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Abstract: A third order-difference equation defined as sum of rational and linear terms is solved
explicitly. The importance of periodic solutions for difference equations lies, for instance, in their
ability to model seasonal cycles in biology, recurring fluctuations in economics, and oscillatory
behaviors in engineering systems. For this reason, and by relying on the explicit formulas of the
solutions of our equation, we propose a rigorous approach to studying the existence of prime periodic
solutions. Furthermore, the obtained formulas are used to investigate the asymptotic behavior of the
solutions. Finally, several numerical examples are presented to illustrate and support the theoretical
results.
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1. Introduction and some preliminaries

Difference equations are extensively used to model real-world discrete phenomena across a wide
range of modern scientific disciplines. The following are some illustrative examples of how difference
equations are applied. In biology, difference equations describe population dynamics, such as predator-
prey interactions and the spread of infectious diseases. In economics, they provide the evolution of
stock prices and are also used to analyze how debt evolves with respect to interest rates, growth, and
budget deficits. In computer science, difference equations describe the time complexity of recursive
and iterative procedures. For some applications of difference equations to concrete real-world models,
we refer the reader to the following references [2, 11,20].

It is worth noting that difference equations also provide a powerful framework for analyzing
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continuous models governed, for example, by ordinary differential equations, partial differential
equations, or partial-integro differential equations. In general, this is achieved using a variety of
discretizations schemes, whether standard or nonstandard; the reader is referred to the following
contributions [3, 13, 15].

The solutions of difference equations reveal, among others, stability, oscillations, convergence
and periodicity, so knowing their formulas is essential for predicting their long-term behavior and
understanding the dynamics of the corresponding phenomena. This fact has motivated numerous
researchers to study the solvability of a wide range of specific classes of difference equations and
their systems. In [6], Gumus et al. investigated the following rational difference equation:

AXpXp—k+1

xn+l = B n e N()’
bxp_3 + Xp_g41 + CXpy

where Ny = NU{0}, a, b, c are positive real numbers, the initial values x_;, i = 0, ..., k are real numbers,
and k is a positive integer. In [21], Zabat et al. solved explicitly the following non-autonomous
difference equation of higher order:
Xpal = QpXp_je + 'B—", n € Ny,
XnXp—1++-Xn—k+1

where k € N, (@)en,, (B)ner, are real sequences, and the initial values x_;, i = 0,1, ..., k are real and
non-zero. Kara et al. in [10], as extension of the work of Haddad et al. [7], studied the following
three-dimensional system of difference equations:

aXpZn-1 bynxn—l CZnYn-1

+'}”y;1+1 = + aazl’l+1 =
Zn_IB Xn =Y Yn—

Xn+1 = + B, n € Ny,

where the parameters a, b, c, @, B, ¥ and the initial values x_;, y_;,i € {0, 1} are non-zero real numbers.
For other works dealing with the solvability of difference equations and their systems, we can consult
the following papers [1, 8, 9]. For further contributions to the study of difference equations and their
applications, we refer to [12, 14, 16], where the authors investigated the existence and qualitative
properties of solutions to challenging problems involving Laplacian partial difference equations and
fractional symmetric Hahn difference equations.

The evolution of some phenomenons depends on both linear accumulation and nonlinear feedback.
This motivated us to consider a new class of nonlinear difference equations defined as sum of a rational
and linear terms. More precisely, in this study we investigate the following third-order difference
equation defined by

Xy Xpo [ Xy —aXp1— b
Xnel =

)+ax,,+b,n€No, (1.1)
Xn—-1

Xp—1 — AXp— —
where a and the initial values x_,, x_;, x( are non-zero real numbers while the parameters a, b are real
numbers.

In the present study, we are inspired by the work of Touafek et al. in [19], in which the authors
studied in detail the behavior of the solutions of the following system of difference equations:

ax,Yn-1 aYynXn-1
Xpp1 = —————— +bx, + ¢, Y1 =

— Bty neNy, (1.2)
Yn _ﬂyn—l - Xn — b-xn—l —-C
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where a, a and the initial values x_;, y_;, X9, and y, are non-zero real numbers, while b, ¢, 8, and y
are real numbers. We observe that, by building on the ideas and techniques introduced in [19], Ghezal
et al. [4] were able to derive an explicit solution to a three-dimensional system of difference equations
that extends system (1.2).

In order to derive explicit formulas of the solutions of (1.1), we transform Eq (1.1) into an equivalent
solvable difference equation with periodic pattern via a rational change of variable, and then reduce it
to six first-order linear difference equations. This allows a systematic construction of all solutions of
(1.1) and, subsequently, to characterize their periodicity and asymptotic behavior.

Remark 1.1. For a = 0, Eq (1.1) takes the following simple form:
Xp41 = ax, + b, n € Ny. (1.3)
Eq (1.3) is a first order difference equation, and the formulas of its solutions are well known, that is,

at -1

xn:a"x0+b( ),a;ﬁl,xn:x0+bn,a:1,

a—1
and this justifies the assumption that « is non-zero in our study.

Remark 1.2. Fora =b =0, Eq (1.1) reduces to

2
ax,Xp,—»
n’vn
Xpi] = — n € Ny. (1.4)

n—1

Thus, Eq (1.1) can be viewed as an extension of Eq (1.4), which is an example of product-type
difference equations. For some studies on this type of difference equations, see [17, 18].

From (1.1), we obtain

X, ax, —b By b
n+l — n _ Xn—1
= g [ et (1.5)
Xp-2

Identity (1.5) is defined, provided that the terms x,,, x,,_1, X,—2, and x,,_; — ax,_» — b are non-zero for all
n € Ny. In particular, this implies that x_,, x_;, and x, must be non-zero, and this justified our choice
for the initial values.

Definition 1.1. A solution (x,),>", of Eq (1.1) is said well-defined solution if
X2 70, x,-1 —ax,o — b # 0, n € No.

Through this study, by a solution of Eq (1.1), we mean a well-defined solution. Also, we adopt the
following definition regarding periodic solutions: see [5].

Definition 1.2. A solution (x,)'>", of Eq (1.1) is said eventually periodic of period p € N, or simply
eventually p-periodic, if there exist k > —2 such that

Xn+p = Xp, N 2 k.

If, in addition, k = —2, then the solution is said periodic of period p, or simply p-periodic.
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Remark 1.3. In Definition 1.2, if p is the smallest j € N for which x,.; = x,, n > k, then the solution
is said eventually periodic of prime period p, or simply eventually prime p-periodic. If, in addition,
k = =2, then the solution is said periodic of prime period p or simply prime p-periodic.

Our main contribution can be summarized as follows: First, we obtain an explicit solution of
the third-order difference Eq (1.1). Based on the resulting solution formulas, we develop a rigorous
approach to characterize the existence of prime periodic solutions and derive several results concerning
the asymptotic behavior of the solutions.

