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as well as the Hopf-type bifurcation of the endemic equilibrium. Specifically, for the disease-
free equilibrium, determinant factorization reduced the 5D problem, proving that if the delay-free
asymptotic stability condition holds, the presence of the behavioral response delay (τ > 0) does
not destabilize the system and no Hopf-type bifurcation occurs. For the endemic equilibrium, using
the Sylvester resultant elimination method, a twentieth-degree algebraic criterion provided delay-
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1. Introduction

Pathogens, population immune status, and behavioral responses jointly determine the epidemiology
of infectious diseases. However, these components are often subject to delays and temporal
asymmetries, which can give rise to periodic epidemic patterns. COVID-19 is a clear example:
Recurrent infection waves have been observed throughout the pandemic. Behavioral response delay
played a major role in triggering these complex dynamics [1, 2]. To adequately describe such
phenomena, a theoretical model is needed that integrates long-range memory effects (the slow waning
of acquired immunity), behavioral delays, and nonlinear information feedback.

Classical integer-order compartment models have laid a solid foundation for infectious disease
dynamics [3, 4]. However, in the context of information-driven behavioral interventions, their
limitations have become increasingly prominent: First, they cannot capture the gradual waning of
immune protection and the cumulative effect of past exposure (memory effects); second, they fail
to characterize the destabilization and oscillations induced by the delay from information reception
to behavioral execution (time-delay effects); third, it is difficult to describe the nonlinear saturation
characteristics of individual behavioral decisions under a competitive information ecology (behavioral
feedback).

To overcome the memory and delay limitations identified above, fractional calculus and delay
differential equations have been introduced into epidemic modeling. Fractional calculus, with its
nonlocal kernel functions and hereditary properties, serves as an ideal tool for characterizing long-
range memory effects in biological systems [5, 6]. Among its definitions, the Caputo fractional
derivative, which features physically interpretable initial conditions, has been widely introduced
into epidemic modeling [7, 8]. Delay differential equations, by incorporating discrete time delays,
can endogenously generate Hopf bifurcations and periodic oscillations [9]. Integrating fractional
derivatives and discrete time delays into a single system enables the simultaneous capture of
memory effects and behavioral delays, and has yielded substantial theoretical advances in epidemic
dynamics [10–13], providing methodological support for handling coupled systems with memory and
delays, these methodological developments thus provide a natural framework for studying epidemic
dynamics under information-driven behavioral interventions.

Building on these methodological advances, several researchers have integrated fractional-order
dynamics and time delays into media-influenced epidemic models to capture memory and response
lags. For instance, Hu et al. [14] proposed a delayed fractional-order SEIHR-M model and
demonstrated that memory effects and behavioral delays can promote oscillatory dynamics under
media influence, whereas Wang et al. [15] employed a fractional proportional-derivative control
framework to examine the joint effects of time delays and the fractional order on Hopf bifurcation
in a model with media coverage and asymptomatic infection. However, these models typically treat
information as a single neutral variable and do not account for the competitive nature of the information
ecology.

In reality, the information ecology is inherently competitive: Positive science communication
and negative rumors co-shape group behavior through dynamic competitive interactions [16–18].
Positive media information (e.g., official public health guidance and authoritative epidemic prevention
knowledge) suppresses disease transmission by enhancing public risk perception and protective
willingness, whereas negative media information (e.g., rumors, pseudoscientific content, and vaccine
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misinformation) exacerbates transmission. These two types of information interact competitively
within the information ecology and jointly shape population behavioral responses. Researchers have
begun to attend to the multidimensional structure and sentiment polarity of information. Recio-Román
et al. [19] empirically demonstrated that vaccine hesitancy mediates the influence of media information
sources on vaccine uptake. Wang et al. [20] incorporated media sentiment orientation into an
SEIR model. Chang et al. [21] characterized the differential propagation effects of positive and
negative information in network models, and Alahmadi et al. [22] performed similar characterizations
in individual-based models. These works collectively confirm the importance of distinguishing
information polarity from different dimensions.

Building on the above developments, we develop a five-dimensional fractional-order delayed SIRS
epidemic model that simultaneously incorporates fractional-order memory, behavioral response delay,
and competitive positive–negative information effects. Within this unified framework, the model
realizes the dual nonlinear regulation of disease transmission by positive and negative information:
On the one hand, an arctangent-type vaccination willingness function characterizes the nonlinear
saturation feature of individual adoption behaviors under information influence; on the other hand,
a fractional linear incidence rate function, through a numerator–denominator antagonistic structure,
captures the multiplicative antagonism and diminishing marginal effects of positive and negative
information on the effective contact rate. The model employs the Caputo fractional derivative to
characterize memory effects, introduces a fixed time delay to represent the time lag from information
acquisition to behavioral execution, and sets up two independent compartments for positive information
and negative information to describe the dynamic evolution of the information ecology.

In this paper, we will prove the existence, uniqueness, non-negativity, and boundedness of solutions
to the model; derive the basic reproduction number R0, and analyze the existence and uniqueness of
the disease-free equilibrium and the endemic equilibrium; focus on revealing, through dimensional
reduction of the characteristic equation and the resultant elimination method, the stability switching
and Hopf-type bifurcation mechanisms associated with the time delay for both equilibria; and verify
the theoretical conclusions through numerical simulations.

2. Model formulation

The system dynamics are described by the following five-dimensional fractional-order delay
differential equations:



CDαt S (t) = b − ν(t − τ)
S (t)I(t)

N(t)
− ζS (t) − cρV(t − τ)S (t) + wR(t),

CDαt I(t) = ν(t − τ)
S (t)I(t)

N(t)
− (ζ + d + r)I(t),

CDαt R(t) = rI(t) + cρV(t − τ)S (t) − (ζ + w)R(t),

CDαt Mp(t) =
αpI(t)

1 + βpI(t)
+ κpR(t) − δpMp(t),

CDαt Mn(t) =
αnI(t)

1 + βnI(t)
− δnMn(t),

(2.1)
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where N(t) = S (t)+ I(t)+ R(t), c ∈ (0, 1) denotes the vaccine efficacy, ρ is the maximum proportion of
susceptible individuals that can be vaccinated per unit time (due to resource constraints), and hence cρ
represents the upper bound of the effective vaccination rate.

In the behavioral response, the vaccination willingness function is defined as an arctangent-type
sigmoid function:

V(t) =
1
2
+

1
π

arctan
(
v̄ + θpMp(t) − θnMn(t)

σ

)
, (2.2)

where v̄ ∈ R is the baseline offset parameter in the absence of information influence, corresponding
to the baseline vaccination willingness V0 =

1
2 +

1
π

arctan(v̄/σ) ∈ (0, 1); σ > 0 controls the sensitivity
of willingness to changes in information (the smaller σ is, the more dramatic the response, i.e., the
steeper the response curve); and θp, θn > 0 measure the enhancing effect of positive information and
the weakening effect of negative information on vaccination willingness, respectively. The arctangent
form naturally ensures that V ∈ (0, 1) is smooth and differentiable, and is capable of characterizing the
nonlinear saturation feature of vaccination willingness as information intensity varies. Although the
vaccination willingness at time t is determined by the current information Mp(t) and Mn(t), the actual
vaccination behavior takes place after a behavioral response delay τ. Hence, the vaccination term in
Eq (2.1) takes the form cρV(t − τ)S (t).

The incidence rate function is defined in a fractional linear form as follows:

ν(t) = ν0
1 + γnMn(t)
1 + γpMp(t)

, (2.3)

where ν0 denotes the baseline transmission rate, i.e., the effective contact rate without information
influence; γp > 0 and γn ≥ 0 quantify the intensity of the impact of positive and negative information
on the effective contact rate, respectively. As with the vaccination willingness function V(t), the actual
effective contact rate that drives transmission at time t is assumed to depend on the information
available at a delayed time t − τ, reflecting the same behavioral response lag. Accordingly, the
incidence term in system (2.1) takes the form ν(t − τ)S (t)I(t)/N(t), while the function ν(·) is defined
by (2.3) with the instantaneous information variables. This fractional linear form is chosen for
three reasons. First, it guarantees a positive lower bound and a finite upper bound for ν(t) without
artificial truncation, provided the information variables are bounded (see Section 4.1). Second,
∂ν/∂Mp < 0 and ∂2ν/∂M2

p > 0 imply a diminishing marginal protective effect of positive information,
consistent with the behavioral phenomenon of desensitization under information overload. Third, the
multiplicative antagonism between the numerator (enhancing transmission via negative information)
and the denominator (suppressing it via positive information) captures the opposing impacts of the two
information types in a parsimonious manner.

For clarity and to facilitate dimensional consistency checks, all model parameters are summarized
in Table 1.
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Table 1. Model parameters, biological meanings, units, and admissible ranges.

Parameter Biological meaning Unit Range

α Order of Caputo derivative dimensionless 0 < α < 1
b Recruitment rate of susceptible

individuals
persons · day−α > 0

ζ Natural death rate day−α > 0
d Disease-induced death rate day−α > 0
r Recovery rate day−α > 0
w Immunity waning rate day−α > 0
c Vaccine efficacy dimensionless (0, 1)
ρ Maximum vaccination proportion rate day−α > 0
ν0 Baseline transmission rate day−α > 0
γp, γn Strength of positive/negative information

suppressing/enhancing transmission
dimensionless γp > 0; γn ≥ 0

v̄ Baseline offset of vaccination willingness dimensionless R

σ Sensitivity of willingness to information
change

dimensionless > 0

θp, θn Enhancing/weakening effect of
positive/negative information on
willingness

dimensionless θp > 0; θn > 0

αp, αn Positive/negative information generation
coefficient (from infected)

day−α · person−1 > 0

βp, βn Saturation constant of positive/negative
information generation

person−1 > 0

κp Contribution coefficient of recovered
individuals to positive information

day−α · person−1 > 0

δp, δn Decay rate of positive/negative
information

day−α > 0

τ Behavioral response delay day > 0

Model (2.1) satisfies the initial conditions ϕi(θ) ≥ 0 (i = 1, . . . , 5), where ϕi(θ) are continuous
non-negative functions on [−τ, 0].

3. Preliminaries

In this paper, we adopt the Caputo fractional derivative, whose definition and properties are given
as follows:

Definition 1 (Riemann–Liouville integral [5, 6]). For a function f ∈ C([t0,∞),R), the Riemann–
Liouville integral of order q > 0 is defined as

Iq f (t) =
1
Γ(q)

∫ t

0
(t − ζ)q−1 f (ζ)dζ,
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where Γ(·) is the Gamma function.

Definition 2 (Caputo fractional derivative [5, 6]). For a function f ∈ Cn([t0,∞),R), the Caputo
fractional derivative of order q ∈ (n − 1, n] is defined as

C
t0 Dq

t f (t) =
1

Γ(n − q)

∫ t

t0
(t − ζ)n−q−1 f (n)(ζ) dζ.

In particular, when 0 < q ≤ 1,

C
t0 Dq

t f (t) =
1

Γ(1 − q)

∫ t

t0

f ′(ζ)
(t − ζ)q dζ.

Definition 3 (Laplace transform [5, 6]). The Laplace transform of the Caputo fractional derivative is
given by

L
{c
t0 Dq

t f (t); s
}
= sqF(s) −

n−1∑
k=0

sq−k−1 f (k)(t0),

where F(s) = L{ f (t); s} is the Laplace transform of f (t), and f (k)(t0) denote the initial conditions.

Lemma 1 ([23]). Consider the nonlinear fractional-order time-delay system

CDq
t x(t) = f

(
x(t), x(t − τ)

)
, 0 < q < 1, τ > 0, (3.1)

with f(0, 0) = 0. Its linearization around the origin is Dqx(t) = Ax(t) + Bx(t − τ), where A = ∂f
∂x(t)

∣∣∣
0 and

B = ∂f
∂x(t−τ)

∣∣∣
0. If the following conditions hold:

(i) All eigenvalues λ of A + B satisfy | arg(λ)| >
qπ
2

.
(ii) For any τ > 0, the characteristic equation det(sqI−A−Be−sτ) = 0 has no purely imaginary roots,

then the zero solution is locally asymptotically stable.

Lemma 2 ([24]). Let 0 < α ≤ 1 and consider the autonomous Caputo fractional system

CDαxi(t) = fi(x(t)), i = 1, . . . , n, t ≥ 0,

with initial condition x(0) = x0 ∈ R
n
≥0. Assume that f : Rn → Rn is locally Lipschitz continuous and

satisfies the classical positivity condition

∀ x ≥ 0 (componentwise), xi = 0 =⇒ fi(x) ≥ 0 (i = 1, . . . , n).

