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1. Introduction

Vector optimization problems arise when several interrelated or conflicting objective functions
must be handled simultaneously. They have found broad applications in engineering design [1],
healthcare planning [2], aerospace mission planning [3], space exploration [4], facility location
and resource allocation [5], management science [6], bilevel programming [7, 8], and statistics [9].
Recent advances in adaptive dynamic programming [10], event-triggered optimal control [11],
integral reinforcement learning [12], and game-based optimal control [13] have demonstrated effective
optimization strategies for complex nonlinear systems, which may also provide useful insights for
extending vector optimization methods to dynamic and multiobjective control settings. Unlike scalar
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optimization problems, vector optimization problems generally do not admit a single point that
minimizes all objective components simultaneously. Their optimality must therefore be characterized
through partial orders induced by ordering cones and the corresponding notions of efficiency. When
the ordering cone is the nonnegative orthant, cone efficiency reduces to the usual notion of Pareto
efficiency. For continuously differentiable vector optimization problems, efficient solutions satisfy
appropriate first-order necessary conditions. Numerical methods are therefore commonly designed to
locate or approximate critical points satisfying these conditions.

We consider the following nonconvex unconstrained vector optimization problem:

minK F(x), x ∈ Rn, (1.1)

where F : Rn → Rm is a continuously differentiable vector-valued function with component form
F(x) =

(
f1(x), f2(x), . . . , fm(x)

)T and K ⊂ Rm is a closed, convex, and pointed cone with a nonempty
interior that induces a partial order in the objective space. When K = Rm

+ , problem (1.1) becomes a
standard unconstrained multiobjective optimization problem. This paper focuses on descent methods
based on cone-order descent criteria for computing K-critical points of nonconvex unconstrained vector
optimization problems. Multi-start runs can then be used to investigate the distribution of approximate
K-critical points in the objective space.

Existing approaches to vector optimization can be broadly divided into scalarization methods [14–
16] and descent methods based on the underlying partial order. Scalarization methods transform a
vector optimization problem into one or more scalar optimization problems by means of weights,
parameters, or auxiliary functions. They can therefore take advantage of well-developed algorithms
for scalar optimization. Their numerical results, however, often depend strongly on the chosen
scalarization parameters. For nonconvex problems, solving a single scalarized problem is generally
insufficient to provide an adequate representation of the efficient set. By contrast, descent methods
directly use first-order information from the individual objective functions to construct a common
descent direction. They also provide a clear first-order characterization of optimality and a natural
framework for convergence analysis, and have consequently attracted considerable attention.

The vector steepest descent method [17] is one of the most fundamental descent methods for
vector optimization. At each iteration, it computes a common descent direction by solving a
strongly convex subproblem. Its numerical performance may nevertheless be affected by differences
in variable scaling and local curvature. Building on this approach, Newton-type [18], projected-
gradient [19], proximal [20, 21], and conjugate gradient methods have been extended to the vector
optimization setting. Vector conjugate gradient methods incorporate information from previous search
directions into the direction update. They have a simple structure and require little storage, which
makes them potentially attractive for high-dimensional problems. To preserve descent for nonconvex
problems, existing methods commonly employ parameter truncation, restart rules, or direction-
correction mechanisms. These techniques are usually combined with vector Wolfe line searches to
establish global convergence results.

Lucambio Pérez and Prudente developed a nonlinear conjugate gradient framework [22] for vector
optimization and established corresponding global convergence results under a vector Wolfe line
search [23]. The practical implementation of vector Wolfe line searches was subsequently investigated
in greater detail. On this foundation, vector extensions of the Hager–Zhang [24], Liu–Storey [25],
spectral conjugate-gradient [26], and Polak–Ribière–Polyak (PRP) methods [27] were developed.
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These methods mainly aim to improve the direction update, provide stronger descent guarantees, and
enhance numerical stability.

Spectral-gradient and variable-metric techniques [28] can extract local scaling information from
first-order differences between consecutive iterates at a relatively low computational cost. The
Barzilai–Borwein method constructs a spectral scaling factor from secant information and has
demonstrated strong computational performance in scalar optimization. When extended to vector
optimization, such scaling can improve the vector steepest descent direction through either a scalar
parameter or a positive definite metric. Compared with a single spectral parameter, a diagonal variable
metric can adjust the weights associated with different coordinate directions separately, thereby
improving the ability of an algorithm to accommodate differences in variable scales.

Combining historical search directions with a diagonal variable metric raises two important issues.
First, a direction that is descending at xk−1 need not remain descending at the new iterate xk. Directly
reusing the previous search direction may therefore weaken or even destroy the common descent
property. Second, because the diagonal metric changes during the iteration, the corresponding metric
steepest descent subproblem also changes. It is therefore necessary to control the stability of the metric
update and to understand how this update affects both the steepest descent direction and the criticality
measure. These considerations call for a carefully controlled mechanism for incorporating historical
directions, a stable metric update, and a convergence analysis that accounts for both features.

Motivated by these observations, we propose a restarted three-term vector conjugate gradient
method with a diagonal variable metric, referred to as DVM-R3TCG. At each iteration, the method
first solves a vector steepest descent subproblem under a uniformly positive definite diagonal metric.
The diagonal scaling is then updated using first-order differences along a fixed normalized dual
direction. The restart term and the historical term are constructed according to the actual descent
quality of the previous search direction at the current iterate. When the historical information may
jeopardize descent, the method switches to a safeguarded correction branch. A final direction-selection
mechanism then ensures that the accepted search direction satisfies a uniform sufficient descent
condition.

The main contributions of this paper are summarised as follows.

(1) We propose the DVM-R3TCG algorithm, whose main algorithmic novelty lies in three new
constructions for nonconvex unconstrained vector optimization. First, a regularized diagonal
variable-metric update is incorporated into the metric steepest K-descent subproblem. Second,
an adaptive restart three-term direction is constructed to retain or discard the historical direction
according to its actual descent quality at the current iterate. Finally, safeguarding correction
and direction-selection mechanisms are designed to guarantee uniform sufficient descent. These
mechanisms are unified within a single search-direction generation framework, constituting the
main algorithmic novelty of DVM-R3TCG over existing vector conjugate gradient methods.

(2) Unlike existing vector conjugate gradient methods that often rely on restrictions, truncations,
or additional control conditions to ensure descent, DVM-R3TCG directly guarantees uniform
sufficient descent through its safeguarding mechanism. This yields global subsequential
convergence and the existence of at least one K-critical accumulation point. Under the additional
condition αk ≥ α > 0, we further prove that ∥pk∥ → 0 and derive conditional iteration-complexity
bounds, which remain uncommon for this class, namely, T p

τ = O(τ−2) and T θ
ε = O(ε−1).

(3) Systematic numerical experiments validate the computational efficiency and robustness of DVM-
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R3TCG. Ablation experiments separately reveal the practical contribution of the diagonal
variable-metric module to the algorithmic performance, while sensitivity analysis of the key
parameters verifies the parameter stability and further demonstrates the practical applicability
of the method.

The remainder of this paper is organized as follows. Section 2 introduces the basic concepts of
vector optimization together with the preliminary results needed for the subsequent analysis. The
proposed method is presented in Section 3, where the sufficient descent property of the search
directions is also established. The global subsequential convergence analysis is developed in Section 4.
Numerical results are reported in Section 5, and the paper is concluded in Section 6.

2. Preliminaries

This section presents the basic concepts and properties required for the construction of the algorithm
and the convergence analysis [22,24]. We use ⟨·, ·⟩ and ∥·∥ to denote the Euclidean inner product and its
induced norm, respectively. The corresponding spectral norm is used for matrices, while ∥ · ∥F denotes
the Frobenius norm. For a continuously differentiable mapping F : Rn → Rm, we denote the Jacobian
matrix of F at x by JF(x).

2.1. Cone order, criticality, and the descent function

Let K ⊂ Rm be a closed, convex, and pointed cone with a nonempty interior. The partial order and
strict partial order induced by K are defined by

a ⪯K b ⇐⇒ b − a ∈ K, a ≺K b ⇐⇒ b − a ∈ int(K).

When K = Rm
+ , these relations reduce to the usual componentwise order.

For problem (1.1), a point x∗ is called a K-efficient solution if there is no x ∈ Rn such that

F(x) ⪯K F(x∗), F(x) , F(x∗).

When K = Rm
+ , a K-efficient solution is precisely a Pareto efficient solution in the usual sense.

A point x is called K-critical if

Im
(
JF(x)

)
∩

(
− int(K)

)
= ∅.

If x is not K-critical, then there exists a direction d ∈ Rn such that JF(x)d ∈ − int(K). In this case, d is
called a K-descent direction for F at x.

From the above relations, it follows that for continuously differentiable vector optimization
problems, every K-efficient point is K-critical; in particular, when K = Rm

+ , every Pareto efficient point
is K-critical. For nonconvex problems, however, K-criticality is only a first-order necessary condition
and does not guarantee global K-efficiency.

The dual cone of K is defined by

K∗ := {λ ∈ Rm | ⟨λ, y⟩ ≥ 0 for all y ∈ K} .
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To ensure that the descent criterion and the line-search conditions are computable, we further
assume that K∗ is finitely generated. Let

Z =
{
λ1, λ2, . . . , λq

}
⊂ K∗ \ {0}, ∥λi∥ = 1, i = 1, . . . , q

be a set of normalized generators satisfying

K∗ = cone(Z) =

 q∑
i=1

αiλ
i

∣∣∣∣∣∣∣ αi ≥ 0, i = 1, . . . , q

 .
This assumption is equivalent to requiring K∗ to be a polyhedral cone. The normalization of the
generators eliminates the effect of arbitrary scaling on the descent function and the algorithmic
parameters. When K = Rm

+ , we have K∗ = Rm
+ and may take

Z = {e1, e2, . . . , em},

where ei is the ith unit vector in Rm.
Define

ϕ(y) := max
λ∈Z
⟨λ, y⟩.

The properties of the dual cone and the bipolar cone yield

y ∈ −K ⇐⇒ ϕ(y) ≤ 0, y ∈ − int(K) ⇐⇒ ϕ(y) < 0.

We further define the cone-order descent function by

H(x, d) := ϕ
(
JF(x)d

)
= max

λ∈Z
⟨λ, JF(x)d⟩. (2.1)

Therefore, d is a K-descent direction at x if and only if H(x, d) < 0. Moreover, x is K-critical if and
only if

H(x, d) ≥ 0, for all d ∈ Rn.

Lemma 2.1. The function H has the following properties.

(1) For all x, d1, d2 ∈ R
n and all a, b ≥ 0,

H(x, ad1 + bd2) ≤ aH(x, d1) + bH(x, d2).

In particular, for all a ≥ 0,
H(x, ad) = aH(x, d).

(2) For all x, y, d ∈ Rn,
|H(x, d) − H(y, d)| ≤ ∥JF(x) − JF(y)∥ ∥d∥.

