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becomes discontinuous across the interface and the displacement jump is given only implicitly. We
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introduce an additional variable that labels the subdomains, thereby representing the discontinuous
solution as a continuous function in an augmented higher-dimensional space. This continuous
representation enables us to exploit the universal approximation property of neural networks. The
loss function of the proposed PINN is constructed to incorporate the governing elasticity equations.
We show that the energy-norm error of the neural network approximation can be controlled by the
residuals of the loss function and prove that these residuals can be made arbitrarily small. In addition,
we conduct numerical experiments for circular- and line-interface problems as well as a driven cavity
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1. Introduction

The elasticity equations describe the relationship between displacement and stress in elastic bodies
and play an important role in analyzing mechanical behavior in various engineering problems [1, 2].
In particular, in elastic structures composed of two materials, the displacement field may exhibit
discontinuities across the interface, with the displacement jump being proportional to the normal
traction acting on the interface [3–5]. In such spring-type jump conditions, the resulting elasticity
equations are difficult to numerically solve, since the displacement jump is only implicitly given.

Several numerical approaches have been developed for solving elasticity problems with
spring-type jump conditions. In finite element methods (FEMs), this problem has been addressed by
introducing zero-thickness imperfect interface elements [6,7]. Another approach is the extended finite
element method (XFEM) [8, 9], in which specially designed enrichment functions are introduced to
capture displacement jumps induced by spring-type imperfect interfaces. More recently, the scaled
boundary finite element method (SBFEM) has been used to model elasticity with spring-type jump
conditions by incorporating zero-thickness, linearly elastic interface elements in a three-dimensional
formulation [10, 11]. However, these methods require specialized interface treatments, and their
implementation can become increasingly complex as the complexity of the problem
increases [12, 13]. For these reasons, traditional numerical methods face limitations in effectively
solving complex interface elasticity problems.

Meanwhile, mesh-free methods for solving partial differential equations (PDEs) have emerged with
the extensive development of deep learning methods. One of the main reasons for the success of
neural-network-based methods stems from the universal approximation property. In this light, physics-
informed neural networks (PINNs), which are neural network-based surrogate methods for solving
PDEs, have been successfully employed to solve various types of PDEs [14]. PINNs approximate
solutions of PDEs via the inclusion of the governing equations together with interface and boundary
conditions in the loss [15]. As a result, PINNs offer greater flexibility than conventional numerical
methods for high-dimensional problems and problems involving complex interfaces [13]. In addition,
theoretical studies have established error estimates for PINN approximations [16, 17].

However, since the neural network approximation in PINNs is smooth, approximating
discontinuous functions is inefficient [18, 19]. This limitation presents a particular difficulty for the
elasticity interface problem considered in this study, whose displacement field exhibits a jump across
the interface. Recently, a PINN employing axis-augmentation has been introduced [20]. Instead of
directly approximating discontinuous solutions, this method expands the input space so that the
solution can be represented as a continuous function in each region separated by the interface.

Based on this strategy, we propose a new PINN framework for elasticity interface problems with
spring-type jump conditions. Following [21, 22], we first apply a Sobolev extension to each
subdomain displacement variable so that it is defined over the entire domain. Then, we construct a
continuous global representation of the originally discontinuous solution through a linear combination
of the previously obtained extended displacement variables. The advantage of this formulation is that
the original discontinuous solution can be readily recovered by restricting the auxiliary variable. Next,
we design a PINN to approximate the extended function. The loss function of the PINN is based on
the governing equations of elasticity along with the interface and boundary conditions. In addition,
we establish the validity of the proposed PINN by providing an error analysis for the proposed loss
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function. Finally, we present numerical experiments to demonstrate the performance of our proposed
PINN.

This paper is organized into six main sections. Section 2 presents the governing equations and
notation for the elasticity interface problem with spring-type jump conditions. Section 3 presents the
proposed PINN method designed to capture discontinuous solutions. In Section 4, we derive the error
estimates for the proposed method. Section 5 validates the accuracy and effectiveness of the proposed
framework through a series of numerical experiments, including a comparison with the FEM. Finally,
Section 6 summarizes the main findings and discusses directions for future research.

2. Preliminary

In this section, we describe the governing equations for the elasticity interface problem with spring-
type jump conditions. Let Ω ⊂ R2 be a bounded Lipschitz domain partitioned into two bounded
Lipschitz subdomains Ω+ and Ω− by the interface

Γ = ∂Ω− ⊂ Ω,

where Ω− ⊂ Ω. The vectors ns denote the outer unit normal vectors to Ωs (s = +,−). We let nΓ = n−.
The displacement u = (u1, u2) under the effects of body force f ∈ [L2(Ω)]2 follows the below relations:

−∇ · σ(u) = f , in Ω+ ∪Ω−, (2.1)
[u]Γ = −Rσ(u)nΓ, on Γ, (2.2)

[σ(u)nΓ]Γ = 0, on Γ, (2.3)

where Ri j := (αδi j+(β−α)nin j) is an elasticity matrix, and the stressσ(u) is defined as 2µε(u)+λ div uI
and ε(u) = 1

2

(
∇u + ∇uT

)
. Here, we adopt the convention

(∇u)i j =
∂ui

∂x j
, i, j ∈ {1, 2}.

In (2.1), the divergence of the stress tensor is evaluated separately in Ω+ and Ω−, while the interface
behavior is prescribed by the jump conditions in (2.2) and (2.3). We assume that α > 0 and β > 0. The
eigenvalues of R are α and β. Hence, R is positive definite and invertible with its spectral condition
number κ2(R) and the spectral norm of its inverse

∥∥∥R−1
∥∥∥

2
given by

κ2(R) =
max(α, β)
min(α, β)

,
∥∥∥R−1

∥∥∥
2
=

1
min(α, β)

.