Then the unique solution x(t) remains nonnegative for all t ≥ 0.

Remark 1. Lemma 2 is stated for autonomous systems, but its proof relies only on the Volterra integral
representation and the positivity of the kernel (t − s)α−1. If the right-hand side depends explicitly on
time, fi(t, x), and satisfies xi = 0 ⇒ fi(t, x) ≥ 0 for all admissible t when the remaining components
are non-negative, exactly the same argument yields xi(t) ≥ 0. Hence, the lemma also applies to
non-autonomous systems CDαx = f (t, x) under the same quasi-positivity condition.
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Lemma 3 ([25]). Let 0 < α < 1 and u ∈ C[0,T ] such that C
0 Dαt u(t) exists on [0, T ]. If

C
0 Dαt u(t) ≤ −λu(t) + µ, t ∈ [0, T ],

with λ > 0, µ ≥ 0, and u(0) ≥ 0, then

u(t) ≤ u(0)Eα(−λtα) +
µ

λ

(
1 − Eα(−λtα)

)
≤ max{u(0), µ/λ},

where Eα is the Mittag-Leffler function.

4. Main results

4.1. Basic properties of the model

In this section, we establish the basic properties of the fractional-order delayed system (2.1) under
the given initial conditions.

4.1.1. Existence and uniqueness of solutions

Theorem 1 (Existence and uniqueness of solutions). Under the assumptions that the parameters are
nonnegative and bounded, and ν0, ζ, b > 0, system (2.1) with the initial condition

X(θ) = ϕ(θ), θ ∈ [−τ, 0],

where X = (S , I,R,Mp,Mn) and ϕ = (ϕS , ϕI , ϕR, ϕMp , ϕMn) ∈ C([−τ, 0],R5
≥0) is a given continuous

non-negative vector-valued function, possesses a unique solution

(S , I,R,Mp,Mn) ∈ C
(
[−τ, T ]; R5

≥0
)

on some interval [0,T ] with T > 0. Moreover, the solution can be extended uniquely to the interval
[0,∞).

Proof. Rewrite system (2.1) as a Caputo fractional functional differential equation

C
0 Dαt X(t) = F(t, Xt), Xt(θ) = X(t + θ), θ ∈ [−τ, 0],

where X = (S , I,R,Mp,Mn). We verify that F satisfies the hypotheses of the local existence and
uniqueness theorem for such equations (see [26, Theorem 2.8]).
(1) Lipschitz property in the state space. Define the function h : R3

≥0 → R by

h(S , I,R) =


S I

S + I + R
, S + I + R > 0,

0, S + I + R = 0.

A direct computation yields

∂h
∂S
=

I(I + R)
(S + I + R)2 ,

∂h
∂I
=

S (S + R)
(S + I + R)2 ,

∂h
∂R
= −

S I
(S + I + R)2 ,
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and one readily verifies that ∣∣∣∣ ∂h
∂S

∣∣∣∣ ≤ 1,
∣∣∣∣∂h
∂I

∣∣∣∣ ≤ 1,
∣∣∣∣ ∂h
∂R

∣∣∣∣ ≤ 1
4

uniformly on R3
≥0 \ {(0, 0, 0)}. Together with the continuity of h at the origin, this implies that h is

globally Lipschitz on R3
≥0. Consequently, the incidence term ν(t − τ) h(S , I,R) is locally Lipschitz with

respect to Xt because ν(t− τ) depends Lipschitz-continuously on Mn(t− τ),Mp(t− τ) (the denominator
1+γpMp ≥ 1 ensures boundedness) and V(t−τ) is also Lipschitz in its arguments due to the smoothness
of arctan. Thus, on any bounded subset of C([−τ, 0],R5), the map Xt 7→ F(t, Xt) satisfies a Lipschitz
condition with respect to the supremum norm.
(2) Continuity in t. The functions ν(t − τ) and V(t − τ) depend on t through the history Xt, which is
continuous in t by definition. Hence, F(t, ϕ) is continuous in t for each fixed ϕ (the C0-condition).

Therefore, by [26, Theorem 2.8], there exists a unique local solution on some interval [0, T ] with
T > 0. Moreover, the uniform boundedness established in Theorem 2 ensures that the solution remains
within a compact set, so by the continuation result [26, Theorem 2.11], the solution can be uniquely
extended to the interval [0,∞). □

4.1.2. Non-negativity and boundedness

Theorem 2 (Non-negativity and boundedness). Under the assumptions of Theorem 1, the solution of
system (2.1) satisfies:

(1) S (t), I(t),R(t),Mp(t),Mn(t) ≥ 0 for all t ≥ 0.
(2) The total population N(t) = S (t) + I(t) + R(t) is uniformly bounded, and there exist constants

Cp,Cn > 0, such that Mp(t) ≤ Cp and Mn(t) ≤ Cn for all t ≥ 0.

Proof. Non-negativity. We again employ the method of steps and apply the positivity result
established in Lemma 2 (see [24]). As noted in Remark 1, this lemma extends directly to
non-autonomous systems.

On the first interval [0, τ], the delayed terms ν(t − τ) and V(t − τ) are known nonnegative
continuous functions (because the history functions are nonnegative). Therefore, system (2.1) becomes
a non-autonomous fractional ODE CDαX = G(t, X) with G locally Lipschitz in X. We verify the
quasi-positivity condition required by Lemma 2:

If S = 0: GS (t, X) = b + wR ≥ b > 0.

If I = 0: GI(t, X) = ν(t − τ)S ·0
N − (ζ + d + r) · 0 = 0.

If R = 0: GR(t, X) = rI + cρV(t − τ)S ≥ 0 (since I, S ≥ 0, V(t − τ) ≥ 0).

If Mp = 0: GMp(t, X) = αpI
1+βpI + κpR ≥ 0.

If Mn = 0: GMn(t, X) = αnI
1+βnI ≥ 0.

In each case, the right-hand side is nonnegative when the corresponding component is zero and
the other components are nonnegative. Hence, by Lemma 2 and Remark 1, the solution satisfies
S (t), I(t),R(t),Mp(t),Mn(t) ≥ 0 for all t ∈ [0, τ].

Now assume that nonnegativity holds on [0, kτ] for some k ≥ 1. Then on [kτ, (k + 1)τ], the delayed
terms ν(t − τ) and V(t − τ) are evaluated at points s = t − τ ≤ kτ, which are known to be nonnegative.

AIMS Mathematics Volume 11, Issue 9, 30944–30978.



30952

Consequently, they are nonnegative functions of t on [kτ, (k + 1)τ]. Applying Lemma 2 on this interval
yields nonnegativity for the next step. By induction, S (t), I(t),R(t),Mp(t),Mn(t) ≥ 0 for all t ≥ 0.
Boundedness. Adding the first three equations of (2.1) gives

C
0 Dαt N(t) = b − ζN(t) − dI(t) ≤ b − ζN(t).

Since N(t) is continuous and its fractional derivative exists (equal to the right-hand side, which is
continuous), we can apply the comparison Lemma 3 with λ = ζ > 0, µ = b, and u = N. This yields

N(t) ≤ N(0)Eα(−ζtα) +
b
ζ

(
1 − Eα(−ζtα)

)
≤ max

{
N(0), b/ζ

}
≡ BN , ∀t ≥ 0.

Hence, S (t), I(t),R(t) ≤ BN . We set BI = BR = BN .
For Mp, define gp(I) = αpI

1+βpI . This function satisfies

0 ≤ gp(I) ≤

αp/βp, βp > 0,

αpBN , βp = 0.

Denote Kp = αp/βp (if βp > 0) or Kp = αpBN (if βp = 0). Then from the fourth equation,

C
0 Dαt Mp(t) = gp(I(t)) + κpR(t) − δpMp(t) ≤ Kp + κpBN − δpMp(t).

Again by Lemma 3 with λ = δp, µ = Kp + κpBN , we obtain

Mp(t) ≤ max
{
Mp(0), (Kp + κpBN)/δp

}
≡ Cp.

Similarly, for Mn let gn(I) = αnI
1+βnI ≤ Kn, where Kn = αn/βn (if βn > 0) or Kn = αnBN (if βn = 0). Then

C
0 Dαt Mn(t) = gn(I(t)) − δnMn(t) ≤ Kn − δnMn(t),

and Lemma 3 gives
Mn(t) ≤ max

{
Mn(0), Kn/δn

}
≡ Cn.

Thus, all variables are uniformly bounded. This completes the proof. □

4.2. Equilibria and basic reproduction number

4.2.1. Existence and uniqueness of the disease-free equilibrium

Setting I = 0 in (2.1), the fifth equation gives M0
n = 0. The fourth and third equations yield

M0
p =
κp

δp
R0, R0 =

cρV(M0
p, 0)

ζ + w
S 0.

Substituting these into the first equation gives

S 0 =
b(ζ + w)

ζ
[
ζ + w + cρV(M0

p, 0)
] .
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Eliminating S 0 and R0, the disease-free equilibria are determined by the scalar equation

M = H(M) :=
bκpcρ
δpζ

V(M, 0)
ζ + w + cρV(M, 0)

, (4.1)

where

V(M, 0) =
1
2
+

1
π

arctan
(
v̄ + θpM
σ

)
.

Since V(M, 0) ∈ (0, 1), and V(M, 0) is strictly increasing in M, function H(M) is positive, strictly
increasing, and bounded above. Therefore,

φ(M) := H(M) − M

satisfies
φ(0) = H(0) > 0, lim

M→∞
φ(M) = −∞.

By continuity, φ has at least one zero M0
p ∈ (0,∞).

To obtain a sufficient condition for uniqueness, we derive a uniform upper bound for H′(M). Let

K :=
bκpcρ
δpζ
,

and denote the baseline vaccination willingness by

V00 := V(0, 0) =
1
2
+

1
π

arctan
( v̄
σ

)
∈ (0, 1).

Since V(M, 0) ≥ V00 > 0 and

V ′(M, 0) =
θp

πσ

1

1 +
( v̄+θp M
σ

)2 ≤
θp

πσ
,

it follows that for all M ≥ 0,

H′(M) = K(ζ + w)
V ′(M, 0)(

ζ + w + cρV(M, 0)
)2 ≤

K(ζ + w)θp(
ζ + w + cρV00

)2
πσ
=: L.

Thus,
sup
M≥0

H′(M) ≤ L.

If
L =

bκpcρ(ζ + w)θp

δpζ
(
ζ + w + cρV00

)2
πσ
< 1, (4.2)

then supM≥0 H′(M) < 1, which implies

φ′(M) = H′(M) − 1 < 0,

for all M ≥ 0. Therefore, φ is strictly decreasing on [0,∞). Together with φ(0) > 0 and φ(+∞) = −∞,
this proves that Eq (4.1) has exactly one positive solution M0

p. Substituting back gives unique positive
S 0 and R0. Consequently, under (4.2), system (2.1) admits a unique disease-free equilibrium

E0 = (S 0, 0,R0,M0
p, 0).
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4.2.2. Basic reproduction number R0

Applying the next-generation matrix method [3], linearizing the infected compartment I alone at E0

gives the new infection term F = ν0 S 0

N0 I and the transition termV = (ζ + d + r)I, where

ν0 =
ν0

1 + γpM0
p
, V0 = V(M0

p, 0), N0 = S 0 + R0.

The corresponding 1 × 1 matrices are F = ν0S 0/N0, V = ζ + d + r, and the basic reproduction number
is

R0 = ρ(FV−1) =
ν0S 0

(ζ + d + r)N0 .

Using N0 = S 0(1 + cρV0

ζ+w

)
= S 0 ζ+w+cρV0

ζ+w , we obtain S 0

N0 =
ζ+w

ζ+w+cρV0 . Substituting this yields the explicit
expression

R0 =
ν0

(ζ + d + r)(1 + γpM0
p)
·

ζ + w
ζ + w + cρV0 . (4.3)

4.2.3. Existence and uniqueness of the endemic equilibrium

For brevity, we introduce the notations

m = ζ + d + r, ξ = ζ + w, ρc = cρ.

