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1. Introduction

Let D denote the open unit disk in the complex plane C, and let H(DD) stand for the vector space
of all analytic functions on D. Let H* = H*(D) be the space of all bounded analytic functions on
D. Then H* is a Banach algebra with the supremum norm ||g|l.c = sup_.p |g(2)|. For 0 < p < oo, the
Bergman space A” consists of all g € H(D) satisfying

lglly, = j}; lgw)I” dA(w) < oo,

where dA represents the normalized Lebesgue area measure on D, namely dA = % dxdy.
The Bloch space B consists of all g € H(D) such that

llglls = 1g(0)] + lIglls.« < oo, llglls.. = sup(l — [zP)Ig’(2)].
zeD

A well-known result from [1] states that

lglls. < sup||g o o — g0,
ceD
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in which o .(z) = 1‘_—‘5’2 denotes the Mobius automorphism of D.

Building on the abovementioned result, Zhu and Yang introduced [20] the analytic a-Bergman—
Morrey space A”*? for 1 < p < 00,0 < A <2, and @ > 0. We use the following equivalent norm
from [20]: An analytic function g belongs to A?*¢ if

18I}, = 18O + llgll],.0, < o0, (1.1)

where
1811, ..., = sup(l — Je[*™ f 8@~ 1227721 ~ o) " dA).
’ D

ceD

The space AP*® is a Banach space under this norm, and norm convergence implies uniform
convergence on every compact subset of D; see [20]. Setting @ = 1 recovers the Bergman—Morrey
space A”, originally investigated by Yang and Liu in [17]. If 1 — (2 — 1)/p > 0, then the choice
a = 1—(2-2)/p gives the classical Bloch space 8 with equivalent norms. Further properties of A?®
can be found in [20].

Given an analytic self-map ¢ : D — D, the associated composition operator C, is defined by

Cof =fod,  VfeHMD).

An immediate corollary of Littlewood’s subordination theorem asserts that every analytic self-
map of D induces a bounded composition operator on all Hardy spaces and Bergman spaces over
D. Another standard consequence of Littlewood’s subordination theorem guarantees that each
composition operator acts as a bounded linear operator on BMOA, the bounded mean oscillation
analytic function space. Recall that a function f € H(D) lies in BMOA if and only if

llgll. = supllg o e — (Ol < o0,
ceD
where H? denotes the Hardy space. The compactness properties of Cy : BMOA — BMOA have been
extensively studied in [2, 8, 11, 14, 15]. In particular, Wulan established in [14] that C,4 is compact on
BMOA precisely when
lim ||l =0 and lim floc © ¢. = 0.

Subsequently, Wulan et al. refined this characterization in [15] by proving that the condition
]}im ll¢*|l. = O alone suffices for the compactness of C, : BMOA — BMOA.
For an analytic self-map ¢ : D — D, the Schwarz—Pick type derivative ¢* of ¢ is given by

1z,

# _
7= TR @

From the Schwarz—Pick lemma, for all z € D, one has |¢*(z)] < 1, which implies that Cy acts
boundedly on the Bloch space. The compactness of composition operators on the Bloch space was
first investigated in [9]. Those authors established that C; : 8 — B is compact if and only if

lim |¢*(z)| = 0.
91 P
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Tjani provided an equivalent characterization in [12] and showed that Cy : 8 — 8 is compact if and
only if limy,_,; [lo, © @llg. = 0. In [15], Wulan et al. obtained another criterion for the compactness of
composition operators on the Bloch space. Their theorem states that Cy, : 8 — B is compact if and
only if limy_,, ||¢*||z = 0.