Consequently, a large disparity between α and β may deteriorate the conditioning of the interface
relation, and the constants involving R or R−1 may depend on max(α, β) and 1/min(α, β). Here, [·]Γ
denotes the jump across the interface Γ, i.e.,

[u]Γ = u− − u+, [σ(u)nΓ]Γ = σ(u−)nΓ − σ(u+)nΓ,

where the superscripts + and – denote the traces from Ω+ and Ω−, respectively. Since the same fixed
normal nΓ is used for both traces, (2.3) is equivalent to σ(u−)nΓ = σ(u+)nΓ on Γ. Because the outward
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normal toΩ+ satisfies n+ = −nΓ on Γ, the equality means that the physical outward tractions on the two
subdomains are equal in magnitude and opposite in direction. Moreover, by (2.3), the traction in (2.2)
may be evaluated using either trace. Using the trace from Ω−, (2.2) can be rewritten as σ(u−)nΓ =
R−1 (u+ − u−) on Γ, which confirms that the minus sign in (2.2) is consistent with the adopted jump and
normal conventions. The Lamé parameters λ and µ are assumed to be constant within each material
subdomain. For each s ∈ {+,−}, we set

λ|Ωs = λs, µ|Ωs = µs,

where µs > 0 and λs > 0. Thus, the stress tensor is evaluated separately in each subdomain using
λs and µs. The stress tensor may therefore be discontinuous across Γ, even when the displacement is
smooth within each subdomain. Equation (2.3) enforces continuity of the normal traction, rather than
continuity of the entire stress tensor. To ensure well-posedness of the solution, we impose a Dirichlet
boundary condition.

u = g on ∂Ω. (2.4)

We believe any other reasonable choice of boundary condition, such as a traction-free condition, would
lead to similar PINN methods. To avoid unnecessary complications, we restrict our attention to the
compressible regime and consider fixed positive Lamé parameters satisfying

λs > 0, µs > 0, s ∈ {+,−}.

The constants in the subsequent estimates may depend on the fixed material parameters λ± and µ±. We
do not claim estimates that are uniform in the nearly incompressible limit

λs

µs → ∞,

and this regime is left for future work. Before closing this section, we introduce some notation. For
a domain D ⊂ Ω, the spaces Wk,p(D) and L2(D) denote the usual Sobolev space and L2 space on D,
respectively, equipped with the norms ∥·∥Wk,p(D) and ∥·∥0,D. The notation (·, ·)D denotes the L2-inner
product on D. Also, Hk(D) := Wk,2(D) with the norm denoted by ∥·∥k,D. The subspace H1

0(D) is the
set of functions in H1(D) with the vanishing trace on ∂D. When D = Ω, we drop D in subscripts
for simplicity, e.g, ∥·∥k and (·, ·). For vector-valued functions, we use the notation [·]d, for instance,
[Hk(Ω)]d. We now define piecewise Sobolev spaces:

[Wk,p(Ω±)]d = {v ∈ [L2(Ω)]d : v|Ωs ∈ [Wk,p(Ωs)]d, s ∈ {−,+}}, k ≥ 1,
[Hk(Ω±)]d = {v ∈ [L2(Ω)]d : v|Ωs ∈ [Hk(Ωs)]d, s ∈ {−,+}}, k ≥ 1,

equipped with the norms

∥v∥pWk,p(Ω±) = ∥v∥
p
Wk,p(Ω−) + ∥v∥

p
Wk,p(Ω+) ,

∥v∥2k,Ω± = ∥v∥
2
k,Ω− + ∥v∥

2
k,Ω+ .

The piecewise C1 space is defined similarly:

[C1(Ω±)]2 = {v ∈ [L2(Ω)]2 : v|Ωs ∈ [C1(Ωs)]2, s ∈ {−,+}},

with the norm

∥v∥C1(Ω±) = ∥v|Ω−∥C1(Ω−) + ∥v|Ω+∥C1(Ω+) .

Throughout this paper, C is a generic constant not necessarily the same at each occurrence.
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3. Method

In this section, we construct a PINN for the elasticity interface problem described in Section 2.
Since the exact solution exhibits a displacement jump across the interface, directly approximating the
solution using a standard PINN is inefficient because the neural network is smooth. To remedy this,
we employ an axis-augmentation strategy [20–22] that transforms the discontinuous solution into a
continuous function in an augmented space. Based on this continuous representation, we construct a
PINN that approximates the elasticity solution while preserving the interface jump conditions.

The construction of the proposed method consists of three steps. First, the displacement variables
defined separately in the two subdomains are extended to the entire domain. Second, the extended
displacement variables are combined into a continuous function in an augmented space. Finally, an
augmented neural network is introduced to approximate this continuous representation, and its
parameters are determined by minimizing the physics-informed loss function.

First, us|Ωs ∈
[
H2(Ωs)

]2
is extended to (ū)s ∈

[
H2(Ω)

]2
by the Sobolev extension theorem [23],

where s = ±. Based on these extensions, we define the function

uaug (x, z) =
1 + z

2
(ū)+(x) +

1 − z
2

(ū)−(x), (3.1)

where z is an auxiliary variable that distinguishes the two subdomains. In particular,

uaug(x, 1) = (ū)+(x) and uaug(x,−1) = (ū)−(x).

Only the two values z = ±1 are used during training and prediction in the physical domain, as shown
explicitly in the residual evaluations below; therefore, the intermediate values in (−1, 1) are not
evaluated during training. The main advantage of this formulation is that the discontinuous solution
becomes continuous in the augmented space. Thus, instead of approximating the discontinuous
displacement field directly in the physical domain, we approximate a continuous representation
defined on the augmented input space. Since the universal approximation property of artificial neural
networks holds for continuous functions on compact subsets of R3, we can construct a PINN that
approximates uaug. To optimize the physics-informed objective function, we train an artificial neural
network with (x, z) as the input to approximate uaug.

We now introduce the neural network used to approximate the augmented displacement function.
For each i, let Li be an affine mapping, and let σ = tanh denote the hyperbolic tangent activation
function applied componentwise. We define the augmented neural network function ϕaug

θ : R3 → R2

with ℓ hidden layers by

ϕaug
θ (x, z) = (Lℓ ◦ σ ◦ Lℓ−1 ◦ · · · ◦ σ ◦ L0)(x, z), (3.2)

where θ denotes the set of training parameters. We denote byN aug the set of all such augmented neural
network functions.

Although the neural networks are defined in the augmented space (x, z), the actual approximation of
the discontinuous solution is performed in the physical domain by restricting the auxiliary variable z to
each subdomain. Specifically, a single augmented neural network induces a piecewise smooth function
given by

ϕθ(x) = ϕaug
θ (x, 1)χΩ+(x) + ϕaug

θ (x,−1)χΩ−(x). (3.3)
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More precisely, (3.3) implies that

ϕθ|Ω+ = ϕ
aug
θ (·, 1), ϕθ|Ω− = ϕ

aug
θ (·,−1).