The paper is organized as follows. Section 2 is devoted to establishing the solvability of (1.1).
Sections 3—-6 examine the existence of prime periodic solutions and the asymptotic behavior of the
solutions. Section 7 provides numerical examples to illustrate the main theoretical results. Finally, in
the conclusion, we propose the results of the present work to a system of difference equations.

2. Expressions of the solutions for Eq (1.1)

In this section, we provide explicit formulas for the solutions of Eq (1.1) by first transforming it
into an equivalent equation that is easier to solve. By exploiting the periodicity of the solutions of
the equivalent equation, we reduce the problem to six solvable first-order linear difference equations,
whose solutions provide the explicit form of the solutions of Eq (1.1).

Consider the following change of variable:

X,—ax,_1—b

w,= 2"~ n=-1,0,.., 2.1)
Xn—-1

then from (1.5) and (2.1), we obtain
U1 = 2 e N, (2.2)
Up-1

It is easy to see that every solution of (2.2) is periodic of period six and is given by

i a? o? Qu_y

Uen = Uy, Usps] = ——, Uensa = ——, Uens3 = —, Ugnia = —, Ugnrs = U1, L € No, (2.3)
u_q u_q Uuo Ugp

or equivalently,

. auy @ o au_,
(un)n:_l =|U-1, U0, — — s U1, Uy ey |
u_1 U_1 U Ugp
Using (2.1), we get

Xpe1 = (@ + Upi1)x, + b, n € Ny. 2.4)

Replacing n by 6n, 6n + 1,..., 6n + 5 in (2.4), we obtain
Xén+l = (a + u6n+1)x6n + b’ ne NO’ (25)
Xen+2 = (@ + Ugps2)Xens1 + b, n € Ny, (2.6)
Xen+3 = (a + Ugps3)Xens2 + b, n € Ny, 2.7)
Xen+d = (@ + Ugpsa)Xene3 + b, n € Ny, (2.8)
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Xen+s = (@ + Usps5)Xenea + b, n € Ny, (2.9)
Xen+6 = (@ + Ugpi6)Xonss + b, n € Ny. (2.10)

Now, take into consideration the formulas of u, given in (2.3). Eqgs (2.5)—(2.10) become

Xone1 = (@ + )xg, + b, n € N, 2.11)
u_
o2

Xent2 = (@ + —)Xens1 + b, n € Ny, (2.12)
U_g
o2

Xen+3 = (@ + —)Xgu2 + b, n € Ny, (2.13)
Uo

Xen+s = (a + R )Xen+3 + b, n € Ny, (2.14)
Up

Xen+s = (@ + u_1)Xepss + b, n € Ny, (2.15)

Xen+s = (a + o) Xenis + b, n € Ny. (2.16)

Define the following quantities:

Ai:ﬁpj, Bi:bi[ﬁ pj),izl,...,6, 2.17)
=1

k=1 \j=k+1
where
auly a? a? au_,
pp=a+—,pp=a+—,p3=a+—,ps=a-+ , Ps=a+u_j, pe =a-+ uy,
u_q u_q Uuo [Z0)

with the convention that

ﬁqlzl,n<m.

I=m

Using (2.17), it follows from Eqs (2.11)—(2.16) that

Xen+1 = A1Xen + By, n € Ny, (2.18)
Xen+2 = AoXey + By, n € Ny, (2.19)
Xen+3 = AzXen + B3, n € Ny, (2.20)
Xenia = Asxe, + Ba, n € Ny, 2.21)
Xen+s = Asxe, + Bs, n € Ny, (2.22)
Xen+6 = AgXen + B, n € Ny. (2.23)

Eq (2.23) is a first-order linear difference equation (in xg,), and for all n € Ny, we have

n

Xen = AgXo + Bg (AZ — 1), if Ag # 1, and x¢, = xo + Ben, if Ag = 1. (2.24)
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Now, from (2.24) and (2.18)—(2.22), it follows that for all n € N, we have

A' — 1
A A xo + A Bg [ =2 +B,, Ag#1,

Xepr =4 00T 6(A6—1) b (2.25)
Aixog+ A Bgn + By, Ag = 1.
A Ao+ AsBe [0 1) B,. A %1
X0 + + B, 1,

Xon+2 = e e Ag—1 2 ° (2.26)
Asrxy + AyBen + Bs, Ag = 1.
adrre + B[ ) LBy A2
"X + + Bs, ,

Xemz =4 00T\ Ag 1) T 0 2.27)
A3X0 +A3B6I’I+B3, A6 = 1.
ALA ALB (AZ "Bl Az
"xo + + By, # 1,

P S VA (2.28)
A4X0 +A4B6l’l+B4, A6 =1
AsA"xo + AsB (AZ _ 1) Bs. A¢ %1
tXo + + Bs, #1,

Xopes =4 00T Ag 1) T T 70 (2.29)
Asxg + AsBgn + Bs, Ag = 1.

In summary, we have the following result.
Theorem 2.1. Let (x,)'2, be a solution of (1.1). Then, for all n € Ny, we have
1) If Ag # 1,

A -1 A —
Xen = Agxo + By (h) s Xen+1 = A1AgXo + A1 Bg (A6 1) + By,
6— 6~

n

A A
Xen+2 = A2Agxo + Az By (A6 1) + By, Xeni3 = A3AgXo + A3Bs (A6 1) + B,
6 6 —

n

n

A A
Xon+a = AsAgxo + A4Bg (A6 1) + By, Xones = AsAgxo + AsBe (A6 1) + Bs.
6~ .

n

2) If Ag =1,

Xen = Xo + Ben, Xepr1 = A1xo + A1Ben + By, Xep2 = ArXo + ArBen + By,

Xen+3 = Azxo + A3Bgn + B3, Xenea = AsXo + AsBen + By, Xenis = Asxo + AsBen + Bs,

where . , .
L 1 12
a= o= bZ[]—[ pj), —
j=1 k=1 \j=k+1
with
auy a? a? Qu_,
pr=a+—,pp=a+—,p3=a+—,ps=a+——, ps=a+U_, Pe =da-+ Uy,
u_q u_q Uuo Uuo
and
Xo—ax_1—b X_1—ax_,—b
Upy=—-"——"—, | = ——,
X_1 X_2
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3. The case A¢ = 1.