Composition operators from the Bloch space into F(p, g, s) and Qk spaces were studied in [3, 7,
13, 19], while [6] concerns the products of differentiation and composition operators from the Bloch
space into analytic Morrey-type spaces. The work [16] investigates structural properties and operator-
theoretic applications of the Bergman—Morrey spaces corresponding to the case @ = 1. More recently,
the spaces A”*® were introduced in [20], where their basic structure and the Volterra operators acting
on them were studied. None of these results, however, provides a characterization of the composition
operators Cy : B — AP throughout the full range 1 < p < 00,0 < A < 2, and @ > 0. In particular, the
simultaneous dependence of the norm on the parameter A and the parameter @ produces two transition
indices that do not arise in the previously studied settings. In this paper, we conduct a systematic study
for the boundedness and compactness of composition operators that map the Bloch space 8 into the
a-Bergman—Morrey space A9,

The first main contribution of the present paper is a complete parameter classification governed by

2-2 4-2
gy = 1-— ) = 1+ .
p p
The four resulting cases exhibit essentially different operator-theoretic behavior. In the range 0 < @ <
@, boundedness and compactness coincide and hold precisely when

p €A™ and ||¢ll < 1.

When @ = ay > 0, the space AP*® agrees with the Bloch space up to equivalent norms, and
compactness is governed by the classical vanishing hyperbolic-derivative condition. In the range
ay < a < aj, every analytic self-map of D induces a compact composition operator from B into
AP Finally, when @ > a, boundedness is possible only for constant symbols. Thus, the paper
identifies both the exact phase-transition values and the corresponding changes from symbol-dependent
boundedness to automatic compactness and, ultimately, to rigidity.

The second contribution is an intrinsic integral characterization of boundedness, together with a
two-sided estimate for the operator norm. We also establish two equivalent compactness criteria. One
expressed in terms of the Mobius test family o, o ¢, and the other through the vanishing of a weighted
integral over the sets {z € D : |¢(z)| > r}. As a consequence, a new family of integral characterizations
of compact composition operators on the classical Bloch space is obtained.

The decisive technical ingredient is the following representation

2
llgll? = sup(1 — |¢[})P-Pat=A lg"(@IP(1 = |z])?
AP ceD D 1 — EZ|2p+4—2pa/

dA(2).

This representation makes the two critical indices explicit and permits uniform estimates at all relevant
endpoints. Consequently, the parameter classification and the compactness results are not merely
formal applications of the existing theory for F(p, g, s), Qk, or the classical Bergman—Morrey spaces.

The paper is organized as follows. Section 2 collects some auxiliary lemmas used in the proofs of
our main theorems. Section 3 gives a complete parameter classification and establishes the main results
and proofs in this paper.

AIMS Mathematics Volume 11, Issue 9, 30815-30829.
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We adopt the notation X < Y whenever X < CY for some constant that is independent of the
relevant variables, and X =< Y if both X < Y and Y < X hold. Unless explicitly stated otherwise,
implicit constants may depend on the fixed parameters p, A, @ and the prescribed auxiliary quantities,
but not on variables over which suprema or limits are taken. The supremum over an empty set is

defined to be zero.

2. Preliminaries

We assemble several auxiliary lemmas below, which constitute the foundational estimates for the
proofs of our main theorems. The following integral bounds are standard and may be found in [18,

Lemma 3.10].

Lemma 2.1. Let z € D, t > —1, and let ¢ be a real constant. Define

1 — &) )’
10 = | e,

(i) If ¢ < O, then I(z) is uniformly bounded on Dy
(ii) If ¢ > 0, then 1(2) < =y as 2l — 17
mUUc:QMMH@xkgt#aﬂdeli

The identit
’ (A=l =1z

1 —o.(2)f = —
lo.(2)] TR

yields

(1 - |C|2)2—/1(1 - |Z|2)pa—2(1 _ |O_C(Z)|2)p—pa+2
(I- |C|2)2_/l+p_pa+2(1 - |Z|2)P0—2+P—pa+2

|1 _ Ezl2p—2pa+4
O
- |1 _ EZ|2p+4—2paf :

Substituting this into (1.1), we obtain

’ 2
()P g’ (@)IP (1 — |z]7)”

D |1 _EZ|2p+4—2p(t dA(Z)'

Hﬂﬁm*—igﬂ—

For simplicity of notation, we introduce two critical indices for the lemma below.