Since the tanh activation function is C∞, both restrictions are C∞ in their respective subdomains,
although their traces on Γ need not coincide. Therefore, the displacement jump can be represented
using a single augmented neural network without introducing two independent neural networks.
Accordingly, we perform the approximation in the function space

N± :=
{
ϕθ : ϕθ is generated from some ϕaug

θ ∈ N
aug

}
. (3.4)

We remark that the space N± is a subset of [C∞(Ω±)]2.
Once the approximation space has been constructed, the network parameters are determined by

enforcing the governing equation, the spring-type jump conditions, and the boundary condition at a
finite number of training points. To describe the training process, we first define these training points.
Let {xs

i }
N s

i=1 denote the set of training points in Ωs, where s ∈ {+,−}. Similarly, let {xΓi }
NΓ
i=1 denote the set

of training points on Γ, with NΓ being the number of such points. Finally, let {x∂i }
N∂
i=1 denote the set of

training points on ∂Ω, with N∂ being the corresponding number of points.
Using these training points, we define three loss components corresponding to the elasticity

equation, the interface conditions, and the boundary condition. For any piecewise smooth function
ϕθ ∈ N

±, the loss functionals are defined as follows:

LΩ(ϕθ) :=
∑

s=+,−

1
N s

N s∑
i=1

∣∣∣ f (xs
i ) + ∇ · σ(ϕθ(xs

i ))
∣∣∣2 ,

LΓ(ϕθ):=
1

NΓ

NΓ∑
i=1

( ∣∣∣[ϕθ]Γ(xΓi ) + R(σ(ϕθ)|Ω−)(xΓi )nΓ
∣∣∣2 + ∣∣∣[σ(ϕθ)nΓ]Γ(xΓi )

∣∣∣2 )
,

L∂(ϕθ) :=
1

N∂

N∂∑
i=1

∣∣∣ϕθ(x∂i ) − g(x∂i )
∣∣∣2 ,

L(ϕθ) := ν0L
Ω(ϕθ) + ν1L

Γ(ϕθ) + ν2L
∂(ϕθ). (3.5)

Here, ν0, ν1, ν2 > 0 are the weights of the elasticity loss, the interface loss, and the boundary loss,
respectively. Since multiplying the total loss by a positive constant does not change its minimizer, we
normalize ν0 = 1. Dimensionally consistent positive weights, including normalization by the measures
of the domain, interface, and boundary, may also be employed without altering the subsequent analysis,
except for the constants involved.

Although the loss function is written in terms of the piecewise function ϕθ, its residuals are evaluated
using the augmented neural network ϕaug

θ during the implementation stage. More precisely,

∇ · σ
(
ϕθ(x+i )

)
= ∇x · σ

(
ϕaug
θ (x+i , z = 1)

)
,

∇ · σ
(
ϕθ(x−i )

)
= ∇x · σ

(
ϕaug
θ (x−i , z = −1)

)
,

[ϕθ]Γ(xΓi ) = ϕaug
θ (xΓi , z = −1) − ϕaug

θ (xΓi , z = 1),

[σ(ϕθ)nΓ]Γ(xΓi ) = σ
(
ϕaug
θ (xΓi , z = −1)

)
nΓ − σ

(
ϕaug
θ (xΓi , z = 1)

)
nΓ.
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Here,

∇x · σ(ϕaug
θ ) =

(
∂σ11

∂x1
+
∂σ12

∂x2
,
∂σ21

∂x1
+
∂σ22

∂x2

)
.

Therefore, the proposed method approximates the solution through the augmented neural network,
where the network parameters are obtained by solving the minimization problem

uθ = arg min
ϕθ∈N

±
L

(
ϕθ

)
. (3.6)

By minimizing the proposed loss functional, the neural network approximately satisfies the elasticity
equation together with the spring-type jump conditions on the interface and the boundary conditions
in a unified manner. Furthermore, the proposed axis-augmented framework enables efficient
approximation of discontinuous solutions using a single neural network without requiring mesh
generation or explicit interface reconstruction procedures.

4. Error estimates

In this section, we derive error estimates for the proposed method.

4.1. Lemmas and preliminaries

We state the second Korn inequality (see Chapter 11.2 of [24]).

Lemma 4.1 (Second Korn inequality). Let D be a bounded connected Lipschitz domain. There exists
a constant C = C (D) > 0 such that

∥v∥1,D ≤ C
(
∥ε(v)∥0,D + ∥v∥0,D

)
, ∀v ∈ [H1(D)]2.

Next, we need a Poincaré-Friedrichs-type inequality for the broken space [H1(Ω±)]2.

Lemma 4.2. It holds that

∥v∥0,Ω ≤ C(|v|1,Ω± + ∥[v]Γ∥0,Γ + ∥v∥0,∂Ω), ∀v ∈ [H1(Ω±)]2,

where C is a positive constant depending only on Ω and Γ.

Proof. Let v± = v|Ω± . Since v± ∈
[
H1(Ω±)

]2
, their traces on Γ are well defined. Under the standing

geometric assumptions, Ω± are bounded Lipschitz domains, and the boundary portions ∂Ω ⊂ ∂Ω+ and
Γ = ∂Ω− have positive boundary measure. Applying the Poincaré–Friedrichs inequality on Ω+ with
the boundary term on ∂Ω, we obtain∥∥∥v+

∥∥∥
0,Ω+
≤ C

(
|v+|1,Ω+ + ∥v∥0,∂Ω

)
. (4.1)

By the trace theorem on Ω+ and (4.1),∥∥∥v+
∥∥∥

0,Γ
≤ C

∥∥∥v+
∥∥∥

1,Ω+
≤ C

(
|v+|1,Ω+ + ∥v∥0,∂Ω

)
. (4.2)
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Applying the Poincaré–Friedrichs inequality on Ω− with the boundary term on Γ, and using v− =
[v]Γ + v+ on Γ, we have ∥∥∥v−

∥∥∥
0,Ω−
≤ C

(
|v−|1,Ω− +

∥∥∥v−
∥∥∥

0,Γ

)
≤ C

(
|v−|1,Ω− + ∥[v]Γ∥0,Γ +

∥∥∥v+
∥∥∥

0,Γ

)
≤ C

(
|v|1,Ω± + ∥[v]Γ∥0,Γ + ∥v∥0,∂Ω

)
. (4.3)

Combining (4.1) and (4.3) yields

∥v∥0,Ω ≤
∥∥∥v−

∥∥∥
0,Ω−
+

∥∥∥v+
∥∥∥

0,Ω+

≤ C
(
|v|1,Ω± + ∥[v]Γ∥0,Γ + ∥v∥0,∂Ω

)
, (4.4)

which completes the proof. □

We invoke the approximation theorem for the neural network function [25].