Here, we discuss the form and the behavior of the solutions of Eq (1.1) when the parameter A¢ = 1.
We begin by the following result, by distinguishing the cases where the parameter By is zero or not.
Lemma 3.1. Let (x,),2, be a solution of (1.1).

e If Bs = 0, then for all n € Ny, the solution takes the form

Xen = X0, Xen+1 = A1Xo + B, Xenr2 = AxXo + B,
Xen+3 = A3Xo + B3, Xensa = AgXo + Ba, Xenis = Asxo + Bs.
That is, the solution is eventually 6-periodic. Moreover, if
Auxg+ By = x5, Asxg + Bs = x_4,

the solution will be 6-periodic.
e If Bg # 0, then for all n € Ny, the solution takes the form

Xen = Xo + Ben, X1 = A1Xo + A1 Ben + By, Xeue2 = ArXg + AsBgn + By,

Xen+3 = Asxg + A3Bgn + B3, Xenia = AgXo + AyBen + By, Xenes = Asxg + AsBgn + Bs,

from which it follows that

lim |xg,4il = +0,i=0,1,...,5.

n—oo

Proof. o If Bs = 0, then from Theorem 2.1, we get for all n € N
Xon = X0, Xene1 = A1Xo+B1, Xeneo = ArXo+B2, Xeni3 = Asxo+B3, Xenea = AsXo+Ba, Xenrs = Asxo+Bs,
or equivalently,
xn+6 = xn’ n= ()9 1’ eees
that is, the solution is eventually 6-periodic. Moreover, if
Auxg+ By = x5, A5X0 + Bs = x_4,
we get
Xnt6 = Xp, B = _2, _17 weesy
that is, the solution is 6-periodic.
e If Bg # 0, then from Theorem 2.1, we get for all n € N,

Xen = Xo + Ben, Xenr1 = A1xo + A1Ben + By, Xepi2 = ArXo + A2Ben + By, (3.1)

Xen+3 = Azxg + A3Bgn + B3, Xepea = AsXo + AsBen + By, Xeni5s = Asxo + AsBgn + Bs.  (3.2)

From the fact that A¢ = 1, it follows that A; # 0, i = 1, ..., 5. So, it follows from (3.1) and (3.2)
that
lim |xepeil = +00,1=0,1,...,5.

O
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Based on the formulas given in Lemma 3.1, we discuss the existence of prime periodic solutions.
We begin with the existence of prime 3-periodic solutions.

Theorem 3.1. Assume that Bs = 0. Then, the solution (x,),2°, of Eq (1.1) is eventually prime 3-
periodic if and only if

A3X0 +Bg = Xp, A4X0 +B4 = AIXO +B1, A5X0 +B5 = A2X0 +Bz, (A1X0 +Bl,A2xo +Bz) * (X(), X()). (33)

Proof. First, assume that (3.3) holds. Since Ag = 1, B¢ = 0, formulas given in Lemma 3.1 (part one)
are valid. Now, from (3.3) and Lemma 3.1, we get for all n € N

Xon = X0, Xen+1 = A1X0 + Bi, Xeps2 = A2Xo + By, Xene3 = Azxo + B3 = Xy,

Xen+a = Agxo + By = Axg + By, Xeues = Asxo + Bs = Aoxy + Bo,

or equivalently,
X3p = X0, X3p41 = A1Xo + By, X342 = A2Xo + By, n € Ny. (3.4)

We distinguish four cases:

1) The quantities xy, A1xo + By, A2xy + B, are pairwise different: in this case, the solution takes the
form in (3.4), or equivalently,

(X)) = (X2, X_1, X0, A1 X0 + B1, Ayxg + Ba, X0, A1 X0 + B, Ayxo + B, ...,). (3.5)
n=-2

As the quantities xy, A;xo + By, A>xo + B, are pairwise different, and the solution repeats with the
cycle of the three terms xy, A;xo + B;, A2X( + B, it follows that the solution is an eventually prime
3-periodic.

2) Asxg + By = A1xo + By # xp: in this case, the solution takes the form

X3n = X0, X3pe1 = A1Xo + By, X342 = A1 Xo + By, n € Ny,

or equivalently,

(xn):,riz = (x_2, X_1, X0, A1 X0 + B, A1xo + By, x0,A1x0 + By, A1x0 + By, ..., ). (3.6)

As the quantities xy, A1xo + By are different, and the solution repeats with the cycle of the three
terms xg, A1 xo + By, Ajxo + By it follows that the solution is an eventually prime 3-periodic.
3) Ayxg + By = xg # A xo + By: in this case, the solution takes the form

X3p = X0, X3p41 = A1 X0 + Bi, X3,42 = X0, n € N,

or equivalently,

(X)) = (x_9, x_1, X0, A1 X0 + By, X0, X0, A1 Xo + By, X0, .., ) 3.7

As the quantities xy, A1xo + By are different, and the solution repeats with the cycle of the three
terms xg, A;xo + Bi, X, it follows that the solution is an eventually prime 3-periodic.
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4) Axy + By = x¢ # Ayxy + B,: in this case, the solution takes the form
X3, = X0, X3p41 = X0, X302 = A2Xo + Bz, n € Ny,

or equivalently,

(xn);iz = (x_2, X_1, X0, X0, Ao Xo + B2, Xo, X0, A2 X0 + Bo, ..., ). (3.8)

As the quantities xg, A,xo + B, are different, and the solution repeats with the cycle of the three
terms xg, xo, Ay Xxo + B>, it follows that the solution is an eventually prime 3-periodic.

Second, assume that (x,)'"”, is an eventually prime 3-periodic, that is,
dng > -2 : x,43 = X, 1 > Hg. 3.9
Asng+2>0, Ag =1, Bg =0, it follows from Lemma 3.1 (part one) that
X6(ng+2) = X05 Xe(no+2)+1 = A1X0 + B, Xomg+2)+2 = AaXo + Ba, (3.10)

X6(ng+2)+3 = A3X0 + B3, Xeng+2)+4 = AaXo + By, Xenyr2)+5 = Asxo + Bs. (3.11)

From (3.9), we get
X6(ng+2)+3 = X6(ng+2)> X6(ng+2)+4 = X6(ng+2)+1> X6(ng+2)+5 = X6(ng+2)+2»
from which, using (3.10) and (3.11), it follows that
Asxg + B3 = xg, Asxo + B4 = A1xo + By, Asxg + Bs = Ayxy + Bs,
and (A xy + By, Axxo + B>) must be different from (x, xp). In fact, if we assume that
A1xg + By = xg = Ayxg + Bs,

we get
A].X() + B] = A2X0 + B2 = A3XQ + B3 = A4X0 + B4 = A5X() + B5 = Xp,

and from Lemma 3.1 (part one), we obtain
Xp = Xo, n € N,
and this contradicts the fact that (x);=, is eventually prime 3-periodic. O

The next result is devoted to the existence of eventually prime 2-periodic solutions.