All equilibria of system (2.1) satisfy the algebraic equations obtained by setting the fractional
derivatives to zero. From the equation for the total population

CDαt N(t) = b − ζN(t) − dI(t),

the steady-state condition yields

N(I) =
b − dI
ζ
, 0 ≤ I <

b
d
. (4.4)

The steady state of Mn is directly solved from the fifth equation in (2.1):

Mn(I) =
αnI

δn(1 + βnI)
. (4.5)

The third equation of (2.1) in steady state gives

ρcVS + rI = ξR. (4.6)

Using the population identity N = S + I + R to eliminate R, we obtain

S =
ξ
(
N(I) − I

)
− rI

ξ + ρcV(Mp,Mn(I))
, (4.7)

where V(Mp,Mn(I)) is given by (2.2) with Mn substituted from (4.5). Equation (4.7) expresses S as a
function of Mp for each fixed I.

AIMS Mathematics Volume 11, Issue 9, 30944–30978.



30955

Substituting (4.7) and the relation R = N − S − I into the steady-state equation for Mp (the fourth
equation in (2.1)), we obtain a single equation for Mp:

Mp = G(Mp; I), (4.8)

where the map G is defined by

G(M; I) =
1
δp

(
αpI

1 + βpI
+
κp

ξ

(
rI + ρcV

(
M,Mn(I)

)
S (M; I)

))
, (4.9)

with S (M; I) denoting the right-hand side of (4.7) evaluated at Mp = M. For later use, we introduce
the constant

Γ =
κpρcb θp

δp ζ ξ πσ
. (4.10)

Before establishing the existence and uniqueness of Mp(I), we identify the biologically feasible
range of I. Define

Φ(I) := ξ(N(I) − I) − rI =
ξb
ζ
−

(
ξd
ζ
+ ξ + r

)
I.

Thus, Φ(0) = ξb/ζ > 0 and Φ(b/d) = − (ξ+r)b
d < 0. Hence, there exists a unique

Ic ∈ (0, b/d)

such that Φ(Ic) = 0. For I ∈ [0, Ic], the numerator of S in (4.7) is non-negative, so S ≥ 0. For I > Ic,
S < 0, which is biologically irrelevant. We therefore restrict the subsequent construction to the feasible
interval I ∈ [0, Ic].

Lemma 4. Assume Γ < 1. Then for every I ∈ [0, Ic], Eq (4.8) admits a unique solution Mp = Mp(I).
Moreover, Mp(I) is continuously differentiable on [0, Ic].

Proof. We first estimate the partial derivative of G with respect to M. Differentiating (4.7) with respect
to M (keeping I fixed) gives

∂S
∂M
= −
ρc ∂MV S
ξ + ρcV

with ∂MV ≡
∂V
∂Mp

(M,Mn(I)).

Consequently,
∂

∂M
(
VS

)
= ∂MV · S + V

∂S
∂M
=
ξ ∂MV S
ξ + ρcV

.

Using this in (4.9), we obtain

∂G

∂M
(M; I) =

κpρc

δpξ

ξ ∂MV S
ξ + ρcV

=
κpρc ∂MV S
δp(ξ + ρcV)

. (4.11)

From the definition of V in (2.2), one has |∂MV | ≤ θp/(πσ). For I ∈ [0, Ic], by the definition of Ic, we
have S ≥ 0 and

S =
Φ(I)
ξ + ρcV

≤
Φ(I)
ξ
≤
ξN(I)
ξ
= N(I) ≤

b
ζ
,
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since Φ(I) ≤ ξN(I). Thus, |S | = S ≤ b/ζ. Since ξ + ρcV ≥ ξ, we obtain∣∣∣∣ ∂G
∂M

(M; I)
∣∣∣∣ ≤ κpρc

δpξ

θp

πσ

b
ζ
= Γ < 1.

Thus, G(·; I) is a contraction uniformly in I ∈ [0, Ic].
To apply the Banach fixed-point theorem, we construct a compact interval that is invariant under

G(·; I). Set

Mmax =
1
δp

(
αpb
d
+
κp

ξ

(rb
d
+
ρcb
ζ

))
.

For any M ∈ [0,Mmax] and I ∈ [0, Ic], we have

G(M; I) ≤
1
δp

(
αpI

1 + βpI
+
κp

ξ

(
rI + ρc · 1 ·

b
ζ

))
≤ Mmax,

and clearly G(M; I) ≥ 0. Hence, G(·; I) maps [0,Mmax] into itself. Since [0,Mmax] is a complete
metric space, the Banach fixed-point theorem guarantees a unique fixed point Mp(I) ∈ [0,Mmax],
satisfying (4.8).

The continuous differentiability of Mp(I) follows from the implicit function theorem. Indeed,
G(M, I) is continuously differentiable in both variables on [0,Mmax]× [0, Ic]. Because |∂MG| ≤ Γ < 1,
the derivative 1 − ∂MG never vanishes. Therefore, Mp(I) is C1 on [0, Ic]. □

With Mp(I) uniquely determined by Lemma 4, we define

S (I) =
ξ
(
N(I) − I

)
− rI

ξ + ρcV
(
Mp(I),Mn(I)

) , R(I) = N(I) − S (I) − I,

which are continuously differentiable on [0, Ic]. On this interval, S (I) ≥ 0 and N(I) > 0.
To close the equilibrium problem, we substitute the functions S (I), N(I), Mp(I), and Mn(I) into the

left-hand side of the infected compartment equation. Define the residual function

Ψ(I) = ν
(
Mp(I),Mn(I)

)S (I)
N(I)

− m, I ∈ [0, Ic], (4.12)

where ν(Mp,Mn) is given by (2.3). Then I∗ is the infected component of an endemic equilibrium if and
only if Ψ(I∗) = 0.

At I = 0, the functions Mp(I), S (I),N(I) reduce precisely to the disease-free equilibrium values
M0

p, S
0,N0 (the fixed point at I = 0 coincides with the unique DFE established in Section 4.2.1). Using

the expression (4.3) for the basic reproduction number, we obtain

Ψ(0) = ν(M0
p, 0)

S 0

N0 − m = m(R0 − 1). (4.13)

At the right endpoint, S (Ic) = 0 implies

Ψ(Ic) = −m < 0. (4.14)
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Remark 2. The strict decrease of Ψ(I) in Theorem 3 is a checkable condition. Differentiating (4.12)
gives

Ψ′(I) =
(
∂ν

∂Mp
M′p(I) +

∂ν

∂Mn
M′n(I)

)
S (I)
N(I)

+ ν(Mp(I),Mn(I))
d
dI

(
S (I)
N(I)

)
.

The sign of the second term is not a priori fixed, because the derivative of S (I)/N(I) depends on the
information-dependent denominator. In particular, S (I)/N(I) may not be monotone in I. Nevertheless,
a conservative but explicit sufficient condition can be derived as follows:

Let
C0 =

αn

δn
.

To bound M′p(I), we use the implicit function theorem. From Mp(I) = G(Mp(I); I),

M′p(I) =
∂IG(Mp(I); I)

1 − ∂MG(Mp(I); I)
.

Differentiating (4.9) with respect to I gives

∂IG(M; I) =
1
δp

[
αp

(1 + βpI)2 +
κp

ξ

(
r + ρc

(
V A′

B
+
ξ ∂MnV M′n(I) A

B2

))]
,

where B = ξ + ρcV and A(I) = ξ(N(I) − I) − rI. Using the estimates

|A′| ≤ a1 =
ξd + ζ(ξ + r)

ζ
, A ≤

ξb
ζ
, B ≥ ξ, |∂MnV | ≤

θn
πσ
, M′n(I) ≤

αn

δn
,

we obtain

|∂IG(M; I)| ≤
1
δp

[
αp +

κp

ξ

(
r + ρc

(
ξd + ζ(ξ + r)

ζξ
+
θnαnb
πσδnζ

))]
=: C1.

Since |∂MG| ≤ Γ < 1, it follows that

|M′p(I)| ≤
C1

1 − Γ
=: C2.

Decomposing Ψ′(I) into a negative leading term and several possibly positive terms, and applying the
uniform upper bounds C0 and C2 (with C2 derived from C1 above), we obtain the following conservative
sufficient condition. If

γnC0 + γpC2 +
d[ξd + ζ(ξ + r)]
ζb(ξ + r)

+
ρc

ξ

(
θpC2 + θnC0

πσ

)
<
ξd + ζ(ξ + r)

ξb
,

then Ψ′(I) < 0 for all I ∈ (0, Ic). Hence, the monotonicity assumption in Theorem 3 is automatically
satisfied under this explicit condition.

This condition is sufficient but not necessary, since it is obtained through conservative absolute-
value estimates. Moreover, for any fixed parameter set, Ψ′(I) can still be evaluated numerically along
the implicitly defined function Mp(I). In all numerical examples presented in this paper, we have
verified that Ψ′(I) < 0 on [0, Ic].
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Theorem 3 (Endemic equilibrium). Assume Γ < 1 and that Ψ(I) is strictly decreasing on [0, Ic]. Then
system (2.1) possesses a unique endemic equilibrium E∗ (with I∗ > 0) if and only if R0 > 1.

Proof. If R0 > 1, then Ψ(0) > 0 by (4.13). Since Ψ is continuous and strictly decreasing, and Ψ(Ic) =
−m < 0, the Intermediate Value Theorem yields a unique I∗ ∈ (0, Ic) such that Ψ(I∗) = 0. Substituting
I∗ into the expressions for S (I),R(I),Mp(I),Mn(I) gives the unique endemic equilibrium E∗.

If R0 ≤ 1, then Ψ(0) ≤ 0 and the strict decrease of Ψ forces Ψ(I) < 0 for all I ∈ (0, Ic]. Hence, no
positive root exists. □

4.3. Stability and Hopf-type bifurcation of equilibria

In this section, we investigate the local stability of system (2.1) at the disease-free equilibrium E0

and the endemic equilibrium E∗, and we discuss the Hopf-type bifurcation condition by taking τ as the
bifurcation parameter.

At an arbitrary equilibrium (S ∗, I∗,R∗,M∗p,M
∗
n), let N∗ = S ∗ + I∗ + R∗. Introducing the perturbation

variable X = (S − S ∗, I − I∗,R − R∗,Mp − M∗p,Mn − M∗n)⊤, we write the linearized system as

CDαt X(t) = AX(t) + BX(t − τ), (4.15)

where the matrices A and B are given by

A =


a11 a12 a13 0 0
a21 a22 a23 0 0
a31 a32 a33 0 0
0 a42 a43 a44 0
0 a52 0 0 a55


, B =


0 0 0 b14 b15

0 0 0 b24 b25

0 0 0 b34 b35

0 0 0 0 0
0 0 0 0 0


. (4.16)

The non-zero entries (with all partial derivatives evaluated at the equilibrium) are:

a11 = −ν
∗ I∗(I∗+R∗)

(N∗)2 − ζ − cρV∗, a12 = −ν
∗ S ∗(S ∗+R∗)

(N∗)2 ,

a13 = ν
∗ S ∗I∗

(N∗)2 + w, a21 = ν
∗ I∗(I∗+R∗)

(N∗)2 ,

a22 = ν
∗ S ∗(S ∗+R∗)

(N∗)2 − (ζ + d + r), a23 = −ν
∗ S ∗I∗

(N∗)2 ,

a31 = cρV∗, a32 = r, a33 = −(ζ + w),
a42 =

αp

(1+βpI∗)2 , a43 = κp, a44 = −δp, a52 =
αn

(1+βnI∗)2 , a55 = −δn,

b24 =
S ∗I∗
N∗ ∂Mpν, b25 =

S ∗I∗
N∗ ∂Mnν, b34 = cρS ∗∂MpV, b35 = cρS ∗∂MnV,

b14 = −b24 − b34, b15 = −b25 − b35,

where the partial derivatives are:

∂ν

∂Mp

∣∣∣∣∣
∗

= −
ν0γp(1 + γnM∗n)

(1 + γpM∗p)2 = −
ν∗γp

1 + γpM∗p
,

∂ν

∂Mn

∣∣∣∣∣
∗

=
ν0γn

1 + γpM∗p
=

ν∗γn

1 + γnM∗n
,

∂V
∂Mp

∣∣∣∣∣
∗

=
θp

πσ
·

1

1 +
( v̄+θp M∗p−θn M∗n

σ

)2
,

∂V
∂Mn

∣∣∣∣∣
∗

= −
θn
πσ
·

1

1 +
( v̄+θp M∗p−θn M∗n

σ

)2
.
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4.3.1. Stability and Hopf-type bifurcation of the disease-free equilibrium

At the disease-free equilibrium E0 = (S 0, 0,R0,M0
p, 0), we have I∗ = 0, which yields a21 = a23 =

b24 = b25 = 0. The characteristic equation of the linearized system can be factorized as

det
(
sαI − A − Be−sτ) = (

sα − (ζ + d + r)(R0 − 1)
)

(sα + δn)∆(s, τ) = 0, (4.17)

where

∆(s, τ) = det


sα + ζ + cρV0 −w −b14e−sτ

−cρV0 sα + ζ + w −b34e−sτ

0 −κp sα + δp

 ,
and b34 = −b14 = cρS 0 ∂V

∂Mp

∣∣∣
0
; since ∂V

∂Mp

∣∣∣
0
> 0, we have b34 > 0.