Lemma 4.3. Suppose that D ⊂ R3 is a bounded Lipschitz domain and ϕ ∈
[
W3,∞(D)

]2
. Then, for any

ϵ > 0, there exists a tanh neural network ϕθ ∈ N
aug with two hidden layers such that∥∥∥ϕ − ϕθ∥∥∥W2,∞(D)

≤ ϵ.

We employ two hidden layers because the approximation theorem in [25], invoked in Lemma 4.3,
is established for this architecture.

Before closing this subsection, we define the residuals RΩ(v), RΓ(v), R∂(v), and R(v), which play
fundamental roles in the analysis:

RΩ(v) =
∑

s∈{+,−}

∥−∇ · (σ(v)|Ωs) − f |Ωs∥
2
0,Ωs , (4.5)

RΓ(v) = ∥[v]Γ + R(σ(v)|Ω−)nΓ∥20,Γ + ∥[σ(v)nΓ]Γ∥20,Γ , (4.6)
R∂(v) = ∥v − g∥2∂Ω , (4.7)
R(v) = RΩ(v) + RΓ(v) + R∂(v). (4.8)

Here and below, ∥·∥0,∂Ω denotes the L2(∂Ω) norm. Since ∂Ω ⊂ ∂Ω+ and Ω+ is a bounded Lipschitz
domain, the trace theorem gives

∥v∥0,∂Ω ≤ C ∥v∥1,Ω+ .

To relate the residual analysis to the weighted training objective, define

Rν(v) = RΩ(v) + ν1R
Γ(v) + ν2R

∂(v).

For fixed ν1, ν2 > 0, the weighted and unweighted residuals satisfy

mνR(v) ≤ Rν(v) ≤ MνR(v),

where mν = min{1, ν1, ν2} and Mν = max{1, ν1, ν2}. Consequently, the residual-based stability estimate
remains valid in terms of Rν, with a constant depending on the fixed weights. In particular, this constant
may deteriorate if one of the weights approaches zero.
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4.2. Energy-norm error estimates

In Theorem 4.4, we show that the difference between the exact solution and the neural network
solution can be bounded by the residuals in (4.5)–(4.8). Next, in Theorem 4.7, we show that these
residuals can be made small by increasing the number of parameters. Throughout this section, we
assume that the optimization procedure reaches a sufficiently small value of the loss function within
the considered neural network space. Accordingly, uθ denotes the neural network-based approximation
obtained by solving the minimization problem (3.6). We define the energy norm as

|||v|||2 := ∥v∥21,Ω± + ∥[v]Γ∥20,Γ .

Theorem 4.4. Let u be the solution of (2.1)–(2.4). Suppose that u ∈ [H2(Ω±)]2 ∩ [C1(Ω±)]2. Then, the
following estimate holds:

|||u − uθ|||2 ≤ C
(
R(uθ) +

(
RΓ(uθ)

) 1
2
+

(
R∂(uθ)

) 1
2
)
,

where C is a positive constant depending only on Ω, Γ, R, ∥u∥C1(Ω±), and ∥uθ∥C1(Ω±).

Proof. Let v := u − uθ ∈ C1(Ω±). By Lemmas 4.1 and 4.2, we have

∥v∥21,Ω± + ∥[v]Γ∥20,Γ ≤ C̃

 ∑
s∈{+,−}

∫
Ωs

2µs|ε(v)|2dx +
∑

s∈{+,−}

∫
Ωs
λs| div v|2dx +

∥∥∥R−1/2 [v]Γ
∥∥∥2

0,Γ
+ ∥v∥20,∂Ω

 .
(4.9)

We remark that C̃ depends on Ω, Γ, µ, and λ. The last term is R∂(uθ), so it suffices to bound the first
three terms on the right-hand side, which we denote by A. Using the definition of the stress tensor σ(·),
we obtain

A=
∑

s∈{+,−}

∫
Ωs
σ(v) : ε(v) +

∥∥∥∥[R−1/2v
]
Γ

∥∥∥∥2

0,Γ

=
∑

s∈{+,−}

∫
Ωs
σ(v) : ∇v +

∥∥∥∥[R−1/2v
]
Γ

∥∥∥∥2

0,Γ
,

where the last equality comes from the symmetry of σ. Applying integration by parts separately on
each subdomain, and noting that n− = nΓ and n+ = −nΓ on Γ, while n+ = nΩ on ∂Ω, we obtain

A =
∑

s=+,−

(∫
∂Ωs

(σ(v)|Ωsns) · v|Ωs ds −
∫
Ωs
∇ · (σ(v)|Ωs) · v|Ωs dx

)
+

∥∥∥∥[R−1/2v
]
Γ

∥∥∥∥2

0,Γ

= −(σ(v)|Ω+ nΓ, v|Ω+)0,Γ + (σ(v)|Ω− nΓ, v|Ω−)0,Γ +
∥∥∥∥[R−1/2v

]
Γ

∥∥∥∥2

0,Γ

−
∑

s∈{−,+}

(∇ · σ(v), v)0,Ωs + (σ(v)nΩ, v)0,∂Ω. (4.10)

For a piecewise smooth vector field v, we define the interface averages by

{σ(v)nΓ}Γ :=
1
2

[(σ(v)|Ω−)nΓ + (σ(v)|Ω+)nΓ] , {v}Γ :=
1
2

(v− + v+).
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Using these definitions, the identity

a−b− − a+b+ =
(
a− + a+

2

) (
b− − b+

)
+

(
a− − a+

) (b− + b+

2

)
,

and the interface conditions (2.2) and (2.3), we have:

({σ(v) nΓ}Γ, [v]Γ)0,Γ + ([σ(v) nΓ]Γ , {v}Γ)0,Γ + (R−1 [v]Γ , [v]Γ)0,Γ

= ({σ(v) nΓ}Γ + R−1 [v]Γ , [v]Γ)0,Γ + ([σ(v) nΓ]Γ , {v}Γ)0,Γ

= ({σ(u − uθ)nΓ}Γ + R−1 [u − uθ]Γ , [v]Γ)0,Γ + ([σ(u − uθ)nΓ]Γ , {v}Γ)0,Γ

= −({σ(uθ)nΓ}Γ + R−1[uθ]Γ, [v]Γ)0,Γ − ([σ(uθ)nΓ]Γ, {v}Γ)0,Γ. (4.11)

Meanwhile, we rewrite the last three terms in (4.10) using conditions (2.1) and (2.4):∑
s∈{−,+}

(∇ · σ(uθ) + f , v)0,Ωs + (σ(v)nΩ, g − uθ)0,∂Ω.