If JF is Lipschitz continuous on Ω with constant LJ > 0, then

|H(x, d) − H(y, d)| ≤ LJ∥x − y∥ ∥d∥, x, y ∈ Ω. (2.2)
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Proof. The subadditivity and positive homogeneity of ϕ give

H(x, ad1 + bd2) = ϕ
(
aJF(x)d1 + bJF(x)d2

)
≤ aϕ

(
JF(x)d1

)
+ bϕ

(
JF(x)d2

)
.

Hence, the first assertion follows.
Using the elementary estimate for a finite maximum and ∥λ∥ = 1, we obtain

|H(x, d) − H(y, d)| ≤ max
λ∈Z

∣∣∣〈λ, (JF(x) − JF(y)
)
d
〉∣∣∣

≤ ∥JF(x) − JF(y)∥ ∥d∥.

Combining this estimate with the Lipschitz continuity of JF yields (2.2). □

2.2. Regularized diagonal variable metric

Let
Uk = Diag(uk), uk =

(
uk,1, uk,2, . . . , uk,n

)T
.

Given sk, yk ∈ R
n, a regularization parameter ω > 0, and constants 0 < mL ≤ 1 ≤ mU < +∞, we define

Uk+1 as the solution of the following regularized diagonal secant-fitting problem:

min
U=Diag(u)

∥Usk − yk∥
2 + ω∥U − Uk∥

2
F

subject to mLI ⪯ U ⪯ mU I.
(2.3)

Problem (2.3) can be decomposed into n independent one-dimensional strongly convex problems.
Let Π[mL,mU ] denote the projection onto the interval [mL,mU]. Then,

ũk+1,i =
sk,iyk,i + ωuk,i

s2
k,i + ω

, uk+1,i = Π[mL,mU ]
(̃
uk+1,i

)
, i = 1, . . . , n. (2.4)

The regularization term is used to suppress abrupt changes in the metric matrix, while the interval
projection ensures that the metric matrix remains uniformly positive definite.

To construct yk, fix a normalized dual direction satisfying

λ0 ∈ int(K∗), ∥λ0∥ = 1,

and define
g(x) := JF(x)Tλ0, sk := xk+1 − xk, yk := g(xk+1) − g(xk). (2.5)

When K = Rm
+ , we may take

λ0 =
1
√

m
(1, 1, . . . , 1)T .

The vector λ0 is used only to extract diagonal scaling information. The descent property of a search
direction is still determined by H(x, d).
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Lemma 2.2. Suppose that U0 = I and that Uk is updated according to (2.3)–(2.4). Then, for every
k ≥ 0, the following inequalities hold:

mLI ⪯ Uk ⪯ mU I, mL∥d∥2 ≤ dT Ukd ≤ mU∥d∥2. (2.6)

If JF is Lipschitz continuous with constant LJ on a set containing xk and xk+1, then

∥Uk+1 − Uk∥F ≤ CU∥sk∥
2, CU :=

LJ + mU

ω
. (2.7)

Proof. Since U0 = I and mL ≤ 1 ≤ mU , the conclusion holds for k = 0. It follows from (2.4) that

uk+1,i ∈ [mL,mU], i = 1, . . . , n.

Therefore, the first pair of matrix inequalities follows by induction, while the quadratic-form estimates
follow directly from the lower and upper eigenvalue bounds of Uk.

We next prove (2.7). Since uk,i ∈ [mL,mU] and the interval projection is nonexpansive, we have

|uk+1,i − uk,i| ≤ |̃uk+1,i − uk,i|.

By (2.4),

ũk+1,i − uk,i =
sk,i

(
yk,i − uk,isk,i

)
s2

k,i + ω
.

Let
Dk := Diag

(
s2

k,1 + ω, . . . , s
2
k,n + ω

)
.

Using the fact that the Frobenius norm of a diagonal matrix equals the Euclidean norm of its diagonal
vector, we obtain

∥Uk+1 − Uk∥F ≤
∥∥∥D−1

k Diag(sk)
(
yk − Uksk

)∥∥∥
≤
∥sk∥

ω
(∥yk∥ + ∥Uksk∥) .

By (2.5), ∥λ0∥ = 1, and the Lipschitz continuity of JF, we have

∥yk∥ =
∥∥∥(JF(xk+1) − JF(xk)

)T
λ0

∥∥∥
≤ ∥JF(xk+1) − JF(xk)∥ ∥λ0∥

≤ LJ∥sk∥.

Combining this estimate with ∥Uksk∥ ≤ mU∥sk∥ gives (2.7). □

2.3. Metric steepest K-descent direction

Given a symmetric positive definite matrix U, define the metric steepest K-descent direction by

v(x; U) := arg min
d∈Rn

{
H(x, d) +

1
2

dT Ud
}
, (2.8)

and define the corresponding criticality function by

θ(x; U) := H
(
x, v(x; U)

)
+

1
2

v(x; U)T Uv(x; U). (2.9)
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Since H(x, ·) is a finite convex function and U ≻ 0, the objective function in (2.8) is strongly convex
and coercive. Hence, its minimizer exists and is unique.

When Z is finite, problem (2.8) is equivalent to the following strongly convex quadratic program:

min
d∈Rn, t∈R

t +
1
2

dT Ud

subject to ⟨λ, JF(x)d⟩ ≤ t, λ ∈ Z.

In particular, when K = Rm
+ , the constraints can be written as

[JF(x)d]i ≤ t, i = 1, . . . ,m.

This formulation is used to solve the metric steepest descent subproblem numerically.

Lemma 2.3. Let U ≻ 0 and let v = v(x; U). Then the following conclusions hold.

(1) The point x is K-critical if and only if v = 0, which is also equivalent to θ(x; U) = 0.
(2) For every x, the following exact identities hold:

H(x, v) = −vT Uv, θ(x; U) = −
1
2

vT Uv. (2.10)

(3) If x is not K-critical, then v , 0 and

H(x, v) < 0, θ(x; U) < 0.

(4) The mapping (x,U) 7−→ v(x; U) and the function (x,U) 7−→ θ(x; U) are continuous on the set
where U ≻ 0.

Proof. Define

Φ(d; x,U) := H(x, d) +
1
2

dT Ud.

Suppose first that x is K-critical. Then H(x, d) ≥ 0 for every d ∈ Rn, and hence,

Φ(d; x,U) ≥
1
2

dT Ud ≥ 0 = Φ(0; x,U).

Since the objective function is strongly convex, its minimizer is unique. Therefore, v = 0.
Conversely, suppose that v = 0. For every d ∈ Rn and every t > 0, we have

0 = Φ(0; x,U) ≤ Φ(td; x,U) = tH(x, d) +
t2

2
dT Ud.

Dividing both sides by t > 0 and letting t ↓ 0 gives

H(x, d) ≥ 0, for all d ∈ Rn.

Therefore, x is K-critical.
We next prove (2.10). If v = 0, the conclusion is immediate. Suppose that v , 0 and consider the

univariate function

q(t) := Φ(tv; x,U) = tH(x, v) +
t2

2
vT Uv, t ≥ 0.
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Since v is the minimizer of Φ(·; x,U), the point t = 1 is an interior minimizer of q on [0,+∞). Hence,

q′(1) = H(x, v) + vT Uv = 0.

It follows that
H(x, v) = −vT Uv.

Substituting this identity into (2.9) gives

θ(x; U) = −
1
2

vT Uv.

Consequently, θ(x; U) = 0 if and only if v = 0. When v , 0, the positive definiteness of U yields

H(x, v) < 0, θ(x; U) < 0.

It remains to prove continuity. Suppose that (x j,U j) −→ (x,U), v j := v(x j; U j). Since U ≻ 0, there
exists a constant c > 0 such that, for all sufficiently large j, U j ⪰ cI. Moreover,

Φ(v j; x j,U j) ≤ Φ(0; x j,U j) = 0.

Since {JF(x j)} is bounded, we obtain

c
2
∥v j∥

2 ≤ −H(x j, v j) ≤ ∥JF(x j)∥ ∥v j∥.

Therefore, the sequence {v j} is bounded.
Choose an arbitrary convergent subsequence satisfying v jℓ −→ v̄. By the minimizing property, for

every d ∈ Rn,
Φ(v jℓ ; x jℓ ,U jℓ) ≤ Φ(d; x jℓ ,U jℓ).

Letting ℓ → ∞ and using the continuity of H, we obtain

Φ(v̄; x,U) ≤ Φ(d; x,U), for all d ∈ Rn.

Therefore,
v̄ = v(x; U).

Since the minimizer is unique, the entire sequence {v j} converges to v(x; U). Hence, v(x; U) is
continuous. The continuity of θ(x; U) follows immediately from (2.9). □

It follows from (2.6) and (2.10) that whenever mLI ⪯ U ⪯ mU I, we have

mL∥v(x; U)∥2 ≤ −H
(
x, v(x; U)

)
≤ mU∥v(x; U)∥2. (2.11)

Therefore, ∥v(x; U)∥ can be used as a criticality measure under uniformly bounded metric conditions.
We next present a stability result required for the convergence analysis. Define

U :=
{
U ∈ Rn×n

∣∣∣ U = UT , mLI ⪯ U ⪯ mU I
}
.

AIMS Mathematics Volume 11, Issue 9, 30904–30943.



30913

Lemma 2.4. Let C ⊂ Ω be compact, and suppose that JF is Lipschitz continuous on Ω with constant
LJ. Then there exists a constant Lθ > 0 such that, for all x, y ∈ C and U,V ∈ U,

|θ(x; U) − θ(y; V)| ≤ Lθ (∥x − y∥ + ∥U − V∥F) . (2.12)

Proof. By Lemma 2.3, the mapping v(x; U) is continuous on the compact set C × U. Hence, there
exists a constant Mv > 0 such that

∥v(x; U)∥ ≤ Mv, (x,U) ∈ C ×U.

Let
p = v(x; U), q = v(y; V).

By the minimizing properties of p and q, we have

θ(x; U) − θ(y; V) ≤ H(x, q) − H(y, q) +
1
2

qT (U − V)q

≤ LJ Mv∥x − y∥ +
1
2

M2
v∥U − V∥F .

Interchanging (x,U) and (y,V) gives the estimate in the opposite direction. Therefore,

|θ(x; U) − θ(y; V)| ≤ LJ Mv∥x − y∥ +
1
2

M2
v∥U − V∥F .

Choosing an appropriate constant Lθ > 0 yields (2.12). □

2.4. Vector Wolfe line search

Choose parameters satisfying 0 < ρ < σ < 1. Select e ∈ int(K) and scale it appropriately so that

0 < cλ := ⟨λ, e⟩ ≤ 1, λ ∈ Z.