When R0 < 1, the equation
sα − (ζ + d + r)(R0 − 1) = 0

gives
λ = sα = (ζ + d + r)(R0 − 1) < 0,

so | arg(λ)| = π > απ/2 (α ∈ (0, 1)). Similarly,

sα + δn = 0

gives
λ = sα = −δn < 0,

and again | arg(λ)| > απ/2. Therefore, the corresponding eigenvalues lie in the fractional-order stability
region, and the stability of E0 is determined solely by ∆(s, τ) = 0.

We now apply elementary operations to ∆(s, τ) to reduce its order. Adding the second row to the
first row (which leaves the determinant unchanged) and using b14 + b34 = 0, we obtain

∆(s, τ) = det


sα + ζ sα + ζ 0
−cρV0 sα + ζ + w −b34e−sτ

0 −κp sα + δp

 .
Factoring sα + ζ from the first row, then subtracting the first column from the second column (a

column operation that does not alter the determinant), and expanding along the first row, we obtain

∆(s, τ) = (sα + ζ) det
(
sα + ζ + w + cρV0 −b34e−sτ

−κp sα + δp

)
.

Evaluating this 2 × 2 determinant yields the factorized form

∆(s, τ) = (sα + ζ)
[
s2α + A1sα + A2 − κpb34e−sτ

]
, (4.18)

where, setting β = ζ + w + cρV0 > 0, we have

A1 = β + δp > 0, A2 = δpβ > 0. (4.19)

For the factor sα + ζ = 0, setting λ = sα gives λ = −ζ < 0, so | arg(λ)| = π > απ/2. Hence,
this factor also contributes only stable modes. Consequently, the local stability and possible Hopf-type
bifurcation of E0 are determined by the roots of Eq (4.20).

∆̃(s, τ) := s2α + A1sα + A2 − Qe−sτ = 0, Q := κpb34 > 0. (4.20)
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Theorem 4 (Local stability of the disease-free equilibrium). Assume that α ∈ (0, 1), R0 < 1, A2 > Q,
and the uniqueness condition (4.2) holds. Then, for any delay τ ≥ 0, the disease-free equilibrium E0 is
locally asymptotically stable, and the system does not undergo a Hopf-type bifurcation at E0.

Proof. We first consider the case τ = 0. Then (4.20) reduces to

s2α + A1sα + (A2 − Q) = 0.

Let z = sα. The equation becomes z2 + A1z + (A2 − Q) = 0. Since A1 > 0 and A2 > Q, all roots
of this quadratic equation have negative real parts, so | arg(z)| > π/2 > απ/2. Hence, E0 is locally
asymptotically stable when τ = 0.

For τ > 0, suppose there exists a purely imaginary root s = iω (ω > 0). Substituting into (4.20) and
taking the modulus yields

|(iω)2α + A1(iω)α + A2| = Q. (4.21)

Let u = ωα > 0. Using (iω)α = ueiαπ/2, we compute the squared modulus:

U(u) := |u2eiαπ + A1ueiαπ/2 + A2|
2

= u4 + 2A1 cos
απ

2
u3 +

(
A2

1 + 2A2 cosαπ
)
u2 + 2A1A2 cos

απ

2
u + A2

2.

Consider the difference

U(u) − A2
2 = u4 + 2A1 cos

απ

2
u3 + (A2

1 + 2A2 cosαπ)u2 + 2A1A2 cos
απ

2
u.

Since α ∈ (0, 1), we have cos απ2 > 0, so the coefficients of u4, u3, and u are all positive. For the u2

term, using cosαπ ≥ −1 together with A1 = β + δp, A2 = δpβ, we obtain

A2
1 + 2A2 cosαπ ≥ A2

1 − 2A2 = (β + δp)2 − 2δpβ = β
2 + δ2

p > 0.

Therefore, all coefficients of the polynomial U(u) − A2
2 are strictly positive. For every u > 0,

U(u) − A2
2 > 0, i.e., U(u) > A2

2. Hence,

|u2eiαπ + A1ueiαπ/2 + A2| > A2.

Condition A2 > Q then contradicts the modulus equation (4.21). Thus, for τ > 0, (4.20) admits no
purely imaginary roots.

In summary, E0 is stable at τ = 0, and for all τ > 0 no characteristic root can cross the imaginary
axis. Hence, the disease-free equilibrium remains locally asymptotically stable for every τ ≥ 0. □

Remark 3. The conditions in Theorem 4 ensure that the disease-free equilibrium is stable when τ = 0,
and this stability holds for all τ > 0. This implies that under these conditions, delays in people‘s
behavioral responses will not undermine the system’s stability or trigger sustained oscillations.

AIMS Mathematics Volume 11, Issue 9, 30944–30978.



30961

4.3.2. Stability and Hopf-type bifurcation of the endemic equilibrium

At the endemic equilibrium E∗ = (S ∗, I∗,R∗,M∗p,M
∗
n), the linearized characteristic equation of

system (2.1) reads

det
(
sαI − A − Be−sτ) = s5α + d4s4α + d3s3α + d2s2α + d1sα + d0

+ (e3s3α + e2s2α + e1sα + e0)e−sτ + ( f1sα + f0)e−2sτ = 0,
(4.22)

where the coefficients di (i = 0, . . . , 4), ei (i = 0, . . . , 3), and fi (i = 1, 2) are given explicitly in
Appendix A.1.

(1) The delay-free case (τ = 0)
When τ = 0, the characteristic equation (4.22) reduces to

s5α + k4s4α + k3s3α + k2s2α + k1sα + k0 = 0, (4.23)

where
k4 = d4, k3 = d3 + e3, k2 = d2 + e2, k1 = d1 + e1 + f1, k0 = d0 + e0 + f0.

For 0 < α < 1, let λ = sα. Then (4.23) is equivalent to

λ5 + k4λ
4 + k3λ

3 + k2λ
2 + k1λ + k0 = 0,

this polynomial is precisely the characteristic polynomial of the matrix A + B, so its roots λ are the
eigenvalues of A + B. If the Routh–Hurwitz conditions (4.24) hold, then all roots λ of this polynomial
have negative real parts, i.e.,

| arg(λ)| >
π

2
,

since 0 < α < 1, we have π2 >
απ
2 , and therefore

| arg(λ)| >
απ

2
,

and condition (i) of Lemma 1 is satisfied, and consequently E∗ is locally asymptotically stable at τ = 0.
Specifically, the Routh–Hurwitz conditions are as follows:

ki > 0 (i = 0, 1, . . . , 4), H3 = k4k3k2 + k4k0 − k2
4k1 − k2

2 > 0,
H2 = k4k3 − k2 > 0, H4 = (k4k3 − k2)(k2k1 − k3k0) − (k4k1 − k0)2 > 0.

(4.24)

Under these conditions, all roots of the polynomial in λ have negative real parts, so Lemma 1(i) holds,
and E∗ is locally asymptotically stable at τ = 0.

(2) The case with delay (τ > 0)
We look for purely imaginary roots s = iω (ω > 0) and set z = e−iωτ. The characteristic

equation (4.22) can then be rewritten as the following quadratic equation in z:

P(ω)z2 + E(ω)z + D(ω) = 0, (4.25)

where
D(ω) = (iω)5α + d4(iω)4α + d3(iω)3α + d2(iω)2α + d1(iω)α + d0,

E(ω) = e3(iω)3α + e2(iω)2α + e1(iω)α + e0,

P(ω) = f1(iω)α + f0.
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Using (iω)kα = ωkαeikαπ/2 to separate real and imaginary parts, we write

D = Dr + iDi, E = Er + iEi, P = Pr + iPi,

with

Dr = ω
5α cos

5απ
2
+ d4ω

4α cos(2απ) + d3ω
3α cos

3απ
2
+ d2ω

2α cos(απ) + d1ω
α cos

απ

2
+ d0,

Di = ω
5α sin

5απ
2
+ d4ω

4α sin(2απ) + d3ω
3α sin

3απ
2
+ d2ω

2α sin(απ) + d1ω
α sin

απ

2
,

Er = e3ω
3α cos

3απ
2
+ e2ω

2α cos(απ) + e1ω
α cos

απ

2
+ e0,

Ei = e3ω
3α sin

3απ
2
+ e2ω

2α sin(απ) + e1ω
α sin

απ

2
,

Pr = f1ω
α cos

απ

2
+ f0, Pi = f1ω

α sin
απ

2
.

Since |z| = 1, taking the complex conjugate of (4.25) yields Dz2 + Ez + P = 0. Eliminating z from
the two equations and applying the Sylvester resultant, we obtain

χ(ω) :=
(
|P|2 − |D|2

)2
−

∣∣∣PE − ED
∣∣∣2 = 0, (4.26)

where |D|2 = D2
r + D2

i , |E|2 = E2
r + E2

i , |P|2 = P2
r + P2

i . Substituting the expressions of the real and
imaginary parts and letting x = ωα, χ(ω) can be reduced to a polynomial in x, whose leading term
is x20:

χ(x) = x20 + η19x19 + · · · + η1x + η0 = 0, x > 0. (4.27)

The coefficients η j ( j = 0, . . . , 19) are determined by the model parameters and the fractional order α;
their explicit expressions are given in Appendix A.2.

It is important to emphasize that (4.26) is only a necessary condition for the existence of a purely
imaginary root s = iω. Indeed, the vanishing of the Sylvester resultant guarantees only that the two
polynomials

P(ω)z2 + E(ω)z + D(ω) and D(ω)z2 + E(ω)z + P(ω)

have a common root, but this common root may not lie on the unit circle. Therefore, a positive real
root x j of (4.27) does not automatically yield an admissible z = e−iω jτ with |z| = 1.

Theorem 5 (Stability of the endemic equilibrium). Let α ∈ (0, 1). Assume that the following conditions
hold simultaneously:

(1) The conditions of Theorem 3 hold (i.e., E∗ exists and is unique).
(2) Condition (4.24) holds (so that E∗ is locally asymptotically stable when τ = 0).
(3) The polynomial χ(x) has no real root on (0,+∞).

Then the endemic equilibrium E∗ remains locally asymptotically stable for any delay τ > 0.

(3) Hopf-type bifurcation analysis
Since the Hopf bifurcation theory for fractional-order delay systems is under development, and a

completely rigorous general theoretical proof of the existence of periodic solutions after bifurcation
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remains an open problem, the Hopf bifurcation analysis in this paper adopts a semi-analytical and
semi-numerical approach.

In this framework, we adopt the widely used criteria proposed by Xiao et al. [9] as the analytical
basis for the occurrence of Hopf-type bifurcation. Throughout this section, the term “Hopf-type
bifurcation” is used in the sense of this criterion. Specifically, Xiao et al. considered the following
n-dimensional fractional-order system with delay:

CD
q
t x j(t) = f j(x(t), x(t − τ); τ), j = 1, . . . , n, 0 < q < 1, τ ≥ 0. (4.28)

System (4.28) undergoes a Hopf bifurcation at the equilibrium x∗ when τ = τ0, if the following
conditions hold:

(i) For τ = 0, all eigenvalues of the coefficient matrix of the linearized system satisfy | arg(λ)| > qπ/2.
(ii) At τ = τ0, the characteristic equation det(sqI −A−Be−sτ) = 0 has a pair of purely imaginary roots
±iω0.

(iii) The transversality condition Re
[
ds
dτ

]
τ=τ0,s=iω0

> 0 is satisfied.

We now apply the above criterion to our model. As shown in the discussion of Section 4.3.2 for
the case τ = 0, if condition (4.24) holds, then E∗ is locally asymptotically stable when τ = 0, which
precisely corresponds to condition (i) in the above criterion.

Next, we examine condition (ii) for the occurrence of Hopf-type bifurcation. In solving for purely
imaginary roots, the equation χ(ω) = 0 is only a necessary condition for the existence of purely
imaginary roots of the characteristic equation (4.22). Therefore, to verify condition (ii), one must
further check whether the corresponding quadratic equation (4.25) possesses a root of modulus one.

