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Abstract: We established a five-dimensional SIRS epidemic model coupling information—disease
dynamics, featuring behavioral responses driven by competitive interactions between positive and
negative media information, where the behavioral responses were concretely characterized by an
arctangent vaccination willingness function and a fractional linear incidence rate, together with
fractional-order memory effects and a behavioral response delay. After proving the well-posedness
of the model (existence, uniqueness, nonnegativity, and boundedness of solutions), defining the basic
reproduction number R, and establishing the existence and uniqueness of the two equilibria, we
investigated the local asymptotic stability of the disease-free equilibrium and the endemic equilibrium,
as well as the Hopf-type bifurcation of the endemic equilibrium. Specifically, for the disease-
free equilibrium, determinant factorization reduced the 5D problem, proving that if the delay-free
asymptotic stability condition holds, the presence of the behavioral response delay (r > 0) does
not destabilize the system and no Hopf-type bifurcation occurs. For the endemic equilibrium, using
the Sylvester resultant elimination method, a twentieth-degree algebraic criterion provided delay-
independent stability conditions and delay-induced Hopf-type bifurcation criteria, yielding an explicit
expression for the critical delay. Finally, numerical simulations verified the local asymptotic stability
of the disease-free equilibrium, the local asymptotic stability of the endemic equilibrium, and the
Hopf-type bifurcation, confirming the theoretical analysis results.
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1. Introduction

Pathogens, population immune status, and behavioral responses jointly determine the epidemiology
of infectious diseases. However, these components are often subject to delays and temporal
asymmetries, which can give rise to periodic epidemic patterns. COVID-19 is a clear example:
Recurrent infection waves have been observed throughout the pandemic. Behavioral response delay
played a major role in triggering these complex dynamics [1, 2]. To adequately describe such
phenomena, a theoretical model is needed that integrates long-range memory effects (the slow waning
of acquired immunity), behavioral delays, and nonlinear information feedback.

Classical integer-order compartment models have laid a solid foundation for infectious disease
dynamics [3, 4]. However, in the context of information-driven behavioral interventions, their
limitations have become increasingly prominent: First, they cannot capture the gradual waning of
immune protection and the cumulative effect of past exposure (memory effects); second, they fail
to characterize the destabilization and oscillations induced by the delay from information reception
to behavioral execution (time-delay effects); third, it is difficult to describe the nonlinear saturation
characteristics of individual behavioral decisions under a competitive information ecology (behavioral
feedback).

To overcome the memory and delay limitations identified above, fractional calculus and delay
differential equations have been introduced into epidemic modeling. Fractional calculus, with its
nonlocal kernel functions and hereditary properties, serves as an ideal tool for characterizing long-
range memory effects in biological systems [5, 6]. Among its definitions, the Caputo fractional
derivative, which features physically interpretable initial conditions, has been widely introduced
into epidemic modeling [7, 8]. Delay differential equations, by incorporating discrete time delays,
can endogenously generate Hopf bifurcations and periodic oscillations [9]. Integrating fractional
derivatives and discrete time delays into a single system enables the simultaneous capture of
memory effects and behavioral delays, and has yielded substantial theoretical advances in epidemic
dynamics [10-13], providing methodological support for handling coupled systems with memory and
delays, these methodological developments thus provide a natural framework for studying epidemic
dynamics under information-driven behavioral interventions.

Building on these methodological advances, several researchers have integrated fractional-order
dynamics and time delays into media-influenced epidemic models to capture memory and response
lags. For instance, Hu et al. [14] proposed a delayed fractional-order SEIHR-M model and
demonstrated that memory effects and behavioral delays can promote oscillatory dynamics under
media influence, whereas Wang et al. [15] employed a fractional proportional-derivative control
framework to examine the joint effects of time delays and the fractional order on Hopf bifurcation
in a model with media coverage and asymptomatic infection. However, these models typically treat
information as a single neutral variable and do not account for the competitive nature of the information
ecology.

In reality, the information ecology is inherently competitive: Positive science communication
and negative rumors co-shape group behavior through dynamic competitive interactions [16—18].
Positive media information (e.g., official public health guidance and authoritative epidemic prevention
knowledge) suppresses disease transmission by enhancing public risk perception and protective
willingness, whereas negative media information (e.g., rumors, pseudoscientific content, and vaccine
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misinformation) exacerbates transmission. These two types of information interact competitively
within the information ecology and jointly shape population behavioral responses. Researchers have
begun to attend to the multidimensional structure and sentiment polarity of information. Recio-Romén
et al. [19] empirically demonstrated that vaccine hesitancy mediates the influence of media information
sources on vaccine uptake. Wang et al. [20] incorporated media sentiment orientation into an
SEIR model. Chang et al. [21] characterized the differential propagation effects of positive and
negative information in network models, and Alahmadi et al. [22] performed similar characterizations
in individual-based models. These works collectively confirm the importance of distinguishing
information polarity from different dimensions.

Building on the above developments, we develop a five-dimensional fractional-order delayed SIRS
epidemic model that simultaneously incorporates fractional-order memory, behavioral response delay,
and competitive positive—negative information effects. Within this unified framework, the model
realizes the dual nonlinear regulation of disease transmission by positive and negative information:
On the one hand, an arctangent-type vaccination willingness function characterizes the nonlinear
saturation feature of individual adoption behaviors under information influence; on the other hand,
a fractional linear incidence rate function, through a numerator-denominator antagonistic structure,
captures the multiplicative antagonism and diminishing marginal effects of positive and negative
information on the effective contact rate. The model employs the Caputo fractional derivative to
characterize memory effects, introduces a fixed time delay to represent the time lag from information
acquisition to behavioral execution, and sets up two independent compartments for positive information
and negative information to describe the dynamic evolution of the information ecology.

In this paper, we will prove the existence, uniqueness, non-negativity, and boundedness of solutions
to the model; derive the basic reproduction number Ry, and analyze the existence and uniqueness of
the disease-free equilibrium and the endemic equilibrium; focus on revealing, through dimensional
reduction of the characteristic equation and the resultant elimination method, the stability switching
and Hopf-type bifurcation mechanisms associated with the time delay for both equilibria; and verify
the theoretical conclusions through numerical simulations.

2. Model formulation

The system dynamics are described by the following five-dimensional fractional-order delay
differential equations:

CD?S O=b-—v(t- T)%(It)(t) —{S(@) —cpV(t—1)S(t) + wR(),
CDYI(t) = v(t - T)%(It)m — (& +d+nI(),
CDYR(t) = rl(t) + cpV(t — T)S () — (£ + WR(?), 2.1)
oo = 21D R — s M)
t p - 1 +ﬂp1(l) P pEp b
cpear = IO
DM, (1) = T3 210 6, M, (1),
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where N() = S(¢) + I(¢) + R(?), ¢ € (0, 1) denotes the vaccine efficacy, p is the maximum proportion of
susceptible individuals that can be vaccinated per unit time (due to resource constraints), and hence cp
represents the upper bound of the effective vaccination rate.

In the behavioral response, the vaccination willingness function is defined as an arctangent-type
sigmoid function:

1 1 v+ 6,M,(t)—0,M,(t
V()= =+ — arctan(v b My () @ , (2.2)
2 n o

where v € R is the baseline offset parameter in the absence of information influence, corresponding
to the baseline vaccination willingness V,, = % + }rarctan(f//d) € (0, 1); o > 0 controls the sensitivity
of willingness to changes in information (the smaller o is, the more dramatic the response, i.e., the
steeper the response curve); and 6,6, > 0 measure the enhancing effect of positive information and
the weakening effect of negative information on vaccination willingness, respectively. The arctangent
form naturally ensures that V € (0, 1) is smooth and differentiable, and is capable of characterizing the
nonlinear saturation feature of vaccination willingness as information intensity varies. Although the
vaccination willingness at time 7 is determined by the current information M, () and M, (1), the actual
vaccination behavior takes place after a behavioral response delay 7. Hence, the vaccination term in
Eq (2.1) takes the form cpV(t — 1)S ().

The incidence rate function is defined in a fractional linear form as follows:

(2.3)

where vy denotes the baseline transmission rate, i.e., the effective contact rate without information
influence; y, > 0 and vy, > 0 quantify the intensity of the impact of positive and negative information
on the effective contact rate, respectively. As with the vaccination willingness function V(¢), the actual
effective contact rate that drives transmission at time ¢ is assumed to depend on the information
available at a delayed time ¢ — 7, reflecting the same behavioral response lag. Accordingly, the
incidence term in system (2.1) takes the form v(r — 7)S (¢)I(¢)/N(¢), while the function v(-) is defined
by (2.3) with the instantaneous information variables. This fractional linear form is chosen for
three reasons. First, it guarantees a positive lower bound and a finite upper bound for v(¢) without
artificial truncation, provided the information variables are bounded (see Section 4.1). Second,
dv/OM, < 0 and 6*v/ aMf, > 0 imply a diminishing marginal protective effect of positive information,
consistent with the behavioral phenomenon of desensitization under information overload. Third, the
multiplicative antagonism between the numerator (enhancing transmission via negative information)
and the denominator (suppressing it via positive information) captures the opposing impacts of the two
information types in a parsimonious manner.

For clarity and to facilitate dimensional consistency checks, all model parameters are summarized
in Table 1.
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Table 1. Model parameters, biological meanings, units, and admissible ranges.

Parameter Biological meaning Unit Range

a Order of Caputo derivative dimensionless O<ax<l

b Recruitment  rate  of  susceptible persons - day >0
individuals

4 Natural death rate day™ >0

d Disease-induced death rate day™® >0

r Recovery rate day™ >0

w Immunity waning rate day™ >0

c Vaccine efficacy dimensionless 0,1)

o Maximum vaccination proportion rate day™® >0

Vo Baseline transmission rate day™ >0

Yps Vn Strength of positive/negative information  dimensionless Yp>0;7,20
suppressing/enhancing transmission

v Baseline offset of vaccination willingness  dimensionless

o Sensitivity of willingness to information dimensionless >0
change

0y, 6, Enhancing/weakening effect of dimensionless 6,>0;6,>0
positive/negative information on
willingness

ap, a, Positive/negative information generation day™® - person~! >0
coefficient (from infected)

Bps Bn Saturation constant of positive/negative person™! >0
information generation

Kp Contribution coefficient of recovered day ™ - person™! >0
individuals to positive information

Ops On Decay rate of  positive/negative day >0
information

T Behavioral response delay day >0

Model (2.1) satisfies the initial conditions ¢;(6) > 0 (i = 1,...,5), where ¢;(6) are continuous
non-negative functions on [T, 0].