Since Z is finite and e ∈ int(K), such a scaling can always be achieved.
Let dk be a K-descent direction at xk, which means that H(xk, dk) < 0. If a step length αk > 0

satisfies

F(xk + αkdk) ⪯K F(xk) + ραkH(xk, dk)e, (2.13a)
H(xk + αkdk, dk) ≥ σH(xk, dk), (2.13b)

then αk is said to satisfy the standard vector Wolfe conditions. Condition (2.13a) is the sufficient
decrease condition, while condition (2.13b) is the curvature condition.

If (2.13a) holds and
|H(xk + αkdk, dk)| ≤ −σH(xk, dk), (2.14)

then αk is said to satisfy the strong vector Wolfe conditions. Since H(xk, dk) < 0, condition (2.14) is
equivalent to

σH(xk, dk) ≤ H(xk + αkdk, dk) ≤ −σH(xk, dk).

Therefore, the strong vector Wolfe conditions imply the standard vector Wolfe curvature condition.
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Proposition 2.1. Suppose that the initial level set

L := {z ∈ Rn | F(z) ⪯K F(x0)}

is bounded below with respect to K. More precisely, suppose that there exists Fℓ ∈ Rm such that

Fℓ ⪯K F(z), z ∈ L.

If F is continuously differentiable, x ∈ L, and H(x, d) < 0, then there exists α > 0 satisfying the
standard vector Wolfe conditions.

Proof. Define
h(t) := H(x + td, d), h0 := H(x, d) < 0.

The function h is continuous, and
h(0) = h0 < σh0.

We first prove that there exists ᾱ > 0 such that

h(ᾱ) ≥ σh0.

Suppose, to the contrary, that
h(t) < σh0

holds for every t ≥ 0. Then, for every λ ∈ Z and every α > 0,

⟨λ, F(x + αd) − F(x)⟩ =
∫ α

0
⟨λ, JF(x + td)d⟩ dt

≤

∫ α

0
h(t) dt

< ασh0 < 0.

Since the above inequality holds for all λ ∈ Z and Z generates K∗, it follows that

F(x + αd) ≺K F(x) ⪯K F(x0).

Consequently,
x + αd ∈ L, α > 0.

For each fixed λ ∈ Z, we also have

⟨λ, F(x + αd)⟩ < ⟨λ, F(x)⟩ + ασh0 −→ −∞.

However, the inequality Fℓ ⪯K F(x + αd) implies that

⟨λ, F(x + αd)⟩ ≥
〈
λ, Fℓ

〉
,

which gives a contradiction. Therefore, the required value ᾱ must exist.
Set

ᾱ := inf {t > 0 | h(t) ≥ σh0} .
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By the continuity of h, we have

h(ᾱ) = σh0, h(t) < σh0, 0 ≤ t < ᾱ.

For every λ ∈ Z, it follows that

⟨λ, F(x + ᾱd) − F(x) − ρᾱh0e⟩

=

∫ ᾱ

0
⟨λ, JF(x + td)d⟩ dt − ρᾱh0⟨λ, e⟩

≤ ᾱσh0 − ρᾱh0cλ
= ᾱh0 (σ − ρcλ) ≤ 0.

Here, we have used
0 < cλ ≤ 1, 0 < ρ < σ < 1, h0 < 0.

Since Z generates K∗, we obtain

F(x + ᾱd) ⪯K F(x) + ρᾱH(x, d)e.

At the same time,
H(x + ᾱd, d) = σH(x, d).

Therefore, ᾱ satisfies the standard vector Wolfe conditions. □

3. Algorithm description

This section presents the restarted three-term vector conjugate gradient method with a diagonal
variable metric, abbreviated as DVM-R3TCG. We also establish the well-definedness of the
algorithmic parameters and the uniform sufficient descent property of the search directions. The term
“three-term” means that the candidate direction consists of the baseline term, the restart correction
term, and the historical direction term, namely

d̃k = pk − rk pk + |βk|dk−1.

The three terms provide current descent information, adjust the degree of restart, and exploit historical
search information, respectively. They are not required to correspond to three linearly independent
directions.

3.1. Restarted three-term candidate direction

Inspired by three-term constructions in scalar nonlinear conjugate gradient methods [29], we
develop a corresponding direction structure for vector optimization using the cone-order descent
function H.

At iteration k, given the current iterate xk and the diagonal variable-metric matrix Uk, define

pk := v(xk; Uk), θk := θ(xk; Uk), ak := −H(xk, pk). (3.1)
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By Lemma 2.3, if xk is not K-critical, then pk , 0 and

ak = pT
k Uk pk = −2θk ≥ mL∥pk∥

2 > 0.

The initial search direction is chosen as

d0 = p0.

In what follows, assume that k ≥ 1 and that dk−1 is a K-descent direction at xk−1.
To measure the possible non-descent effect of the historical direction dk−1 at the current point, define

S k := max {H(xk, dk−1), 0} . (3.2)

When S k = 0, the historical direction has no positive adverse effect on the descent property at the
current point. When S k > 0, the influence of the historical direction must be controlled.

Define the scaling parameter and the numerator of the historical coefficient by

δk :=
(

ak

ak−1

)1/2

, Nk := ak +
δk

2
[
H(xk, pk−1) + H(xk−1, pk−1)

]
. (3.3)

Furthermore, let
Wk := max

{
Tk,1,Tk,2,Tk,3,Tk,4

}
, (3.4)

where
Tk,1 := η

√
akak−1,

Tk,2 := ak−1,

Tk,3 := H(xk, dk−1) − H(xk−1, dk−1),
Tk,4 := −H(xk−1, dk−1),

η > 0.

Define the historical coefficient and the restart parameter by

βk :=
Nk

Wk
, rk := ζk

S k

Wk
, 0 ≤ ζk ≤ ζ̄ < 1. (3.5)

Here, Wk prevents degeneration of the denominator and suppresses excessive growth of the parameters,
while rk adjusts the restart intensity according to the descent quality of the historical direction at the
current point.

Lemma 3.1. Suppose that neither xk−1 nor xk is K-critical and that dk−1 is a K-descent direction at
xk−1. Then all the parameters in (3.3)–(3.5) are well defined, and

Wk > 0, 0 ≤ rk ≤ ζ̄ < 1.

Proof. By Lemma 2.3 and the descent property of dk−1, we have

ak > 0, ak−1 > 0, −H(xk−1, dk−1) > 0.

Therefore,
Tk,1 > 0, Tk,2 > 0, Tk,4 > 0,
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and hence, Wk > 0. Since ak > 0 and ak−1 > 0, the parameters δk, βk, and rk are all well defined.
If H(xk, dk−1) ≤ 0, then (3.2) gives S k = 0, and consequently rk = 0.
If H(xk, dk−1) > 0, then S k = H(xk, dk−1). Since H(xk−1, dk−1) < 0, we obtain

Tk,3 = H(xk, dk−1) − H(xk−1, dk−1)
> H(xk, dk−1) = S k.

Thus, Wk > S k, and therefore

0 ≤ rk = ζk
S k

Wk
< ζk ≤ ζ̄ < 1.

□

Choose parameters satisfying
0 < µ̂ < 1, µ̂ + ζ̄ < 1.

If
|βk|S k ≤ µ̂ak, (3.6)

then the possible non-descent effect of the historical direction remains sufficiently controlled by the
current baseline descent quantity, and the three-term direction retaining the historical information is
used.

If (3.6) does not hold, define the safeguarded direction by

qk :=

dk−1, H(xk, dk−1) < 0,
pk, H(xk, dk−1) ≥ 0.

(3.7)

It follows directly from the definition that H(xk, qk) < 0 in both cases. Given parameters 0 < ξ < 1 and
ψ > 0, with βk and rk defined by (3.5) and qk defined by (3.7), we define the candidate direction as

d̃k :=


pk − rk pk + |βk|dk−1, if (3.6) holds,

pk + ξ
ak

max {−H(xk, qk), ψ∥qk∥}
qk, otherwise.

(3.8)

The first case retains the baseline term, the restart correction term, and the historical direction term.
The second case uses the known descent direction qk to apply a safeguarded correction to the baseline
direction pk.

From the algorithmic design, compared with the common practice of taking the restart direction
directly as pk, we adopt a restart mechanism along the ray generated by the current metric steepest K-
descent direction pk. When condition (3.6) does not hold, we have S k > 0, and hence H(xk, dk−1) > 0.
By (3.7), qk = pk. In this case, the second branch of (3.8) reduces to

d̃k = ck pk, ck = 1 + ξ
ak

max{ak, ψ∥pk∥}
> 1.

Therefore, the historical direction dk−1 is completely discarded, and the ck-multiple of the current metric
steepest K-descent direction pk is selected as the restart direction.
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Lemma 3.2. If xk is not K-critical, then the candidate direction defined by (3.8) satisfies

H(xk, d̃k) < 0.

Proof. Since xk is not K-critical, we have

ak = −H(xk, pk) > 0.

Suppose first that (3.6) holds. By the sublinearity of H(xk, ·),

H(xk, d̃k) ≤ (1 − rk)H(xk, pk) + |βk|H(xk, dk−1).

If H(xk, dk−1) ≤ 0, then rk < 1 and H(xk, pk) < 0 immediately give

H(xk, d̃k) < 0.

If H(xk, dk−1) > 0, then S k = H(xk, dk−1). Combining (3.6) with rk ≤ ζ̄ gives

H(xk, d̃k) ≤ −(1 − rk)ak + |βk|S k

≤ −(1 − rk − µ̂)ak

≤ −(1 − ζ̄ − µ̂)ak < 0.

Now, suppose that (3.6) does not hold. Let

Mk := max {−H(xk, qk), ψ∥qk∥} .

Since H(xk, qk) < 0, we have Mk > 0. Using sublinearity again yields

H(xk, d̃k) ≤ H(xk, pk) + ξ
ak

Mk
H(xk, qk)

< H(xk, pk) < 0.

Therefore, d̃k is a K-descent direction at xk in both cases. □

3.2. Uniform sufficient descent direction

Although the candidate direction has the strict descent property, its degree of descent need not admit
a uniform lower bound. A final safeguarded selection mechanism is therefore introduced.

Choose
µ >

1
2
, χ := 1 −

1
2µ
∈ (0, 1).

By Lemma 3.2, we have d̃k , 0. Define the safeguarded correction parameter by

β̄k :=
H(xk, pk)

2µmax
{
H(xk,−d̃k), ψ∥d̃k∥

} . (3.9)

The denominator in (3.9) is positive, while H(xk, pk) < 0. Hence,

β̄k < 0.
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Using the candidate direction d̃k and the safeguarded correction parameter β̄k defined above, we define
the final search direction as

dk :=

d̃k, H(xk, d̃k) ≤ χH(xk, pk),

pk + β̄kd̃k, otherwise.
(3.10)

The first case accepts the candidate direction directly. Otherwise, the safeguarded correction is
applied to the candidate direction. Since β̄k < 0, the correction term β̄kd̃k is a positive multiple of −d̃k,
whose magnitude is controlled by max{H(xk,−d̃k), ψ∥d̃k∥} in (3.9). The resulting sufficient descent
property is established in Proposition 3.1.