Theorem 3.2. Assume that B = 0. Then, the (x,),>", of Eq (1.1) is eventually prime 2-periodic if and
only if

Asxg+ Bs = Asxg+ By = A1 xo + By, Asxg + By = Ayxg + By = xg, A1 X9 + By # Xp. (312)
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Proof. First, assume that (3.12) holds. Since A¢ = 1, Bg = 0, we have the formulas in Lemma 3.1 (part
one). Now, from (3.12) and Lemma 3.1, we get for all n € N

Xon = X0, Xen+1 = A1X0 + B, Xens2 = A2Xo + By = X0, Xeps3 = A3zxo + Bz = Ajxo + By,

Xen+a = AgXo + By = Xo, Xents = Asxo + Bs = Ajxo + By,

or equivalently,
Xon = X0, Xope1 = A1Xo + By, n € Ny, (3.13)

that 1s,

(Xn);:z = (x_2, X_1, X0, A1 X0 + By, X0, A1x0 + By, ...,). (3.14)

As A1xy + By # xo, the solution repeats with the cycle of the two terms xg, A;xy + By, and it follows
that the solution is eventually prime 2-periodic.
Second, assume that (x,)'=”, is eventually prime 2-periodic, that is,

dng > -2 x40 = X, 1 = Ay. (3.15)
Asng+2 >0, Ag = 1, Bg = 0, it follows from Lemma 3.1 (part one) that
X6(ng+2) = X0» X6(ng+2)+1 = A1X0 + B1, Xepg+2)+2 = AsXxo + Bs, (3.16)

X6(ng+2)+3 = A3X0 + B3, Xeng+2)44 = AsXg + By, Xenys2)+5 = Asxo + Bs. (3.17)

From (3.15), we get
X6(ng+2)+2 = X6(ng+2)> X6(no+2)+3 = X6(ng+2)+1> X6(ng+2)+4 = X6(ng+2)+2> X6(ng+2)+5 = X6(ng+2)+3»
from which, using (3.16) and (3.17), it follows that
Asxog + By = x9, Asxg + Bz = A1xo + B, Asxo + By = Axxg + By, Asxg + Bs = A3xo + Bs,
and A, x, + B; must be different from x,. In fact, if we assume that A, xy + By = xj, we get
A1xo+ By = Ayxg + By = Asxg + By = Asyxo + By = Asxg + Bs = X,
and from Lemma 3.1 (part one), we obtain
X, = Xo, n € Ny,

and this contradicts the fact that (x)'* , is eventually prime 2-periodic. O
The following result is devoted to the existence of eventually prime 1-periodic solutions.

Theorem 3.3. Assume that Bs = 0. Then, the solution (x,),> , of Eq (1.1) is eventually prime 1-
periodic if and only if

Asxg+ Bs = Ayxg + By = Asxg + By = Ayxg + By = A1xp + B = xp. (318)
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Proof. First, assume that (3.18) holds. Since Ag = 1, B = 0, we have the formulas in Lemma (3.1)
(part one). Now, from (3.18) and Lemma 3.1, we get for all n € N

Xen = X0, Xent1 = A1Xo + By = X, Xens2 = A2Xg + By = Xxo,
Xen+3 = AzXo + B3 = X, Xenta = AsXo + By = Xo, Xenss = Asxo + Bs = xo,

or equivalently,
X, = Xo, 1 € Ny,

that is,
00 —
(xn);:—z = (-x—z’ X-1, X0 » X0 » a)
The solution repeats with the cycle of one term X, and it follows that the solution is eventually prime
1-periodic.
Second, assume that (x,)'=”, is eventually prime 1-periodic, that is,
dng > -2 x,41 = X, 1 = nyg. (3.19)
Asng+2 >0, Ag =1, Bg =0, it follows from Lemma 3.1 (part one) that
X6(ng+2) = X05 X6(no+2)+1 = A1X0 + Bly Xemg+2)+2 = A2Xo + Ba, (3.20)
X6(ng+2)+3 = A3X0 + B3, Xe(ng+2)+4 = AsXo + By, Xengs2)+5 = Asxo + Bs. (3.21)

From (3.19), we get

X6(ng+2)+5 = X6(ng+2)+4 = X6(ng+2)+3 = X6(no+2)+2 = X6(no+2)+1 = X6(ng+2)»
from which, using (3.20) and (3.21), it follows that

Asxg+ Bs = Ayxg + By = Azxg + By = Ayxg + By = A1xo + B = xp.

The following result is a direct consequence of Theorem 3.1, Theorem 3.2, and Theorem 3.3.

+00

Theorem 3.4. Assume that Bs = 0. Then, the solution (x,),-", of Eq (1.1) is eventually prime 6-
periodic if and only if the quantities xo, A1xy + By, Axxo + Ba, A3xg + B3, Agxo + By, and Asxy + Bs do
not satisfy (3.3) nor (3.12) nor (3.18).

4. The case Ag = —1

As in the previous section, we use the form of the solutions when A¢ = —1 to study the existence of
prime periodic solutions for Eq (1.1).

+o00
n=-2

Lemma 4.1. Let (x,) be a solution of (1.1). Then, for all n € Ny, we have

X120 = X0, Xi2p+1 = A1Xo + Bi, X12442 = A2Xo + Ba,
Xi2n+3 = A3Xo + B3, , X12p44 = AgXo + By, X12015 = Asxo + Bs,
X12n16 = —Xo *+ Be, X12047 = —A1X0 + A1Bs + By, X12008 = —A2Xo + A2Bs + Ba,
X12n19 = —A3Xg + A3Bs + B3, X12p410 = —AsXo + AyBs + By, X120411 = —Asxo + AsBg + Bs,

and the solution will be eventually 12-periodic.
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Proof. Taking Ag = —1 in the formulas of the solutions of Eq (1.1) given in Theorem 2.1, we get

n (_1)"_1 n (_1)n_1
Xen = (=1)"x0 + By (_—2) s Xenr1 = A1(=1)"x0 + A1 Bg (_—2) + By,
-1)' -1 1" =1
Xens2 = Az(=1)"xo + A2Bs (%) + By, Xent3 = A3(=1)"xo + A3 B (—( 22 ) + B3,
-1 -1 1 -1
Xenra = Ag(=1)"x0 + Ay4Bs (%) + By, Xenss = As(=1)"xp + AsBg (( z2 ) + Bs,

Depending on the parity of n, we get
X120 = Xo, Xi2p+1 = A1X0 + B1, X12042 = AoXp + B,

Xi2n43 = A3Xo + B3, , Xi2444 = AsXo + Ba, X12045 = Asxo + Bs,
Xi2n46 = —Xo + Bg, X12n47 = —A1X0 + A1Bg + By, X128 = —A2x0 + A2Bg + By,
Xi2n49 = —A3Xg + A3Bg + B3, X120410 = —Asxo + AsBs + By, X124411 = —Asxo + AsBe + Bs.