3. Preliminaries

In this paper, we adopt the Caputo fractional derivative, whose definition and properties are given

as follows:

Definition 1 (Riemann—Liouville integral [5, 6]). For a function f € C([ty, >),R), the Riemann—
Liouville integral of order ¢ > 0 is defined as

AIMS Mathematics
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where I'() is the Gamma function.

Definition 2 (Caputo fractional derivative [5, 6]). For a function f € C"([#,0),R), the Caputo
fractional derivative of order g € (n — 1, n] is defined as

1
I'(n-q)

DI = f (L= O Q) de.

In particular, when 0 < g < 1,

L (SO
“DIf() = d.
PIO= T ) o

Definition 3 (Laplace transform [5, 6]). The Laplace transform of the Caputo fractional derivative is
given by

n—1
L{E D! f(1); s} = sF(s) - Z k1 f0 ).
k=0

where F(s) = L{f(¢); s} is the Laplace transform of f(f), and f®(ty) denote the initial conditions.

Lemma 1 ([23]). Consider the nonlinear fractional-order time-delay system

“Dix(t) = f(x(t),x(t - 1)), 0<g<1, 7>0, (3.1)

of

ax(1) 10 and

with £(0,0) = 0. Its linearization around the origin is DIx(t) = Ax(t) + Bx(t — 7), where A =

B = ang_T) o If the following conditions hold:

(i) All eigenvalues A of A + B satisfy | arg(1)| > %

(ii) For any T > 0, the characteristic equation det(s?] —A — Be™*") = 0 has no purely imaginary roots,
then the zero solution is locally asymptotically stable.

Lemma 2 ([24]). Let 0 < a < 1 and consider the autonomous Caputo fractional system
“Dx(t) = fx(t)), i=1,...,n, 120,

with initial condition x(0) = xo € RL,. Assume that f : R" — R" is locally Lipschitz continuous and
satisfies the classical positivity condition

Y x > 0 (componentwise), x;=0 = fi(x)>0 (i=1,...,n).

Then the unique solution x(t) remains nonnegative for all t > 0.

Remark 1. Lemma 2 is stated for autonomous systems, but its proof relies only on the Volterra integral
representation and the positivity of the kernel (z — s)*~!'. If the right-hand side depends explicitly on
time, f;(t, x), and satisfies x; = 0 = fi(¢, x) > O for all admissible  when the remaining components
are non-negative, exactly the same argument yields x;(f) > 0. Hence, the lemma also applies to
non-autonomous systems D%x = f(t, x) under the same quasi-positivity condition.
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Lemma 3 ([25]). Let O < a < 1 and u € C[0, T] such that gD;’u(t) exists on [0, T]. If
SDYu(t) < —Au(t) + u, tel0,T],
with A > 0, u > 0, and u(0) > 0, then
u(t) < u(0)E (—A1") + '%(1 — E (-At")) < max{u(0), u/a},
where E, is the Mittag-Leffler function.

4. Main results

4.1. Basic properties of the model

In this section, we establish the basic properties of the fractional-order delayed system (2.1) under
the given initial conditions.

4.1.1. Existence and uniqueness of solutions

Theorem 1 (Existence and uniqueness of solutions). Under the assumptions that the parameters are
nonnegative and bounded, and vy, {,b > 0, system (2.1) with the initial condition

X(0) = ¢0), 6¢€[-7,0]

where X = (S,I,R,M,,M,) and ¢ = (ps, b1, P&, bm,>du,) € C([-T, 0],R§O) is a given continuous
non-negative vector-valued function, possesses a unique solution

(S,I,R,M,,M,) € C([-7,T]; R),)

on some interval [0, T] with T > 0. Moreover, the solution can be extended uniquely to the interval

[0, c0).
Proof. Rewrite system (2.1) as a Caputo fractional functional differential equation
SDIX(D) = F(t,X),  X(6) = X(1+0), 6 € [-7,0],

where X = (S,I,R,M,,M,). We verify that I satisfies the hypotheses of the local existence and
uniqueness theorem for such equations (see [26, Theorem 2.8]).
(1) Lipschitz property in the state space. Define the function 4 : Rio — R by

L, S+I+R>0,
WS, I,R)=3S +1+R
0, S+I+R=0.
A direct computation yields
Ooh  II+R) 0h S +R) 0h SI

S (S+I+R> 0l (S+I+R R (S+I1+R?
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and one readily verifies that

<1

—_— b

e, |2 <1
)i OR! — 4
uniformly on Rio \ {(0,0,0)}. Together with the continuity of 4 at the origin, this implies that 4 is
globally Lipschitz on Rio. Consequently, the incidence term v(t — 7) h(S, I, R) is locally Lipschitz with
respect to X, because v( — 1) depends Lipschitz-continuously on M, (t — 1), M,(t — 7) (the denominator
1+y,M, > 1 ensures boundedness) and V(¢—7) is also Lipschitz in its arguments due to the smoothness
of arctan. Thus, on any bounded subset of C([—7,0], R%), the map X, — F(t, X,) satisfies a Lipschitz
condition with respect to the supremum norm.
(2) Continuity in ¢. The functions v(t — 7) and V(¢ — 1) depend on ¢ through the history X;, which is
continuous in ¢ by definition. Hence, F(¢, ¢) is continuous in ¢ for each fixed ¢ (the Cy-condition).
Therefore, by [26, Theorem 2.8], there exists a unique local solution on some interval [0, 7] with
T > 0. Moreover, the uniform boundedness established in Theorem 2 ensures that the solution remains
within a compact set, so by the continuation result [26, Theorem 2.11], the solution can be uniquely
extended to the interval [0, o). m]

'3—?31

4.1.2. Non-negativity and boundedness

Theorem 2 (Non-negativity and boundedness). Under the assumptions of Theorem 1, the solution of
system (2.1) satisfies:

(1) S(),1(t),R(t), M,(1), M, (t) > O forall t > 0.
(2) The total population N(t) = S(t) + I(t) + R(¢) is uniformly bounded, and there exist constants
C,,C, >0, such that M,(t) < C, and M,(t) < C, forall t > 0.

Proof. Non-negativity. We again employ the method of steps and apply the positivity result
established in Lemma 2 (see [24]). As noted in Remark 1, this lemma extends directly to
non-autonomous systems.

On the first interval [0, 7], the delayed terms v(+ — 7) and V(¢ — 7) are known nonnegative
continuous functions (because the history functions are nonnegative). Therefore, system (2.1) becomes
a non-autonomous fractional ODE “D?X = G(t,X) with G locally Lipschitz in X. We verify the
quasi-positivity condition required by Lemma 2:

IfS=0: Gs(t,X)=b+wR>b>0.

If1=0: Gt.X)=vi-1% - +d+r)-0=0.

IfR=0: Gr(t,X)=rl+cpV(t—71)S >0 (since [,S >0, V(t—1) > 0).
If M, = 0: Gy, (1, X) = 25 + k,R 2 0,

If M, =0: G, (1,X) = {355 > 0.

In each case, the right-hand side is nonnegative when the corresponding component is zero and
the other components are nonnegative. Hence, by Lemma 2 and Remark 1, the solution satisfies
S, 1(1), R(t), M,(1), M,,(t) > O for all 1 € [0, 7].

Now assume that nonnegativity holds on [0, k7] for some k > 1. Then on [k7, (k + 1)7], the delayed
terms v(t — 7) and V(¢ — 1) are evaluated at points s = t — 7 < k7, which are known to be nonnegative.
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Consequently, they are nonnegative functions of 7 on [k7, (k + 1)7]. Applying Lemma 2 on this interval
yields nonnegativity for the next step. By induction, S (¢), I(¢), R(t), M ,(t), M,,(t) > O for all t > 0.
Boundedness. Adding the first three equations of (2.1) gives

SDYN(t) = b — {N(t) — dI(t) < b — {N(@).

Since N() is continuous and its fractional derivative exists (equal to the right-hand side, which is
continuous), we can apply the comparison Lemma 3 with 4 = > 0, u = b, and u = N. This yields

N(@®) < N(O)E,(—{1%) + ?(1 — E,(=17) < max|{N(0), b/¢) = By, Yt >0,

Hence, S (), I(?), R(t) < By. We set B; = Bg = By.

For M, define g,(I) = 1331 -. This function satisfies

10 , >0,
0<g,()< ol By
QPBN, Bp =0.
Denote K, = a,/B, (it 8, > 0) or K, = a,By (if 8, = 0). Then from the fourth equation,
SDYM,,(t) = g,(I(1)) + k,R(t) — 6 ,M (1) < K, + k,By — 6,M,,(1).
Again by Lemma 3 with A = 6, u = K, + k, By, we obtain

M,(t) < max{M,(0), (K, + k,Bx)/6,} = C,.

Similarly, for M, let g,(I) = lf;f ; < K, where K,, = @,,/B, (if B, > 0) or K,, = ,,By (if 8, = 0). Then

SD?/Mn(t) = gn(I(t)) - 6nMn(t) < Kn - 6nMn(t)»

and Lemma 3 gives
M, (1) < max{M,(0), K,/6,} = C,.

Thus, all variables are uniformly bounded. This completes the proof. O

4.2. Equilibria and basic reproduction number
4.2.1. Existence and uniqueness of the disease-free equilibrium
Setting I = 0 in (2.1), the fifth equation gives M = 0. The fourth and third equations yield
MO = g—”RO, =277 Z(ili Oso
p
Substituting these into the first equation gives

bl +w)
{[E+w+cpV (MY, 0)]

S0 =
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Eliminating S° and R°, the disease-free equilibria are determined by the scalar equation

bk,cp V(M,0)

M =HM) := , 4.1)
0, {+w+cpV(M,O0)
where
1 1 v+60,M
V(M,0) = - + — arctan .
2 n o

Since V(M,0) € (0,1), and V(M,0) is strictly increasing in M, function H(M) is positive, strictly
increasing, and bounded above. Therefore,

o(M) := HM) - M

satisfies
¢(0) = H0) > 0, A14im (M) = —oo.