Proposition 3.1. If xk is not K-critical, then the search direction defined by (3.10) satisfies

H(xk, dk) ≤ χH(xk, pk) < 0. (3.11)

Proof. When k = 0, we have d0 = p0. Since H(x0, p0) < 0 and 0 < χ < 1, it follows that

H(x0, d0) = H(x0, p0) ≤ χH(x0, p0) < 0.

Assume henceforth that k ≥ 1.
If the first case in (3.10) holds, then (3.11) follows directly from the definition.
Finally, consider the remaining case. In this case,

H(xk, d̃k) > χH(xk, pk), H(xk,−d̃k) > 0, β̄k < 0.

Observe that
dk = pk + (−β̄k)(−d̃k), −β̄k > 0.

Using the sublinearity of H(xk, ·), we obtain

H(xk, dk) ≤ H(xk, pk) + (−β̄k)H(xk,−d̃k).

By (3.9),

(−β̄k)H(xk,−d̃k) =
−H(xk, pk)H(xk,−d̃k)

2µmax
{
H(xk,−d̃k), ψ∥d̃k∥

}
≤ −

H(xk, pk)
2µ

.

Therefore,

H(xk, dk) ≤ H(xk, pk) −
H(xk, pk)

2µ

=

(
1 −

1
2µ

)
H(xk, pk)

= χH(xk, pk) < 0.

□
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By Proposition 3.1, the direction dk generated at every nonterminating iteration is a K-descent
direction at xk and satisfies a uniform sufficient descent bound that is independent of the iteration
index. Combining this result with (3.1) also gives

−H(xk, dk) ≥ χak ≥ χmL∥pk∥
2. (3.12)

Estimate (3.12) provides an important foundation for establishing the global convergence results in the
next section.

3.3. The DVM-R3TCG algorithm

Algorithm 3.1. The DVM-R3TCG algorithm
Step 0. Choose an initial point x0 ∈ R

n, set U0 = I, and choose a stopping tolerance ε ≥ 0. Select
parameters satisfying 0 < ρ < σ < 1, µ > 1

2 , 0 < µ̂ < 1, 0 < ξ < 1, η > 0, ψ > 0, 0 ≤ ζk ≤ ζ̄ < 1,
µ̂ + ζ̄ < 1, ω > 0, and 0 < mL ≤ 1 ≤ mU . Take the normalized set Z, the vector e ∈ int(K), and
λ0 ∈ int(K∗) defined in Section 2. Set k := 0.
Step 1. Compute pk = v(xk; Uk) and θk = θ(xk; Uk). If |θk| ≤ ε, output xk and stop. Otherwise, proceed
to Step 2.
Step 2. If k = 0, set d0 = p0. If k ≥ 1, compute S k, δk, Nk, Wk, βk, and rk according to (3.2)–(3.5).
Then compute the candidate direction d̃k and the final search direction dk according to (3.7)–(3.10).
Step 3. Use the standard vector Wolfe line search to determine αk > 0 and set

xk+1 = xk + αkdk. (3.13)

Step 4. Compute sk and yk according to (2.5). Then update Uk+1 using the regularized diagonal
variable-metric formula given in Section 2.
Step 5. Set k := k + 1 and return to Step 1.

Remark 3.1. By Lemma 2.3, θk = 0 if and only if pk = 0, which is also equivalent to xk being K-critical.
Since θk ≤ 0, for ε > 0, the condition |θk| ≤ ε is equivalent to θk ≥ −ε. Thus, the stopping criterion in
Algorithm 3.1 provides a natural approximate criticality condition for the numerical implementation.

4. Global convergence

This section investigates the global convergence properties of the DVM-R3TCG method. We
consider the case in which the algorithm generates an infinite sequence of iterates {xk}, and we
assume that the line search at each iteration returns a step length satisfying the standard vector Wolfe
conditions.

We make the following assumptions to establish the convergence results.

Assumption 4.1. The initial level set

L := {x ∈ Rn | F(x) ⪯K F(x0)}

is bounded, and F is bounded below on L with respect to the cone order. More precisely, there exists
Fℓ ∈ Rm such that

Fℓ ⪯K F(x), x ∈ L.
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Assumption 4.2. There exist an open set Ω ⊂ Rn containing L and a constant LJ > 0 such that

∥JF(x) − JF(y)∥ ≤ LJ∥x − y∥, x, y ∈ Ω.

By Proposition 3.1, every search direction generated at a nonterminating iteration is a K-descent
direction. Together with Proposition 2.1, this shows that a standard vector Wolfe step length always
exists under Assumptions 4.1–4.2.

Lemma 4.1. Under Assumptions 4.1–4.2, all iterates belong to L. Moreover, the sequences {JF(xk)},
{pk}, {θk}, and {ak} are bounded, where ak := −H(xk, pk).

Proof. The Wolfe sufficient decrease condition and H(xk, dk) < 0 give

F(xk+1) ⪯K F(xk) + ραkH(xk, dk)e ⪯K F(xk).

Induction therefore yields
F(xk) ⪯K F(x0), for all k ≥ 0,

and hence, xk ∈ L for all k ≥ 0.
Since F is continuous and K is closed, the set L is closed. Assumption 4.1 also states that L is

bounded, so L is compact. Assumption 4.2 then implies that JF is bounded on L. Consequently, the
sequence {JF(xk)} is bounded.

By Lemma 2.2,
mLI ⪯ Uk ⪯ mU I, for all k ≥ 0.

Thus, {Uk} ⊂ U, where U is compact. The continuity of the mapping (x,U) 7−→ v(x; U) and the
function (x,U) 7−→ θ(x; U) established in Lemma 2.3 implies that the sequences {pk} and {θk} are
bounded. Finally, the identity

ak = −2θk = pT
k Uk pk

implies that {ak} is bounded. □

Define
ce := min

λ∈Z
⟨λ, e⟩ > 0.

Theorem 4.1. Under Assumptions 4.1–4.2, if the step length at every iteration satisfies the standard
vector Wolfe conditions, then

∞∑
k=0

H(xk, dk)2

∥dk∥
2 < +∞. (4.1)

Proof. By the Wolfe sufficient decrease condition, for each fixed λ ∈ Z, we have

⟨λ, F(xk+1)⟩ ≤ ⟨λ, F(xk)⟩ + ραkH(xk, dk)⟨λ, e⟩
≤ ⟨λ, F(xk)⟩ + ρceαkH(xk, dk).

The last inequality follows from H(xk, dk) < 0 and ⟨λ, e⟩ ≥ ce. Therefore,

ρceαk[−H(xk, dk)] ≤ ⟨λ, F(xk) − F(xk+1)⟩.
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Summing this inequality from k = 0 to N gives

ρce

N∑
k=0

αk[−H(xk, dk)] ≤ ⟨λ, F(x0) − F(xN+1)⟩.

By Assumption 4.1, there exists Fℓ such that Fℓ ⪯K F(xN+1), which implies

⟨λ, F(xN+1)⟩ ≥ ⟨λ, Fℓ⟩.

Hence, the right-hand side is uniformly bounded above. Letting N → ∞ yields

∞∑
k=0

αk[−H(xk, dk)] < +∞.

The Wolfe curvature condition gives H(xk+1, dk) ≥ σH(xk, dk). It follows that

(1 − σ)[−H(xk, dk)] ≤ H(xk+1, dk) − H(xk, dk).

By Lemma 2.1 and Assumption 4.2,

H(xk+1, dk) − H(xk, dk) ≤ ∥JF(xk+1) − JF(xk)∥ ∥dk∥

≤ LJ∥xk+1 − xk∥ ∥dk∥

= LJαk∥dk∥
2.

Therefore,

αk ≥
(1 − σ)[−H(xk, dk)]

LJ∥dk∥
2 .

Substituting this estimate into the preceding summable series gives

∞∑
k=0

H(xk, dk)2

∥dk∥
2 < +∞.

□

We next prove the main convergence result. Under the contradiction hypothesis that the criticality
measure remains bounded away from zero, Lemma 4.2 first shows that the historical coefficient satisfies
|βk| ≤ Cβ∥sk−1∥. Using this estimate, Lemma 4.3 gives the recursive representation dk = ck + bkdk−1,
where {ck} is bounded and bk ≤ Cβ∥sk−1∥. Lemma 4.4 then combines this representation with
Theorem 4.1 to obtain

∑∞
k=kγ 1/∥dk∥

2 < +∞ and the square summability of the successive changes in
the normalized search directions zk = dk/∥dk∥. The latter implies that the normalized search directions
become nearly aligned over any fixed block of sufficiently late iterations. The boundedness of the
level set then provides a uniform bound on the accumulated step lengths over such a block, which in
turn yields a uniform bound on the corresponding sum of the recursive coefficients bk. Combining
this bound with the recursion in Lemma 4.3 shows that {dk} is eventually bounded, contradicting the
first summability result in Lemma 4.4. This is the basic idea underlying the convergence proof of
Theorem 4.2.
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We now make the above argument rigorous. Suppose, to the contrary, that there exist a constant
γ > 0 and an integer kγ such that

∥pk∥ ≥ γ, for all k ≥ kγ. (4.2)

It follows from (2.11) and Lemma 4.1 that there exist constants satisfying

0 < amin ≤ amax < +∞

such that
amin ≤ ak ≤ amax, for all k ≥ kγ.

In particular, one may take
amin = mLγ

2.

Lemma 4.2. If (4.2) holds, then there exists a constant Cβ > 0 such that, for all sufficiently large k,

|βk| ≤ Cβ∥sk−1∥, sk−1 := xk − xk−1. (4.3)

Proof. Since ak = −2θ(xk; Uk), Lemma 2.4 and (2.7) give

|ak − ak−1| ≤ 2Lθ (∥sk−1∥ + ∥Uk − Uk−1∥F)

≤ 2Lθ
(
∥sk−1∥ +CU∥sk−1∥

2
)
.

Since {xk} ⊂ L, the sequence {sk} is bounded. Therefore, there exists a constant Ca > 0 such that

|ak − ak−1| ≤ Ca∥sk−1∥.

Let
Ek := H(xk, pk−1) − H(xk−1, pk−1).

By Lemma 2.1, Assumption 4.2, and the boundedness of {pk}, there exists a constant CE > 0 such that

|Ek| ≤ LJ∥sk−1∥ ∥pk−1∥ ≤ CE∥sk−1∥.

It follows from (3.3) and H(xk−1, pk−1) = −ak−1 that

Nk = ak − δkak−1 +
δk

2
Ek.

Moreover,

δk =

√
ak

ak−1
,

and hence,
|ak − δkak−1| =

∣∣∣ak −
√

akak−1

∣∣∣
=

√
ak

√
ak +

√
ak−1
|ak − ak−1|

≤ |ak − ak−1|.
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The uniform upper and lower bounds on {ak} imply that {δk} is bounded. Therefore, there exists a
constant CN > 0 such that

|Nk| ≤ CN∥sk−1∥.