O

Theorem 4.1. Assume that By # 0, and let (x,),>", be a solution of Eq (1.1). Then, (x,);>, is
eventually prime 6-periodic if and only if

Bs = 2x0, (A1xo + By, Ayxo + Ba, A3xg + B3, Ayxo + By, Asxg + Bs) # (X0, X0, Xo, X0, X0)- 4.1)
Proof. First, assume that (x,)'*, is eventually prime 6-periodic, that is,
dnyg > -2 : X406 = X, B> . 4.2)

So, as ng + 2 > 0, it follows from (4.2), that

X12(ng+2)+6 = X12(ng+2)» 4.3)
X12(ng+2)+7 = X12(ng+2)+15 4.4)
X12(ng+2)+8 = X12(np+2)+2> 4.5)
X12(ng+2)+9 = X12(np+2)+3» (4.6)
X12(np+2)+10 = X12(ng+2)+4» 4.7
X12(ng+2)+11 = X12(ng+2)+5- (4.8)

From (4.3)—(4.8) and Lemma 4.1, we obtain

—Xo + B6 = Xp, (49)
—A1xg+A1Bg + By = A1 xg + By, (410)
—A2X0 + AzB6 + 32 = A2X0 + Bz, (41 1)
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—A3X0 + A3B6 + B3 = A3XQ + B3,
—A4.X0 + A4B6 + By = A4X0 + By,

—Asxg + AsBg + Bs = Asxy + Bs.

(4.12)
(4.13)
(4.14)

We note that if (4.9) is satisfied, that is, B¢ = 2xy, all other equalities in (4.10)—(4.14) are automatically

satisfied. Using (4.9) in Lemma 4.1, we get foralln =0, 1, ...,
Xen = Xo, Xenai = Aixo+ B;, i =1,...,5,
and we must have
(A1xo + By, Axxg + By, Asxo + B3, Ayxo + By, Asxg + Bs) # (xo, X0, X0, X0, X0)-
In fact, if A;xo + B; = x¢, i = 1, ..., 5, from (4.15), we obtain
X, = Xg, N € Ny,

and this contradicts the fact that the solution is eventually prime 6-periodic.
Secondly, assume that (4.1) holds. Since A¢ = —1, from Lemma 4.1 we have for all n € N

X12n = X0, X120n+6 = X0»

Xi2n41 = A1Xo + By, Xi2047 = A1Xo + By,
Xi2n2 = AzXo + Ba, X12048 = AsXo + Bo,
Xi2n43 = A3Xo + B3, X12049 == A3xg + b3,
Xion+d = AsXo + Ba, X12n410 = Asxo + By,
Xi2n45 = AsXo + Bs, X12,411 = Asxo + Bs.

Or equivalently,
Xon = X0, Xene1 = A1Xo + Bi, Xeps2 = A2xg + By,

Xent3 = Azxo + B3, Xepea = AsXo + By, Xepss5 = Asxo + Bs,

that is,
Xn+6 = Xn, N € Ny,

which means that the solution is eventually 6-periodic, and as
(A1xo + By, Axxo + By, A3xo + B3, Agxo + By, Asxo + Bs) # (xo, X0, X0, X0, X0),

the solution will be eventually prime 6-periodic.

(4.15)

O

In the next theorem, we discus the existence of eventually prime 4-periodic solutions for Eq (1.1).
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Theorem 4.2. Let (x,)', be a solution of Eq (1.1). Then, (x,)'%, is eventually prime 4-periodic if

and only if
Xo = Asxog + By = —Arxy + AyBg + Bo,

A1xg+ B) = Asxg + Bs = —Azxy + A3Bg + B3,
Asxg+ By = —x¢g + Bg = —Asxg + AyBg + Ba,
Asxg+ By = —A1xg+ A Bg + B| = —Asxo + AsBg + Bs,
(A1xo + By, Ayxg + By, A3xg + B3) # (xo, X0, X0)-

Proof. First, assume that (x,)'*, is eventually prime 4-periodic, that is,
dng > -2 : x,44 = X, B = ny.

So, as ny + 2 > 0, it follows from (4.21), that
X12(ng+2)+8 = X12(ng+2)+4 = X12(ng+2)>

X12(ng+2)+9 = X12(ng+2)+5 = X12(ng+2)+1»

X12(np+2)+10 = X12(ng+2)+6 = X12(ng+2)+2>

X12(np+2)+11 = X12(ng+2)+7 = X12(np+2)+3-
From (4.22)—(4.25) and Lemma 4.1, we obtain

Xo = Auxg + By = —Ayxy + AyBg + B,,

AIX() + Bl = ASXO + B5 = —A3X0 + AgB6 + B3,
Asxg+ By = —xg + Bg = —Ayxg + A4Bg + By,
Asxg+ B3 = —Axo + A1Bg + By = —Asxy + AsBg + Bs.
Using (4.26)—(4.29) in Lemma 4.1, we get
Xo = X4 = Xg = X12 = X16 = X20 = ..oy
Aixg+ By = X1 = X5 = X9 = X3 = X17 = X21 = ...,
Axxo+ By = X3 = Xg = X190 = X14 = X13 = X2 = ...
A3xg+ B3 = X3 = X7 = X = X15 = X19 = X3 = ...
that is, for all n € Ny, we have

Xan = X5 Xansi = Aixo + B, i = 1,2,3,

and we must have
(Ayxo + B1,Ax0 + By, A3xg + B3) # (X0, X0, X0).

(4.16)
4.17)
(4.18)
(4.19)
(4.20)

(4.21)

(4.22)

(4.23)
(4.24)
(4.25)

(4.26)

(4.27)
(4.28)
(4.29)

(4.30)
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In fact, assume that A;xo + B; = xg, i = 1,2, 3, and it follows from (4.30) that
Xn = Xo, 1 € Ny,

and this contradicts the fact that the solution is eventually prime 4-periodic.
Second, assume that (4.16)—(4.20) hold. From Lemma 4.1, we have

X12n = X0, X12n+4 = X0, X12n+8 = X0,
Xions1 = A1Xo + By, X12045 = A1 X0 + By, Xi2449 = A1Xo + By,
Xion+2 = AoXo + Ba, Xionee = AoXo + B, Xiops10 = AzXo + Ba,
Xi2043 = A3Xg + B3, X12047 = AzXo + B3, X124411 = Azxo + Bs.
Or equivalently,

Xan = X0, Xane1 = A1Xo + B, Xanso = AoXo + Bo, Xane3 = Azxo + Bs,

that is,
Xn+4 = Xy, € N,

which means that the solution is eventually 4-periodic, and as
(A1x0 + B1, Axxo + Ba, A3xo + B3) # (xo, X0, Xo),

the solution will be eventually prime 4-periodic.

The following theorem is devoted to the existence of eventually prime 3-periodic.