By continuity, ¢ has at least one zero Mg € (0, 00).
To obtain a sufficient condition for uniqueness, we derive a uniform upper bound for H'(M). Let

Koo bk,cp
0,(

and denote the baseline vaccination willingness by

b

11 ;
Vin 1= V(0,0) = 5 + - arctan(g) € 0. 1).

Since V(M,0) > Voo > 0 and

, o, 1 0,
Vi(M,0) = o o2 S g
1+ (=22

it follows that for all M > 0,

B = K@ +w— D KExw,
(C+w+cpV(M,0)) (& +w+cpVy) nor
Thus,
supH' (M) < L.
M=0
: b 0
I = Kpcp($ + w) p2 <1, “42)
0,{({ +w+ coVy) mo

then sup,,., H'(M) < 1, which implies
¢'(M)=HM)-1<0,

for all M > 0. Therefore, ¢ is strictly decreasing on [0, co). Together with ¢(0) > 0 and ¢(4+00) = —co,
this proves that Eq (4.1) has exactly one positive solution Mg. Substituting back gives unique positive
S° and R°. Consequently, under (4.2), system (2.1) admits a unique disease-free equilibrium

E’=(S°,0,R°, M),0).
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4.2.2. Basic reproduction number R,

Applying the next-generation matrix method [3], linearizing the infected compartment / alone at E°
gives the new infection term = vOIS\,—?)I and the transition term V = ({ + d + r)I, where

0 Yo 0 0 0 0 0
=, V:VM,O, N:S +R.
[ YoM} (M-0)
The corresponding 1 x 1 matrices are F = v’S°/N°, V = / + d + r, and the basic reproduction number
is

S0
Ry = o(F V_] =
0= A ) ((+d+r)N°
Using N° = S°(1 + ‘Zr—vvj) =S Oﬁvg—ffw, we obtain 35 = Gvf:i)vo. Substituting this yields the explicit
expression ‘
Vo +w

Ro 4.3)

T rd+ 0 +y,MY) {+wtcpV
4.2.3. Existence and uniqueness of the endemic equilibrium
For brevity, we introduce the notations
m={+d+r, E=C+w, Pe = CP.

All equilibria of system (2.1) satisfy the algebraic equations obtained by setting the fractional
derivatives to zero. From the equation for the total population

“DYN(t) = b—¢N(t) — dI(¢),
the steady-state condition yields

b—dl b
N(I) = < 0sl<-. (4.4)

The steady state of M, is directly solved from the fifth equation in (2.1):

a,l

M) = ————. 4.5
D= 5T +BD (%)
The third equation of (2.1) in steady state gives
VS +rl = E&R. (4.6)
Using the population identity N = S + I + R to eliminate R, we obtain
NU)-1)—-rl
END =D =1 W

T &+ p VM, M,(D))’

where V(M ,, M,(I)) is given by (2.2) with M, substituted from (4.5). Equation (4.7) expresses S as a
function of M, for each fixed /.
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Substituting (4.7) and the relation R = N — § — I into the steady-state equation for M), (the fourth
equation in (2.1)), we obtain a single equation for M,,:

M,=GM,; 1), 4.8)

where the map G is defined by

oD =~ 5211+ po V(M M(D)S (M5 D) (4.9)
; = = —\r c s n 5 > .

S\T+p,0 VTP
with §(M; I) denoting the right-hand side of (4.7) evaluated at M, = M. For later use, we introduce

the constant
_ Kppcb b,

0, én0
Before establishing the existence and uniqueness of M,(I), we identify the biologically feasible
range of 1. Define

(4.10)

D) = ENI) - 1) — 7l = %b —(‘%d +§+r)1.

Thus, ®(0) = &b/ > 0 and ©(b/d) = —@ < 0. Hence, there exists a unique

1. €(0,b/d)

such that ®(/.) = 0. For I € [0, I.], the numerator of S in (4.7) is non-negative, so S > 0. For I > I,
S < 0, which is biologically irrelevant. We therefore restrict the subsequent construction to the feasible
interval I € [0, I..].

Lemma 4. Assume I' < 1. Then for every I € [0,1.], Eq (4.8) admits a unique solution M, = M,(I).
Moreover, M (1) is continuously differentiable on [0, I.].

Proof. We first estimate the partial derivative of G with respect to M. Differentiating (4.7) with respect
to M (keeping I fixed) gives

oS OuVS . v
= —p M with GMV = _(Ma Mn(l))

oM E+pV oM,
Consequently,
0 S  E0uVS
—((VS)=0yV -S+V— = .
gV = oMY S Ve = e o
Using this in (4.9), we obtain
c cOuVS
9G gy gy = KoPe £0uVS _ Kpe OV S 4.11)
oM 6 E+pV 6p(E+pV)

From the definition of V in (2.2), one has [0)/V| < 6,/(no). For I € [0, 1.], by the definition of /., we

have S > 0 and ®
_ 0D _ D) _eND) _ o b
&+pV '3 & 4
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since ®(1) < éN(I). Thus, |S| =S < b/{. Since & + p.V > &, we obtain

9G
oM

Ko, 0
(M3 1| < XL

< é:F<1.
0,6 o {

Thus, G(-; ) is a contraction uniformly in / € [0, 1.].
To apply the Banach fixed-point theorem, we construct a compact interval that is invariant under

G(;I). Set
Mo =

b '
1 “L+&(@+Pcb) _
o,\ d ENd 4
Forany M € [0, M,.x] and 1 € [0, 1], we have

GM; 1) < l( Pt p 1 é)) < Mo,
o,\1+B8,1 & e

and clearly G(M;I) > 0. Hence, G(:; 1) maps [0, M.«] into itself. Since [0, My,.x] 1S a complete
metric space, the Banach fixed-point theorem guarantees a unique fixed point M,(I) € [0, My,
satisfying (4.8).

The continuous differentiability of M,(I) follows from the implicit function theorem. Indeed,
G(M, 1) is continuously differentiable in both variables on [0, M,.x]X [0, I.]. Because [0y,G| <T < 1,
the derivative 1 — 0y G never vanishes. Therefore, M, (I) is C'on [0, 1.]. O

With M, (1) uniquely determined by Lemma 4, we define

. END -1) -l

- ., RD=ND-SID)-1,
£+ p V(M,(D), M, (D)) (1) (H-SU)

which are continuously differentiable on [0, /.]. On this interval, S (/) > 0 and N(I) > 0.
To close the equilibrium problem, we substitute the functions S (1), N(I), M,(I), and M, (I) into the
left-hand side of the infected compartment equation. Define the residual function

S
() = v(M (D), Mn(l))% - m, I€[0,1.], (4.12)

where v(M,, M,,) is given by (2.3). Then I" is the infected component of an endemic equilibrium if and
only if ¥(I*) = 0.

At I = 0, the functions M,(I),S (1), N(I) reduce precisely to the disease-free equilibrium values
M), S°, N° (the fixed point at I = 0 coincides with the unique DFE established in Section 4.2.1). Using
the expression (4.3) for the basic reproduction number, we obtain

SO
Y(0) = v(MO,O)F -m=m(Ry - 1). (4.13)
At the right endpoint, S (1,.) = 0 implies

Y(I.)=-m<O. (4.14)
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Remark 2. The strict decrease of W(I) in Theorem 3 is a checkable condition. Differentiating (4.12)
gives

: A v S S
Y1) = (WM(I) oM (I))N(I) (M (I)M(I))a(m)

The sign of the second term is not a priori fixed, because the derivative of S(/)/N(I) depends on the
information-dependent denominator. In particular, S (/)/N (/) may not be monotone in /. Nevertheless,
a conservative but explicit sufficient condition can be derived as follows:
Let o
Co = 6—:
To bound M (1), we use the implicit function theorem. From M,(I) = G(M,(I); I),

01G(M,(I); 1)
1 = uGM,(D); 1)

M) =

Differentiating (4.9) with respect to / gives

@, K (r+pC(VAI +§8MnVM,’1(I)A))],

1
WGM D= g T B B

where B = &+ p.V and A(1) = &(N(I) — I) — rl. Using the estimates

b
|A/| S al = w’ A < %’ B Z g, |6M,,V| S &’ M;l(l) S %’
no

¢ - On

we obtain

1
10,G(M; )| < 5

p
Since |0G| < T < 1, it follows that

% gd+iE+n  Guab ||
“”*'E?(r+‘)( % 7«n24)ﬂ -

IM,(D] <

=: C,.

1 2

Decomposing ¥’ (/) into a negative leading term and several possibly positive terms, and applying the
uniform upper bounds Cy and C, (with C, derived from C; above), we obtain the following conservative
sufficient condition. If

[éd 6,Cs + 6,C
¥uCo +7,Ca + digd + ¢(¢ + 1) g( 2T 0)

Ib(E+ 1) no
_éd+g+n
&

then ¥'(I) < O for all I € (0,1.). Hence, the monotonicity assumption in Theorem 3 is automatically
satisfied under this explicit condition.

This condition is sufficient but not necessary, since it is obtained through conservative absolute-
value estimates. Moreover, for any fixed parameter set, ¥'(/) can still be evaluated numerically along
the implicitly defined function M,(I). In all numerical examples presented in this paper, we have
verified that ¥'(/) < O on [0, .].
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Theorem 3 (Endemic equilibrium). Assume I' < 1 and that Y(I) is strictly decreasing on [0, 1.]. Then
system (2.1) possesses a unique endemic equilibrium E* (with I* > 0) if and only if Ry > 1.

Proof. If Ry > 1, then ¥(0) > 0 by (4.13). Since YV is continuous and strictly decreasing, and W(I,.) =
—m < 0, the Intermediate Value Theorem yields a unique 7* € (0, 1) such that W(I*) = 0. Substituting
I" into the expressions for S (1), R(I), M, (I), M,(I) gives the unique endemic equilibrium E*.

If Ry < 1, then W(0) < 0 and the strict decrease of W forces W(/) < 0 for all 7 € (0, 1.]. Hence, no
positive root exists. O

4.3. Stability and Hopf-type bifurcation of equilibria

In this section, we investigate the local stability of system (2.1) at the disease-free equilibrium E°
and the endemic equilibrium E*, and we discuss the Hopf-type bifurcation condition by taking 7 as the
bifurcation parameter.