It also follows from (3.4) that
Wk ≥ Tk,2 = ak−1 ≥ amin.

Consequently,

|βk| =
|Nk|

Wk
≤

CN

amin
∥sk−1∥.

□

Lemma 4.3. If (4.2) holds, then there exist constants Cd > 0 and Cβ > 0, a bounded vector sequence
{ck}, and a nonnegative sequence {bk} such that, for all sufficiently large k,

dk = ck + bkdk−1, ∥ck∥ ≤ Cd, 0 ≤ bk ≤ Cβ∥sk−1∥. (4.4)

Proof. Suppose first that the control condition (3.6) holds and the candidate direction is accepted as
the final search direction. Then,

dk = (1 − rk)pk + |βk|dk−1.

Set
ck = (1 − rk)pk, bk = |βk|.

Since 0 ≤ rk < 1, the sequence {pk} is bounded, and Lemma 4.2 holds, relation (4.4) follows.
We next consider the remaining branches. In each of these cases, set

bk = 0, ck = dk.

It remains only to prove that {dk} is bounded.
Suppose first that the control condition (3.6) does not hold. Then

|βk|S k > µ̂ak > 0.

Thus, S k > 0, which implies
H(xk, dk−1) > 0.

It follows from (3.7) that qk = pk. The safeguarded candidate direction therefore becomes

d̃k =

(
1 + ξ

ak

max{ak, ψ∥pk∥}

)
pk.

The coefficient in parentheses does not exceed 1 + ξ, so {d̃k} is bounded.
If the candidate direction is accepted as the final search direction, then

dk = d̃k,

and hence, {dk} is bounded.
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Otherwise, the final direction uses the safeguarded correction

dk = pk + β̄kd̃k.

Then, (3.9) gives
|β̄k| ∥d̃k∥ ≤

ak

2µψ
.

Since both {ak} and {pk} are bounded, the sequence {dk} is also bounded.
Finally, suppose that the control condition (3.6) holds but the candidate direction is not accepted as

the final search direction. Then
dk = pk + β̄kd̃k.

Again, (3.9) gives
|β̄k| ∥d̃k∥ ≤

ak

2µψ
.

Since both {ak} and {pk} are bounded, the sequence {dk} is bounded.
Therefore, in all remaining cases, we set bk = 0 and ck = dk. The preceding estimates show that the

sequence {ck} is bounded. Thus, (4.4) follows. □

Define
zk :=

dk

∥dk∥
.

Lemma 4.4. If (4.2) holds, then
∞∑

k=kγ

1
∥dk∥

2 < +∞,

∞∑
k=kγ+1

∥zk − zk−1∥
2 < +∞. (4.5)

Proof. By Proposition 3.1, (2.11), and (4.2),

−H(xk, dk) ≥ χ[−H(xk, pk)]
= χak

≥ χmLγ
2.

Combining this estimate with Theorem 4.1 gives
∞∑

k=kγ

1
∥dk∥

2 < +∞.

We next prove the second conclusion. It follows from (4.4) that

dk = ck + bkdk−1, bk ≥ 0.

When bk > 0, the standard estimate for normalized vectors gives∥∥∥∥∥ dk

∥dk∥
−

dk−1

∥dk−1∥

∥∥∥∥∥ ≤ 2∥ck∥

∥dk∥
.

When bk = 0, we have dk = ck, and the same inequality remains valid. Therefore,

∥zk − zk−1∥ ≤
2Cd

∥dk∥
.

Squaring both sides, summing over k, and using the first conclusion yields (4.5). □
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Theorem 4.2. Under Assumptions 4.1–4.2, suppose that the algorithm generates an infinite sequence
of iterates and that every step length satisfies the standard vector Wolfe conditions. Then,

lim inf
k→∞

∥pk∥ = 0. (4.6)

Proof. Suppose, to the contrary, that the conclusion does not hold. Then there exists a constant γ > 0
such that (4.2) holds. Consequently, Lemmas 4.2–4.4 are applicable.

Let the diameter of the level set L be

DL := sup {∥x − y∥ | x, y ∈ L} < +∞.

Fix an integer ∆ ≥ 1. It follows from (4.5) that, for j = 0, 1, . . . ,∆ − 1,

∥zk+ j − zk∥ ≤

k+ j∑
i=k+1

∥zi − zi−1∥

≤
√
∆

k+∆−1∑
i=k+1

∥zi − zi−1∥
2

1/2

−→ 0 (k → ∞).

Therefore, when k is sufficiently large,

⟨zk+ j, zk⟩ ≥
1
2
, j = 0, 1, . . . ,∆ − 1.

Since
si = xi+1 − xi = αidi = ∥si∥zi, αi > 0,

we obtain
DL ≥ ∥xk+∆ − xk∥

=

∥∥∥∥∥∥∥
∆−1∑
j=0

∥sk+ j∥zk+ j

∥∥∥∥∥∥∥
≥

〈∆−1∑
j=0

∥sk+ j∥zk+ j, zk

〉

≥
1
2

∆−1∑
j=0

∥sk+ j∥.

Hence,
∆−1∑
j=0

∥sk+ j∥ ≤ 2DL.

It follows from (4.4) that
k+∆∑

i=k+1

bi ≤ Cβ

∆−1∑
j=0

∥sk+ j∥ ≤ 2CβDL.

Set
B := 2CβDL.
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Expanding the recursion (4.4) over ∆ successive steps gives

∥dk+∆∥ ≤ A∆ +

 k+∆∏
i=k+1

bi

 ∥dk∥,

where A∆ > 0 is independent of k. The arithmetic–geometric mean inequality gives

k+∆∏
i=k+1

bi ≤

 1
∆

k+∆∑
i=k+1

bi

∆ ≤ (B
∆

)∆
.

Choose ∆ sufficiently large so that

q :=
(B
∆

)∆
< 1.

Then,
∥dk+∆∥ ≤ A∆ + q∥dk∥.

Repeatedly applying this inequality along each subsequence with the same remainder modulo ∆ shows
that {∥dk∥} is eventually uniformly bounded. This would imply

∞∑
k=kγ

1
∥dk∥

2 = +∞,

which contradicts (4.5). Therefore, the assumption is false, and

lim inf
k→∞

∥pk∥ = 0. □

Theorem 4.3. Under Assumptions 4.1–4.2, suppose that the algorithm generates an infinite sequence
of iterates. Then {xk} has at least one K-critical accumulation point.

Proof. By Theorem 4.2, there exists a subsequence {k j} such that

∥pk j∥ −→ 0.

Since both L andU are compact, a further subsequence, still denoted by {k j}, can be selected so that

xk j −→ x∗, Uk j −→ U∗ ∈ U.

Since
pk j = v(xk j; Uk j),

the continuity of v(x; U) established in Lemma 2.3 gives

v(x∗; U∗) = lim
j→∞

pk j = 0.

Lemma 2.3 therefore shows that x∗ is K-critical. □

Corollary 4.4. Under Assumptions 4.1–4.2, for every fixed ε > 0, the DVM-R3TCG method reaches
|θk| ≤ ε after finitely many iterations.
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Proof. Suppose that the algorithm does not terminate. Then |θk| > ε holds for every k. By Lemmas 2.2–
2.3,

|θk| =
1
2

pT
k Uk pk ≤

mU

2
∥pk∥

2,

and hence,

∥pk∥ >

√
2ε
mU

, ∀k.

Therefore,

lim inf
k→∞

∥pk∥ ≥

√
2ε
mU

> 0.

This contradicts Theorem 4.2. Therefore, the algorithm must reach |θk| ≤ ε after finitely many
iterations. □

The preceding results show that when ε = 0, if the algorithm terminates after finitely many
iterations, the termination point is K-critical; otherwise, the algorithm generates an infinite sequence
satisfying lim infk→∞ ∥pk∥ = 0, and the sequence has at least one K-critical accumulation point. For
any ε > 0, Corollary 4.4 shows that the algorithm reaches |θk| ≤ ε and terminates after finitely many
iterations.

The above conclusions can be strengthened under an additional regularity condition on the step
lengths. If there exists a constant α > 0 such that αk ≥ α, then the summability relation established in
the proof of Theorem 4.1 together with (3.12) yields ∥pk∥ → 0. If, in addition, L contains a unique K-
critical point x∗, then the compactness of L and the continuity of v(x; U) in Lemma 2.3 imply xk → x∗.

Under the same additional condition, we next estimate the number of iterations required to attain
prescribed criticality tolerances.

Theorem 4.5. Under Assumptions 4.1–4.2, suppose that the step lengths satisfy the standard vector
Wolfe conditions. Assume further that there exists a constant α > 0 such that αk ≥ α at every
nonterminating iteration.

For a prescribed norm-based criticality tolerance τ > 0, let T p
τ = min{k ≥ 0 | ∥pk∥ ≤ τ}. Then

T p
τ = O(τ−2).

Furthermore, for the stopping criterion |θk| ≤ ε used in Algorithm 3.1, let T θ
ε = min{k ≥ 0 | |θk| ≤ ε}.

Then,
T θ
ε = O(ε−1).

Proof. Combining the summability relation established in the proof of Theorem 4.1 with (3.12), and
using αk ≥ α, we obtain

N∑
k=0

∥pk∥
2 ≤

CF

ρceαχmL
= Cp,

where CF > 0 is independent of N. Hence,

min
0≤k≤N

∥pk∥ ≤

√
Cp

N + 1
.
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Therefore, whenever N + 1 ≥ Cp/τ
2, there exists an index k ≤ N such that ∥pk∥ ≤ τ. Consequently,

T p
τ = O(τ−2).

Since ak = −2θk = 2|θk|, the same argument gives
N∑

k=0

|θk| ≤
CF

2ρceαχ
= Cθ.

It follows that
min

0≤k≤N
|θk| ≤

Cθ

N + 1
.

Therefore,
T θ
ε = O(ε−1). □

5. Numerical experiments

This section investigates the computational performance of DVM-R3TCG through numerical
experiments. We first compare the proposed method with the vector version of the nonnegative
Polak–Ribière–Polyak method (VPRP+) [22], the modified Dai–Yuan conjugate gradient method
(YDY) [30], the conjugate descent–Dai–Yuan hybrid conjugate gradient method (CD-DY) [31], and
the vector steepest descent method (SD) [17]. The efficiency and robustness of the five methods are
evaluated using Dolan–Moré performance profiles. We then examine the practical role of the diagonal
variable-metric update through an ablation experiment in which this update is disabled. Parameter
sensitivity, including the influence of the parameter µ and the initial trial step selection, is subsequently
investigated. The impact of different stopping accuracies and the computational cost of the metric
steepest-descent subproblem are also analysed. Finally, multi-start experiments are used to illustrate
the objective-space behaviour of approximate K-critical points.