Based on the above terms and (4.10)–(4.11), we write A as

A =
∑

s∈{−,+}

(∇ · σ(uθ) + f , v)0,Ωs + (σ(v)nΩ, v)0,∂Ω

− ({σ(uθ)nΓ}Γ + R−1[uθ]Γ, [v]Γ)0,Γ − ([σ(uθ)nΓ]Γ, {v}Γ)0,Γ

=: I1 + I2 + I3 + I4. (4.12)

We now bound each Ii. First, we bound I1 using the Cauchy–Schwarz inequality and Young’s inequality
(with δ1 > 0) :

|I1| ≤
∑

s∈{−,+}

∥∇ · σ(uθ) + f∥0,Ωs ∥v∥0,Ωs

≤
∑

s∈{−,+}

(
δ1

2
∥∇ · σ(uθ) + f∥20,Ωs +

1
2δ1
∥v∥20,Ωs

)
≤
δ1

2
RΩ(uθ) +

1
2δ1
∥v∥21,Ω± . (4.13)

Now, we turn to I2. By the Cauchy–Schwarz inequality and the fact that v ∈ C1(Ω±),

|I2| ≤ ∥σ(v)nΩ∥0,∂Ω ∥u − uθ∥0,∂Ω ≤ C(R∂(uθ))
1
2 . (4.14)

To derive a bound for I3, we first rearrange terms.

I3 = −(σ(uθ)−nΓ + R−1[uθ]Γ, [v]Γ)0,Γ +
1
2

([σ(uθ)nΓ]Γ, [vΓ])0,Γ.

By the triangle and Cauchy-Schwarz inequalities,

|I3| ≤
∥∥∥σ(uθ)−nΓ + R−1[uθ]Γ

∥∥∥
0,Γ ∥[v]Γ∥0,Γ +

1
2
∥[σ(uθ)nΓ]Γ∥0,Γ ∥[v]∥0,Γ .
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By Young’s inequality with parameter δ2, δ3 > 0, we obtain

|I3| ≤
δ2

2

∥∥∥R−1(Rσ(uθ)−nΓ + [uθ]Γ)
∥∥∥2

0,Γ
+

1
2δ2
∥[v]Γ∥20,Γ +

δ3

2
∥[σ(uθ)nΓ]Γ∥20,Γ +

1
8δ3
∥[v]∥20,Γ

≤ max
(

δ2

2 min(α, β)2 ,
δ3

2

)
RΓ(uθ) +

(
1

2δ2
+

1
8δ3

)
∥[v]∥20,Γ . (4.15)

In the last inequality, we used the bound
∥∥∥R−1

∥∥∥
2
= 1/min(α, β).

We derive the estimate for I4 similarly. The trace inequalities on both subdomains yield

∥{v}Γ∥0,Γ ≤
1
2

(
∥∥∥v−

∥∥∥
0,Γ
+

∥∥∥v+
∥∥∥

0,Γ
) ≤ C(

∥∥∥v−
∥∥∥

1,Ω−
+

∥∥∥v+
∥∥∥

1,Ω+
) ≤ C ∥v∥1,Ω± .

Since v = u − uθ, we also have ∥v∥1,Ω± ≤ C(∥u∥C1(Ω±) + ∥uθ∥C1(Ω±)).

|I4| = |([σ(uθ)nΓ]Γ, {v}Γ)0,Γ| ≤ ∥[σ(uθ)nΓ]Γ∥0,Γ · ∥{v}Γ∥0,Γ
= C(RΓ(uθ))

1
2 , (4.16)

where C has the same dependence as in (4.14).
Finally, combining Eqs (4.9), (4.12), and (4.13)–(4.16), we obtain

∥v∥21,Ω± + ∥[v]Γ∥20,Γ ≤ C̃
[
R(uθ) +C(R∂(uθ))

1
2 +C(RΓ(uθ))

1
2 +

1
2δ1
∥v∥21,Ω± +

(
1

2δ2
+

1
8δ3

)
∥[v]∥20,Γ

]
.

We choose δ1 = C̃, δ2 = 2C̃, and δ3 = C̃/2. Then

C̃
2δ1
=

1
2
, C̃

(
1

2δ2
+

1
8δ3

)
=

1
2
.

Hence, the corresponding terms can be absorbed into the left-hand side. After adjusting the generic
constant C, we obtain

∥v∥21,Ω± + ∥[v]Γ∥20,Γ ≤ C
[
R(uθ) + (R∂(uθ))

1
2 + (RΓ(uθ))

1
2
]
.

This completes the proof. □

Remark 4.5. The constant C in the above proof may depend on the piecewise C1-norm of uθ. However,
provided that ∥uθ∥C1(Ω±) remains bounded, the result shows that the approximation error decreases as
the PINN residual decreases. A similar dependence is observed in [26], where a small PINN loss is
shown to imply a small L2-error, provided that the C1-norm of the neural network does not blow up.
In practice, following the approach in [16], an L2-regularization term for the network parameters may
be incorporated into the loss functional to help keep ∥uθ∥C1(Ω±) bounded.

It remains to prove that the residuals can be made arbitrarily small. We first establish an
approximation result for the piecewise neural network space.

Lemma 4.6. Let u be the solution of (2.1)–(2.4). We assume that ∂Ω and the interface Γ are Lipschitz
so that both subdomains Ω+ and Ω− are bounded Lipschitz domains. Suppose that

u ∈ [W3,∞(Ω±)]2.

Then, for every ε > 0, there exists ϕθ ∈ N
± such that

∥u − ϕθ∥W2,∞(Ω±) ≤ ε.
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Proof. Each Ωs, s ∈ {+,−}, admits a bounded linear extension operator

E s : [W3,∞(Ωs)]2 → [W3,∞(R2)]2. (4.17)

We define ūS := E s(u|Ωs)|Ω. Then

ūs = u in Ωs, ūs ∈ [W3,∞(Ω)]2,

and

∥ūs∥W3,∞(Ω) ≤ C ∥u∥W3,∞(Ωs) , s ∈ {+,−},

where C > 0 depends only on the Lipschitz geometry of Ω±. Define

uaug(x, z) =
1 + z

2
ū+(x) +

1 − z
2

ū−(x).

Then
uaug ∈ [W3,∞(Ω × [−1, 1])]2.