At an arbitrary equilibrium (S, I*, R", M;, M), let N* = S* + I" + R*. Introducing the perturbation
variable X = (§ - S*, I -I",R-R", M, — M;;, M, — M})", we write the linearized system as

“DYX(t) = AX(t) + BX(t — 1), (4.15)

where the matrices A and B are given by

ay ap az 0 0 0 0 0 by bis
ax ap a3 0 0 0 0 0 by bos
A= asy dzp dadsz 0 0 , B=10 0 O b34 b35 . (416)
0 a4y A43 Ayq 0 0020 0 0
0 asy 0 0 ass 000 0 0

The non-zero entries (with all partial derivatives evaluated at the equilibrium) are:

ap = —V*% —{—cpV, app = —V*%,
ap = V*% +w, ay = V' 1“2;;)12?*)’
an = V*S*g\,i;rf*) —({+d+r), ax = —V*%,
as = cpV-, ap =r, ax=-(+w),
Ay = gl Q43 = Kpy as = =0, a5y = gl 55 = ~6n,
by = 3L0y,v, bys = S0y, b3y = cpS* 0y, V, b3s = cpS 0y, V,
by = —byy — by, bis = —bys — bss,
where the partial derivatives are:
ov | _VOVP(I +vaM,) 3 VYp | Vo¥Yn V'V

oM, |, (1 +y,M;)? 1+y,M; M. 1+y,M;  1+y,M

ov 0, 1 ov 0, 1

M, |, ~ o 1+ (\7+9,,M§—9nM;;)2’ oM, . pal— 1+ (V+9pM£,_—9”M;)2'
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4.3.1. Stability and Hopf-type bifurcation of the disease-free equilibrium

At the disease-free equilibrium E° = ($°,0,R°, M), 0), we have I* = 0, which yields ay = ap3 =
b4 = bys = 0. The characteristic equation of the linearized system can be factorized as

det(s“T —A—Be™) =(s" = (+d+r(Ry— 1) (s* +6,)A(s,7) =0, 4.17)
where
s+ + cpV? -w —by4e™"
A(s, T) = det —cpV? SY+C+w —bye|,
0 —Kp 5T+ 0,
and by, = —byy = cpSO:WV|O; since 667‘/|0 > 0, we have by, > 0.

When R, < 1, the equation
"= +d+1r)(Ry-1)=0

gives
A=s"={l+d+rNRy-1) <0,

so |arg(d)| = > an/2 (a € (0, 1)). Similarly,

s+6,=0

gives
A=s5"=-6, <0,
and again | arg(41)| > an/2. Therefore, the corresponding eigenvalues lie in the fractional-order stability
region, and the stability of E° is determined solely by A(s, ) = 0.
We now apply elementary operations to A(s, 7) to reduce its order. Adding the second row to the
first row (which leaves the determinant unchanged) and using b4 + b34 = 0, we obtain

sY+ 7 s*+ 7 0
A(s,7) =det|—cpV? s+ +w —byue|.
0 —Kp 5T+ 0,

Factoring s* + ¢ from the first row, then subtracting the first column from the second column (a
column operation that does not alter the determinant), and expanding along the first row, we obtain

a 0 _ —5T
A(s,r):(s“+§)det(s TLEwHpVT —bye )

—Kp s +6,
Evaluating this 2 X 2 determinant yields the factorized form
A(s,7) = (s + |8 + A15” + Ay — kbsae ™|, (4.18)
where, setting 8 = ¢ +w + cpV’ > 0, we have
A =B+06,>0, A, =6,8>0. (4.19)

For the factor s* + { = 0, setting 4 = s gives 4 = —=¢ < 0, so |arg(1)] = © > an/2. Hence,
this factor also contributes only stable modes. Consequently, the local stability and possible Hopf-type
bifurcation of E° are determined by the roots of Eq (4.20).

Z(s, )= s+ A5+ Ay — Qe =0, Q = kpb3, > 0. (4.20)
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Theorem 4 (Local stability of the disease-free equilibrium). Assume that @ € (0,1), Ry < 1, A, > O,
and the uniqueness condition (4.2) holds. Then, for any delay T > 0, the disease-free equilibrium E° is
locally asymptotically stable, and the system does not undergo a Hopf-type bifurcation at E°.

Proof. We first consider the case 7 = 0. Then (4.20) reduces to
s+ As” + (A, - Q) = 0.

Let z = s The equation becomes z> + Az + (A, — Q) = 0. Since A; > 0 and A, > Q, all roots
of this quadratic equation have negative real parts, so |arg(z)| > 7/2 > an/2. Hence, E° is locally
asymptotically stable when 7 = 0.

For 7 > 0, suppose there exists a purely imaginary root s = iw (w > 0). Substituting into (4.20) and
taking the modulus yields

(i)™ + Ay ()" + As| = Q. (4.21)
Let u = w® > 0. Using (iw)® = ue''?, we compute the squared modulus:
Uu) := €™ + Ajue'™ + Ay

= u* + 24, cos %zﬁ + (A% + 24, cos am)u® + 2A,A, cos %u + A%.

Consider the difference

Uu) — A2 = u* + 24, cos %Lﬁ + (A2 + 24, cos an)u® + 2A, A cos %Tu

Since a € (0, 1), we have cos & > 0, so the coefficients of u*, u®, and u are all positive. For the u*
term, using cos amr > —1 together with A} = 8 + 6, A, = 6,4, we obtain

AT +2A;cosam > AT —2A; = (B+6,)° - 26,8 =" +06, > 0.

Therefore, all coefficients of the polynomial U(u) — A% are strictly positive. For every u > 0,
U(u) — A3 > 0, i.e., U(u) > A3. Hence,

2™ + Aue'™? + Ay| > A,.

Condition A, > Q then contradicts the modulus equation (4.21). Thus, for 7 > 0, (4.20) admits no
purely imaginary roots.

In summary, E° is stable at 7 = 0, and for all 7 > 0 no characteristic root can cross the imaginary
axis. Hence, the disease-free equilibrium remains locally asymptotically stable for every 7 > 0. m|

Remark 3. The conditions in Theorem 4 ensure that the disease-free equilibrium is stable when 7 = 0,
and this stability holds for all 7 > 0. This implies that under these conditions, delays in people‘s
behavioral responses will not undermine the system’s stability or trigger sustained oscillations.
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4.3.2. Stability and Hopf-type bifurcation of the endemic equilibrium

At the endemic equilibrium E* = (S IR, M, M), the linearized characteristic equation of
system (2.1) reads

det(s®] — A — Be™) = 87 + dus* + d35° + dr5* + d 5% + d

3a 2a a —5T a 25T __ (422)
+ (e357" + exs™™ + e15” +eg)e " + (fis” + fo)e =0,

where the coefficients d; (i = 0,...,4), ¢; i = 0,...,3), and f; (i = 1,2) are given explicitly in
Appendix A.1.

(1) The delay-free case (7 = 0)
When 7 = 0, the characteristic equation (4.22) reduces to

S + kg 5™ + k352 + ko 5?4+ kys® + ko = 0, (4.23)
where
k4:d4, k3:d3+€3, k2:d2+€2, k1:d1+€1+f1, ko:do+€0+f0.

For0 < a < 1, let A = s®. Then (4.23) is equivalent to
X+l + kA + I + kA + ko = 0,

this polynomial is precisely the characteristic polynomial of the matrix A + B, so its roots A are the
eigenvalues of A + B. If the Routh—-Hurwitz conditions (4.24) hold, then all roots A of this polynomial
have negative real parts, i.e.,

T
1 -
|larg()] > 7.

since 0 < a < 1, we have g > %, and therefore
an
D > —,
|arg()| >
and condition (i) of Lemma 1 is satisfied, and consequently E* is locally asymptotically stable at 7 = 0.
Specifically, the Routh—-Hurwitz conditions are as follows:
ki>0 (i=0,1,...,4), Hs=ksksky + kyko — kiky — k3 > 0,

. (4.24)
Hy = ksks — ky > 0, Hy = (ksks — ko) (kaky — k3ko) — (ksky — ko)™ > 0.

Under these conditions, all roots of the polynomial in A have negative real parts, so Lemma 1(1) holds,
and E” is locally asymptotically stable at 7 = 0.

(2) The case with delay (7 > 0)
We look for purely imaginary roots s = iw (w > 0) and set z = e 7. The characteristic
equation (4.22) can then be rewritten as the following quadratic equation in z:

P(w)7* + E(w)z + D(w) = 0, (4.25)

where
D(w) = (iw)*® + di(iw)* + d3(iw)*® + dr(iw)*® + d(iw)® + do,

E(w) = e3(iw)*® + e2(iw)* + e1(iw)® + ey,

P(w) = fiiw)" + fo.
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Using (iw)*® = w*@e**™/? to separate real and imaginary parts, we write
D=D,+iD;,, E=E +iE, P=P, +iP;
with
Sa San 4a 3a 3an 2a a an
D, = v’ cos — + dyw™ cosLarn) + dzw’ cos 5 + drw™® cos(an) + dyw® cos > + dy,

. San ) . 3an ) . am
D; = w’?sin — + dy* sin(an) + d;w® sin — + drw* sin(an) + dyw® sin >

3

3an am
E, = e300’ cos — + e,w>® cos(an) + e;w® cos — + e,
3 5 5 0

. 3arn . . oanm
E; = e300’ sin — + e, sin(an) + e;w? sin >

arn .oan
P,:flw“c057+fo, Pi:flw“sm?.

Since |z = 1, taking the complex conjugate of (4.25) yields Dz> + Ez + P = 0. Eliminating z from
the two equations and applying the Sylvester resultant, we obtain

x() := (PP = D)’ - |PE - ED| =0, (4.26)

where |[DI* = D? + D?, |[Ef* = E? + EZ, |P|* = P2 + P;. Substituting the expressions of the real and

imaginary parts and letting x = w®, y(w) can be reduced to a polynomial in x, whose leading term

is x20:

Y@ =x +nox? + -+ mx+n0 =0, x> 0. (4.27)

The coeflicients ; (j = 0, ..., 19) are determined by the model parameters and the fractional order «;
their explicit expressions are given in Appendix A.2.