If the constant term of (4.27) satisfies η0 < 0, then χ(0) = η0 < 0 and limx→+∞ χ(x) = +∞, so the
polynomial χ(x) admits at least one positive real root. More generally, let

X = { x j > 0 : χ(x j) = 0 }

be the set of all positive real roots of χ. For each x j ∈ X, set

ω j = x1/α
j > 0

and substitute s = iω j into the characteristic equation. This is equivalent to solving the quadratic
equation

P(ω j)z2 + E(ω j)z + D(ω j) = 0.

Let z j,1 and z j,2 be its two roots. Define the set of admissible pairs by

Λ =
{
(ω j, z j,ℓ) : x j ∈ X, ℓ = 1, 2, |z j,ℓ| = 1

}
.

If Λ , ∅, then for each admissible pair (ω j, z j,ℓ) ∈ Λ, we may write

z j,ℓ = e−iθ j,ℓ , θ j,ℓ ∈ [0, 2π),

and the corresponding critical delays are

τ j,ℓ,k =
θ j,ℓ + 2kπ
ω j

, k = 0, 1, 2, . . . .
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The first possible stability switch is obtained by taking the minimum over all admissible positive delays:

τc = min
(ω j,z j,ℓ)∈Λ

k≥0

{τ j,ℓ,k > 0}. (4.29)

Let (ωc, zc) be the unique admissible pair attaining the above minimum, so that

zc = e−iθc , θc ∈ [0, 2π),

and
τc =

θc + 2kcπ

ωc

for some integer kc ≥ 0.
Finally, we impose the transversality condition. Regard s as a function of τ and differentiate the

characteristic equation (4.22) implicitly to obtain ds
dτ . When s = iωc and τ = τc, suppose that

Re
[
ds
dτ

] ∣∣∣∣∣∣
s=iωc, τ=τc

> 0. (4.30)

Then condition (iii) holds. Note that the existence of the derivative ds
dτ in (4.30) implies that ∂

∂s det
(
sαI−

A − Be−sτ)∣∣∣∣
s=iωc, τ=τc

, 0 by the implicit function theorem, and hence the purely imaginary roots ±iωc

are simple.
In summary, we obtain the following theorem.

Theorem 6 (Hopf-type bifurcation of the endemic equilibrium). Let α ∈ (0, 1). Assume that the
following conditions hold simultaneously:

(1) The conditions of Theorem 3 hold (i.e., E∗ exists and is unique).
(2) Condition (4.24) holds, so that E∗ is locally asymptotically stable when τ = 0 .
(3) Λ , ∅, and the minimal positive critical delay τc is determined by a unique ωc > 0 via (4.29).
(4) The transversality condition (4.30) holds at (ωc, τc).

Then, E∗ is locally asymptotically stable for all τ ∈ [0, τc), and the system undergoes a Hopf-type
bifurcation at E∗ as τ passes through τc.

Remark 4. Theorems 5 and 6 describe the local dynamics around the endemic equilibrium E∗. Under
the conditions of Theorem 5, the endemic equilibrium is locally asymptotically stable; in this case,
the behavioral response delay cannot trigger a Hopf-type bifurcation or oscillatory behavior around
the equilibrium. On the other hand, when the conditions of Theorem 6 are satisfied, there exists a
critical delay τc > 0 such that E∗ remains locally asymptotically stable for τ ∈ [0, τc), and a Hopf-type
bifurcation occurs at τ = τc. We will further verify and demonstrate the above dynamical behaviors
through numerical examples in the numerical simulation section.

5. Numerical simulations

In this section, numerical simulations are performed to verify the theoretical results. All simulations
are based on MATLAB, using the Adams–Bashforth–Moulton predictor-corrector algorithm [27]. For
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every numerical simulation example considered below, the parameter values are selected through a
Monte Carlo sampling procedure within the admissible ranges specified in Table 1. In each case,
candidate parameter sets are generated randomly and then screened according to the corresponding
theoretical conditions established in the preceding sections. All parameter sets obtained in this way
are representative configurations designed to illustrate the mathematical conditions and dynamical
scenarios derived in the theoretical analysis, rather than being calibrated from epidemiological data.

5.1. Stability of the disease-free equilibrium

The parameters are chosen as follows:

b = 0.154668455, ζ = 3.11276 × 10−5, d = 0.001820759, r = 0.311522005, w = 0.006540418,
c = 0.914055806, ρ = 0.004150002, v̄ = −1.893804497,σ = 1.631706099, θp = 0.912860953,
θn = 2.73487166, αp = 0.217440261, αn = 0.166237291, βp = 0.079979228, βn = 0.10632897,
κp = 5.30653 × 10−5, δp = 0.382025912, δn = 0.331762137, ν0 = 0.437891367, γp = 4.661767789,
γn = 3.696530826, α = 0.95.
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Figure 1. State trajectories when the disease-free equilibrium is locally asymptotically stable
(τ = 10).

For this parameter set, direct calculation yields

L =
bκpcρ(ζ + w)θp

δpζ
(
ζ + w + cρV00

)2
πσ
= 0.055496452 < 1,

which satisfies the first condition of Theorem 4, guaranteeing the existence and uniqueness of the
disease-free equilibrium. The disease-free equilibrium is calculated as: S 0 = 4380.400955, I0 = 0,
R0 = 588.4476742, M0

p = 0.081738285, M0
n = 0, V0 = 0.232723615, and the basic reproduction
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number R0 = 0.891977443 < 1,A2 = 0.0019728563 > Q = 0.0010263368. That is, Theorem 4 is
satisfied. Taking the initial condition (S 0+1, 1,R0−2,M0

p−0.02, 0.02) and the delay τ = 10, as shown
in Figure 1, the system converges to the disease-free equilibrium.

5.2. Stability of the endemic equilibrium and Hopf-type bifurcation

5.2.1. Local stability of the endemic equilibrium

The parameters are chosen as:

b = 0.127941362, ζ = 4.54334 × 10−5, d = 0.003138141, r = 0.213262544, w = 0.009684088,
c = 0.75093639, ρ = 0.008355527, v̄ = −1.833673949,σ = 1.628162409, θp = 1.484519303,
θn = 2.927069562, αp = 0.219045566, αn = 0.173613855, βp = 0.187983688, βn = 0.154232674,
κp = 0.000270977, δp = 0.175398899, δn = 0.280793805, ν0 = 1.569825824, γp = 1.158302728,
γn = 0.303383105,α = 0.95.

We obtain Γ = 0.814264 < 1, and the function Ψ(I) in Eq (4.12) is strictly decreasing (see
Figure 2(a)). The basic reproduction number R0 = 2.807338429 > 1, and a unique endemic
equilibrium exists: S ∗ = 833.7788938, I∗ = 20.06176109, R∗ = 576.4887285, M∗p = 6.14162205,
M∗n = 3.029696198, V∗ = 0.254330918, ν∗ = 0.371308563. k4 = 0.472771414, k3 = 0.056626466,
k2 = 0.001695869, k1 = 6.74022×10−5, k0 = 4.9195×10−9, H2 = 0.025075505, H3 = 2.74619×10−5,
H4 = 1.84416 × 10−9. The polynomial Eq (18) is given by

χ(x) = x20 + 0.148372871 x19 + 0.223453059 x18 + 0.023511504 x17 + 0.016840312 x16

+ 0.00112728 x15 + 0.000485405 x14 + 1.54457 × 10−5 x13 + 3.83322 × 10−6 x12

− 3.42916 × 10−8 x11 − 2.06297 × 10−8 x10 + 7.96966 × 10−11 x9

+ 3.78142 × 10−11 x8 − 1.16588 × 10−13 x7 − 3.13208 × 10−14 x6

+ 7.57705 × 10−17 x5 + 1.05082 × 10−17 x4 + 3.01395 × 10−22 x3

+ 1.72045 × 10−25 x2 + 2.42638 × 10−30 x + 6.84453 × 10−34.

To verify the absence of positive real roots for the 20th-degree characteristic polynomial χ(x), we
apply Sturm’s theorem via Maple to rigorously confirm that no positive real roots exist. This conclusion
is further supported by numerical computation of all roots with high precision using the MATLAB
routine roots, which yields no positive real roots, and by direct evaluation on a fine grid over (0,∞),
which shows minx>0 χ(x) > 0. The conditions of Theorem 5 are satisfied. Taking the delay τ = 10 and
the initial condition (S ∗ + 2, I∗ − 1, R∗ − 1, M∗p + 0.5, M∗n + 0.5), the system converges to the endemic
equilibrium (Figure 3).

AIMS Mathematics Volume 11, Issue 9, 30944–30978.



30967

I
0 5 10 15 20 25 30 35

*
(I

)

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4
(a) Parameter set 1

I $

I
0 10 20 30 40 50 60

*
(I

)

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5
(b) Parameter set 2

I $

Figure 2. Monotonicity of the residual function Ψ(I).
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Figure 3. State trajectories when the endemic equilibrium is locally asymptotically stable
(τ = 10).

5.2.2. Hopf-type bifurcation at the endemic equilibrium.

The parameters are chosen as:

b = 0.229780568, ζ = 2.96445 × 10−5, d = 0.003819482, r = 0.31644436, w = 0.012780409,
c = 0.781864001, ρ = 0.013665765, v̄ = −0.988540658,σ = 4.166414522, θp = 0.843607942,
θn = 1.672453384, αp = 0.195247027, αn = 0.289201821, βp = 0.084647185, βn = 0.169460193,
κp = 1.77366 × 10−5, δp = 0.105310986, δn = 0.444079049, ν0 = 1.724510465, γp = 1.862238882,
γn = 1.096799854, α = 0.95.

We obtain Γ = 0.070179 < 1, and Ψ(I) in Eq (4.12) is strictly decreasing (Figure 2(b)).
The basic reproduction number R0 = 2.36 > 1, and the unique endemic equilibrium is
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S ∗ = 5156.203060501674372, I∗ = 2.022473748851967, R∗ = 2332.397209286632460, M∗p =
3.594400965672546, M∗n = 0.980923932981140, V∗ = 0.530706557182485. For the chosen
parameter set, the twentieth-degree resultant polynomial χ(x) = x20 + η19x19 + · · · + η1x + η0 is
solved numerically using MATLAB’s roots function, which computes all complex roots via the
companion matrix eigenvalue method. Only roots with | Im(x j)| < 10−8 and Re(x j) > 10−6 are retained
as positive real roots; those with residual |χ(x j)| < 10−8 are accepted to eliminate spurious roots
caused by round-off, and numerically repeated roots (difference < 10−6) are merged. The remaining
roots x j are converted to candidate frequencies ω j = x1/α

j , and for each ω j the quadratic equation
P(ω j)z2 + E(ω j)z + D(ω j) = 0 is solved, retaining only roots satisfying

∣∣∣|z| − 1
∣∣∣ < 10−8 as admissible

roots with |z| = 1.
In this case, the above filtering produces only one frequency

ωc = 0.0672841444448459,

which yields the critical delay
τc = 4.08889440332154.

Furthermore, direct evaluation of the characteristic equation at the critical pair gives

|F(iωc, τc)| =
∣∣∣∣det

(
sαI − A − Be−sτ)∣∣∣

s=iωc, τ=τc

∣∣∣∣ = 1.6979 × 10−15,

which is of the order of machine precision, confirming the correctness of the computed critical pair
(ωc, τc).

Since no other frequency remains after the filtering steps, the uniqueness of the purely imaginary
root pair at τ = τc is automatically ensured. If multiple frequencies had been obtained, one should
compute the corresponding time delays for all frequencies, select the smallest positive delay as the
critical delay, and then substitute all frequencies into the characteristic equation evaluated at that critical
delay to verify the uniqueness of the purely imaginary root pair on the stability boundary.

The transversality condition is numerically verified:

Re
[
ds
dτ

] ∣∣∣∣∣∣
s=iωc, τ=τc

= 0.00175475567214898 > 0.