Theorem 4.3. Assume that By # 0, and let (x,)!>", be a solution of Eq (1.1). Then, (x,)!2, is

eventually prime 3-periodic if and only if
Xo = Azxg + By = —xg + Bg = —Azxg + A3 B¢ + Bs,

Aixog+ B) = Asxg+ By = —A1xg + A|Bg + B = —Ayxg + A4Bg + By,

—A2X0 + AzB6 + Bz = —A5)C() + A5B6 + B5,

A2X0 + 32 = A5X0 + B5
(A1xo + B1,Axxg + By) # (X0, Xo)-

Proof. First, assume that (x,)'"”, is eventually prime 3-periodic, that is,
dng > -2 : x,43 = X, 1 > ny.
So, as ny + 2 > 0, it follows from (4.35), that
X12(ng+2)+9 = X12(ng+2)+6 = X12(ng+2)+3 = X12(no+2)>

X12(ng+2)+10 = X12(ng+2)+7 = X12(ng+2)+4 = X12(ng+2)+1»

X12(ng+2)+11 = X12(ng+2)+8 = X12(ng+2)+5 = X12(ng+2)+2-

4.31)

(4.32)
(4.33)
(4.34)

(4.35)

(4.36)

(4.37)
(4.38)
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From (4.36)—(4.38) and Lemma 4.1, we obtain
Xo = A3X0 + B3 = —Xp + B6 = —A3X() + AgB6 + B3,

A]Xo + By = A4X0 + By = —A1X0 + A]B6 + B = —A4X0 + A4Bg + By,
Asxg+ By = Asxg + Bs = —Asxxg + Ay B + By = —Asxg + AsBg + Bs.
Using (4.39)—(4.41) in Lemma 4.1, we get for all n € N

X3p = X0, X3p4i = AiXo + B;, 1= 1,2,

and we must have
(A1xo + By, Axxp + By) # (X9, Xo).

In fact, assume that A;xo + B; = xp, i = 1,2, and it follows from (4.42) that
X, = Xp, n € Ny,

and this contradicts the fact that the solution is eventually prime 3-periodic.
Second, assume that (4.31)—(4.34) hold. From Lemma 4.1 we get

X12n = X12n43 = X12n+6 = X120+49 = X0,

X12n41 = X12n44 = X12n47 = Xi20410 = A1X0 + By,

X12042 = Xi2n45 = X128 = Xi2ns+11 = A2Xo + By.

Or equivalently,
X3p = X0, X3pe1 = A1Xo + Bi, X340 = A2xg + B,

that is,
Xn+3 = Xp, 1 € Ny,

which means that the solution is eventually 3-periodic, and as
(A1x0 + By, Aaxo + Ba) # (X0, X0),

the solution will be eventually prime 3-periodic.

The following theorem is devoted to the existence of eventually prime 2-periodic solutions.

(4.39)

(4.40)
(4.41)

(4.42)

Theorem 4.4. Assume that By # 0, and let (x,);>", be a solution of Eq (1.1). Then, (x,);2, is

eventually prime 2-periodic if and only if

Xo = Aoxg+ By = Ayxg+ By = —x9 + Bg = —Ayxg + AyBg + By = —A4xy + A4Bg + By,

(4.43)

A1X0+Bl = A3X0+B3 = A5X0+B5 = —A1X0+AlB6+Bl = —A3X()+A3B6+B3 = —A5X0+A5B6+BS, (444)

A1xy + B # xp.

(4.45)
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Proof. First, assume that (x,)'"”, is eventually prime 2-periodic, that is,
dng > -2 : x40 = X, 1 > ny.
So, as ng + 2 > 0, it follows from (4.46), that
X12(np+2)+10 = X12(ng+2)+8 = X12(ng+2)+6 = X12(ng+2)+4 = X12(ng+2)+2 = X12(ng+2)»

X12(ng+2)+11 = X12(ng+2)+9 = X12(ng+2)+7 = X12(ng+2)+5 = X12(ng+2)+3 = X12(ng+2)+1-

From (4.47), (4.48), and Lemma 4.1, we obtain

Xo = Aoxg+ By = Ayxg+ By = —x9 + Bg = —Ayxg + AyBg + By = —Ayxy + A4Bg + By,

A xo+B; = Asxg+B3 = Asxg+Bs = —Axo+ABg+B; = —A3x9g+A3B¢+B3z = —Asxog+As5Bg+Bs.

Using (4.49) and (4.50) in Lemma 4.1, we get for all n € N
Xon = Xo, Xone1 = A1Xo + By,

and we must have
Aixg + By # xp.

In fact, assume that A;xg + B; = xp, and it follows from (4.51) that
Xp = Xo, N € Ny,

and this contradicts the fact that the solution is eventually prime 2-periodic.
Second, assume that (4.43)—(4.45) hold. From Lemma 4.1, we get

X12n = X12n+2 = X12n+4 = X12n+6 = X12n+8 = X12n+10 = X0,

X12n41 = X12043 = X12045 = X12047 = X12049 = Xi2n+11 = A1 X + By.

Or equivalently,
Xon = X0, Xou+1 = A1Xo + By,

that is,
Xn+2 = Xp, 1€ Ny,

which means that the solution is eventually 2-periodic, and as
Aixg + By # xo,

the solution will be eventually prime 2-periodic.

In the following theorem, we discuss the existence of eventually prime 1-periodic solutions.

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

Theorem 4.5. Assume that Bs # 0, and let (x,)!>, be a solution of Eq (1.1). Then, (x,)', is

eventually prime 1-periodic if and only if

Xp = —Xp + B6 = A,'XO + Bi = —AiX() +AiB6 + Bi, I = 1, ,5

(4.52)
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Proof. First, assume that (x,)'"”, is eventually prime 1-periodic, that is,
dng > -2 : x,01 = X, 1 > ny. (4.53)
So, as ny + 2 > 0, it follows from (4.53) that

X12(np+2)+11 = X12(1942)+10 = X12(ng42)49 = oo = X12(np+2)+1 = X12(ng+2)- (4.54)

From (4.54) and Lemma 4.1, we obtain that all the quantities xy, A;xo+B1, Ay Xo+ B>, A3Xo+B3 Ayxo+ By,
A5XO + B5, —Xp + B6, —A1X0 + A1B6 + Bl, —AzXO + A2B6 + BQ, —A3X0 + AgB6 + B3, —A4X0 + A4B6 + B4,
and —Asxy + AsBg + Bs are equal.

Second, assume that (4.52) holds. From Lemma 4.1, we get

X12n+11 = X120+10 = X12049 = -oo0 = X120+1 = Xi2n+1 = X0,
Or equivalently,
Xn = X0,
that is,
Xn+1 = Xu, 1 € N,
which means that the solution is eventually prime 1-periodic. O

Remark 4.1. From Theorem 4.1, Theorem 4.3, Theorem 4.4, and Theorem 4.5, the existence of 6-
periodic, 3-periodic, 2-periodic, and 1-periodic solutions requires that xo = —xo + Bg. If B¢ = 0, this
leads to xy = 0, contradicting the assumption x, is non-zero. Hence, condition B # 0 is essential in
these theorems.

