
5 3y 3v — 10uMNe
<p'Q+ D, 'a* v HMeg". (3.133)
Here,
25MN. 15uMN. 3uMN&?
q= £+ e S ek (3.134)

6v2 2(3v — IOMMNS)’ ‘o 2(3v — IO,UMNS).
O

Corollary 3.1. Based on the results of Theorem 3.8 and Lemma 2.1, it holds that

Tim ([[Ve"llo +11V€"llo + IV llo + ll"llo) = 0.
4. Numerical experiments

In this section, numerical experiments are conducted using the software FreeFem++ to validate the
iterative methods proposed in the previous section. First, we examine the convergence behavior of
these three methods and compare their convergence rates by computing the errors and convergence
orders of the iterative methods. The stopping criterion for all three iterative methods is based on the
L? norm of the difference between successive iterates, with a tolerance of le-6. Assume the domain
Q =1(0,1)x (0, 1), and select the exact solution as

u(x,y) = —sinz(nx)sin(ﬂy)cos(ny),

ur(x, y) = sin(zrx)cos(rmx)sin®(nry),

p(x,y) = sin(x)cos(my),

T(x,y) =1 — x+ sin(mx)cos(my),

C(x,y) = 1 — x — sin(zrx)cos(my), “4.1)

with the coefficients v=1,y=1,D,=1,D. = 1,8y =1, Bc = 1. We take g = (0, —1). We solve the
equations using the three iterative methods with P,-P;-P,-P, elements on uniform triangular meshes.
The resulting errors and convergence orders are presented in Tables 1-6.
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Tables 1-3 present the L? errors and convergence orders for the Stokes iteration, Newton iteration,
and Oseen iterative methods, respectively, using P,-P;-P,-P, elements. For all three iterative methods,
the convergence orders in the L? norm for velocity, temperature, and concentration reach up to 3, and
the convergence order for pressure is 2. Tables 4-6 show the H' errors and convergence orders for
the Stokes iteration, Newton iteration, and Oseen iterative methods, respectively, under the same
finite element discretization. In this case, their convergence orders for velocity, temperature, and
concentration become 2. A close inspection shows that the numerical values in these tables for different
methods are not identical; the first discrepancies occur in the tenth decimal place, which is at the level
of round-off errors. This does not affect the reported convergence orders. The results indicate that all
three iterative methods converge, achieving optimal convergence rates consistent with the theory.

Table 1. L? errors and convergence orders of the Stokes iterative method.

I/h Jlu—ujlly Order |[p—pjllo Order |IT —T}l|lp Order [|C—Cjlly Order Iterations
9 1.04e-03 5.94e-03 3.36e-04 3.37e-04 5
18 1.31e-04 299 1.30e-03 2.19 4.19¢e-05 3.01 4.19¢-05 3.01 5
27 3.88e-05 299 5.68e-04 2.04 1.24e-05 3.00 1.24e-05 3.00 5
36 1.64e-05 3.00 3.18¢e-04 2.01 5.23e-06 3.00 5.24e-06 3.00 5
45 8.40e-06 3.00 2.04e-04 201 2.68¢e-06 3.00 2.68¢e-06 3.00 5
54 4.86e-06 3.00 1.41e-04 2.00 1.55e-06 3.00 1.55e-06 3.00 5
Table 2. L? errors and convergence orders of the Newton iterative method.
I/h Jlu—ujlly Order |[p—pjllo Order |IT-T}llp Order [|C—Cjlly Order Iterations
9 1.04e-03 5.94e-03 3.37e-04 3.39¢e-04 4
18 1.31e-04 299  1.30e-03 2.19 4.19e-05 3.01 4.20e-05 3.01 4
27 3.88e-05 299 5.68e-04 204 1.24e-05 3.00 1.24e-05 3.00 4
36 1.64e-05 3.00 3.18¢-04 2.01 5.24e-06 3.00 5.24e-06 3.00 4
45 8.40e-06 3.00 2.03e-04 2.01 2.68¢-06 3.00 2.68¢e-06 3.00 4
54 4.86e-06 3.00 1.4le-04 2.00 1.55e-06 3.00 1.55e-06 3.00 4
Table 3. L? errors and convergence orders of the Oseen iterative method.
I/h Jlu—ujlly Order |[p—pillo Order [T —T)l|lp Order [|C—Cjlly Order Iterations
9 1.04e-03 5.94e-03 3.36e-04 3.37e-04 4
18 1.31e-04 299 1.30e-03 2.19 4.19¢e-05 3.01 4.19¢-05 3.01 4
27 3.88e-05 299 5.68¢e-04 2.04 1.24e-05 3.00 1.24e-05 3.00 4
36 1.64e-05 3.00 3.18e-04 2.01 5.23e-06 3.00 5.24e-06 3.00 4
45 8.40e-06 3.00 2.04e-04 2.01 2.68e-06 3.00 2.68e-06 3.00 4
54 4.86e-06 3.00 1.41e-04 200 1.55e-06 3.00 1.55e-06 3.00 4
AIMS Mathematics Volume 11, Issue 9, 30979-31004.
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Table 4. H' errors and convergence orders of the Stokes iterative method.