It is important to emphasize that (4.26) is only a necessary condition for the existence of a purely
imaginary root s = iw. Indeed, the vanishing of the Sylvester resultant guarantees only that the two
polynomials

P(w)?" + E(w)z+ D(w) and D(w)z” + E(w)z + P(w)

have a common root, but this common root may not lie on the unit circle. Therefore, a positive real
root x; of (4.27) does not automatically yield an admissible z = e™™/" with |z| = 1.

Theorem 5 (Stability of the endemic equilibrium). Let @ € (0, 1). Assume that the following conditions
hold simultaneously:

(1) The conditions of Theorem 3 hold (i.e., E* exists and is unique).
(2) Condition (4.24) holds (so that E* is locally asymptotically stable when T = 0).
(3) The polynomial x(x) has no real root on (0, +c0).

Then the endemic equilibrium E* remains locally asymptotically stable for any delay T > 0.
(3) Hopf-type bifurcation analysis

Since the Hopf bifurcation theory for fractional-order delay systems is under development, and a
completely rigorous general theoretical proof of the existence of periodic solutions after bifurcation
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remains an open problem, the Hopf bifurcation analysis in this paper adopts a semi-analytical and
semi-numerical approach.

In this framework, we adopt the widely used criteria proposed by Xiao et al. [9] as the analytical
basis for the occurrence of Hopf-type bifurcation. Throughout this section, the term “Hopf-type
bifurcation” is used in the sense of this criterion. Specifically, Xiao et al. considered the following
n-dimensional fractional-order system with delay:

“DIxi(0) = fi(x(0),x(t—1);7), j=1,...,n, 0<g<1,7>0. (4.28)

System (4.28) undergoes a Hopf bifurcation at the equilibrium x* when v = 7, if the following
conditions hold:

(i) For T = 0, all eigenvalues of the coefficient matrix of the linearized system satisfy | arg(1)| > gr/2.
(i) AtT = 79, the characteristic equation det(s?/ —A — Be™") = 0 has a pair of purely imaginary roots
+iwy.

d
(ii1) The transversality condition Re[—s > 0 is satisfied.

T ]T:To,s:iwo

We now apply the above criterion to our model. As shown in the discussion of Section 4.3.2 for
the case 7 = 0, if condition (4.24) holds, then E* is locally asymptotically stable when 7 = 0, which
precisely corresponds to condition (i) in the above criterion.

Next, we examine condition (ii) for the occurrence of Hopf-type bifurcation. In solving for purely
imaginary roots, the equation y(w) = 0 is only a necessary condition for the existence of purely
imaginary roots of the characteristic equation (4.22). Therefore, to verify condition (ii), one must
further check whether the corresponding quadratic equation (4.25) possesses a root of modulus one.

If the constant term of (4.27) satisfies 179 < 0, then y(0) = iy < 0 and lim,_,, x(x) = +00, so the
polynomial y(x) admits at least one positive real root. More generally, let

X={x;>0:x(x;)=0}
be the set of all positive real roots of y. For each x; € X, set

_ /a
wj =X, >0

and substitute s = iw; into the characteristic equation. This is equivalent to solving the quadratic
equation
P(w))7* + E(wj)z + D(w;) = 0.

Let z;; and z;, be its two roots. Define the set of admissible pairs by
A={(wj,z;0) x;€X, £=1,2, |zl = 1}.
If A # 0, then for each admissible pair (w},z;¢,) € A, we may write
Zje = e i ¢ € [0,2n),

and the corresponding critical delays are

Hj,[+2k7[
Titk = ——— k=0,1,2,....

wj
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The first possible stability switch is obtained by taking the minimum over all admissible positive delays:

T.= min {0 > O). (4.29)
(wj,zj,0)EN
k>0

Let (w,, z.) be the unique admissible pair attaining the above minimum, so that
ze=e"", 0. € [0, 2n),
and

0.+ 2km

We

Te

for some integer k. > 0.
Finally, we impose the transversality condition. Regard s as a function of 7 and differentiate the
characteristic equation (4.22) implicitly to obtain (%. When s = iw, and 7 = 7., suppose that

> 0. (4.30)

S=iWe, T=T¢

Then condition (iii) holds. Note that the existence of the derivative % in (4.30) implies that % det(s*1—

A—Be™)| # 0 by the implicit function theorem, and hence the purely imaginary roots +iw,
S=iwe, T=T¢
are simple.

In summary, we obtain the following theorem.

Theorem 6 (Hopf-type bifurcation of the endemic equilibrium). Let @ € (0,1). Assume that the
following conditions hold simultaneously:

(1) The conditions of Theorem 3 hold (i.e., E* exists and is unique).

(2) Condition (4.24) holds, so that E* is locally asymptotically stable when T = 0.

(3) A # 0, and the minimal positive critical delay 7. is determined by a unique w. > 0 via (4.29).
(4) The transversality condition (4.30) holds at (w,, T.).

Then, E* is locally asymptotically stable for all T € [0,7.), and the system undergoes a Hopf-type
bifurcation at E* as T passes through ..

Remark 4. Theorems 5 and 6 describe the local dynamics around the endemic equilibrium E*. Under
the conditions of Theorem 35, the endemic equilibrium is locally asymptotically stable; in this case,
the behavioral response delay cannot trigger a Hopf-type bifurcation or oscillatory behavior around
the equilibrium. On the other hand, when the conditions of Theorem 6 are satisfied, there exists a
critical delay 7. > 0 such that E* remains locally asymptotically stable for t € [0, 7..), and a Hopf-type
bifurcation occurs at 7 = 7.. We will further verify and demonstrate the above dynamical behaviors
through numerical examples in the numerical simulation section.

5. Numerical simulations

In this section, numerical simulations are performed to verify the theoretical results. All simulations
are based on MATLAB, using the Adams—Bashforth—-Moulton predictor-corrector algorithm [27]. For
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every numerical simulation example considered below, the parameter values are selected through a
Monte Carlo sampling procedure within the admissible ranges specified in Table 1. In each case,
candidate parameter sets are generated randomly and then screened according to the corresponding
theoretical conditions established in the preceding sections. All parameter sets obtained in this way
are representative configurations designed to illustrate the mathematical conditions and dynamical
scenarios derived in the theoretical analysis, rather than being calibrated from epidemiological data.

5.1. Stability of the disease-free equilibrium
The parameters are chosen as follows:

b = 0.154668455, ¢ =3.11276 x 107,d = 0.001820759, r =0.311522005, w = 0.006540418,
¢ = 0.914055806, p =0.004150002, v =-1.893804497,0 = 1.631706099, 6, = 0.912860953,
6, = 2.73487166,  «, = 0.217440261, a, = 0.166237291, 5, = 0.079979228, 5, = 0.10632897,
Kk, =5.30653 x 107,65, = 0.382025912, 6, = 0.331762137, v, = 0.437891367, y, = 4.661767789,
Yo = 3.696530826, a =0.95.

() Susceptible (1) (b) Infected I(t) (©) Recovered R(t)

4390

1000 1000 1500 2000
Time (days) Time (days)

(d) Media memory M (). M, (©)

(0 S-I-R phase space trajectory

— 0.15
500 1500 2000 0 500

1500 2000

1000 1000
Time (days) Time (days)

Figure 1. State trajectories when the disease-free equilibrium is locally asymptotically stable
(r = 10).

For this parameter set, direct calculation yields
bk,cp({ +w)b,

L=
S,(L+w+ cpVoo) o

= 0.055496452 < 1,

which satisfies the first condition of Theorem 4, guaranteeing the existence and uniqueness of the
disease-free equilibrium. The disease-free equilibrium is calculated as: S° = 4380.400955, I° = 0,
R" = 588.4476742, Mg = 0.081738285, MY = 0, V° = 0.232723615, and the basic reproduction
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number Ry = 0.891977443 < 1,A2 = 0.0019728563 > Q = 0.0010263368. That is, Theorem 4 is
satisfied. Taking the initial condition (S°®+1, 1,R° -2, Mg —0.02,0.02) and the delay 7 = 10, as shown
in Figure 1, the system converges to the disease-free equilibrium.

5.2. Stability of the endemic equilibrium and Hopf-type bifurcation
5.2.1. Local stability of the endemic equilibrium

The parameters are chosen as:

b =0.127941362, ¢ =4.54334 x 107°,d = 0.003138141, r = 0.213262544, w = 0.009684088,
¢ =0.75093639, p =0.008355527, v =-1.833673949,0 = 1.628162409, 6, = 1.484519303,
6, = 2.927069562, a, = 0.219045566, a, = 0.173613855, 8, = 0.187983688, 5, = 0.154232674,
k, = 0.000270977, 6, = 0.175398899, ¢, = 0.280793805, v, = 1.569825824, v, = 1.158302728,
v» = 0.303383105, @ = 0.95.

We obtain I' = 0.814264 < 1, and the function W(/) in Eq (4.12) is strictly decreasing (see
Figure 2(a)). The basic reproduction number Ry, = 2.807338429 > 1, and a unique endemic
equilibrium exists: $* = 833.7788938, I" = 20.06176109, R* = 576.4887285, M, = 6.14162205,
M; = 3.029696198, V* = 0.254330918, v* = 0.371308563. ks = 0.472771414, k3 = 0.056626466,
ky = 0.001695869, k; = 6.74022 % 1073, ky = 4.9195x 10~°, H, = 0.025075505, H; = 2.74619x 1073,
Hy = 1.84416 x 10~°. The polynomial Eq (18) is given by

y(x) =x%° +0.148372871 x* + 0.223453059 x'® + 0.023511504 x'7 + 0.016840312 x'°
+0.00112728 x'° + 0.000485405 x'* + 1.54457 x 107> x'* + 3.83322 x 107 x'?
—3.42916 x 1078 x'" = 2.06297 x 1078 x'° + 7.96966 x 107! »°
+3.78142 x 10711 x® — 1.16588 x 10713 x” — 3.13208 x 107 x°
+7.57705 x 1077 x° + 1.05082 x 1077 x* + 3.01395 x 107%* x°
+1.72045 x 1075 x> + 2.42638 x 107" x + 6.84453 x 107>*,

To verify the absence of positive real roots for the 20th-degree characteristic polynomial y(x), we
apply Sturm’s theorem via Maple to rigorously confirm that no positive real roots exist. This conclusion
is further supported by numerical computation of all roots with high precision using the MATLAB
routine roots, which yields no positive real roots, and by direct evaluation on a fine grid over (0, c0),
which shows min,. y(x) > 0. The conditions of Theorem 5 are satisfied. Taking the delay 7 = 10 and
the initial condition (§* +2, I* — 1, R* — 1, M; + 0.5, M +0.5), the system converges to the endemic
equilibrium (Figure 3).
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Figure 2. Monotonicity of the residual function ¥ (/).
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Figure 3. State trajectories when the endemic equilibrium is locally asymptotically stable

(r = 10).