2-2 4-2
ag=1- ——, =1+ ——.
p p
Lemma 2.2. Let1 < p<o00,0<A<2, and a > 0. Assume ay < @ < ;. Then

sup(l - |C| ) pa+d— /lfl dA(z)

D 1 - CZ|2p+4 2pa

If additionally a > ay, then

dA
Rlifr[ sup(1 — [c[?)r-Pe+it f _dA@) =0
2>

=17 D R |1 _ EZ|2p+4—2pa/
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Proof. The condition a < «; is equivalent to
p—pa+4—-1=>0.
First, suppose 2p + 4 —2pa > 2. Applying Lemma 2.1,
( |c| )p pa+4-21 f dA(Z) < (1 _ | C|Z)p—pa+4—/l+2—(2p+4—2pa)
|1 _ CZ|2p+4 2pa ™ (25)
= (1= [Py = (L =[Py < 1.

Next, consider the case 2p+4—2pa = 2. This equality givesa = 1+1/p, and p—pa+4—-1=3-1> 0.

Therefore
dA(z)

pll—czP ™
If2p +4 -2pa <2, Lemma 2.1 implies

(1 = [efyprpari=e < (1 =1ef’y’ " log

e
1 —|c|*

(1 = [efyrres=t fD % < (1= JePy =t <1,
The cases above establish (2.3).

Now assume a > . We first consider the case of 2p +4 —2pa > 2. Fix 0 < p < 1 and decompose
the supremum over |c| < p and |c| > p. For |c| < p, we have |l —¢z| > 1 —p and (1 — [c[})P~Pe™41 < 1,
The integrals over {|z| > R} converge to zero uniformly for |c| < p as R — 1. For |c| > p, the integral
over {|z| > R} is dominated by the full integral over D. By (2.5), this bound is

C(1 _p2)p(a—ao)’

which vanishes as p — 1.

When 2p +4 —2pa = 2, the contribution from |c| < p again tends to zero with R, owing to the lower
bound |1 —¢z| > 1 — p. For |c| > p, the integral over {|z| > R} is bounded by the integral over D. The
previously derived estimate yields

Csup(1 — |c[*)**log
lel>p 1- |C|

Since 3 — A4 > 1, this expression approaches zero as p — 1.

For0 <2p+4—-2pa < 2,selectt > 1 such that 2p +4 —2pa)t < 2. Let E C D be any measurable
set. The inequality p — pa + 4 — 1 > 0 ensures (1 — |c|*)?~P*™~1 < 1. Holder’s inequality combined
with Lemma 2.1 gives

dA(2)

1 - 2\p—-pa+4-21
( |C| ) E |1 _ EZ|2p+4—2pa

b |1 _ EZ|(2p+4—2pa)t

1/t
S( dA(2) ) A(E)l—l/t SA(E)l—l/t_

Setting E = {|z| > R} verifies (2.4). Finally, if 2p + 4 — 2pa < 0, then

1

2—(2p+4—2p(1)
|1 _ EZ|2p+4—2p(t -
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So
il dA(2) COpid—p
a—mW”””ﬁMgfamn@é2W””Mw>m.
The right-hand side converges to zero uniformly in c as R — 1. O

The following lemma can be proved similarly to Proposition 3.11 in [4], and we omit the details.

Lemma2.3. Let 1 < p <00, 0<A<2 anda > 0. Suppose T : B — AP is a bounded operator
that is either the canonical embedding or a composition operator Cy. Then T is compact if and only if

|7 fullspie — O holds for every bounded sequence (f,) C B converging uniformly to zero on all compact
subsets of D.

Lemma 2.4. Let 1 < p<o00,0<A<2, and a > 0. Let ay and a, be defined by (2.2).

(a) If0 < a < g, then AP — H*™ continuously.

(b) If ap > 0 and a = ay, then AP = B with equivalent norms.
(c) If oy < a < «y, then the embedding B — AP is compact.
(d) If @ > ay, then AP* contains only constant functions.