By Lemma 4.3, there exists ϕaug
θ ∈ N

aug such that

∥uaug − ϕaug
θ ∥W2,∞(Ω×[−1,1]) ≤ ε.

Restricting this inequality to the flat slices z = −1 and z = 1 gives

∥u − ϕaug
θ (·,−1)∥W2,∞(Ω−) + ∥u − ϕ

aug
θ (·, 1)∥W2,∞(Ω+) ≤ Cε.

By the definition of N±, the left-hand side is

∥u − ϕθ∥W2,∞(Ω±).

This completes the proof. □

Theorem 4.7. Let u be the solution of (2.1)–(2.4). Suppose that u ∈ [W3,∞(Ω±)]2. For any ϵ > 0, there
exists a function uθ ∈ N± with two hidden layers such that

R(uθ) ≤ ϵ.

Proof. Let δ > 0. By Lemma 4.6, there exists uθ ∈ N± such that

∥u − uθ∥W2,∞(Ω±) ≤ δ.

Since u satisfies (2.1) and the Lamé parameters λs and µs are fixed bounded constants in each
subdomain Ωs, s ∈ {+,−}, the constitutive relation yields

RΩ(uθ) =
∑

s∈{+,−}

∥∇ · σ(u − uθ)∥20,Ωs ≤ C ∥u − uθ∥2W2,∞(Ω±) ≤ Cδ2,

where C depends on the domain and the Lamé parameters.
Moreover, by the interface and boundary conditions,

RΓ(uθ) ≤ Cδ2, R∂(uθ) ≤ Cδ2.

Therefore,
R(uθ) ≤ Cδ2.

Choosing δ = (ε/C)1/2 completes the proof. □
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Let us close this section with the following remark.

Remark 4.8. The above analysis concerns the approximation capability of the proposed neural
network space and assumes that the optimization procedure reaches a sufficiently small value of the
physics-informed loss. In particular, Theorem 4.7 guarantees the existence of neural network
functions with arbitrarily small residuals, but does not guarantee that a specific optimization
algorithm reaches such functions. In practice, optimization algorithms such as Adam or
limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS) [27] have been widely used for PINNs
and have been reported to effectively reduce physics-informed losses; see [28] as the references
therein. In this work, we do not analyze the convergence of the optimization process itself. Instead,
the numerical experiments demonstrate that the adopted optimization procedure yields accurate
approximations.

5. Results

In this section, we present the numerical results to validate the performance of the proposed method.
Experiments are conducted on the domain Ω = (−1, 1)2, which is separated by a level-set function
L(x), i.e., Ω− = {x|L(x) < 0} and Ω+ = {x|L(x) > 0}. For the neural network functions in (3.2),
we use two hidden layers (ℓ = 2) with uniform width w. The training samples consist of collocation
points drawn from the interior of the domain, the boundary, and the interface. Specifically, we use r2

interior points based on Chebyshev–Gauss nodes [29], 4r boundary points, and 4r interface points. For
the optimization, the L-BFGS algorithm is employed with a learning rate of 0.1 and 10,000 L-BFGS
closure evaluations. The proposed PINN is implemented using PyTorch and trained in a CPU-only
environment using an Intel Core i9-14900K processor.

We consider four examples motivated by [30]. In Example 1, we consider a circular interface. We
determine suitable hyperparameters for the proposed PINN, including νi, w, and r. Next, Example 2
considers a line-interface problem and reports the numerical results for the proposed PINN. Example 3
presents a comparison between the proposed PINN and the piecewise PINN [31] for the same elasticity
interface problem. Finally, in Example 4, we consider a driven cavity problem without an exact solution
and evaluate the proposed PINN by comparing its results with the immersed finite element method [32]
(IFEM) solution.

Example 1 (Hyperparameter sensitivity for a circular interface). We consider the following exact
solution:

u1 =

 x2−y2

µ+
+

(
1
µ+
− 1
µ−

)
·

r2
0
2 for L(x, y) ≥ 0,

x2−y2

µ−
for L(x, y) < 0,

u2 =

 x2−y2

µ+
−

(
1
µ+
− 1
µ−

)
·

r2
0
2 for L(x, y) ≥ 0,

x2−y2

µ−
for L(x, y) < 0,

with level set function L(x, y) = x2 + y2 − r2
0. Here, the parameters are

µ+ = 1, µ− = 10, λ+ = 1, λ− = 10, r0 = 0.46, α = β = 0.1035.
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We vary the loss weights ν1 and ν2 in (3.5) and compare the resulting L∞, L2 errors and
computational time in Table 1 with fixed r = 16 and w = 8. The results suggest that the approximation
accuracy is sensitive to the choice of the loss weights, with a larger boundary loss weight generally
leading to smaller approximation errors. Based on these results, we fix ν1 = 1 and ν2 = 100.

Table 1. The L∞ and L2 errors obtained for different choices of ν1 and ν2, with ν0 = 1, in
Example 1.

ν1 ν2 L∞ error L2 error Computational time (s)

1
1 3.75 · 10−3 5.85 · 10−3 96.71

10 1.61 · 10−3 3.50 · 10−3 97.13
100 1.03 · 10−4 1.75 · 10−4 96.76

10
1 1.04 · 10−2 1.86 · 10−2 96.88

10 7.60 · 10−4 1.25 · 10−3 96.92
100 7.40 · 10−4 9.29 · 10−4 96.66

100
1 6.21 · 10−1 1.34 · 10+0 96.93

10 3.66 · 10−3 5.30 · 10−3 96.95
100 4.91 · 10−4 8.75 · 10−4 96.87

Next, we examine suitable choices of the parameters w and r. Table 2 reports the resulting L∞

and L2 errors together with the computational times. As w and r increase, the computational time
increases, whereas the approximation accuracy does not show a consistent improvement. The smallest
errors are achieved with r = 16 and w = 8, which are therefore adopted in the remaining experiments.