5.2.2. Hopf-type bifurcation at the endemic equilibrium.

The parameters are chosen as:

b =0.229780568,
¢ = 0.781864001,
0, = 1.672453384,

p =0.013665765,

£ =296445x 107, d = 0.003819482, r = 0.31644436,
v = —0.988540658, 0 = 4.166414522, 6, = 0.843607942,
a, = 0.195247027, a, = 0.289201821, B, = 0.084647185, B, = 0.169460193,

w = 0.012780409,

Kk, = 1.77366 X 107,65, = 0.105310986, &, = 0.444079049, v, = 1.724510465, v, = 1.862238882,

vYn = 1.096799854, a =0.95.

We obtain I'
The basic reproduction number R,

236 >

AIMS Mathematics

0.070179 < 1, and ¥Y() in Eq (4.12) is strictly decreasing (Figure 2(b)).
1, and the unique endemic equilibrium is
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§* = 5156.203060501674372, I* = 2.022473748851967, R* = 2332.397209286632460, M, =
3.594400965672546, M; = 0.980923932981140, V* = 0.530706557182485. For the chosen
parameter set, the twentieth-degree resultant polynomial y(x) = x* + nox!® + --- + pix + 1 is
solved numerically using MATLAB’s roots function, which computes all complex roots via the
companion matrix eigenvalue method. Only roots with |[Im(x;)| < 1078 and Re(x i) > 107° are retained
as positive real roots; those with residual |y(x;)| < 107 are accepted to eliminate spurious roots
caused by round-off, and numerically repeated roots (difference < 107%) are merged. The remaining
1/a

roots x; are converted to candidate frequencies w; = x;*, and for each w; the quadratic equation

P(w j)z2 + E(w;)z + D(w;) = 0 is solved, retaining only roots satisfying ||z| - 1| < 1078 as admissible
roots with |z] = 1.
In this case, the above filtering produces only one frequency

w. = 0.0672841444448459,

which yields the critical delay
7. = 4.08889440332154.

Furthermore, direct evaluation of the characteristic equation at the critical pair gives

|F(iw,, 7.)| = |det(s®] — A — Be™") =1.6979 x 10713,

S=lWe, T=T,

which is of the order of machine precision, confirming the correctness of the computed critical pair
(We, o).

Since no other frequency remains after the filtering steps, the uniqueness of the purely imaginary
root pair at T = 7, is automatically ensured. If multiple frequencies had been obtained, one should
compute the corresponding time delays for all frequencies, select the smallest positive delay as the
critical delay, and then substitute all frequencies into the characteristic equation evaluated at that critical
delay to verify the uniqueness of the purely imaginary root pair on the stability boundary.

The transversality condition is numerically verified:

= 0.00175475567214898 > 0.

S=iwe, T=T,

Therefore, all hypotheses of Theorem 6 are satisfied. Taking the initial condition (S§* + 2, I" —
0.2, R*—1.8, M; +0.2, M;+0.1), the numerical simulations are performed using the fractional Adams—
Bashforth—Moulton predictor—corrector method. In each time step, the correction is repeated until the
maximum absolute difference between two successive corrections is less than the prescribed tolerance
tol = 107'2, with a maximum of 20 iterations per step. The delayed terms v(t — 7) and V(t — 1) are
evaluated exactly at the corresponding grid points, since the time step sizes are chosen such that 7/A is
an integer, thereby avoiding interpolation errors. Convergence with respect to the temporal resolution
is verified by comparing solutions obtained with three step sizes. For the oscillatory case 7 = 4.14 > 7,
the main run uses 2 = 0.0414, and the computation is repeated with 2 = 0.0207 and 4 = 0.01. Taking
the solution with 2 = 0.01 as a reference, the maximum absolute error of /(¢) over the last 1000 days
is 2.87 x 107 for h = 0.0414 and 6.71 x 107 for & = 0.0207, which are less than 0.004% and 0.001%
of the oscillation amplitude of (), respectively. For the other state variables, the maximum absolute
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errors are also less than 0.004% of their corresponding amplitudes for 2 = 0.0414, and less than
0.001% for h = 0.0207, further confirming that the numerical solution has converged with respect to
the temporal resolution. Under these settings, the system undergoes a Hopf-type bifurcation, and the
numerical simulations exhibit periodic oscillations(see Figure 4b). Using the same method with fixed
step size h = 0.05, for 7 = 3.5 < 7., the system converges to the endemic equilibrium (see Figure 4a).
Moreover, by comparing the trajectories for 7 = 3.8 and 4.05, we observe that when 7 < 7, the smaller
the value of 7, the faster the convergence (see Figure 4a).

e e
L. ”W W!W\‘ e N'MWW N
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(a) T = 3.5,3.8,4.05 < 7.: asymptotically stable. (b) T = 4.14 > 7.: Hopf-type bifurcation.

Figure 4. Delay-induced Hopf-type bifurcation trajectories at the endemic equilibrium.

To further validate the theoretically derived Hopf-type bifurcation threshold, we perform a
numerical spectral analysis by tracking the rightmost characteristic root of the linearized fractional-
order delay system. Let s,,x denote the rightmost characteristic root. The local stability of the system is
determined by its real part: The equilibrium is asymptotically stable when R (s.x) < 0, unstable when
R(smax) > 0, and a Hopf-type bifurcation occurs when R(sy.x) = 0. Using a continuation method
combined with the Newton-type solver (the £solve function in MATLAB), we trace the evolution of
Smax as a function of the delay 7 over the interval 7 € [4.0,4.2]. When the real parts at adjacent grid
points exhibit opposite signs, the zero-crossing point where R (sy.x) = 0 is precisely located via linear
interpolation. As shown in Figure 5, the real part of s« crosses the imaginary axis smoothly as 7
increases. The numerically determined zero-crossing point is

'™ = 4.0888945480.
This value is in excellent agreement with the theoretically predicted critical delay
T = 40888944033,

yielding an absolute error of 1.45 x 1077 and a relative error of 3.54 x 1078, This result numerically
confirms the accuracy of the theoretical derivation from the perspective of numerical spectra while
demonstrating the reliability of the numerical implementation.
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Figure 5. Numerical tracking of the rightmost characteristic root .

The fractional order « affects the Hopf-type bifurcation threshold through two mechanisms. First, it
modifies the stability sector |arg(1)| > anr/2 for the delay-free system, so that a smaller « enlarges the
stable region and tends to delay or suppress the onset of oscillations. Second, it enters the characteristic
equation through the term s“, thereby shifting the critical pair (w,, 7). Numerical experiments show
that as « increases from 0.9 to 0.99, the critical delay 7. decreases monotonically (see Figure (6)).

Figure 6. Critical delay 7. versus a.

6. Conclusions

In this study, we formulate a five-dimensional fractional-order delayed SIRS epidemic model,
integrating fractional-order memory effects, behavioral response delays, and the competitive regulation
of positive and negative information within a unified framework.

Through rigorous dynamical analysis, two distinct stability scenarios are revealed. Under the
premise that the corresponding stability conditions hold in the absence of behavioral response delay
(t = 0), the disease-free equilibrium remains locally asymptotically stable for any behavioral response
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delay, indicating that behavioral response delay does not undermine the local asymptotic stability of
the disease-free equilibrium. For the endemic equilibrium, the system exhibits two types of dynamical
behavior: delay-independent stability and delay-induced Hopf-type bifurcation. In the case of delay-
induced Hopf-type bifurcation, the existence of a critical delay 7, suggests that excessively long
behavioral response delays can disrupt the feedback regulation of behavioral variables by positive
and negative information, preventing the system from converging to an equilibrium and inducing
oscillations.

Methodologically, the Sylvester resultant elimination method provides an effective tool for
bifurcation analysis of high-dimensional fractional-order delay systems. In future work, researchers
may further incorporate state-dependent delays, stochastic information perturbations, and spatial
heterogeneity to extend the model’s capacity for characterizing complex real-world scenarios.
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Appendix

All coefficients listed in Appendices A.1 and A.2 were independently verified using the computer
algebra system Maple.

A.1. Specific expressions of the coefficients d; (i = 0,...,4),¢; (i =0,...,3), f: (i = 1,2) in Eq (4.22).

dy = —(a1 + axn + azz + da4 + ass);
d3 = (a33 + aaq + ass + axp)ayy +(asz + asyq + ass)asy + (Aaq + ass)azs — azna; + dssaqs — az1a1 — A31a13;
dy = [(—as3 — ass — anp)an + (—as3 — axn)as + anary — axaxn + axay + azaizlass + [(—ass — ax)as

+ anaxz — azanlan + (anax + ai3az; — anass + ax3a3)das + A12021433 — 41302143

AIMS Mathematics Volume 11, Issue 9, 30944-30978.


https://dx.doi.org/https://doi.org/10.1140/epjp/s13360-022-03156-x
https://dx.doi.org/https://doi.org/10.3390/computation11100208
https://dx.doi.org/https://doi.org/10.1002/mma.8732
https://dx.doi.org/https://doi.org/10.1002/mma.8940
https://dx.doi.org/https://doi.org/10.1371/journal.pone.0318544
https://dx.doi.org/https://doi.org/10.1007/s11071-006-9094-0
https://dx.doi.org/https://doi.org/10.1016/j.cnsns.2016.07.016
https://dx.doi.org/https://doi.org/10.1007/s12190-016-1017-8
https://dx.doi.org/https://doi.org/10.1007/s11425-008-0068-1