Proof. By the result in [20], for all g € A?*® and every z € D, we have

18’ @) < llgllarae (1= lzP)™77

Then

Izl

8(2) = gO)| < llglla,., | (1 =)""dr < g, .-
0

Hence, AP < H® continuously whenever 0 < « < «y.
Statement (b) is established in [20].
Now assume @ < @ < «;. For any g € B, the estimate

'@ = 12" < llglly,
remains valid. Substituting this bound into (2.1) and applying (2.3) yields
1811700 < 180N + lIglls, < llgll-

Hence, the embedding in (c) is bounded.
We next verify compactness for case (c). Take a sequence (g,) bounded in B and converging
uniformly to zero on compact subsets of D. Fix 0 < R < 1. From (2.1), we have

’ 152
mmq&%”“f 8O D" o)
|

D [<R |1 _ EZ|2p+4—2pa

dA
<suplg, ()" sup(1 — |C|2)P—pa+4—,lf 2
D

—_———,
lZI<R ceD 11— CZ|2p+4 2pa

AIMS Mathematics Volume 11, Issue 9, 30815-30829.
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where we use (1 — |z|*)? < 1. The second supremum is finite by (2.3), while Cauchy’s integral formula
implies sup, .z g,(2)] = 0 as n — co. Accordingly, the right-hand side vanishes as n — co. By the
definition of Bloch space, we have

Sup(l _ |c|2)p—pa/+4—/l
ceD

dA(2)
<sup||gall% . sup(1 — |cf? ”_””4_1[ _——.
apllgill sup(1 ~ el T

’ 12
f 8, ~ )" A2)
|

ISR |1 _ EZ|2p+4—2pa

Lemma 2.2 ensures this term can be made uniformly small by selecting R sufficiently close to 1. Since
additionally g,(0) — 0 as n — oo, Lemma 2.3 completes the proof of (c).

Finally, suppose @ > ;. In this case, p — pa + 4 — 1 < 0. If g were nonconstant, there is a closed
disk E C D satisfying

flg’(z)lp(l —1z2%)? dA(z) > 0.

E

For z € E and ¢ € D, the expression m is bounded below by a positive constant independent of
c. We therefore obtain

2\p—pa+d-2
lgll?, .., 2 sup(l — [c[)P P2 = oo,
’ ceD

This contradiction establishes (d). O
3. Main results and proofs

Theorem 3.1. Let 1 < p < 00,0 < A< 2, and a > 0. Suppose ¢ is an analytic self-map of D, and let
o, @) be defined via (2.2).

(a) If 0 < a < ay, the following assertions are equivalent:
(i) Cy : B = AP s bounded;
(ii) C4: B — AP is compact;
(iii) ¢ € AP and ||@||. < 1.
(b) If @ > 0 and @ = @, then Cy : B — AP s always bounded. The operator Cy is compact if and

only if
lim sup |¢*(z)] = 0.

=17 p)l>r

(c) Ifag < @ < @y, then Cy : B — AP js compact for every analytic self-map ¢ of D.
(d) If @ > @, then C4 : B — AP is bounded if and only if it is compact, and these conditions hold
if and only if ¢ is constant.

Proof. We first consider the case 0 < @ < (. Assume that Cy is bounded. Applying this composition
operator to the function f(z) = z yields

¢ = Cyf € AP

By Lemma 2.4, we get
If © Bllo S NCpfllaraa < 1 flls- (3.1)

AIMS Mathematics Volume 11, Issue 9, 30815-30829.
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We proceed by contradiction and suppose ||@||. = 1. Select a sequence {z,} such that
Wa = $(2n), Wl — 1,

and define &, = w, /|w,| for all sufficiently large indices n. Set

1
fa(w) = log T

— é.‘nw

The estimate )
L= _ (=D + e _

2

(1 = WPIfw)l = |

1-&wl 1 —Iwl

shows that { f,} remains bounded within . Meanwhile, we have

[fuOwn)l = log

— 00, (n— 00),
1 = [w,|

which contradicts Inequality (3.1). Consequently, ||¢||. < 1.
Conversely, let R = ||§|lo < 1 and assume ¢ € AP*®. For an arbitrary f € B, we have