Therefore, all hypotheses of Theorem 6 are satisfied. Taking the initial condition (S ∗ + 2, I∗ −
0.2, R∗−1.8, M∗p+0.2, M∗n+0.1), the numerical simulations are performed using the fractional Adams–
Bashforth–Moulton predictor–corrector method. In each time step, the correction is repeated until the
maximum absolute difference between two successive corrections is less than the prescribed tolerance
tol = 10−12, with a maximum of 20 iterations per step. The delayed terms ν(t − τ) and V(t − τ) are
evaluated exactly at the corresponding grid points, since the time step sizes are chosen such that τ/h is
an integer, thereby avoiding interpolation errors. Convergence with respect to the temporal resolution
is verified by comparing solutions obtained with three step sizes. For the oscillatory case τ = 4.14 > τc,
the main run uses h = 0.0414, and the computation is repeated with h = 0.0207 and h = 0.01. Taking
the solution with h = 0.01 as a reference, the maximum absolute error of I(t) over the last 1000 days
is 2.87 × 10−5 for h = 0.0414 and 6.71 × 10−6 for h = 0.0207, which are less than 0.004% and 0.001%
of the oscillation amplitude of I(t), respectively. For the other state variables, the maximum absolute
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errors are also less than 0.004% of their corresponding amplitudes for h = 0.0414, and less than
0.001% for h = 0.0207, further confirming that the numerical solution has converged with respect to
the temporal resolution. Under these settings, the system undergoes a Hopf-type bifurcation, and the
numerical simulations exhibit periodic oscillations(see Figure 4b). Using the same method with fixed
step size h = 0.05, for τ = 3.5 < τc, the system converges to the endemic equilibrium (see Figure 4a).
Moreover, by comparing the trajectories for τ = 3.8 and 4.05, we observe that when τ < τc, the smaller
the value of τ, the faster the convergence (see Figure 4a).
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Figure 4. Delay-induced Hopf-type bifurcation trajectories at the endemic equilibrium.

To further validate the theoretically derived Hopf-type bifurcation threshold, we perform a
numerical spectral analysis by tracking the rightmost characteristic root of the linearized fractional-
order delay system. Let smax denote the rightmost characteristic root. The local stability of the system is
determined by its real part: The equilibrium is asymptotically stable whenℜ(smax) < 0, unstable when
ℜ(smax) > 0, and a Hopf-type bifurcation occurs when ℜ(smax) = 0. Using a continuation method
combined with the Newton-type solver (the fsolve function in MATLAB), we trace the evolution of
smax as a function of the delay τ over the interval τ ∈ [4.0, 4.2]. When the real parts at adjacent grid
points exhibit opposite signs, the zero-crossing point whereℜ(smax) = 0 is precisely located via linear
interpolation. As shown in Figure 5, the real part of smax crosses the imaginary axis smoothly as τ
increases. The numerically determined zero-crossing point is

τnum
c = 4.0888945480.

This value is in excellent agreement with the theoretically predicted critical delay

τtheo
c = 4.0888944033,

yielding an absolute error of 1.45 × 10−7 and a relative error of 3.54 × 10−8. This result numerically
confirms the accuracy of the theoretical derivation from the perspective of numerical spectra while
demonstrating the reliability of the numerical implementation.
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The fractional order α affects the Hopf-type bifurcation threshold through two mechanisms. First, it
modifies the stability sector | arg(λ)| > απ/2 for the delay-free system, so that a smaller α enlarges the
stable region and tends to delay or suppress the onset of oscillations. Second, it enters the characteristic
equation through the term sα, thereby shifting the critical pair (ωc, τc). Numerical experiments show
that as α increases from 0.9 to 0.99, the critical delay τc decreases monotonically (see Figure (6)).

,

0.9 0.91 0.92 0.93 0.94 0.95 0.96 0.97 0.98 0.99

= c

1

2

3

4

5

6

7

8

9

Figure 6. Critical delay τc versus α.

6. Conclusions

In this study, we formulate a five-dimensional fractional-order delayed SIRS epidemic model,
integrating fractional-order memory effects, behavioral response delays, and the competitive regulation
of positive and negative information within a unified framework.

Through rigorous dynamical analysis, two distinct stability scenarios are revealed. Under the
premise that the corresponding stability conditions hold in the absence of behavioral response delay
(τ = 0), the disease-free equilibrium remains locally asymptotically stable for any behavioral response
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delay, indicating that behavioral response delay does not undermine the local asymptotic stability of
the disease-free equilibrium. For the endemic equilibrium, the system exhibits two types of dynamical
behavior: delay-independent stability and delay-induced Hopf-type bifurcation. In the case of delay-
induced Hopf-type bifurcation, the existence of a critical delay τc suggests that excessively long
behavioral response delays can disrupt the feedback regulation of behavioral variables by positive
and negative information, preventing the system from converging to an equilibrium and inducing
oscillations.

Methodologically, the Sylvester resultant elimination method provides an effective tool for
bifurcation analysis of high-dimensional fractional-order delay systems. In future work, researchers
may further incorporate state-dependent delays, stochastic information perturbations, and spatial
heterogeneity to extend the model’s capacity for characterizing complex real-world scenarios.
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Appendix

All coefficients listed in Appendices A.1 and A.2 were independently verified using the computer
algebra system Maple.

A.1. Specific expressions of the coefficients di (i = 0, . . . , 4), ei (i = 0, . . . , 3), fi (i = 1, 2) in Eq (4.22).

d4 = −(a11 + a22 + a33 + a44 + a55);

d3 = (a33 + a44 + a55 + a22)a11 + (a33 + a44 + a55)a22 + (a44 + a55)a33 − a32a23 + a55a44 − a21a12 − a31a13;

d2 =
[
(−a33 − a44 − a22)a11 + (−a33 − a22)a44 + a32a23 − a33a22 + a21a12 + a31a13

]
a55 +

[
(−a33 − a22)a44

+ a32a23 − a33a22
]
a11 + (a12a21 + a13a31 − a22a33 + a23a32)a44 + a12a21a33 − a13a21a32
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− a31(a12a23 − a13a22);

d1 =
[(
−a12a33 − a12a44 + a13a32

)
a21 +

(
−a31a13 + (a33 + a22)a11 − a32a23 + a33a22

)
a44

+ a31(a12a23 − a13a22) − a11(−a22a33 + a23a32)
]
a55 −

[(
a12a33 − a13a32

)
a21 +

(
−a12a23

+ a13a22
)
a31 + a11

(
−a22a33 + a23a32

)]
a44;

d0 =
[
(a12a33 − a13a32)a21 + (−a12a23 + a13a22)a31 + a11(−a22a33 + a23a32)

]
a55a44;

e3 = −a42b24 − a43b34 − a52b25;

e2 = (a42b24 + a43b34)a55 + (a42b24 + a43b34 + a52b25)a11 + a44a52b25 + (a42b24 + a52b25)a33 +
[
(b24 + b34)a42

+ a52(b25 + b35)
]
a21 + a43b34a22 + (−a42b34 − a52b35)a23 −

[
(−b24 − b34)a31 + a32b24

]
a43;

e1 =
[(
−(b24 + b34)a42a21 − a43(b24 + b34)a31 + (−a42b24 − a43b34)a11

+ (−a22b34 + a32b24)a43 − a42(−a23b34 + a33b24)
)
a55 +

(
−a52(b25 + b35)a44 + (a32b24

+ b34(a32 + a12))a43 + ((−b25 − b35)a33 − b35a13)a52 − a42((b24 + b34)a33 + b34a13)
)
a21

− a52(a11b25 − a23b35 + a33b25)a44 +
(
((−a12 − a22)b24 − b34a22)a43 + ((b25 + b35)a23

+ b25a13)a52 + a42((a13 + a23)b24 + b34a23)
)
a31 + a11

(
(−a22b34 + a32b24)a43

+ (a23b35 − a33b25)a52 − a42(−a23b34 + a33b24)
)]

;

e0 =
[((
−a32b24 − b34(a32 + a12)

)
a21 +

(
(a12 + a22)b24 + b34a22

)
a31 − a11(−a22b34 + a32b24)

)
a43

+ a42

((
a33b24 + b34(a33 + a13)

)
a21 +

(
(−a13 − a23)b24 − b34a23

)
a31 + a11(−a23b34 + a33b24)

)]
a55

+ a52a44

((
(b25 + b35)a33 + b35a13

)
a21 +

(
(−b25 − b35)a23 − b25a13

)
a31 + a11(−a23b35 + a33b25)

)
;

f1 = −a43a52(b24b35 − b25b34); f0 = a43a52(a11 + a21 + a31)(b24b35 − b25b34).

A.2. Specific expressions of the coefficients ηi (i = 0, . . . , 19) in Eq (4.27).

η0 = (d0 − f0)2(d0 + e0 + f0)(d0 − e0 + f0)

η1 = 4 cos( 1
2απ)

(
d1d2

0 +
(
(d1 − f1) f0 − 1

2 e0e1
)
d0 − f 2

0 f1 + 1
2 e0e1 f0 − 1

2 e2
0(d1 − f1)

)
(d0 − f0);

η2 =
(
4d3

0d2 + (2d2
1 − 2e0e2)d2

0 + (−2d2e2
0 + (−2d1e1 + 4e2 f0)e0 − 4d2 f 2

0 + (−4d1 f1 + 2e2
1) f0)d0

+ (2d1 f1 + 2d2 f0)e2
0 + (−2e1 f0 f1 − 2e2 f 2

0 )e0 + 2 f 2
0 f 2

1
)

cos(απ)

+ (4d2
1 − e2

1 − 2 f 2
1 )d2

0 + (−2e1(d1 − 2 f1)e0 − 4d1 f0 f1)d0 + (−d2
1 − f 2

1 )e2
0

+ 4(d1 −
1
2 f1) f0e1e0 − 2 f 2

0 (d2
1 +

1
2 e2

1 − 2 f 2
1 );

η3 = −16 cos( 1
2απ)

[(
−d3

0d3 + (−d1d2 +
1
2 e0e3)d2

0 +
( 1

2 d3e2
0 + ( 1

2 d1e2 +
1
2 d2e1 − e3 f0)e0 + f0(d2 f1 + d3 f0 − e1e2)

)
d0

+ 1
2 e0

(
−(d2 f1 + d3 f0)e0 + f0(e2 f1 + e3 f0)

))
cos2( 1

2απ) +
3
4 d3

0d3 +
1
4 ( 1

2 e1e2 −
3
2 e0e3 + d1d2)d2

0

+ 1
2

(
− 3

4 d3e2
0 +

1
2 (−d1e2 − d2e1 − e2 f1 + 3e3 f0)e0 −

3
2 d3 f 2

0 + ( 3
2 e1e2 − f1d2) f0

+ 1
2 (d1 f1 + d2

1 −
1
2 e2

1)( f1 − d1)
)
d0 +

3
8 ( f0d3 + ( 1

3 d1 + f1)d2)e2
0

+ 1
4
(
− 3

2 e3 f 2
0 − (d1e2 + d2e1 + e2 f1) f0 + 1

2 e1( f1 − d1)2)e0

+ 1
4
(
( 1

2 e1e2 + d1d2) f0 − ( f1 − d1)( f 2
1 + d1 f1 − 1

2 e2
1)
)
f0
]
;

η4 = 16
(
2d3

0d4 + (2d1d3 + d2
2)d2

0 +
(
−d4e2

0 − (d1e3 + d2e2 + d3e1)e0 + 2(e1e3 − f0d4 − f1d3 +
1
2 e2

2) f0
)
d0
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− e0(−(d3 f1 + d4 f0)e0 + e3 f0 f1)
)

cos4( 1
2απ)

+ 4
(
−8d3

0d4 + (−4d1d3 − 4d2
2 − e1e3)d2

0 +
(
4d4e2

0 + (3d1e3 + 4d2e2 + 3d3e1 + 2e3 f1)e0 + 8d4 f 2
0

+ 2(3d3 f1 − 4e1e3 − 2e2
2) f0 − d2e2

1 + 2e2( f1 − 1
2 d1)e1 − 2d2(−2d2

1 + f 2
1 )

)
d0

− 4( f0d4 + ( f1 + 1
4 d1)d3)e2

0 +
(
(2d3e1 + 3( f1 + 2

3 d1)e3) f0 + 2( f1 − 1
2 d1)d2e1 − e2(d2

1 + f 2
1 )

)
e0

−
(
(2d1d3 + e1e3) f0 + e2( f1 − 2d1)e1 + 2 f1d1d2

)
f0
)

cos2( 1
2απ)