30974

—az1(anax — a;zan);
dy = [(—012033 —apas + apan)ax + (—aziaiz + (a3 + an)an — axar + azyaxn)as
+ azi(anax — aizar) — ayj(—anas; + 11231132)1055 - [((112!133 — a13a3)ay + (—apas;
+apzan)az + ap(—anas; + a23a32)]a44;
dy = [(annas3 — aizaz)ay + (—apax; + aizan)as; + a(—axazs + a;azn)|assass;
e3 = —apnby — aybzs — asybys;
ey = (agbys + aszbg)ass + (asbos + aszbss + aspbrs)ay + assasabys + (asnbay + asybys)ass + [(bas + bas)ag
+ asy(bas + bas)|az) + ausbzaan + (—ambss — asybss)azs — [(—baa — baa)asy + axnboslass;
e = [(—(b24 + bas)apas) — asz(bog + b3g)az) + (—agbry — azbzs)ar
+ (=axnbss + azbra)ass — an(—axbss + azzba))ass + (—asy(bas + bzs)asu + (azby
+ bas(azy + ain))ass + ((=bys — bas)azs — basaiz)asy — ap((ba + bag)ass + basaiz))a
— asy(ai1bas — ax3bss + aszbys)asy + (((—arz — an)bas — bssaz)ass + ((bas + bys)ass
+ bysaiz)asy + asn((ais + ax)ba + bysax))asy + aj((—axnbss + azba)ass
+ (axbss — aszbas)asy — as(—axbss + a33b24))];
ey = [((—a32b24 — baa(az + ai2))azi + (a2 + ax)bos + bysar)az — aj(—anbss + a32b24))a43
+ 6142((61331924 +bas(ass + aiz))az + ((—a13 — a23)b2s — basazs)as) + an(—axsbss + 0331924))]055
+ 61526144(((525 + b3s)azz + bssaiz)az + ((—bas — bss)ars — basaiz)asy + aii(—axsbss + 6133525));

f1 = —as3as2(babss — basbas); Jo = anzasy(ayy + az; + az1)(basbss — basbsy).

A.2. Specific expressions of the coefficients ; (i = 0,...,19) in Eq (4.27).

1o = (do — fo)*(do + e + fo)(do — €0 + fo)

m = 4COS(%017T)(d1d(2) +((di = f)fo — 3ever)do — f fi + ever fo — Seg(dy — fl))(do - fo)s

M = (4dids + (2d} — 2eper)dy + (—2dae] + (=2d1 ey + deafo)eo — 4dafy + (—4dy fi + 2e7) fo)do
+Qdy fi +2da fo)eg + (<2e1 fofi = 2eaf)eo + 25 f7) cos(am)
+ (4di — e = 2fD)dg + (=2e1(dr = 2f1)eq — 4du fofi)do + (=d — f1)eg
+4(dy - L f)foereo — 2f3(d} + et - 2D

s =—16 cos(%cm)[(—dgch +(=did> + Sepe3)ds + (Ldsel + (Adier + Ldrer — esfo)ey + fo(dafi + dsfy — ere))do
+ Jeo(—(dafi + dsfoleo + foleafi + 3 fo)) cos”(Jam) + 3dids + j(Serer — Jeges + dida)dy
+ %(—%daeg + 3(=diez — dher — exfy + 3es fodeo — 3dsf5 + (3erer — fida) fi
+3(d fi + df = LeD)(fi - dv))do + 3 (fods + (31 + fi)d)ed
+1(=3esf5 — (diex + daey + eof) fo + Ser (fi = di)Peo
+ 1((Gerex + didy) fo — (fi —d)(f] +difi = eD)fol:

s = 16(2dgdy + 2d\ds + d3)dj + (—dae — (dye3 + does + daer)eg + 2eres — fods — fids + 3€3) fo)do

AIMS Mathematics Volume 11, Issue 9, 30944-30978.



30975

— eo(=(d3fi + dafo)eo + e3fo 1) cos* (3am)
+4(=8dydy + (~Adyds — 4d3 — eres)dy + (Adsel + (3dres + ddaer + 3dser + 2e3fi)eo + 8dafy
+2(3dsfi — deres — 2¢3)fy — daey + 2ex(fi — Adi)er — 2dx(=2d} + f1))dy
—4(fods + (fi + jd)ds)eg + ((2dser + 3(fi + 3di)es)fo + 2(fi = 3d)daer — ea(di + f1))eo
—(2did5 + e1e3) fo + ex(fi — 2d1)er + 2f1d1d2)fo) cos*($am)
+4d3dy + (—4d,d5 + 6d5 + 2e1e3 — e3)dy
+2(=dyel — 2drer + e3fi)eg — 2daf3 + 2ere3 + €3) fo + 2da fE — 2e1eafi — 2dids + dred)dy
+ 2dyds — d5 + 2d5 fi + 2dufo)eg + 2(2=de3 + daes — dse)) fo = 2fidaer + ea(fi + di)?)eo
+ (4dyds - 2d5 + 2e1e3 — ) + 2(=2d1erer + dae) fo + (fi — ) (fi + dy + e)(fi + di - e1);
ns = —2[16(—2d3 = 2(dydy + dads)dy + (€ + (daes + daes + daer)eo — 2fo(—dafi + exes — fo))do — €g(dafi + fo)) cos*(Sar)
+4(10d3 + 2(3d1dy + Sdads)dy + (=5 + (—Scaes — Sdsey — Adaer)eg — 4dids + (=245 + eres)d)
— 103 +2(=4dy fi + Seze3) fo + dset + (dres — 2e3f1)er + 2fds — €3 f1)do
+ (dvdy + 5dsfi + 5fp)eg + (esd; + (daer + dsey)dy + esf{ — 2dyer fo — 2fidzer )eo
+ fo((2ds fi + 2dufy = 2e1e5 — €3)d + esfier)) cos*(Sam)
- 10d; + 2d1ds — 14drd5 + eze3)d] + (Sef + 2(3daes + 3dses + daer)eg + 10dids + (2d; — 2e1e3 + €3)d,
+10f7 +2Q2dsfi — Seze3) fo — 3dsel + 2(~daey + 3es fi)er — 6f2ds + 3¢5 fi)do
+ (=3dydy + dods — 5dufi = 5fp)ef + (=3esds — 2drer + dsey + e3f1)d,
+2(=daes — dsey + 3daen) fy + (d5 + 6ds fi)er = 3es i = 2daer fi)eo
—2d3dy + dejey + (—6dyf} + (=4ds fi + 6eres + 3ed) fy + 2dr fE — 2eerfi + daed)d,

+ (2dyds + e203) fy + (—dse; — 2daer + e3fi)er + fi(2d5 + €3)) fo + fiei(—daer + exf1) | cos(Ganm);

16 = 64((2dods + dy + 2d1)dy + (—(dse3 + dyes + e1)eg + fole3 — 2f1))do + €5 fi) cos®($am)
+16(2(—6dady - 3d3 — 4dy)d} + (4d7dy + 4ddads + (6dses + 6daes + Ser)eo — dae]
— (dres + dzex)er — 2fLds + 2(eses + 5fo) fi — 6€3 fo)do
+(—eg — (does + dser + daer)eg + 2fo(—dufi + exes — fo))di + 2(=3fieo + e (dafi + fo))eo) cos*(Sam)
+4((22dydy + 943 + 2dy)dg + (—14d7dy + (=12dads — eze3)dy + (~9d3es — 10dser — Ser)eo
+4dse? + (ddres + 3dzer)e; + 8f2dy + 2~4eres — Sfo)fi + 9eifo + 2d5 — dred)dy
+2d3d; + (d3 — eje3)ds + (4e) + (3daes + 4dser + 3dyer)ey — dsel + (—daes + 2e3 fi)e)
- 2f{ds + (6dsfo + €3)fi — 8folezes — f0))di + (=dada + 9f1)eg
+ ((—dads = 8du fi = 8fo)er + 2ex(foda + fids — 5d3))eq + (dsfi + dafo)e}
+e32dafy = fDer = (2ods + e263) fi + do(2ds fo = €)) fo) cos’(Sam)
+(=12dady +2d3 — €% + 4d))d} + 22d3dy + 4d dads — 2d5 — 2drere3 + dae)
+2dseger — dyet — 2dy fE + 2eres fi — €2 fo)dy — ddids + (2d3 + 2eje3 — €3)d?
+2(=2dseper + dzeb + 2ds fE — 2e1esfi — esfi + 2eresfo — 63 - 2f02)d1
+ (2dady — d5 = 2f1)eg + 2(2e1(dafi + fo) + 2daes — dzex) fi + drex + 2 fy(dses — dae))en
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+(=d5 = 2ds fi = 2da fo)e + 2(es f} + 2daerfi — 2fodaes — dsen))e
+(=2d5 — &) f1 +2Qdsfy — €3 fo)ds — f3(2d5 + €3);

o —2[64(—2(d3d4 +dy)dy + eo(daes + e2))dy cos® (Lam)
+ 16(14(d3d4 + do)ds + (—4d; + 2(=2dady — d3)dy — Teo(dses + e3) + dseres + €1
+ esdser = fi(e3 = 2f)do + ((dses + dae + er)eg — fole3 — 2£1))dr — 2eper fi) cos*(San)
+ 4(4(=Tdxdy — 8dy)dg + (18d] + 2(8dady + 5d3)dy — 4d3ds + dyeres + (14daes + 15e2)eq
—ddseres — 5el — Sezdzer + dses + 5fi(e3 — 2£))dy — 2dd, — 2d: dads
+ (e3dae; + (=5dse3 — Sdyes — dey)eg + (eF + 2fD)dy + derer — 2e3 frea
+5fo(e3 = Ef))di + dSeges + (¢f + (dser + daer)ey — 2fo(—dufi + e2e3 — fo))da
+2(=dserfi + Se1 fi — eafo)eo — €1(dafi + fo)) cos*($am)
+2(5dsdy + 13dy)d] + (—14d} + (=12dady — 14d5 + €3)dy + 10d5ds — 2drere3
+2(=3dye; — 5ep)eq + 2dyerer + 5€2 + 6esdse; — 3dses — Sfi(e3 — 2£1))do
+6d3dy + (2dads + eze3)ds + (—2d3 + (=2eye3 + €3)da + 2(3dses3 + 3dyer + e1)eg
+ 3(—e? - 2f]2)d4 —2dse1e; + 6e3 fle; — Sfo(e§ - %fl))dl + (=3epes + elez)d§
+(=3ej — 2(dsez + dyer e + be3 foer — 2e3fier — dfo fids + 2f7ds — e3fi + dzet — 6£35)da
+ dsdyel + (2(3exfi — esfo)dy + (d3 — 10f1)e; — 2e3fids + 6foex)en
+ (25 f5 +3€t fi = 2erea fo)da + 3ei fo — 2ds(exfi + €3 fo)er — dzes fo