, /115,
sup i< 773
and 1 I1+R
LA @O < 1f O + S lIflls Jog T— < Il flls-

Substituting these bounds into (1.1) gives

p
1Csf e < 1F(@ONI + (Sup f ’(W)I) [/l

[wI<R

< (L + 1161100 IF 1l

This establishes the boundedness of C;.
Now let { f,} be a bounded sequence in B converging to zero locally uniformly on D. Then

Ja(@(0) = 0, sup |f;(w)| = 0
[wI<R
as n — oo. The convergence of derivatives follows from Cauchy’s integral formula applied on any disk
whose radius lies strictly between R and 1. Explicitly, we have

p
ICofalllpra < 1f(SONI” + (|SI|1<I1>e If,i(W)I) 111 o
and both terms on the right-hand side vanish in the limit. Therefore, ||Cy f,l[sr1c — 0 as n — oo. By
Lemma 2.3, C, is compact. This completes the proof of (a).
If @« = @y > 0, Lemma 2.4(b) identifies A”** with B up to equivalent norms. Boundedness
then follows from the Schwarz—Pick lemma, while the asserted compactness criterion is precisely the
theorem of Madigan and Matheson [9]. This proves (b).

AIMS Mathematics Volume 11, Issue 9, 30815-30829.
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We next consider the range ap < a < a;. For every analytic self-map ¢ of D, it is well known that Cy
acts as a bounded operator on 8. Composing C, with the compact embedding stated in Lemma 2.4(c)
yields (c).

Finally, suppose @ > ;. Take a bounded operator C4 and apply it to f(z) = z. Then Cyf =
¢ € AP and Lemma 2.4(d) forces ¢ to be constant. Conversely, constant symbols induce rank-one
operators and hence compact operators. This verifies (d). O

To estimate the norm of a composition operator Cs : 8 — AP, we use

ICyll = sup [ICysfllapaa.
Ifls<1

Theorem 3.2. Let 1 < p < 00,0 < A< 2, anda > 0. Let ¢ be an analytic self-map of D. The
composition operator Cy : B — AP is bounded if and only if

¢’ @I (1 = [z)P2

sup (1 — |c/)*™* 1 = o) " dA(Z) < oo. (3.2)
oy TR T )
In addition, whenever Cy : B — AP i bounded, we have
1 p
[|C4ll? = (1 + 1o —) +
’ SR 43
1¢"(2)IP(1 = |z]*)P*—2

1_ 2N\2-1
Sup(l =l ) oy

where the implicit constants in the equivalence relation depend only on the parameters p, A and a.

(1 = lo(P)' "2 dA(2),

Proof. The proof of boundedness follows a similar framework as that in [7], yet we supply the full
argument here to derive the corresponding norm estimate. Taking an arbitrary function f € B, we get

O 065
(f o @I = If G DF <l 7o

We also have the pointwise bound

1
(O] < (1 +log W) £z

Substituting these two inequalities into (1.1), we obtain

1 p
ICo Sy S (1 +log m) 11£11%
(3.4)
A2)2-4 l¢"(@IP(1 = |2*)P* 2 _ 2\p—pa+2 P
sup(1 = ey [ EEEC (1 o @y daclf i,

This establishes the sufficiency direction and the upper bound appearing in (3.3).
We now turn to necessity. Ramey and Ullrich constructed in [10, Proposition 5.4] two functions
F\, F, € B and a positive constant C such that

1
= S C(Fiw| +IF5w)),  weD.