+ 4d3
0d4 + (−4d1d3 + 6d2

2 + 2e1e3 − e2
2)d2

0

+ 2
(
−d4e2

0 − 2(d2e2 + e3 f1)e0 − 2d4 f 2
0 + (2e1e3 + e2

2) f0 + 2d2 f 2
1 − 2e1e2 f1 − 2d2

1d2 + d2e2
1
)
d0

+ (2d1d3 − d2
2 + 2d3 f1 + 2d4 f0)e2

0 + 2
(
2(−d1e3 + d2e2 − d3e1) f0 − 2 f1d2e1 + e2( f1 + d1)2)e0

+ (4d1d3 − 2d2
2 + 2e1e3 − e2

2) f 2
0 + 2(−2d1e1e2 + d2e2

1) f0 + ( f1 − d1)2( f1 + d1 + e1)( f1 + d1 − e1);

η5 = −2
[
16

(
−2d3

0 − 2(d1d4 + d2d3)d2
0 +

(
e2

0 + (d2e3 + d3e2 + d4e1)e0 − 2 f0(−d4 f1 + e2e3 − f0)
)
d0 − e2

0(d4 f1 + f0)
)

cos4( 1
2απ)

+ 4
(
10d3

0 + 2(3d1d4 + 5d2d3)d2
0 +

(
−5e2

0 + (−5d2e3 − 5d3e2 − 4d4e1)e0 − 4d2
1d3 + (−2d2

2 + e1e3)d1

− 10 f 2
0 + 2(−4d4 f1 + 5e2e3) f0 + d3e2

1 + (d2e2 − 2e3 f1)e1 + 2 f 2
1 d3 − e2

2 f1
)
d0

+ (d1d4 + 5d4 f1 + 5 f0)e2
0 +

(
e3d2

1 + (d2e2 + d3e1)d1 + e3 f 2
1 − 2d4e1 f0 − 2 f1d3e1

)
e0

+ f0
(
(2d3 f1 + 2d4 f0 − 2e1e3 − e2

2)d1 + e3 f1e1
))

cos2( 1
2απ)

− 10d3
0 + (2d1d4 − 14d2d3 + e2e3)d2

0 +
(
5e2

0 + 2(3d2e3 + 3d3e2 + d4e1)e0 + 10d2
1d3 + (2d2

2 − 2e1e3 + e2
2)d1

+ 10 f 2
0 + 2(2d4 f1 − 5e2e3) f0 − 3d3e2

1 + 2(−d2e2 + 3e3 f1)e1 − 6 f 2
1 d3 + 3e2

2 f1
)
d0

+ (−3d1d4 + d2d3 − 5d4 f1 − 5 f0)e2
0 +

(
−3e3d2

1 − 2(d2e2 + d3e1 + e3 f1)d1

+ 2(−d2e3 − d3e2 + 3d4e1) f0 + (d2
2 + 6d3 f1)e1 − 3e3 f 2

1 − 2d2e2 f1
)
e0

− 2d3
1d2 + d2

1e1e2 +
(
−6d4 f 2

0 + (−4d3 f1 + 6e1e3 + 3e2
2) f0 + 2d2 f 2

1 − 2e1e2 f1 + d2e2
1
)
d1

+ (2d2d3 + e2e3) f 2
0 +

(
−d3e2

1 − 2(d2e2 + e3 f1)e1 + f1(2d2
2 + e2

2)
)
f0 + f1e1(−d2e1 + e2 f1)

]
cos( 1

2απ);

η6 = 64
(
(2d2d4 + d2

3 + 2d1)d2
0 + (−(d3e3 + d4e2 + e1)e0 + f0(e2

3 − 2 f1))d0 + e2
0 f1

)
cos6( 1

2απ)

+ 16
(
2(−6d2d4 − 3d2

3 − 4d1)d2
0 +

(
4d2

1d4 + 4d1d2d3 + (6d3e3 + 6d4e2 + 5e1)e0 − d4e2
1

− (d2e3 + d3e2)e1 − 2 f 2
1 d4 + 2(e2e3 + 5 f0) f1 − 6e2

3 f0
)
d0

+
(
−e2

0 − (d2e3 + d3e2 + d4e1)e0 + 2 f0(−d4 f1 + e2e3 − f0)
)
d1 + 2(−3 f1e0 + e1(d4 f1 + f0))e0

)
cos4( 1

2απ)

+ 4
(
(22d2d4 + 9d2

3 + 2d1)d2
0 +

(
−14d2

1d4 + (−12d2d3 − e2e3)d1 + (−9d3e3 − 10d4e2 − 5e1)e0

+ 4d4e2
1 + (4d2e3 + 3d3e2)e1 + 8 f 2

1 d4 + 2(−4e2e3 − 5 f0) f1 + 9e2
3 f0 + 2d3

2 − d2e2
2
)
d0

+ 2d3
1d3 + (d2

2 − e1e3)d2
1 +

(
4e2

0 + (3d2e3 + 4d3e2 + 3d4e1)e0 − d3e2
1 + (−d2e2 + 2e3 f1)e1

− 2 f 2
1 d3 + (6d4 f0 + e2

2) f1 − 8 f0(e2e3 − f0)
)
d1 + (−d2d4 + 9 f1)e2

0

+
(
(−d2d3 − 8d4 f1 − 8 f0)e1 + 2e2( f0d4 + f1d3 −

1
2 d2

2)
)
e0 + (d3 f1 + d4 f0)e2

1

+ e3(2d2 f0 − f 2
1 )e1 −

(
(2d2d3 + e2e3) f1 + d2(2d4 f0 − e2

2)
)
f0
)

cos2( 1
2απ)

+ (−12d2d4 + 2d2
3 − e2

3 + 4d1)d2
0 + 2

(
2d2

1d4 + 4d1d2d3 − 2d3
2 − 2d2e1e3 + d2e2

2

+ 2d4e0e2 − d4e2
1 − 2d4 f 2

1 + 2e2e3 f1 − e2
3 f0

)
d0 − 4d3

1d3 + (2d2
2 + 2e1e3 − e2

2)d2
1

+ 2
(
−2d3e0e2 + d3e2

1 + 2d3 f 2
1 − 2e1e3 f1 − e2

2 f1 + 2e2e3 f0 − e2
0 − 2 f 2

0
)
d1

+ (2d2d4 − d2
3 − 2 f1)e2

0 + 2
(
2e1(d4 f1 + f0) + 2(d2e3 − d3e2) f1 + d2

2e2 + 2 f0(d3e3 − d4e2)
)
e0
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+ (−d2
2 − 2d3 f1 − 2d4 f0)e2

1 + 2
(
e3 f 2

1 + 2d2e2 f1 − 2 f0(d2e3 − d3e2)
)
e1

+ (−2d2
2 − e2

2) f 2
1 + 2(2d4 f 2

0 − e2
2 f0)d2 − f 2

0 (2d2
3 + e2

3);

η7 = −2
[
64

(
−2(d3d4 + d2)d0 + e0(d4e3 + e2)

)
d0 cos6( 1

2απ)

+ 16
(
14(d3d4 + d2)d2

0 +
(
−4d2

1 + 2(−2d2d4 − d2
3)d1 − 7e0(d4e3 + e2) + d4e1e2 + e2

1

+ e3d3e1 − f1(e2
3 − 2 f1)

)
d0 +

(
(d3e3 + d4e2 + e1)e0 − f0(e2

3 − 2 f1)
)
d1 − 2e0e1 f1

)
cos4( 1

2απ)

+ 4
(
4(−7d3d4 − 8d2)d2

0 +
(
18d2

1 + 2(8d2d4 + 5d2
3)d1 − 4d2

2d3 + d2e2e3 + (14d4e3 + 15e2)e0

− 4d4e1e2 − 5e2
1 − 5e3d3e1 + d3e2

2 + 5 f1(e2
3 − 2 f1)

)
d0 − 2d3

1d4 − 2d2
1d2d3

+
(
e3d2e1 + (−5d3e3 − 5d4e2 − 4e1)e0 + (e2

1 + 2 f 2
1 )d4 + d3e1e2 − 2e3 f1e2

+ 5 f0(e2
3 −

8
5 f1)

)
d1 + d2

2e0e3 +
(
e2

0 + (d3e2 + d4e1)e0 − 2 f0(−d4 f1 + e2e3 − f0)
)
d2

+ 2(−d4e2 f1 + 5e1 f1 − e2 f0)e0 − e2
1(d4 f1 + f0)

)
cos2( 1

2απ)

+ 2(5d3d4 + 13d2)d2
0 +

(
−14d2

1 + (−12d2d4 − 14d2
3 + e2

3)d1 + 10d2
2d3 − 2d2e2e3

+ 2(−3d4e3 − 5e2)e0 + 2d4e1e2 + 5e2
1 + 6e3d3e1 − 3d3e2

2 − 5 f1(e2
3 − 2 f1)

)
d0

+ 6d3
1d4 + (2d2d3 + e2e3)d2

1 +
(
−2d3

2 + (−2e1e3 + e2
2)d2 + 2(3d3e3 + 3d4e2 + e1)e0

+ 3(−e2
1 − 2 f 2

1 )d4 − 2d3e1e2 + 6e3 f1e2 − 5 f0(e2
3 −

4
5 f1)

)
d1 + (−3e0e3 + e1e2)d2

2

+
(
−3e2

0 − 2(d3e2 + d4e1)e0 + 6e3 f0e2 − 2e3 f1e1 − 4 f0 f1d4 + 2 f 2
1 d3 − e2

2 f1 + d3e2
1 − 6 f 2

0
)
d2

+ d3d4e2
0 +

(
2(3e2 f1 − e3 f0)d4 + (d2

3 − 10 f1)e1 − 2e3 f1d3 + 6 f0e2
)
e0

+ (2d3 f 2
0 + 3e2

1 f1 − 2e1e2 f0)d4 + 3e2
1 f0 − 2d3(e2 f1 + e3 f0)e1 − d3e2

2 f0

+ e2e3 f 2
1 + f0 f1(2d2

3 + e2
3)
]

cos( 1
2απ);

η8 = −256d0(−d0d2
4 − 2d0d3 + e0e3) cos8( 1

2απ)

+ 64
(
((4d0d3 − e0e3)d4 + 4d0d2 − e0e2)d1 − d0(8d0d2

4 + d4e1e3 + 16d0d3 − 8e0e3 + e1e2)
)

cos6( 1
2απ)

+ 16
(
2d3

1 + (2d2d4 + d2
3)d2

1 +
(
(−24d0d3 + 6e0e3 − e1e2)d4 + e2

3 f1 − e3d3e1 − 2 f 2
1

− 20d0d2 + 6e0e2 − e2
1
)
d1 + 20d2

0d2
4 + ((4d2

2 + 6e1e3 − e2
2)d0 − d2e0e2)d4 + 40d2

0d3

+ (2d2d2
3 − d3e2e3 − 20e0e3 + 5e1e2)d0 + (−d3e0e3 + e2

3 f0 − e0e1 − 2 f0 f1)d2 + 2 f1(e0e2 +
1
2 e2

1)
)

cos4( 1
2απ)

+ 4
(
−8d3

1 − 4(d2d4 + d2
3)d2

1 +
(
(40d0d3 − 9e0e3 + 3e1e2)d4 + 24d0d2 + 4d2

2d3 − d2e2e3

+ (4e1e3 − e2
2)d3 − 4e2

3 f1 + 8 f 2
1 − 10e0e2 + 4e2

1
)
d1 − 16d2

0d2
4 +

(
2(−8d2

2 − 5e1e3 + 2e2
2)d0

+ (4e0e2 − e2
1 − 2 f 2

1 )d2 + (−e0e1 − 2 f0 f1)d3 + 2(e0e3 + e1e2) f1
)
d4 − 28d2

0d3

+ ((−4d2
3 − e2

3)d2 + 3e3d3e2 + 15e0e3 − 5e1e2)d0 − d2
2e1e3 +

(
(3e0e3 − e1e2)d3 − 4e2

3 f0 + 2e3 f1e2

+ 6 f0 f1 + 3e0e1
)
d2 − d2

3e0e2 + (2e2e3 f0 − e2
0 − 2 f 2

0 )d3 + 2e0e3 f0

+ 2(−4e0 f1 + e1 f0)e2 − 4e2
1 f1

)
cos2( 1

2απ)