Table 2. The L∞ and L2 errors obtained for different choices of r and w, with ν0 = ν1 = 1
and ν2 = 100.

r w L∞ error L2 error Computational time (s)

8
8 1.50 · 10−4 2.35 · 10−4 92.80

16 3.05 · 10−4 3.53 · 10−4 94.55
32 2.43 · 10−4 2.63 · 10−4 99.34

16
8 1.03 · 10−4 1.75 · 10−4 96.76

16 2.28 · 10−4 3.08 · 10−4 143.51
32 1.42 · 10−4 2.37 · 10−4 216.17

32
8 2.20 · 10−4 3.13 · 10−4 192.33

16 4.36 · 10−4 4.14 · 10−4 248.39
32 2.03 · 10−4 3.36 · 10−4 298.24

The exact solution u = (u1, u2), the PINN-generated solution uθ =
(
u1,θ, u2,θ

)
, and the absolute error

|u − uθ| =
(
|u1 − u1,θ|, |u2 − u2,θ|

)
are shown in Figure 1. The proposed PINN accurately reproduces the

exact solution, with small absolute errors observed over the domain.
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𝑢1 𝑢1,𝜃 𝑢1 − 𝑢1,𝜃

𝑢2 𝑢2,𝜃 𝑢2 − 𝑢2,𝜃

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦

Figure 1. Graphs of u (left), uθ (middle), and the absolute difference |u − uθ| (right) in
Example 1. The first row corresponds to the first displacement component (u1), and the
second row corresponds to the second displacement component (u2).

Example 2 (Line interface problems with varying regularity). We consider the line interface with level
set function L(x, y) = x− y− c. To construct exact solutions satisfying the spring-type jump conditions,
we define

c∗ =

√
2α

1/µ+ − 1/µ−
and P(x, y) = x2 − y2 + (c∗ − c)(x + y).

The exact solution is

u1 =


P(x,y)+

√
2c∗βλ+

µ+
+ ε
µ+

∣∣∣∣ L(x,y)
√

2

∣∣∣∣γ for L(x, y) ≥ 0,
P(x,y)
µ−
+ ε
µ−

∣∣∣∣ L(x,y)
√

2

∣∣∣∣γ for L(x, y) < 0,

u2 =


P(x,y)−

√
2c∗βλ+

µ+
− ε
µ+

∣∣∣∣ L(x,y)
√

2

∣∣∣∣γ for L(x, y) ≥ 0,
P(x,y)
µ−
− ε
µ−

∣∣∣∣ L(x,y)
√

2

∣∣∣∣γ for L(x, y) < 0.

To evaluate the performance of solution regularity on approximation performance, we consider three
cases with different piecewise regularities. Case 1 is the high regularity case with ε = 0; the
perturbation term vanishes, and the solution belongs to [W3,∞(Ω±)]2. Case 2 is the reduced-regularity
case with ε = 1 and γ = 2.5; the solution belongs to [H2(Ω±)]2 but not to [W3,∞(Ω±)]2. Case 3 is the
low-regularity case with ε = 1 and γ = 1.5; the solution belongs to [H1(Ω±)]2 but not to [H2(Ω±)]2. A
detailed justification of these regularity properties is provided in Appendix A.

For all cases, the parameters are fixed to

c = 0.06, µ+ = 1, µ− = 10, λ+ = 4, λ− = 40, α =
c
√

2

(
1
µ+
−

1
µ−

)
, β = 0.08.

Table 3 reports the L∞ and L2 errors for the three cases with different piecewise regularities. The
results show that both errors increase as the piecewise regularity decreases. Figure 2 shows the
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componentwise absolute errors and confirms the progressive deterioration in accuracy as the
regularity is reduced. These results demonstrate that the regularity assumptions are important for the
reliable performance of the proposed PINN and that the method is not uniformly robust outside the
regularity regime covered by the present theoretical analysis.

𝑢
1

−
𝑢

1
,𝜃

 
𝑢

2
−

𝑢
2

,𝜃

𝑥
𝑦

𝑥
𝑦

𝑥
𝑦

𝑥
𝑦

𝑥
𝑦

𝑥
𝑦

(a) (b) (c)

Figure 2. Graphs of the componentwise absolute errors for the three regularity cases in
Example 2: (a) u ∈ [W3,∞(Ω±)]2, (b) u ∈ [H2(Ω±)]2 \ [W3,∞(Ω±)]2, and (c) u ∈ [H1(Ω±)]2 \

[H2(Ω±)]2. The first and second rows correspond to the first and second displacement
components, respectively.

Table 3. The L∞ and L2 errors of the proposed PINN for the three regularity cases in
Example 2. The regularity statements are understood componentwise on Ω±.

Piecewise Regularity L∞ error L2 error
Case 1 [W3,∞(Ω±)]2 4.86 · 10−4 1.51 · 10−4

Case 2 [H2(Ω±)]2, not [W3,∞(Ω±)]2 7.35 · 10−2 2.95 · 10−2

Case 3 [H1(Ω±)]2, not [H2(Ω±)]2 1.41 · 10−1 7.94 · 10−2

Example 3 (Comparison with the piecewise PINN). We consider the following level set function and
exact solution:

L(x, y) =
x
2
− y − c,

u1 =


( x

2−y)2

µ+
−

(
1
µ+
− 1
µ−

)
c2 + αc 6

√
5

for L(x, y) ≥ 0,
( x

2−y)2

µ−
for L(x, y) < 0,

u2 =


( x

2−y)2

µ+
−

(
1
µ+
− 1
µ−

)
c2 + αc 3

√
5

for L(x, y) ≥ 0,
( x

2−y)2

µ−
for L(x, y) < 0.

Here, the parameters are α = 0.6, β = 0.05, µ+ = λ+ = 1, µ− = λ− = 100, and c = 0.79.
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The proposed PINN is compared with the piecewise PINN [31] under the same sampling and
training settings. The piecewise PINN employs two independent subnetworks, one defined on each
subdomain. We use r = 16 and w = 6, 8 for both methods. Table 4 reports the number of trainable
parameters, relative errors, peak process resident set size (RSS), and computational time. The two
methods show similar memory usage, whereas the piecewise PINN requires more computational time
for both values of w. The proposed PINN also yields smaller L∞ and L2 errors.

Table 4. Scaling study of the piecewise PINN [31] and proposed PINN for Example 3 with
r = 16 and w ∈ {6, 8}. The relative L∞ and L2 errors, number of trainable parameters, peak
process RSS, and computational time are reported.

Method w # of Param. L∞ error L2 error
Peak RSS

(MiB)
Computational

time (s)

piecewise PINN [31]
6 148 3.06 · 10−2 2.85 · 10−2 660.48 166.84
8 228 3.27 · 10−2 3.21 · 10−2 660.48 168.23

proposed PINN
6 80 4.08 · 10−3 6.37 · 10−3 657.91 98.39
8 122 3.95 · 10−3 6.55 · 10−3 657.94 99.33

Figure 3 presents the loss histories over 10, 000 L-BFGS closure evaluations. Black and red lines
represent the losses of the piecewise and proposed PINNs, respectively. The losses decrease rapidly
for both methods; however, the proposed PINN reaches a stable plateau earlier, whereas the
piecewise PINN exhibits a more gradual decrease. Finally, Figure 4 compares the exact solution with
the proposed PINN solution for r = 16 and w = 8, together with the corresponding pointwise absolute
errors. The results demonstrate good agreement between the exact and predicted solutions.