AIMS Mathematics Volume 11, Issue 9, 30815-30829.
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Since 1 — |w| < 1 — |w|?, we obtain

1
< < C(F" F ’ D.
I—wP? " 1-w ~ (I 1w+ z(W)D w€E

For p > 1, the elementary inequality
(x+y) <277 +yT) (ny 2 0),
implies

1
A= pQPr S F{ (@) + [Fy (@)

Multiply both sides by the weight term
|¢’(Z)|p(l — |Z|2)p(x—2(l _ |O_C(Z)|2)p—pa+2’

integrate over the unit disk D, multiply the resulting integral by (1 — |c|*>)>™, and finally take the
supremum over all ¢ € D. This computation yields

QP - Py
1 _ 2N\2-1
Sup(l =™ ) A S eopy

2 2
< D NCGF AL < UCGIP > IF Il < G-
J=1 J=1

(1 = o) " dA(z)

Therefore, the boundedness of Cy implies the condition (3.2) and provides the lower bound for the
integral term.
The constant function 1 immediately gives [|Cyl| > 1. Suppose |¢(0)| > 1/2. Define

$(0) !
= —, = 1 P
= O =leer=
It is well known that || f¢]|g < 2, while
1 1
C,f:(0)=log——— <1 +log ————.
ColOI= 108 0@ = 1 8 T g0

We then have
L lCofellanso

1-1pOF =~ lfells

under the assumption |¢(0)] > 1/2. If instead |¢(0)] < 1/2, the quantity 1 + log(1/(1 — |#(0)]?)) is
comparable to 1. In both cases, we have

1 +log <Gl

1 p
W) S ICyll”.

Combining this estimate with the lower bound for the integral term and the upper bound (3.4) completes
the verification of (3.3). O

(1 + log

AIMS Mathematics Volume 11, Issue 9, 30815-30829.
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Theorem 3.3. Let 1 < p < o0, 0 < A<2, and a > 0. Suppose that ¢ is an analytic self-map of D such
that the composition operator Cy : B — AP s bounded. The following statements are equivalent.

(i) Cy : B — AP js compact;
(i)
lllinll_ lou © @llape . = 0;
(iii)

| I o pos2
1 1 - 2”f 1 - o))’ "*** dA(z) = 0. :
N (T D L @ )

Proof. First, assume that C, is compact. Define the function family {A,}.ep by h, = o, — a, which
satisfies uniform boundedness in the Bloch space. As |a| — 17,

(L= laP)

h,(2) = —
@ 1-az

converges uniformly to zero on every compact subset of D. Additionally, the relations
ha(0) =0, (1 -1zP)h @I =1~lo@F <1
confirm the uniform bound on the Bloch seminorm. Applying Lemma 2.3 yields
lloa © Bllaraa . = [ICphallaraa . — 0

as la| — 17, so (i) implies (ii).

Next, suppose that (ii) holds. For the ranges 0 < @ < @, @y < @ < @y, and @ > a, the boundedness
of C4 implies its compactness by Theorem 3.1. It remains to consider @ = @y > 0, where 8 = AP*¢
with equivalent norms by Lemma 2.4(b). The implication (if) = (i) follows directly from [12].

We now show (iii) = (i). By Theorem 3.2, the supremum in (3.2) is finite. Let {f,} be a bounded
sequence in B converging to zero locally uniformly. Decompose the integral for ||Cy fn”Zp, ra s into two
parts over the subdomains {|¢| < R} and {|¢| > R}.

For the region {|¢(z)| > R}, we have

epl = 'C'Z)HI 0o @Y @PA P21 = P A
p(2)|>R

ceD
- " @IP(1 = [z
<sup|lf;lly, sup(l — |c*)? ”f
np ) ' ceIDl? l¢(2)|>R (1 = lp)1)?

(1 = lo@P) """ dA(2).
For {|¢(z)| < R}, using (1 — |¢(z)[>)™? > 1, we obtain

sup(1 = lely™ f oI = PP~ Y dAc)
?(2)|<R

ceD
PP = Ry
7 P 1 - 2\2-1
< sup UnOlPsupCl = 1e™ | = epy

(1 = loP) " dA().