5. The case A¢ =0

This section concerns the form and the periodicity of the solutions of (1.1) in the case where the
parameter Ag = 0.

+o00
n=-2

Lemma 5.1. Assume that Ag = 0, and let (x,,) be a solution of (1.1). Then for all n € Ny, we have
Xon = X0» Xene1 = A1Xo + By, Xent2 = AaXo + By,
Xen+3 = A3xo + B3, Xeuea = Agxo + By, Xenis = Asxo + Bs,

that is, the solution is eventually 6-periodic. Moreover, if x_, = A4xo + B4 and x_; = Asxy + Bs, the
solution will be 6-periodic.

Proof. As Ag = 0, It follows from Theorem 2.1 that for alln = 0, 1, ...,
Xen = B¢, Xensi =AiBe+ B;, i=1,...,5.
As the formula of xg, is valid for n = 0, it follows that B¢ = x¢ # 0. So,
Xon = X0, Xonei = Aixo+ B, i=1,...,5,
and the solution is is eventually 6-periodic. To get the solution 6-periodic, it is enough to take
Ausxog + By = x5, Asxg + Bs = x_;.

O
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Remark 5.1. From Lemma 3.1, when A¢ = 1, Bg = 0, and Lemma 5.1, when Ag = 0, Bg = xy, the
solutions of (1.1) take the same form. As a consequence, the following result holds, and its proof
follows line by line those of Theorems 3.1-3.3.

Theorem 5.1. Assume that Ag = 0, and let (x,)'>", be a solution of (1.1). Then,

+00
n=-2
+00
n=-2

The solution (x;,) will be eventually prime 3-periodic if and only if condition (3.3) is satisfied.

The solution (x;,) will be eventually prime 2-periodic if and only if condition (3.12) is satisfied.

The solution (x,,)'=”, will be eventually prime 1-periodic if and only if condition (3.18) is satisfied.

The following result is a consequence of Theorem 5.1.

Theorem 5.2. Assume that Ag = 0, and let (x,);>", be a solution of (1.1). Then, (x,):2, will be
eventually prime 6-periodic if and only if the quantities xo, A1xo + By, Aaxo + Ba, A3xo + B3, Ayxo + By,
and Asxy + Bs do not satisfy (3.3) nor (3.12) nor (3.18).

6. The case Ag = —1, 0, 1

This section investigates the behavior of solutions of (1.1), when the parameter A¢ # —1,0, 1. The
following result is a direct consequence of Theorem 2.1, therefore its proof will be omitted.

Theorem 6.1. Let (x,)'>, be a solution of (1.1).

n=-2
e Assume that |Ag| < 1, then

I Bg I A;Bg
m Xg, = ——, 1M Xgu4i =
n—+00 6 1 - Ag n—o+oo o+ 1 - Ag

+B;,i= 1,...,5,

that is, (x,),2", converges to an eventually 6-periodic solution.
e Assume that |[Ag| > 1, then foreveryi =0, 1,...,5, we get

lim [Xgy4i| = +00,
n—+0o

if xo + 158 # 0, and
lim Xenei = —Xo + B, i = 0,1,...,5,
n—+oo

if xo + {5¢ = 0, where Ap = 1, By = 0.

7. Numerical examples

In this section, in order to illustrate and support our theoretical findings, we present some numerical
examples with different parameters and initial values. These examples confirm the correctness of our
results.

Example 7.1. Leta =1, b = 1, and @ = —2. For this choice, Eq (1.1) takes the form

Xn+l =

Xpn-1 — Xp-2 — 1

_2-xnxn—2 ( Xn — Xp-1 — 1
Xp—1

)+xn+l. (7.1)
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If we take,

we get

and foralln=0,1, ...,

It follows that

X_p = 2, X_1 = —1, Xo = 2,

A6 = 1a B6 = 0’
Asxg+ Bs = Asxg+ B3 = Ajxp+ B; = -1,

A4X0 + By = AzXo + B, = xp = 2,

Xon =2 = X_g, Xope1 = —1 = x_4.

Xn+2 = Xp, I = _2’ 0’ cees

that is, the solution is prime 2-periodic, and this confirms the result of Theorem 3.2. See Figure 1.

x(n)

-1

Figure 1. The graphic shows the 2-periodicity of the solution of Eq (7.1) given in Example

7.1.

Example 7.2. Leta =1, b = 0, and a = 1. For this choice, Eq (1.1) takes the form

If we take

we get

XnXn-2 Xn — Xn-1
Xpy] = + X,. (7.2)
Xn—-1 Xn—1 — Xp-2

1
x—2:27 X-1 = 59 x0:27

A¢ =1, B¢ =0,

1 8
A5X() + BS = 5, A4X0 + B4 = 2, A3.X() + B3 = g, AzXO + Bz = 2, AI)C() + B] = —6.
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Clearly, the quantities A;xo + B;, i = 1,2,...,5 do not satisfy the conditions (3.3), (3.12), and (3.18).
Also, foralln =0, 1, ..., we have
Xen = 2 = Xo, Xeps1 = =0, Xeps2 = 2,

8 1
Xon+3 = g, Xen+d = 2 = X_2, Xepss5 = 5 =X_1.

It follows that
Xnt6 = Xp, B = _2, 07 cees

that is, the solution is prime 6-periodic, and this confirms the result of Lemma 3.1 and Theorem 3.4.
See Figure 2.

—_

x(n) -34

-5

,6_
Figure 2. The graphic shows the 6-periodicity of the solution of Eq (7.2) given in Example
7.2.

Example 7.3. Leta=—-1,b =1, and a = 1, then Eq (1.1) will be

_ |
Xy = En 2( X + Xn- )—x,,+ 1. (7.3)

Xn—-1 Xn—-1 — Xp-2 — 2
Assume that 1 1 5 !
L, = ——(188 + 36 V93)!/3 —, X ==,
©2 = 5188+ 36V9) (188 + 36403 1872

(23(188+36\/_)”3+3(188+36\/_)1/3\/_+13(188+36\/_)2/3+130 6\/_)
X0 =
18 (188 + 36 193)2/3

For this choice of the parameters and initial values, we get
A6 = _1’

B6:—%(188 36\/_);+—2(188+36\/_) V93
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65 2 13
8712(188 36\/_)3+m(188+36\/_) V93 + t
= 2Xxo,

and foralln=0,1, ...,

[23(188+36x/_)1/3+3(188+36\/_)‘/3\/_+13(188+36\/_)2/*+130 6\/_)
Xon —
18 (188 + 36 193)2/3

= Xo»

Kot = o+ (188+36\/_)%——(188+36\/_) V93

54 " 504
5 401 2
+m(188+36\/_) \/_—m(l% 36\/_)3

2
3

1 215
Xepes = 484(188+36\/_) Vo3 + 8712(188 36 V93)" +

+§(188+36@); \/_+—(188+36\/_)%

Xon+3 = E——(188+36\/_)%+_(188_|_36\/_)%\/_

18 396
14 2
+—(188+36\/_) 188+36\@)3 Vo3,

1089

2
3

1452 (

x6n+4:—316(188+36\/_)é—ﬁ(188+36\/_)§+ﬁl36(188+36\/_)%\/9_3+15—8,

Xon+5 = 5 =X-1.
It follows that
Xnt6 = Xp, B = _1707 sees

that is, the solution is eventually prime 6-periodic. This confirms the result of Theorem 4.1. See Figure
3.
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x(n)

-14

Figure 3. The graphic shows the 6-periodicity of the solution of Eq (7.3) given in Example

7.3.