The test set consists of 36 classical problem instances covering convex and nonconvex problems,
low- and high-dimensional problems, and biobjective and multiobjective problems. Several
representative instances are selected for problems such as JOS1, MGH16, MGH27, TE8, and Toi10,
whose dimensions or numbers of objectives can be varied. Throughout the experiments, we take

K = Rm
+ , Z = {e1, e2, . . . , em},

where ei is the ith unit vector in Rm.
Information on the test problems is given in Table 1. Here, m and n denote the number of objectives

and the dimension of the decision variable, respectively. The vectors lb and ub specify the box from
which the random starting points are generated,

{x ∈ Rn | lb ≤ x ≤ ub} .

This box is used only to generate the starting points. The constraints are not explicitly handled during
the iterations of the algorithms.

All algorithms were implemented in MATLAB R2022a and run in the same computing
environment. For each test problem, 100 common starting points were generated uniformly at random
from the box specified in Table 1. DVM-R3TCG, VPRP+, YDY, CD-DY, and SD were then run from
the same starting points.
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Table 1. Test problems.

Problem References m n lbT ubT

AP3 [32] 2 2 (−100,−100) (100, 100)
BK1 [33] 2 2 (−5,−5) (10, 10)
DGO1 [33] 2 1 −10 13
DGO2 [33] 2 1 −10 13
IKK1 [33] 3 2 (−50,−50) (50, 50)
JOS1-1 [34] 2 10 (0, . . . , 0) (1, . . . , 1)
JOS1-2 [34] 2 100 (0, . . . , 0) (1, . . . , 1)
JOS1-3 [34] 2 1000 (0, . . . , 0) (1, . . . , 1)
Lov5 [35] 2 3 (−2,−2,−2) (2, 2, 2)
MGH13 [36] 4 4 (−1,−1,−1,−1) (1, 1, 1, 1)
MGH16-1 [36] 10 4 (−25,−25,−25,−25) (25, 25, 25, 25)
MGH16-2 [36] 50 4 (−25,−25,−25,−25) (25, 25, 25, 25)
MGH16-3 [36] 100 4 (−25,−25,−25,−25) (25, 25, 25, 25)
MGH26 [36] 4 4 (−1,−1,−1,−1) (1, 1, 1, 1)
MGH27-1 [36] 50 10 (−1, . . . ,−1) (1, . . . , 1)
MGH27-2 [36] 100 100 (−1, . . . ,−1) (1, . . . , 1)
MGH27-3 [36] 1000 1000 (−1, . . . ,−1) (1, . . . , 1)
MGH33 [36] 6 10 (−1, . . . ,−1) (1, . . . , 1)
MLF1 [33] 2 1 0 20
MOP1 [33] 2 1 −105 105

MOP2 [33] 2 2 (−4,−4) (4, 4)
MOP3 [33] 2 2 (−π,−π) (π, π)
MOP5 [33] 3 2 (−30,−30) (30, 30)
MOP7 [33] 3 2 (−400,−400) (400, 400)
SK1 [33] 2 1 −100 100
SLCDT2 [37] 3 10 (−100, . . . ,−100) (100, . . . , 100)
SP1 [33] 2 2 (−100,−100) (100, 100)
SSFYY2 [33] 2 1 −100 100
TE4 [38] 2 10 (−10, . . . ,−10) (10, . . . , 10)
TE8-1 [38] 3 15 (0, . . . , 0) (10, . . . , 10)
TE8-2 [38] 3 30 (0, . . . , 0) (1, . . . , 1)
TE8-3 [38] 3 50 (0, . . . , 0) (1, . . . , 1)
Toi8 [39] 3 3 (−1,−1,−1) (1, 1, 1)
Toi10-1 [39] 9 10 (−2, . . . ,−2) (2, . . . , 2)
Toi10-2 [39] 49 50 (−2, . . . ,−2) (2, . . . , 2)
Toi10-3 [39] 99 100 (−2, . . . ,−2) (2, . . . , 2)

The parameters of DVM-R3TCG were chosen as µ = 0.6, µ̂ = 0.6, η = 10−4, ζk = 0.02, ξ = 0.5,
ψ = 10−4, ω = 10−6, mL = 10−8, and mU = 108. A run was terminated when θk ≥ −5

√
εmach or when

the number of iterations reached 5000, where εmach = 2−52 ≈ 2.22 × 10−16. For a fair comparison,
the five methods used the same objective scaling, stopping criterion, and line-search parameters. The

AIMS Mathematics Volume 11, Issue 9, 30904–30943.



30931

comparison methods were implemented according to their original references. VPRP+ [22], CD-
DY [31], and SD [17] require no additional method-specific parameters. For YDY [30], we set µ1 =

0.01 and µ2 = 0.1, consistent with the numerical settings reported in [30].
The metric steepest descent direction pk = v(xk; Uk) and the corresponding criticality value were

computed using the MATLAB built-in function quadprog.
The step length was determined by the strong vector Wolfe conditions with ρ = 10−4 and σ = 0.1.

Since the strong vector Wolfe conditions imply the standard vector Wolfe conditions, this line-search
strategy is compatible with the convergence analysis in Section 4.

The initial trial step length used in the line search was selected as follows. When k = 0, we used

αc
0 = min

{
max

{
1
∥p0∥

, 1
}
, αmax

}
.

When k ≥ 1, we used

αc
k = min

{
max

{
H(xk−1, dk−1)

H(xk, dk)
, 0.02

}
, 100

}
,

where αmax = 1010.
To reduce the effect of differences in the orders of magnitude of the objective components, the

following positively scaled problem was used for each starting point x0,

min
x∈Rn

(γ1 f1(x), γ2 f2(x), . . . , γm fm(x))T ,

where

γ j =
1

max
{
1, ∥∇ f j(x0)∥∞

} , j = 1, . . . ,m.

When K = Rm
+ , positive scaling of the objective components does not change the Pareto order of the

original problem. All algorithms used the same scaling factors for the same test problem and starting
point.

Dolan–Moré performance profiles were used to compare the overall efficiency and robustness of the
methods. Let P denote the set of test problems and let A denote the set of algorithms. The quantity
tp,a denotes the median performance of algorithm a ∈ A on problem p ∈ P with respect to a given
measure. Define

rp,a =
tp,a

min
{
tp,ā | ā ∈ A

} ,
and

ρa(τ) =
1
|P|

∣∣∣∣{p ∈ P
∣∣∣ rp,a ≤ τ

}∣∣∣∣ .
If an algorithm has no successful run on a problem, the corresponding performance value is set to +∞.
The value ρa(1) at the left end of the profile gives the proportion of problems for which the method
attains the best or tied-best result. As τ increases, the height of the profile at the right end reflects the
robustness of the method over the entire test set.
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5.1. Efficiency and robustness analysis

Table 2 presents the numerical results of the five methods on the test problems. The symbol “%”
denotes the percentage of runs that successfully reached the stopping criterion. IT, NF, NG, NV,
and CPU denote the median numbers of iterations, function evaluations, gradient evaluations, vector
steepest descent evaluations, and the median CPU time, respectively. For problems with success rates
below 100%, these median values were computed using only the successful runs. In the performance
profiles, unsuccessful runs were assigned the value +∞.

Table 2. Numerical results for the five methods.
Problem DVM-R3TCG VPRP+ YDY CD-DY SD