+eresfi + fofi(2d5 + €3)| cos(Ran);

ng = —256dy(~dod; — 2dods + eges) cos®(am)
+ 64(((4d0d3 — epez)dy + 4dydsr — eger)d; — do(SdodZ + dyeiez + 16dyds — 8eges + elez)) COSG(%OHT)
+16(2d] + (2dydy + d3)d] + ((~24dods + 6eges — ere)ds + €3 fi — esdser — 2}
—20dod, + 6eges — e3)dy + 20d3d; + ((4ds + 6ere3 — 3)dy — daeper)ds + 40dads
+ (2d2d§ — dseyez — 20epes + Sejex)dy + (—dsepes + e%fo —eper — 2fofi)dy + 2f1(eper + %e%)) cos4(%cm)
+ 4(—8df — d(drdy + d3)d} + ((40dods — 9epes + 3erex)ds + 24dyds + 4drds — dreres
+ (deres — &3)ds — dedfi + 8% — 10eges + 4ed)dy — 16d2ds + (2(—8d3 — Sejes + 2e3)dy
+ (4eger — €] — 2f1)dy + (—eger — 20 fi)ds + 2eoes + e1e2) fi)dy — 28dgds
+ ((—4d5 — €)dy + 3esdsey + 15epe; — Sejex)dy — daeres + ((3epes — erex)ds — 4es fo + 2esfien
+6fofi + 3eoer)ds — dieger + (2eze3fo — € — 2f3)ds + 2epes fo
+2(~4eofi + e1fodes — 4e} fi) cos’(Sam)
+4d3} + (~4dady + 6d3 — €3)d? + 2(~4dydsdy — ddods — 2d3ds + (—2eje3 + €3)ds + €5 f1 — 2f}F
+2eger — e})dy + (6ds — € — 2f)d; + 2((6d; + 2e1e5 — €3)dy + (=2eges + €] +2f1)d>
+2(—eofi + e1fodes + foes — 2e1exf1)dy — Adgds + 2dy(=2d5 + €3)dy
+dy + (2e1e3 — €)d3 + 2(=2eze5 fi + 3 fo)da + (2eper — €3 — 2fH)d3

+22(e1fi — eafo)es + 3 fi + 215 + €)ds — €317 — deoesfo + deofi — eifo)er + 2¢1 fis
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M9 = 8[128 cos®*(Ramydyds + 16(2d0a’1 d2 — 18d3d, — (doe; + dyeg)es + 4dod, d3) cos®(Lam)

+ 4(—14d0d1d§ + (=(doez + dyey + dreg)es + 2(2dods + dD)ds + 54d5)dy
+7(doe; + dyeg)es — 28dodds + (4d5 — e3)dy + 2drdy — dyeren — dzeoez) cos*(am)
+ (28dodd} + ((4does + Sdrey + Sdreo)es + (~16dody — 10d; — eger)ds — 60d;
+ (4d; — e3)dy — daerer)da + (fy — do)ds + fida)e; + (—dieq — (diex + dyey)ds — 15dpey + 2e0(fi — Td)))e
+2dod3 + 2d,drd3 + (60dod) — epey — 2fofi)ds + S(=4d3 + e)dy — 6d3ds + 4d,eye;
+ (5eger — e% - 2f12)d2 + Zelezfl) c0s2(%cm)
+ 5(=5dods = fofi = 3eoerd; + (%(—doez —3diey —3deg + e1 fi + exfo)es
+(dy - L fE - Yet + 3dods + Yeger)ds + Ydf + (33 - 5d5)d - L f5 - Led
+ 13 fi + Ydaered)ds + 3((do - fo)ds — (3 + fi)do)el
+1(3d3eo + (diex + daey + €2 fi)ds = 3fieg + Sdoey + ey fy + 3dieg — 1d3er)es
- 3dyd3 + $(~did> - Lerex)d; + (Reoer + fofi + 3d5 — 9dod) — Ldre3)ds
+3(11d3 - 3e3)dy — 3didy — Sdyerer + 3(f — eoer + SeDds + Lea(—6e1 fi + e fo)] cos(Fan);

Mo = 1024dj cos' () + 512(2dod, ds — 5d5) cos® (3 am)
+ 64(Q2dods + d)d} — 32dodrdy + 2(2dods + dY)ds — (doea + dyey + daeo)es +35d3) cos® (Sam)
+16(6(=2dod; — di)d; + (4dod3 + (4dydy — eges)ds — e3dy — (dey + daer)es + 80dod) )da
+(=20dyd; — 12d? — eger)ds + (Sdoea + 6dy ey + 6daeq)es + (4ds — 3)d) — drejes — SOdS) 0054(%"”)
+4((22dody + 943 - egex)d; + (—14dods + (=12dydy + 3eges — erex)ds + (fy + 4do)el
+ (3diey + ddaey)es + 2d5 — daes — 2o fi — 60dod — eger)dy + 2d1d3 + (d5 — ere3)ds
+((fi —d)él — dreres — 2f7F +20dods + 22d7 + 4epey — €2)d;
+ (=5does — 10d ey — 9daeg + 2e1 fi)es + 2(=7d5 + 2e3)d; + €3 fi + 3daerer + 25dg) cos*($am)
+ (=12dyds + 2d% + 2eper — €3 — 2fD)ds + 2(2doda + 4dydads — (fy + do)el + 2(=dae) + exfi)es
- 2d3 + dyes + 4dod )dy — 4did5 + (2d5 + 2eje3 — €3)d5
+2((dy = fi)e; + 2f] + 4dods — 6d5 = 2eper + €7)ds — dye5 + 4(drer — e fi + eafo)es
+20Q2d3 — ed)dy — 263 fi = 23 +2d3 - €

m = 2[512 cos*(3am)dod; + 128((2dod; + di)ds — dody) cos® (3 am)
+16(2(dods + dydo)d} + 14(=2dod, — d¥)dy — €y — (dyes + daey + dseo)es + 4dod? + 4dydads + S4dod, ) cos* (Lar)
+4((=6dods — 10d,dy — ege3)ds + (=e3dy — (daer + dsey)es + Adid3 + 2d3ds + 60dyd, + 2847 — eger)ds
+5¢2dy + (4dies + Sdyer + Sdseg)es — 20dods + (~16d1d; — erea)ds + 23 — dré} — 60dod; ) cos*(har)
+(=2dods + 14d,d> + 3eges — e1e2)d; + ((fi + 3dy)es + 2(daer + dsey)es — 10d,ds + (—2d5 — €3)ds
-2 = 36dods — 10d; + 2eper — €1)dy + (=dads — S5do + fo)es
+(=djey — 6dseg — 6drer + 2ex(fi — dy))es + 2dods + 22dod5 + 2(6d1d; + e1e2)ds — 6d3 + 3dhel

= 2fofi +22dod; — epe; Cos(%a/n);

AIMS Mathematics Volume 11, Issue 9, 30944-30978.



30978

M2 = 256(2dyds + di) cos® (an) + 256((dods + dida)ds — 4dods — 2d7) cos®(Lar)
+ 16(2d0d2 +(2dyds + d3)d; + (=20dods — 24d,d> — ege3)dy + 4did; + (2d5 — eje3)ds
+ (—eze3 + 40dp)d; - dy (€3 - 20dy)) cos* (Jarm)
+ 4(—8d0d§ + (=4d1d; — 4d3 — e1e3)ds + (4drd5 + (—ezes + 24dy)ds + (—€5 + 40d))da + 3eges — ejer)dy
— 16d1d3 + (—4d3 + 4eyes — 3)ds + (3ezes — 28do)da + 4e3d) — 16d; — eger) cos®(Sarm)
+ddod] + (=4dyd3 + 6d5 + 2eje3 — €3)ds + 2(—2drd3 — 4dyds + dy(€3 — 4dy))dy + d + (—€3 + 12d,)d3
+2(=2d5 = 2e1e3 + €3)ds + 2e3 fi — 2e3d; — 2f] — 4dods + 6d; + 2eqer — e7;
ms = -8 cos(%an)[—32(dod3 +didy) cos®(an) + 8(=2dod; + (—2dyds — d3)dy + Tdods + Tdid) cos* (S arm)
+(=2dd} + 2(=dods + 9do)d; + (16d1d3 + 105 + e1e3)dy — 4dads + (e2e3 — 32do)d3
+ (€3 — 28d))d; + eges) cos*(Sam) + 3did] + S (Seres + dods — Tdy)d;
+(—3dy + (33 = 3d))ds — Seres + 1 — 1d5)dy + 3dody + (—ezes + 13dp)ds
+ %(—%eg + 5dy)d, + ieleg - %8083];
M4 = 64(2dody + 2d,d3 + d3) cos®(Sam) + 32(2ddj + 2(d>ds — 2do)ds — 6d,ds — 3d;) cos* (S am)
+4(2dyd; + (d3 = 14dy)d; + (=12dyds — exes + 2do)dy + 23 + (=€ + 22dy)ds + 9d3 — ee3) cos”(Sarm)
— ddod; + (2d3 — &5 + 4dy)d; + 4(2dads + do)dy — 43 + 2(e5 — 6dy)ds + 2d3 + 2eje5 — €3
Ms = 64((dids + dods + do) cos* (Sam) + §(dadi + 1(d5 - 3dy)ds - 3dads — 3do) cos*(San)
+ kdidy — Sdod] + 5 (~d3 - 3€3 — d)dy + dods - Fere3 + do) cos(am);
M6 = 16Q2dady + d5 + 2dy) cos*(an) + 16(dsd; — dody — di — 2d,) cos* (S ar)
+dy — 4dsd; — ddody + 6d5 — €3 + 4d);
M7 = 16(dsdy + d>) cos3(%a'7r) + 4(d2 — dzdy — 3d>) cos(%aﬂr);
ms = (2d§ + 4ds) cos(ar) + 4d2; N = 4dy COS(%CWI’).
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