Piecewise PINN

Proposed PINN

L
o
ss

(a) 𝑟 = 16,𝑤 = 6 (b) 𝑟 = 16,𝑤 = 8

Piecewise PINN

Proposed PINN

Epoch Epoch

Figure 3. Graphs of loss histories of the piecewise and proposed PINNs in Example 3 for (a)
r = 16 and w = 6 and (b) r = 16 and w = 8).
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𝑢1 − 𝑢1,𝜃

𝑥
𝑦

𝑢2 − 𝑢2,𝜃

𝑥
𝑦

𝑢2

𝑥𝑦

𝑢2,𝜃

𝑥𝑦

𝑢1,𝜃

𝑥𝑦

𝑢1

𝑥𝑦

Figure 4. Graphs of u (left), uθ (middle), and the absolute difference |u − uθ| (right) in
Example 3 for r = 16 and w = 8. The first row corresponds to the first displacement
component (u1), and the second row corresponds to the second displacement component
(u2).

Example 4 (Driven-cavity problem with complex interfaces). Finally, we consider a driven-cavity
problem for which an exact solution is not available. The elasticity interface problem is defined by the
body force f = (1, 0)T and the boundary condition g = (g1, g2)T given by

g1 =

−(x − 1)(x + 1), y = 1
0, o.w.

and g2 = 0,

where µ+ = λ+ = 1, µ− = λ− = 100, and α = β = 0.05. The interface is represented by the level set
function

L(x, y) =
√

x2 + y2 − 0.4
(
1 +

1
7

sin 6θ
)
, θ = atan2(y, x).

Since the analytical solution is unavailable, the IFEM solution is used as a numerical reference.
For this interface geometry, we compute the reference solution using the piecewise-linear
Crouzeix–Raviart-type IFEM described in [30,32], for which stability and optimal-order convergence
properties have been reported. A uniform interface-unfitted triangulation with ∆x = ∆y = 1/31 is
employed, consisting of 7, 688 triangular elements and 23, 312 displacement degrees of freedom. To
accommodate the geometric complexity of the interface, the proposed PINN was trained using r = 32
and w = 16.

The L2 difference between the proposed PINN and the IFEM solution is ∥uθ − uIFEM∥L2(Ω) = 7.76 ×
10−3. This result numerically supports the applicability of the proposed framework to a driven-cavity
problem involving a geometrically complex interface.
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𝑢1,𝜃 𝑢1,IFEM 𝑢1,𝜃 − 𝑢1,IFEM

𝑢2,𝜃 𝑢2,IFEM 𝑢2,𝜃 − 𝑢2,IFEM

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦

𝑥 𝑦

Figure 5. Graphs of uθ (left), uIFEM (middle), and the absolute difference |uθ − uIFEM| (right)
for the case with the six-lobed interface in Example 4. The first row corresponds to the first
displacement component (u1), and the second row corresponds to the second displacement
component (u2).

6. Conclusions and discussion

In this paper, we proposed an axis-augmented physics-informed neural network for elasticity
interface problems with spring-type jump conditions. By introducing Sobolev extensions and an
augmented representation, the discontinuous displacement field was transformed into a continuous
function, allowing a single neural network to approximate the interface solution. We also established
an error estimate for the proposed loss function and demonstrated through several numerical examples
that the proposed method provides accurate approximations for elasticity interface problems. The
present analysis is restricted to the compressible case under sufficient regularity assumptions. Another
limitation is that the convergence of the neural network optimization process is not analyzed, and
theoretical guarantees for reaching the small-residual regime remain for future investigation. In
particular, the additional interface residuals may affect the optimization landscape compared with
standard PINNs, and whether they introduce additional difficulties in reaching a small-residual regime
remains to be investigated. Theoretical analysis of the optimization process for such interface
problems will be considered in future work.
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A. Piecewise regularity of the exact solutions in Example 2

This appendix provides the justification for the piecewise regularity statements used in Example 2.
Let uε,γ = (u1, u2)T and us

ε,γ = uε,γ|Ωs . On the two subdomains, the exact solution in Example 2 can be
written as

u+ε,γ =
P(x, y)
µ+

(
1
1

)
+

√
2c∗βλ+

µ+

(
1
−1

)
+ ε|t|γ

(
1
−1

)
,

u−ε,γ =
P(x, y)
µ−

(
1
1

)
+ ε|t|γ

(
1
−1

)
,

where t = L(x, y)/
√

2. Since P(x, y) is a polynomial, all terms except the perturbation ε|t|γ(1,−1)T are
smooth on the corresponding subdomains. Therefore, the piecewise regularity of uε,γ is determined by
|t|γ near the interface Γ.
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In Case 1, ε = 0, so the singular perturbation vanishes. Consequently,

u0,γ ∈ [W3,∞(Ω±)]2.

In Case 2, ε = 1 and γ = 2.5. For t , 0, we have

d
dt
|t|5/2 =

5
2

sgn(t)|t|3/2,
d2

dt2 |t|
5/2 =

15
4
|t|1/2.

Hence, |t|5/2 and its derivatives up to order two are bounded near t = 0. It follows that

u1,2.5 ∈ [W2,∞(Ω±)]2 ⊂ [H2(Ω±)]2.

However, the third derivative satisfies

d3

dt3 |t|
5/2 =

15
8

sgn(t)|t|−1/2,

which is unbounded as t → 0. Therefore,

u1,2.5 < [W3,∞(Ω±)]2.

In Case 3, ε = 1 and γ = 1.5. Similarly,

d
dt
|t|3/2 =

3
2

sgn(t)|t|1/2,
d2

dt2 |t|
3/2 =

3
4
|t|−1/2.

The first derivative is bounded near t = 0, and hence

u1,1.5 ∈ [W1,∞(Ω±)]2 ⊂ [H1(Ω±)]2.

However, the second derivative is not square integrable because∫ δ

0
|t|−1 dt = ∞.

Therefore,

u1,1.5 < [H2(Ω±)]2.

These observations justify the piecewise regularity statements used in Example 2.
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