IT/NF/NG/NV/CPU/% IT/NF/NG/NV/CPU/% IT/NF/NG/NV/CPU/% IT/NF/NG/NV/CPU/% IT/NF/NG/NV/CPU/%
AP3 2/207/17/3/0.0120/96 4/845/50/5/0.0565/97 3/358/34/4/0.0394/95 3/356/34/4/0.0433/96 3/358/34/4/0.0440/95
BK1 6/342/89/6/0.0148/100 5/508/110/6/0.0535/100 5/428/86/6/0.0278/100 7/418/113/8/0.1127/100 5/427/86/6/0.0350/100
DGO1 2/73/24/3/0.0064/100 2/73/27/3/0.0337/100 2/73/24/3/0.0153/100 2/72/25/3/0.0324/100 2/73/24/3/0.0162/100
DGO2 3/270/54/4/0.0114/100 4/570/72/5/0.0489/100 3/266/59/4/0.0117/100 3/259/54/4/0.0400/100 3/266/59/4/0.0130/100
IKK1 3/232/50/4/0.0100/100 3/253/52/4/0.0225/100 3/240/44/4/0.0185/100 3/234/44/4/0.0150/100 3/236/44/4/0.0182/100
JOS1-1 4/880/42/5/0.0244/100 4/2211/81/5/0.0652/100 4/2211/75/5/0.0527/100 3/1518/51/4/0.0296/100 4/2211/75/5/0.0416/100
JOS1-2 5/887/51/6/0.0399/100 4/2211/81/5/0.0787/100 4/2211/75/5/0.0756/100 3/1475/51/4/0.0527/100 4/2211/75/5/0.0688/100
JOS1-3 6/935/58/7/1.1549/100 5/2947/107/6/1.8243/100 5/2947/99/6/1.8904/100 4/2211/75/5/1.5718/100 5/2947/99/6/1.7001/100
Lov5 2/50/19/3/0.0104/100 2/50/21/3/0.0321/100 2/50/19/3/0.0257/100 2/50/19/3/0.0281/100 2/50/19/3/0.0237/100
MGH13 4/149/84/5/0.0185/100 4/438/248/5/0.0236/100 4/153/88/5/0.0155/100 4/153/88/5/0.0224/100 4/153/88/5/0.0199/100
MGH16-1 8/619/356/9/0.0722/100 12/1238/752/12/0.1451/100 27/1242/752/28/0.1689/100 9/675/388/10/0.0715/100 23/1144/680/24/0.1419/100
MGH16-2 12/959/564/13/0.2292/100 20/1555/917/22/0.4081/100 14/864/510/15/0.2440/100 27/1222/724/28/0.3180/95 17/1060/632/18/0.2916/100
MGH16-3 12/979/562/13/0.5053/100 17/1481/886/18/1.1814/100 16/1066/654/17/0.6291/100 26/1367/789/26/0.8726/96 16/989/588/17/0.6125/100
MGH26 2/4/3/3/0.0173/92 2/11/12/3/0.0196/100 2/6/6/3/0.0138/94 2/6/6/3/0.0145/94 2/6/6/3/0.0133/94
MGH27-1 1/2/1/2/0.0153/100 1/2/2/2/0.0193/100 1/2/2/2/0.0174/100 1/2/2/2/0.0180/100 1/2/2/2/0.0153/100
MGH27-2 1/2/1/2/0.0248/100 1/2/2/2/0.0297/100 1/2/2/2/0.0263/100 1/2/2/2/0.0338/100 1/2/2/2/0.0223/100
MGH27-3 1/2/1/2/2.2274/100 1/2/2/2/2.6654/100 1/2/2/2/2.3209/100 1/2/2/2/3.5481/100 1/2/2/2/2.9638/100
MGH33 2/65/37/4/0.0112/100 2/105/60/3/0.0174/100 2/84/49/4/0.0127/100 2/85/52/4/0.0174/100 2/84/49/4/0.0129/100
MLF1 1/3/3/2/0.0086/100 1/3/3/2/0.0163/100 1/3/3/2/0.0069/100 1/3/3/2/0.0168/100 1/3/3/2/0.0144/100
MOP1 4/1740/65/5/0.0189/100 4/1953/78/5/0.0575/100 4/1848/69/5/0.0386/100 3/1307/49/4/0.0428/100 4/1830/69/5/0.0515/100
MOP2 1/3/3/2/0.0079/100 1/3/3/2/0.0155/100 1/3/3/2/0.0120/100 1/3/3/2/0.0150/100 1/3/3/2/0.0168/100
MOP3 6/237/78/7/0.0298/100 7/370/145/8/0.0764/100 8/310/114/10/0.0950/100 10/374/133/11/0.1373/100 8/306/118/10/0.1276/100
MOP5 1/4/4/2/0.0071/100 1/4/4/2/0.0251/100 1/7/4/2/0.0076/100 1/4/4/2/0.0036/100 1/4/4/2/0.0179/100
MOP7 6/443/100/7/0.0417/100 6/560/102/7/0.1458/100 16/1318/248/18/0.0976/100 6/562/96/7/0.0338/100 15/1269/236/16/0.2665/100
SK1 2/171/24/3/0.0093/100 3/203/36/4/0.0395/100 3/203/29/4/0.0247/100 3/203/29/4/0.0392/100 3/203/29/4/0.0349/100
SLCDT2 2/183/27/3/0.0170/100 4/888/56/5/0.0916/100 3/788/47/4/0.0276/100 3/752/47/4/0.0198/100 3/785/47/4/0.0525/100
SP1 3/266/43/4/0.0156/100 7/470/90/8/0.0996/100 10/378/104/11/0.0924/100 7/361/75/8/0.0973/100 11/386/105/12/0.1312/100
SSFYY2 3/198/38/4/0.0124/100 3/206/43/4/0.0364/100 3/196/38/4/0.0097/100 3/195/36/4/0.0359/100 3/197/38/4/0.0342/100
TE4 7/350/92/8/0.0315/100 8/530/122/9/0.0327/100 15/514/150/16/0.1689/100 13/1019/212/14/0.1902/100 15/521/150/16/0.1872/100
TE8-1 7/444/129/8/0.0459/100 7/895/195/8/0.0761/100 6/692/142/7/0.0534/100 12/750/200/14/0.0976/100 6/690/144/7/0.0904/100
TE8-2 15/866/242/16/0.0877/100 16/1064/269/17/0.3243/100 16/1011/230/16/0.1120/100 300/13818/3046/300/2.4492/100 16/1022/226/17/0.1868/100
TE8-3 16/953/254/16/0.1100/100 16/1181/288/17/0.2896/100 16/1157/246/17/0.1226/100 332/16827/3530/332/2.2390/100 16/1150/243/17/0.2385/100
Toi8 3/133/46/4/0.0227/100 4/452/76/5/0.1041/100 4/148/44/4/0.0200/100 4/142/44/5/0.0181/100 4/144/44/4/0.0544/100
Toi10-1 14/1784/1006/15/0.1505/100 18/3056/1673/19/0.2271/95 220/11134/6460/221/1.0638/100 12/1707/965/13/0.0810/98 208/9256/5512/210/0.9559/100
Toi10-2 24/3438/1938/26/0.5652/100 33/5308/3161/34/0.9541/93 428/14754/8745/429/5.0742/99 23/2996/1691/24/0.5377/95 414/14444/8389/415/5.8190/99
Toi10-3 26/3348/1886/27/1.5554/100 31/5078/2881/32/2.5256/90 285/13982/8141/286/13.2655/99 27/3339/1905/28/1.6598/100 256/13774/8119/257/11.6158/99

Table 2 shows that DVM-R3TCG reaches the stopping criterion reliably on the vast majority of the
test problems. Its average success rate is 99.67%. The method achieves a success rate of 100% on 34
problems, with AP3 and MGH26 being the only exceptions. The success rates on AP3 and MGH26
are 96% and 92%, respectively, indicating that the numerical behaviour of these individual problems
is still affected by the starting points and the problem structure.

In terms of computational cost, DVM-R3TCG reaches the stopping criterion with fewer function
evaluations, fewer gradient evaluations, or less CPU time on many problems. The proposed method
demonstrates favourable overall efficiency on the MGH16 series, MOP3, SLCDT2, SP1, TE4, and
TE8. In terms of CPU time, DVM-R3TCG achieves the smallest or tied-smallest value on 25 of the
36 test problems. Based on the geometric mean of the problem-wise CPU-time ratios, its relative
CPU time is reduced by approximately 58.0%, 45.1%, 51.4%, and 57.1% compared with VPRP+,
YDY, CD-DY, and SD, respectively. The lower CPU time is generally accompanied by fewer function
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and gradient evaluations, indicating that the improvement is consistent with a reduction in the actual
computational effort during the search. Therefore, for multi-start or repeated-solve vector optimization
problems, the lower cost of an individual run can further reduce the overall computational burden.

For a clearer overall comparison of the five methods, Figure 1 shows performance profiles based on
IT, NF, NG, NV, and CPU. Table 2 and Figure 1 serve different purposes. The table reports the specific
median results for each test problem, whereas the performance profiles reflect the overall efficiency
and robustness of the methods over the complete test set.

Figure 1. Performance profiles of the five methods over 100 starting points for each test
problem.

Figure 1 shows that the performance profiles of DVM-R3TCG generally occupy favourable
positions for all five measures. This indicates that the method attains the best or nearly the best
performance on a large proportion of the test problems. In particular, the DVM-R3TCG profiles remain
at relatively high levels as τ increases. This shows that the proposed method is not only efficient on
individual problems but also exhibits stable solution performance over the entire test set.

Taken together, Table 2 and Figure 1 show that the advantages of DVM-R3TCG are not confined to a
single performance measure. The method achieves a favourable overall balance in terms of the number
of iterations, function and gradient evaluations, vector steepest descent subproblem evaluations, and
CPU time.

To further investigate the role of the diagonal variable-metric module, we construct DVM-R3TCG-
noDBB as an ablated variant, in which Uk = I for all k ≥ 0. This setting disables the diagonal
variable-metric update in (2.3) and (2.4). Its search direction construction, safeguarded selection
mechanism, line search, objective scaling, starting points, and stopping criterion are identical to those
of the complete method. Table 3 reports the complete numerical results for DVM-R3TCG and DVM-
R3TCG-noDBB.

Table 3 shows that both DVM-R3TCG and DVM-R3TCG-noDBB have high run success rates.

AIMS Mathematics Volume 11, Issue 9, 30904–30943.



30934

Their average success rates are 99.67% and 99.69%, respectively, and the difference is small. This
indicates that the diagonal variable-metric module has no marked effect on whether the algorithm
reaches the stopping criterion. Its main role is reflected in improved computational efficiency.

Table 3. Ablation results for the diagonal variable metric.
Problem DVM-R3TCG DVM-R3TCG-noDBB Problem DVM-R3TCG DVM-R3TCG-noDBB

IT/NF/NG/NV/CPU/% IT/NF/NG/NV/CPU/% IT/NF/NG/NV/CPU/% IT/NF/NG/NV/CPU/%
AP3 2/207/17/3/0.0120/96 3/333/31/4/0.0216/95 MLF1 1/3/3/2/0.0086/100 1/3/3/2/0.0081/100
BK1 6/342/89/6/0.0148/100 8/394/116/9/0.0230/100 MOP1 4/1740/65/5/0.0189/100 4/1869/69/5/0.0263/100
DGO1 2/73/24/3/0.0064/100 2/88/26/3/0.0074/100 MOP2 1/3/3/2/0.0079/100 1/3/3/2/0.0075/100
DGO2 3/270/54/4/0.0114/100 3/280/60/4/0.0194/100 MOP3 6/237/78/7/0.0298/100 9/300/114/10/0.0555/100
IKK1 3/232/50/4/0.0100/100 3/234/48/4/0.0091/100 MOP5 1/4/4/2/0.0071/100 1/4/4/2/0.0073/100
JOS1-1 4/880/42/5/0.0244/100 4/2297/78/5/0.0293/100 MOP7 6/443/100/7/0.0417/100 7/634/122/8/0.0495/100
JOS1-2 5/887/51/6/0.0399/100 5/2992/103/6/0.0397/100 SK1 2/171/24/3/0.0093/100 3/203/30/4/0.0196/100
JOS1-3 6/935/58/7/1.1549/100 5/2992/103/6/0.9486/100 SLCDT2 2/183/27/3/0.0170/100 3/756/55/4/0.0271/100
Lov5 2/50/19/3/0.0104/100 2/50/19/3/0.0139/100 SP1 3/266/43/4/0.0156/100 7/347/84/8/0.0468/100
MGH13 4/149/84/5/0.0185/100 4/154/88/5/0.0167/100 SSFYY2 3/198/38/4/0.0124/100 3/199/38/4/0.0196/100
MGH16-1 8/619/356/9/0.0722/100 8/618/354/9/0.1129/100 TE4 7/350/92/8/0.0315/100 19/606/194/20/0.1211/100
MGH16-2 12/959/564/13/0.2292/100 12/959/564/13/0.2783/100 TE8-1 7/444/129/8/0.0459/100 9/766/204/10/0.0542/100
MGH16-3 12/979/562/13/0.5053/100 12/979/562/13/0.5354/100 TE8-2 15/866/242/16/0.0877/100 18/954/330/19/0.1007/100
MGH26 2/4/3/3/0.0173/92 2/6/4/3/0.0304/94 TE8-3 16/953/254/16/0.1100/100 19/1008/344/20/0.1352/100
MGH27-1 1/2/1/2/0.0153/100 1/2/1/2/0.0155/100 Toi8 3/133/46/4/0.0227/100 3/155/54/4/0.0228/100
MGH27-2 1/2/1/2/0.0248/100 1/2/1/2/0.0262/100 Toi10-1 14/1784/1006/15/0.1505/100 12/1822/1022/14/0.1442/100
MGH27-3 1/2/1/2/2.2274/100 1/2/1/2/2.2300/100 Toi10-2 24/3438/1938/26/0.5652/100 28/3127/1774/29/0.5452/100
MGH33 2/65/37/4/0.0112/100 2/89/50/4/0.0228/100 Toi10-3 26/3348/1886/27/1.5554/100 28/3212/1824/28/1.5153/100

Among the 36 test problems, DVM-R3TCG requires fewer function evaluations on 24 problems,
fewer gradient evaluations on 22 problems, and less CPU time on 27 problems. For IT and NV,
the two methods obtain identical results on 21 problems in each case. This indicates that the
diagonal variable metric does not significantly change the number of outer iterations or vector steepest
descent subproblem evaluations on some problems. It can nevertheless reduce the number of function
and gradient evaluations during the search process by improving the agreement between the search
direction and the local coordinate scaling. This effect is particularly evident on BK1, JOS1-1, MOP3,
MOP7, SLCDT2, SP1, TE4, and the TE8 series.