Example 74. Leta = 1, b = 2, and a = —1. For this choice, Eq (1.1) takes the form

_2 nin— n - Mn— _2
Xprl = alial z(x alind )+x,,+2.
Xn—-1 Xp-1 = Xp-2 — 2
If we take
19 + V41
X_p = 1, X_1 = —2, Xp=——"—"—"7"",
4
we get
-46 3V41
A¢=—-1,Bg = — + ———
6 , De 3 + 10 °
and foralln=0,1, ...,
_ 19 + v41 _ _ 339 + V41 _ 539 + V41
X12n = 4 = X0, X12pn+1 = 30 s X12n42 = 100 ’
121 N 7 V41 63 N 33 V41 71 23V41
X143 = Az T —— " X1m+d = —5 7 T — 5~ > X12n+5 = —; — >
12n+3 73 4 12n+4 16 30 12n+5 4 20
-279 + V41 —-43 +3 V41 -23 +3 V41
X12n+6 = T’ X12n+7 = T, X12n+8 = 1—0,
11 + v41
X12n49 = 1—0, Xions10 = 1 = X9, X121 = =2 = x_1.

It follows that the solution is 12-periodic, and this confirms the result of Lemma 4.1. As
Xn+12 = Xy, B = _25 _1’ X3

the solution is prime 12-periodic. See Figure 4.

(7.4)
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x(n)

Figure 4. The graphic shows the 12-periodicity of the solution of Eq (7.4) given in Example
7.4.

Example 7.5. Leta =1, b = 1, and a = 2. For this choice, Eq (1.1) takes the form

2xnxn—2 Xn — Xp-1 — 1
Xn+l =

)+Xn+ 1. (7.5)

Xn—-1 Xn-1 — Xp-2 — 1

If we take

X_p = 1, X_1 = 1, X0 = 3,
we get
A6 = 0, B(, = 3,
Aixo+ B =2, Aoxog+ B, =7, Asxop + B3 = 36, Auxo+ By = =35, Asxg+ Bs =1,

and foralln=0,1, ...,
Xon = 3 = X0, Xons1 = =2, Xons2 = 1, X12043 = 36, Xeura = =5, Xeues = 1 = x_;.

It follows that

Xnt6 = Xp, B = _1,0’ cees

that is, the solution is eventually prime 6-periodic, and this confirms the results of Lemma 5.1 and
Theorem 5.2. See Figure 5.
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30

20
x(n)

-204

-30

Figure 5. The graphic shows the 6-periodicity of the solution of Eq (7.5) given in Example
7.5.

Example 7.6. Let a =2, b = 1, and a = —1. For this choice, Eq (1.1) takes the form

nin— n 2 n-1— 1
x,,+1:—xx2(x Al )+2xn+1. (7.6)
Xn-1 Xp-1 — 2xn—2 -
If we take
X_p = 7, X_1 = —1, X0 = 2,
we get
Ag = 0.633262472 < 1,
B¢ A Bg Ay Bg
— 5.864141463, B, = 5.031597256, B, = 8.861870712,
- A T4, ! 1—A; 2
AsB A4B AsB
576 4 By = 1576978452, ——% + B, = 20.52449512, —° 1 Bs = —4.864141463.
1 —A6 1 —A6 1- A6

So, it follows that (x,)*” , converges to a 6-periodic solution as follows:

lim xe = 25 lim xe. = AiBs
n—+oo on 1 - A6’ n—+oo on+i 1- A6

+ Bia l = 1, ...,5,

and this confirms the result of Theorem 6.1. See Table 1.
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Table 1. The table shows that the solution of Eq (7.6) converges to a 6-periodic solution.

n Xon Xon+1 Xon+2 Xon+3 Xon+4 Xon+5

0 2 2.375000000 4.710937500 8.851562500 11.95907738 -2.41687925
10  5.83873430 5.014129777 8.834577769 15.72429630 20.46817646 -4.84805033
20 5.86397450 5.031482380 8.861691216 15.76948539  20.52412491 -4.86403565
30 5.86414101 5.031596872 8.861870111 15.76978355 20.52449405 -4.86414120
40 5.86414137 5.031597100 8.861870462 15.76978412  20.52449475 -4.86414122
50 5.86414133 5.031597089 8.861870449 15.76978411 20.52449475 -4.86414124
60 5.86414137 5.031597102 8.861870461 15.76978412 20.52449475 -4.86414122
70 5.86414133 5.031597089 8.861870449 15.76978411 20.52449475 -4.86414124
80 5.86414137 5.031597102 8.861870461 15.76978412  20.52449475 -4.86414122
90 5.86414133 5.031597089 8.861870449 15.76978411 20.52449475 -4.86414124

8. Conclusions

In this work, we derived explicit formulas for the solutions of a new difference equation. Based on
these formulas, we conducted a detailed analysis characterizing both the existence of periodic solutions
and their asymptotic behavior. Several numerical examples were also presented to illustrate and support
the theoretical results. The approach proposed in this work is original and provides a rigorous and
systematic method for identifying prime periodic solutions. By relying on explicit solution formulas, it
leads to clear and verifiable conditions for periodicity. Moreover, the proposed approach can potentially
be extended to other nonlinear difference equations of similar forms. It can also be used to complement
and extend the results obtained in [19] concerning prime periodic solutions.

Open problem: As a natural extension of the present study, we consider the following system of
difference equations, to which we believe our approach can be successfully applied:

_ YnXn2 [ Xy —axX,1 —b

)+axn+b, Vptl = (
X

n—1

_ CXpYn-—2 ( Yn — AYp-1 _ﬁ

Xn+l = )+a)’n+,8, ne NO’ (81)
Yot \Vn-1 — QYVn—2 —

Xp—1 — AXy2 — b

where c, vy, and the initial values x_,, y_, x_1, y_1, Xo, and y, are non-zero real numbers, while a, a, b,
and S are real numbers.
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