+ 4d3
1 + (−4d2d4 + 6d2

3 − e2
3)d2

1 + 2
(
−4d0d3d4 − 4d0d2 − 2d2

2d3 + (−2e1e3 + e2
2)d3 + e2

3 f1 − 2 f 2
1

+ 2e0e2 − e2
1
)
d1 + (6d2

0 − e2
0 − 2 f 2

0 )d2
4 + 2

(
(6d2

2 + 2e1e3 − e2
2)d0 + (−2e0e2 + e2

1 + 2 f 2
1 )d2

+ 2(−e0 f1 + e1 f0)e3 + f0e2
2 − 2e1e2 f1

)
d4 − 4d2

0d3 + 2d2(−2d2
3 + e2

3)d0

+ d4
2 + (2e1e3 − e2

2)d2
2 + 2(−2e2e3 f1 + e2

3 f0)d2 + (2e0e2 − e2
1 − 2 f 2

1 )d2
3

+ 2
(
2(e1 f1 − e2 f0)e3 + e2

2 f1 + 2 f 2
0 + e2

0
)
d3 − e2

3 f 2
1 − 4e0e3 f0 + 4(e0 f1 − e1 f0)e2 + 2e2

1 f1;
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η9 = 8
[
128 cos8( 1

2απ)d
2
0d4 + 16

(
2d0d1d2

4 − 18d2
0d4 − (d0e1 + d1e0)e3 + 4d0d1d3

)
cos6( 1

2απ)

+ 4
(
−14d0d1d2

4 +
(
−(d0e2 + d1e1 + d2e0)e3 + 2(2d0d2 + d2

1)d3 + 54d2
0
)
d4

+ 7(d0e1 + d1e0)e3 − 28d0d1d3 + (4d2
2 − e2

2)d0 + 2d2
1d2 − d1e1e2 − d2e0e2

)
cos4( 1

2απ)

+
(
28d0d1d2

4 +
(
(4d0e2 + 5d1e1 + 5d2e0)e3 + (−16d0d2 − 10d2

1 − e0e2)d3 − 60d2
0

+ (4d2
2 − e2

2)d1 − d2e1e2
)
d4 + (( f0 − d0)d3 + f1d2)e2

3 +
(
−d2

3e0 − (d1e2 + d2e1)d3 − 15d0e1 + 2e0( f1 − 7d1)
)
e3

+ 2d0d3
3 + 2d1d2d2

3 + (60d0d1 − e0e1 − 2 f0 f1)d3 + 5(−4d2
2 + e2

2)d0 − 6d2
1d2 + 4d1e1e2

+ (5e0e2 − e2
1 − 2 f 2

1 )d2 + 2e1e2 f1
)

cos2( 1
2απ)

+ 1
2 (−5d0d1 − f0 f1 − 1

2 e0e1)d2
4 +

(
1
2 (−d0e2 − 3d1e1 − 3d2e0 + e1 f1 + e2 f0)e3

+ ( 7
2 d2

1 −
1
2 f 2

1 −
1
4 e2

1 + 3d0d2 +
1
2 e0e2)d3 +

11
2 d2

0 +
1
2 ( 3

2 e2
2 − 5d2

2)d1 −
1
2 f 2

0 −
1
4 e2

0

+ 1
4 e2

2 f1 + 1
2 d2e1e2

)
d4 +

3
4 ((d0 − f0)d3 − ( 1

3 d1 + f1)d2)e2
3

+ 1
2

(
3
2 d2

3e0 + (d1e2 + d2e1 + e2 f1)d3 − 3 f1e0 + 5d0e1 + e1 f0 + 3d1e0 −
1
2 d2

2e2

)
e3

− 3
2 d0d3

3 +
1
2 (−d1d2 −

1
2 e1e2)d2

3 + ( 1
2 e0e1 + f0 f1 + 1

2 d3
2 − 9d0d1 −

1
4 d2e2

2)d3

+ 1
2 (11d2

2 −
5
2 e2

2)d0 −
1
2 d2

1d2 −
1
2 d1e1e2 +

3
2 ( f 2

1 − e0e2 +
1
2 e2

1)d2 +
1
4 e2(−6e1 f1 + e2 f0)

]
cos( 1

2απ);

η10 = 1024d2
0 cos10( 1

2απ) + 512(2d0d1d4 − 5d2
0) cos8( 1

2απ)

+ 64
(
(2d0d2 + d2

1)d2
4 − 32d0d1d4 + 2(2d0d2 + d2

1)d3 − (d0e2 + d1e1 + d2e0)e3 + 35d2
0

)
cos6( 1

2απ)

+ 16
(
6(−2d0d2 − d2

1)d2
4 +

(
4d0d2

3 + (4d1d2 − e0e3)d3 − e2
3d0 − (d1e2 + d2e1)e3 + 80d0d1

)
d4

+ (−20d0d2 − 12d2
1 − e0e2)d3 + (5d0e2 + 6d1e1 + 6d2e0)e3 + (4d2

2 − e2
2)d1 − d2e1e2 − 50d2

0

)
cos4( 1

2απ)

+ 4
(
(22d0d2 + 9d2

1 − e0e2)d2
4 +

(
−14d0d2

3 + (−12d1d2 + 3e0e3 − e1e2)d3 + ( f0 + 4d0)e2
3

+ (3d1e2 + 4d2e1)e3 + 2d3
2 − d2e2

2 − 2 f0 f1 − 60d0d1 − e0e1
)
d4 + 2d1d3

3 + (d2
2 − e1e3)d2

3

+
(
( f1 − d1)e2

3 − d2e2e3 − 2 f 2
1 + 20d0d2 + 22d2

1 + 4e0e2 − e2
1
)
d3

+ (−5d0e2 − 10d1e1 − 9d2e0 + 2e1 f1)e3 + 2(−7d2
2 + 2e2

2)d1 + e2
2 f1 + 3d2e1e2 + 25d2

0

)
cos2( 1

2απ)

+ (−12d0d2 + 2d2
1 + 2e0e2 − e2

1 − 2 f 2
1 )d2

4 + 2
(
2d0d2

3 + 4d1d2d3 − ( f0 + d0)e2
3 + 2(−d2e1 + e2 f1)e3

− 2d3
2 + d2e2

2 + 4d0d1
)
d4 − 4d1d3

3 + (2d2
2 + 2e1e3 − e2

2)d2
3

+ 2
(
(d1 − f1)e2

3 + 2 f 2
1 + 4d0d2 − 6d2

1 − 2e0e2 + e2
1
)
d3 − d2

2e2
3 + 4(d1e1 − e1 f1 + e2 f0)e3

+ 2(2d2
2 − e2

2)d1 − 2e2
2 f1 − 2 f 2

0 + 2d2
0 − e2

0;

η11 = 2
[
512 cos8( 1

2απ)d0d1 + 128
(
(2d0d2 + d2

1)d4 − 9d0d1
)

cos6( 1
2απ)

+ 16
(
2(d0d3 + d1d2)d2

4 + 14(−2d0d2 − d2
1)d4 − e2

3d0 − (d1e2 + d2e1 + d3e0)e3 + 4d0d2
3 + 4d1d2d3 + 54d0d1

)
cos4( 1

2απ)

+ 4
(
(−6d0d3 − 10d1d2 − e0e3)d2

4 +
(
−e2

3d1 − (d2e2 + d3e1)e3 + 4d1d2
3 + 2d2

2d3 + 60d0d2 + 28d2
1 − e0e2

)
d4

+ 5e2
3d0 + (4d1e2 + 5d2e1 + 5d3e0)e3 − 20d0d2

3 + (−16d1d2 − e1e2)d3 + 2d3
2 − d2e2

2 − 60d0d1

)
cos2( 1

2απ)

+ (−2d0d3 + 14d1d2 + 3e0e3 − e1e2)d2
4 +

(
( f1 + 3d1)e2

3 + 2(d2e2 + d3e1)e3 − 10d1d2
3 + (−2d2

2 − e2
2)d3

− 2 f 2
1 − 36d0d2 − 10d2

1 + 2e0e2 − e2
1
)
d4 + (−d2d3 − 5d0 + f0)e2

3

+
(
−d2

3e2 − 6d3e0 − 6d2e1 + 2e2( f1 − d1)
)
e3 + 2d2d3

3 + 22d0d2
3 + 2(6d1d2 + e1e2)d3 − 6d3

2 + 3d2e2
2

− 2 f0 f1 + 22d0d1 − e0e1

]
cos( 1

2απ);
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η12 = 256(2d0d2 + d2
1) cos8( 1

2απ) + 256
(
(d0d3 + d1d2)d4 − 4d0d2 − 2d2

1
)

cos6( 1
2απ)

+ 16
(
2d0d3

4 + (2d1d3 + d2
2)d2

4 + (−20d0d3 − 24d1d2 − e0e3)d4 + 4d1d2
3 + (2d2

2 − e1e3)d3

+ (−e2e3 + 40d0)d2 − d1(e2
3 − 20d1)

)
cos4( 1

2απ)

+ 4
(
−8d0d3

4 + (−4d1d3 − 4d2
2 − e1e3)d2

4 +
(
4d2d2

3 + (−e2e3 + 24d0)d3 + (−e2
3 + 40d1)d2 + 3e0e3 − e1e2

)
d4

− 16d1d2
3 + (−4d2

2 + 4e1e3 − e2
2)d3 + (3e2e3 − 28d0)d2 + 4e2

3d1 − 16d2
1 − e0e2

)
cos2( 1

2απ)

+ 4d0d3
4 + (−4d1d3 + 6d2

2 + 2e1e3 − e2
2)d2

4 + 2
(
−2d2d2

3 − 4d0d3 + d2(e2
3 − 4d1)

)
d4 + d4

3 + (−e2
3 + 12d1)d2

3

+ 2(−2d2
2 − 2e1e3 + e2

2)d3 + 2e2
3 f1 − 2e2

3d1 − 2 f 2
1 − 4d0d2 + 6d2

1 + 2e0e2 − e2
1;

η13 = −8 cos( 1
2απ)

[
−32(d0d3 + d1d2) cos6( 1

2απ) + 8
(
−2d0d2

4 + (−2d1d3 − d2
2)d4 + 7d0d3 + 7d1d2

)
cos4( 1

2απ)

+
(
−2d1d3

4 + 2(−d2d3 + 9d0)d2
4 + (16d1d3 + 10d2

2 + e1e3)d4 − 4d2d2
3 + (e2e3 − 32d0)d3

+ (e2
3 − 28d1)d2 + e0e3

)
cos2( 1

2απ) +
3
2 d1d3

4 +
1
2 ( 1

2 e2e3 + d2d3 − 7d0)d2
4

+
(
− 1

2 d3
3 + ( 1

4 e2
3 − 3d1)d3 −

1
2 e1e3 +

1
4 e2

2 −
7
2 d2

2
)
d4 +

5
2 d2d2

3 +
1
2 (−e2e3 + 13d0)d3

+ 1
2 (− 3

2 e2
3 + 5d1)d2 +

1
4 e1e2 −

3
4 e0e3

]
;

η14 = 64(2d0d4 + 2d1d3 + d2
2) cos6( 1

2απ) + 32
(
2d1d2

4 + 2(d2d3 − 2d0)d4 − 6d1d3 − 3d2
2
)

cos4( 1
2απ)

+ 4
(
2d2d3

4 + (d2
3 − 14d1)d2

4 + (−12d2d3 − e2e3 + 2d0)d4 + 2d3
3 + (−e2

3 + 22d1)d3 + 9d2
2 − e1e3

)
cos2( 1

2απ)

− 4d2d3
4 + (2d2

3 − e2
3 + 4d1)d2

4 + 4(2d2d3 + d0)d4 − 4d3
3 + 2(e2

3 − 6d1)d3 + 2d2
2 + 2e1e3 − e2

2;

η15 = 64
(
(d1d4 + d2d3 + d0) cos4( 1

2απ) +
1
2 (d2d2

4 +
1
2 (d2

3 − 3d1)d4 −
5
2 d2d3 −

5
2 d0) cos2( 1

2απ)

+ 1
16 d3d3

4 −
5

16 d2d2
4 +

1
16 (−d2

3 −
1
2 e2

3 − d1)d4 +
7

16 d2d3 −
1

32 e2e3 +
5
16 d0

)
cos( 1

2απ);

η16 = 16(2d2d4 + d2
3 + 2d1) cos4( 1

2απ) + 16(d3d2
4 − d2d4 − d2

3 − 2d1) cos2( 1
2απ)

+ d4
4 − 4d3d2

4 − 4d2d4 + 6d2
3 − e2

3 + 4d1;

η17 = 16(d3d4 + d2) cos3( 1
2απ) + 4(d3

4 − d3d4 − 3d2) cos( 1
2απ);

η18 = (2d2
4 + 4d3) cos(απ) + 4d2

4; η19 = 4d4 cos( 1
2απ).
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