Figure 2 presents the performance profiles of the two methods based on IT, NF, NG, NV, and CPU.
Figure 2 shows that the profiles of DVM-R3TCG generally lie above those of DVM-R3TCG-

noDBB for all five measures. The differences between the two methods are relatively small for IT
and NV, whereas they are more pronounced for NF, NG, and CPU. In particular, the CPU profile
of DVM-R3TCG maintains higher performance-profile values over a wider range. This observation
is consistent with the problem-by-problem results in Table 3 and further indicates that the diagonal
variable metric improves the overall efficiency of the algorithm mainly by reducing the numbers of
function and gradient evaluations and the computing time.
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Figure 2. Performance profiles of DVM-R3TCG and DVM-R3TCG-noDBB over 100
starting points for each test problem.

5.2. Sensitivity and computational-cost analysis

To further examine the influence of the parameter µ on the numerical performance of DVM-R3TCG,
we tested µ = 0.51, µ = 0.60, and µ = 10.00 while keeping all the other parameter settings unchanged.
For each test problem, the three parameter settings were applied to the same 100 randomly generated
starting points. The value µ = 0.51 is close to the lower bound imposed by µ > 1/2, µ = 0.60 is the
value used in the main numerical experiments, and µ = 10.00 represents a relatively large choice. Since
χ = 1 − 1

2µ , choosing µ close to 1/2 makes the sufficient-descent safeguard less restrictive, whereas
increasing µ strengthens the safeguard and leads to a more conservative direction selection.

Figure 3 shows that the performance profiles for the three values of µ are generally close in terms of
IT, NF, NG, and NV, indicating that the choice of µ has only a limited influence on the main iteration
process. Among the three settings, µ = 0.60 shows a modest overall advantage. The difference is
more pronounced for CPU time, where µ = 0.60 provides the best overall computational efficiency.
Although µ = 0.51 gives a less restrictive sufficient-descent safeguard, it does not lead to a consistent
improvement in numerical performance. Similarly, the more conservative choice µ = 10.00 does not
provide an overall advantage. These results indicate that µ = 0.60 gives a favourable balance among
the tested settings.

To further investigate the practical convergence behaviour with respect to µ, we selected the
representative problems JOS1-3, TE8-3, and MGH16-3 and plotted the criticality function −θk against
the iteration number.

In Figure 4, the vertical axis is displayed on a logarithmic scale, and the horizontal dashed
line indicates the stopping threshold used in the numerical computation. The criticality functions
corresponding to the three values of µ exhibit very similar decreasing trends. Although some
differences occur over individual stages of the iterations, no consistent acceleration or deceleration
is observed as µ increases or decreases. This indicates that the choice of µ has only a limited effect on
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the practical convergence speed of the method.

Figure 3. Performance profiles of DVM-R3TCG for different values of µ.

Figure 4. Variation of the criticality measure for DVM-R3TCG with different values of µ.

Taken together, Figures 3 and 4 indicate that the overall performance of DVM-R3TCG is relatively
insensitive to the choice of µ, with the main difference appearing in CPU time. Among the tested
settings, µ = 0.60 provides the most favourable overall computational efficiency and is therefore
retained as the default value of DVM-R3TCG.

To further examine the influence of the initial trial step on the numerical performance of DVM-
R3TCG, we use the original rule

αc
0 = min

{
max

{
1
∥p0∥

, 1
}
, αmax

}
as the baseline, referred to as the Original rule (baseline) in Figure 5. We compare it with three
alternative choices, namely the fixed rule αc

0 = 1, the norm-scaled rule αc
0 = min{1/∥p0∥, αmax}, and the

maximum rule αc
0 = αmax. Figure 5 presents the performance profiles of the four rules in terms of IT,

NF, NG, NV, and CPU.
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Figure 5. Performance profiles of DVM-R3TCG with different initial trial step rules.

Figure 5 shows that scaling the initial trial step according to ∥p0∥ is beneficial to the overall
computational performance, while introducing the lower safeguard 1 further improves the performance
of the norm-scaled rule. In contrast, directly using the large value αmax leads to additional function and
gradient evaluations associated with the line search, indicating that an excessively large initial trial step
can increase the computational cost. The four rules show relatively small differences in IT and NV,
which suggests that the initial trial step mainly affects the line-search process and has only a limited
influence on the outer iterations. Overall, the original rule provides a favourable balance between
scaling with the initial direction and safeguarding the trial step, and the numerical results support its
use in the implementation.

To further examine the influence of the stopping accuracy on the numerical performance of DVM-
R3TCG, we considered the termination condition θk ≥ −c

√
εmach with c ∈ {1, 5, 10}, while keeping all

other experimental settings unchanged. The value c = 5 is used in the main numerical experiments,
whereas c = 1 and c = 10 correspond to stricter and looser stopping requirements, respectively. Table 4
reports the numbers of test problems for which each setting attains the smallest or tied-smallest values
of IT, NF, NG, and NV.

Table 4. Sensitivity of DVM-R3TCG to the stopping parameter c.

c IT-best NF-best NG-best NV-best
1 22/36 9/36 10/36 20/36
5 31/36 14/36 16/36 28/36
10 36/36 36/36 36/36 36/36

Here, “best” denotes the number of test problems for which the corresponding measure is the
smallest or tied for the smallest among the three settings. As expected, a looser stopping requirement
reduces the computational effort, whereas a stricter requirement requires more evaluations to attain a
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smaller criticality level. The purpose of this experiment is therefore not to identify an optimal value of
c, but to illustrate the computational trade-off associated with the stopping accuracy. The value c = 5
provides an intermediate accuracy level and is adopted in the main experiments. Moreover, the largest
iteration counts among all successful runs were 1040, 829, and 743 for c = 1, c = 5, and c = 10,
respectively, all of which are well below 5000. Thus, the maximum iteration count of 5000 mainly
serves as a safeguard against excessively long unsuccessful runs.

Furthermore, to investigate the influence of the metric steepest descent quadratic programming
subproblem in (2.8) on the computational efficiency of DVM-R3TCG, we record the CPU time
consumed by MATLAB’s quadprog for solving this subproblem and calculate its proportion in the
total running time. For each test problem, the quadratic programming (QP) contribution reported in
Table 5 is defined as the median value of TQP/Ttotal×100% over all successful runs, where TQP denotes
the cumulative CPU time spent on solving all metric steepest descent QP subproblems and Ttotal denotes
the total running time of DVM-R3TCG in one run. Since the absolute CPU time can be affected by the
hardware configuration, software environment, and system load, we report the relative computational
contribution of the QP solver rather than the absolute running time.

Table 5. Computational contribution of the metric steepest descent QP subproblem.

Problem QP contribution (%) Problem QP contribution (%) Problem QP contribution (%)
AP3 74.97 MGH16-3 29.84 SK1 71.41
BK1 78.67 MGH26 78.22 SLCDT2 65.10
DGO1 73.23 MGH27-1 80.89 SP1 75.45
DGO2 80.86 MGH27-2 87.64 SSFYY2 79.06
IKK1 66.62 MGH27-3 98.72 TE4 81.50
JOS1-1 55.22 MGH33 60.02 TE8-1 78.97
JOS1-2 53.17 MLF1 68.40 TE8-2 80.15
JOS1-3 90.73 MOP1 77.33 TE8-3 76.82
Lov5 71.87 MOP2 68.17 Toi8 77.06
MGH13 72.69 MOP3 82.19 Toi10-1 57.84
MGH16-1 46.98 MOP5 69.15 Toi10-2 33.67
MGH16-2 26.16 MOP7 82.00 Toi10-3 33.33

As shown in Table 5, the QP contribution ranges from 26.16% to 98.72% among all test
problems, indicating that the metric steepest descent QP subproblem is an important component of
the computational cost of DVM-R3TCG. However, this ratio does not increase monotonically with
the problem size, since the total running time also includes objective function evaluations, gradient
evaluations, Wolfe line searches, and search direction updates. Therefore, the relative computational
cost of the QP subproblem depends on both the problem characteristics and the cost of the other
algorithmic components.

5.3. Objective-space behaviour of approximate K-critical points

In addition to computational efficiency and robustness, we further use multi-start experiments
to examine the search behaviour of DVM-R3TCG in the objective space. It should be noted that
Section 4 establishes the global subsequential convergence of the algorithm and proves that the
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generated sequence has at least one K-critical accumulation point. Accordingly, the terminal objective
vectors shown below are interpreted as the objective-space distribution of approximate K-critical
points. Although some of these points lie along apparent trade-off boundaries, the present convergence
theory does not guarantee that they are globally Pareto efficient.

We select six representative problems, namely BK1, DGO1, DGO2, JOS1-1, MOP3, and MOP7.
For each problem, 300 starting points are generated uniformly at random from the box specified in
Table 1, and DVM-R3TCG is run from each starting point. The trajectories of the objective values
generated during the iterations and their terminal points are plotted in the objective space. The results
are shown in Figure 6.

In Figure 6, the black line segments represent the iterative trajectories of the algorithm in the
objective-value space, while the red points represent the objective values obtained when the algorithm
terminates. For the biobjective problems, the horizontal and vertical axes represent f1(x) and f2(x),
respectively. For the triobjective problem MOP7, f1(x), f2(x), and f3(x) are displayed in the three-
dimensional objective space.

Figure 6 shows that, when the algorithm starts from different initial points, the objective values
generally move toward lower regions of the objective space. On several problems, the terminal
points form continuous or piecewise continuous boundary contours. These observations illustrate the
objective-space behaviour of the approximate K-critical points obtained from multi-start runs.

Figure 6. Objective-space trajectories and approximate K-critical points obtained by DVM-
R3TCG from 300 random starting points.

6. Conclusions

This paper proposes a restarted three-term vector conjugate gradient method with a diagonal
variable metric, referred to as DVM-R3TCG, for solving nonconvex unconstrained vector optimization
problems. The method combines a diagonal variable metric, a restart mechanism, and a safeguarding
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correction strategy so that the generated search directions satisfy a uniform sufficient descent condition.
Under standard assumptions and a standard vector Wolfe line search, the global subsequential
convergence of the method is established, and the generated sequence is shown to have at least
one K-critical accumulation point. Numerical comparisons and ablation experiments demonstrate
favourable computational efficiency and numerical stability of the proposed method. Multi-start
experiments further illustrate the objective-space distribution of approximate K-critical points obtained
from different initial points.
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