AIMS Mathematics Volume 11, Issue 9, 30815-30829.
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Given arbitrary € > 0, Condition (iii) allows choosing R sufficiently close to 1 such that the integral
over {|¢| > R} is bounded by &. For this fixed R, local uniform convergence combined with the Cauchy
integral formula implies

sup |f,(w)] = 0

[wI<R
as n — oo, so the integral over {|¢| < R} tends to zero. Since f,(#(0)) — 0 as n — oo, Lemma 2.3
confirms the compactness of C,.
Finally, we prove (i) = (iii). For 0 < @ < ay, Theorem 3.1(a) gives ||¢||c < 1, so {|¢| > r} is empty
for any r sufficiently close to 1, making the integrand in (3.5) identically zero.
For oy < a < ay, take any r > |¢(0)|. By the Schwarz—Pick lemma (see [5, Lemma 1.2]) and the
lower bound for pseudohyperbolic distance (see [5, Lemma 1.4]), we have

— (0
ls0(@@ <zl loso (@@ = %
" 60
r —
o> < s> G

where the annulus on the right recedes to the boundary as r — 17. Using the identity

s A @IP(1 = |72y
(1 = lp)I?)?
- ((1 - |Z|2>I¢’(z)|)” (1 - [cfyr-ross-s

[=Ig@P | T—capree

and the Schwarz—Pick lemma, we obtain

(1 —1|cP) (1 = o)™+

/ _ 112\pa—2
1= 1P 2—/1f 9" ()IP(1 = |z]7) | = o (P2 dA
Sclellg( < vl (L=1o@P)P (1=lo@F) @
dA(z)

<sup(1 = eyt [ __dAD)
ceD (lel> IO/ (1—rlgoypy 11 — Czl?Pra=2re

Lemma 2.2 ensures this term tends to zero as r — 1°.

If @« > a;, compactness (indeed, boundedness) forces ¢ to be constant by Theorem 3.1(d). Hence,
¢’ = 0, and the expression in (3.5) vanishes identically.

For @ = ay > 0, compactness of Cy : B — AP implies (see [9])

lim sup |¢*(z)| = 0. (3.6)

=17 p)l>r

Combining (3.6) with (2.3), we get

’ P(] — 2\pa—-2 ot
lim sup(1 — ey f PRI = RD™ yp opyr 2 dac)
r— 61>

ceP (1= l2)P)"
’ dA(2)
<1lim | sup 16* )| sup(l = |cpyprers— | 420
r=1” (¢(z)|];:r|¢ ( )l) CEIg( | | ) D |1 — CZ|2[7+4—2pa/
This verifies (iii) and completes the proof. o
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Taking @« = 1 — (2 — 1)/p in Theorem 3.3 gives Condition (v) below, which can be seen as a new
characterization for the compactness of C, on the space 8. Together with the results in [9, 12, 15], this
yields the following corollary.

Corollary 3.4. Let ¢ be an analytic self-map of D. Let 1 < p < oo and 0 < A <2 such that p > 2 — A.
The following statements are equivalent.

(i) Cy is compact on B.

(ii) 1im,_1- sup .., 6% ()] = 0.
(iii) limy, ;- |loy, © @llg. = 0.
(iv) limy . [l¢*]| = O.

(v)

: - ¢’ @I (1 = [z?)P~*+ 4-2
I 1 — Jcf?)> f 1 - lo@P) " dA) = 0.
(e

4. Conclusions

In this paper, we characterized the boundedness and compactness of composition operators from
the Bloch space B into the @-Bergman-Morrey spaces A”*? for the full range 1 < p < 00,0 < A < 2,
and @ > 0. The results reveal four distinct regimes determined by the critical indices @y and a;.
We also obtained an integral characterization of boundedness, a two-sided operator norm estimate,
and equivalent integral criteria for compactness. As a consequence, a new integral characterization of
compact composition operators on the Bloch space is obtained.
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