I/h |V —-uj)lly Order |IV(T -T})llp Order [[V(C—-CPllp Order Iterations
9 7.82e-02 2.65e-02 2.65e-02 5
18 2.00e-02 1.97 6.66e-03 1.99 6.66e-03 1.99 5
27 8.93e-03 1.99 2.96e-03 2.00 2.96e-03 2.00 5
36 5.03e-03 1.99 1.67e-03 2.00 1.67e-03 2.00 5
45 3.22e-03 2.00 1.07e-03 2.00 1.07e-03 2.00 5
54 2.24e-03 2.00 7.41e-04 2.00 7.41e-04 2.00 5
Table 5. H! errors and convergence orders of the Newton iterative method.
I/h |IV@ —u)lly Order [[V(T —T))llp Order |[V(C—-Cllp Order Iterations
9 7.82e-02 2.65e-02 2.65e-02 4
18  2.00e-02 1.97 6.66e-03 1.99 6.66¢e-03 1.99 4
27  8.93e-03 1.99 2.96e-03 2.00  2.96e-03 200 4
36 5.03e-03 1.99 1.67e-03 2.00 1.67e-03 200 4
45  3.22e-03 2.00 1.07e-03 2.00 1.07e-03 200 4
54 2.24e-03 2.00 7.41e-04 2.00 7.4le-04 200 4
Table 6. H' errors and convergence orders of the Oseen iterative method.
I/h |IV@ -u)lly Order |[[V(T —T))llp Order [V(C-Cllp Order Iterations
9 7.82e-02 2.65e-02 2.65e-02 4
18  2.00e-02 1.97 6.66e-03 1.99 6.66e-03 199 4
27  8.93e-03 1.99 2.96e-03 2.00  2.96e-03 200 4
36 5.03e-03 1.99 1.67e-03 2.00 1.67e-03 200 4
45  3.22e-03 2.00 1.07e-03 2.00 1.07e-03 200 4
54 2.24e-03 2.00 7.41e-04 200 7.41e-04 200 4

Second, we consider the cavity problem on the unit square Q = (0, 1) X (0, 1) with Py,-P;-P,-P;
elements on a uniform triangular mesh of size 4 = 1/30, where the physical parameters are fixed as

D, =

IL,y=1,D.=1,8r =1,Bc =1, and g = (0,—-1). Following the classical benchmark setup

in [14], the boundary conditions are prescribed as follows:

T=0, C=0, uy=u,=0 ar x=0,
T=1, C=1, wyy=u=0 at x=1,

oT oC

%:O, %:0, M1:M2:O at y:(),
oT oC

= _— = :1 = :1.
on 0, on 0, w , u=0 at vy

Figures 1-3 present the velocity vector plots for the three iterative methods (Stokes, Newton, and
Oseen) at viscosities v = 1,1072, 1073, For v = 1, all methods produce almost identical solutions. For
v = 1072, the flow becomes more complex with sharper gradients. For v = 1073, the flow is strongly

AIMS Mathematics
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convection-dominated, exhibiting a large primary vortex near the center and intensified shear layers
along the moving lid and side walls, The Stokes iteration, on the other hand, diverges at the lowest
viscosity due to violation of the stability condition and thus fails to produce a valid vector plot.
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(a) Velocity vector plot for the Stokes (b) Velocity vector plot for the Newton (c¢) Velocity vector plot for the Oseen
iterative method iterative method iterative method

Figure 1. Stokes, Newton, and Oseen methods for v = 1.
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(a) Velocity vector plot for the Stokes (b) Velocity vector plot for the Newton (c¢) Velocity vector plot for the Oseen
iterative method iterative method iterative method

Figure 2. Stokes, Newton, and Oseen methods with v = 1072,

(a) Velocity vector plot for the Stokes (b) Velocity vector plot for the Newton (c¢) Velocity vector plot for the Oseen

iterative method iterative method iterative method

Figure 3. Stokes, Newton, and Oseen methods with v = 1073,

AIMS Mathematics Volume 11, Issue 9, 30979-31004.
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5. Conclusions

In this paper, we apply the Stokes, Newton, and Oseen iterative methods to the finite element
discretization of steady Darcy—Brinkman equations to solve the discretized systems. We establish
the convergence of all three methods. Numerical experiments confirm the theoretical convergence
results and optimal convergence rates. In our future work, we plan to extend the iterative methods to
(time-dependent) Darcy—Brinkman equations with variable coefficients, while also exploring strategies
to prevent divergence and testing the methods on more complex benchmark problems.
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