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Abstract: This study investigates mean-square spectral instability in network-organized FitzHugh-
Nagumo systems under multiplicative noise. By linearizing the stochastic dynamics and analyzing
the spectrum of the second-moment operator, we state the exact mean-square stability condition and
derive an explicit, generally conservative, spectral condition obtained with the Lyapunov choice P =
I. The framework distinguishes direct noise acting on the membrane-potential variable, recovery-
channel noise, and their combined influence. Numerical simulations illustrate how these noise channels
and network connectivity change finite-network variability and synchronization diagnostics. Direct
noise more strongly shifts the determinant component of the conservative spectral boundary in the
parameter regimes studied, whereas recovery-channel noise produces a more gradual change. The
results provide a mathematical and numerical framework for studying noise-dependent second-moment
stability in excitable networks; they are not intended as evidence for clinical seizure regulation or as a
demonstrated neuromodulation strategy.
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1. Introduction

Spatiotemporal pattern formation is a fundamental phenomenon across biological, chemical, and
ecological systems [1–3]. Since Turing’s seminal work on diffusion-driven instability [4], studies of
pattern formation have provided essential insights into how complex structures emerge from simple
reaction–diffusion dynamics. Recent advances extend Turing theory to network-organized systems,
where diffusion is represented by graph Laplacians, underscoring the decisive role of topology-such as
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node degree and spectral properties-in determining pattern onset and morphology [5–8]. Stochasticity
is intrinsic to many real-world systems. Butler and Goldenfeld demonstrated that intrinsic noise can
seed Turing patterns even when deterministic dynamics remain linearly stable [9], while Biancalani
et al. showed that noise and finite-size effects fundamentally reshape dispersion and scaling [10].
Zhang and Zhou [11] established mean-square exponential stability results for stochastic reaction–
diffusion systems under multiplicative noise, and Xiao et al. revealed that noise raises Turing thresholds
in ecological networks, suppressing pattern formation and reducing hysteresis [12]. In neuronal
contexts, Wang et al. investigated α-stable noise-induced chimera states in small-world Hindmarsh-
Rose networks, showing that rewiring probability, noise stability parameter, and intensity govern
incoherent domains, and proposed a local-order-parameter-based measure to quantify coherence [13].
Overall, these studies reflect a growing convergence of deterministic structure, network architecture,
and stochastic effects in the modeling of excitable media. The FHN model, enriched by analytical depth
and numerical sophistication, remains a central framework for probing synchronization, bifurcation,
and pattern emergence in both theoretical neuroscience and nonlinear dynamics more broadly.

Related stochastic generalizations of network Turing theory have been developed previously. In
particular, Asllani et al. studied stochastic Turing patterns on networks and showed how noise can
seed or reshape pattern-forming modes in reaction-diffusion systems defined on complex graphs [14].
The present work differs in focus and methodology: we consider multiplicative noise acting on
different components of the FitzHugh–Nagumo kinetics and derive explicit mean-square (second-
moment) instability criteria that can be evaluated directly from the Laplacian spectrum and the local
Jacobian/noise coefficients.

Recent developments in neural dynamics also include discrete and memristive neural models, which
extend conventional continuous-time neuron descriptions by incorporating memory effects and richer
nonlinear state coexistence. Discrete cascaded memristive neuron maps have been shown to exhibit
hyperchaos and extreme multistability [15], while a recent review summarizes advances in discrete
neuron models and memristive neural-network mappings, including multistability, synchronization
transitions, and chimera dynamics [16]. Memristive Hopfield neural networks have also been exploited
in time-series forecasting by using hidden heterogeneous and homogeneous extreme multistability
to construct nonlinear initialization mechanisms [17]. These developments further illustrate how
nonlinear mechanisms and network architecture can generate complex neural dynamics and provide
a broader context for the stochastic FitzHugh–Nagumo framework considered here.

In realistic neural systems, intrinsic noise-arising from ion-channel gating, synaptic transmission,
and cortical fluctuations is not only unavoidable but functionally significant. Such stochastic inputs
can disrupt or enhance neural activity, promote synchronization, or induce coherent patterns absent
in deterministic settings [18, 19]. The FitzHugh-Nagumo (FHN) model, a canonical reduction of
the Hodgkin-Huxley system, remains central for studying excitability. Masoliver et al. showed
that noise, delay, and topology jointly shape coherence in FHN networks [20], while Colombani
and Le Bris established propagation of chaos and convergence to mean-field dynamics in large
ensembles [21]. Gerster et al. reproduced seizure-like synchronization in brain-inspired FHN
networks, identifying small-world connectivity as a key factor in seizure onset and termination [22].
Chouzouris et al. demonstrated that chimera states-coexisting synchronous and asynchronous groups-
can mimic partial seizures, with hub removal mitigating epileptiform activity [23]. Extending this
line, Cubillos Cornejo et al. mapped multiple dynamical regimes in small-world FHN networks,
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linking epileptic-like chimeras to randomness and coupling strength [24]. These findings highlight the
broader role of chimera states in cortical networks, offering a framework to connect counterintuitive
phenomena such as unihemispheric sleep with brain dynamics [25]. Moreover, coupled-oscillator
models reveal that the collapse of coexisting synchronous and asynchronous oscillations into global
synchronization-a mechanism associated with epileptic seizures-can arise from decreasing rather
than increasing synchronization. Analyses of EEG recordings, together with closed-loop control
experiments on chimera states, further demonstrate both the provocation and prevention of such
outbreaks, offering new perspectives for seizure control and complex brain dynamics [26]. Han
and Wang, et al, synthesized advances in network neurodynamics of epilepsy, covering hippocampal
and BGCT circuit modeling, noise and delay effects, and DBS control, and shows that nonlinear
dynamics both explains seizure transitions and guides targeted diagnosis and therapy [27–30]. Despite
this progress, the second-moment behavior of networked stochastic systems-namely, MS Turing
(in)stability that governs variance growth and pattern robustness-remains insufficiently explored.
Addressing this gap, the present work derives explicit spectral conditions for MS Turing instability
in network-organized FHN systems with multiplicative noise, disentangles direct (membrane) and
indirect (channel-kinetic) noise pathways, and reveals how noise-topology interplay modulates pattern
selection and synchronization.

The classical theory of Turing instability has profoundly shaped our understanding of pattern
formation in spatially extended systems. However, real-world biological and neural systems are
intrinsically noisy and organized over complex networks, where traditional deterministic frameworks
fall short. While recent studies have demonstrated that stochastic fluctuations can induce or suppress
Turing patterns, most of these focus on first-moment dynamics, offering limited insight into the
variance and robustness of pattern formation. In particular, mean-square instability, which characterizes
the growth of variance in system states, remains underexplored, despite its crucial importance
in understanding fluctuation-driven transitions, reliability of spatial structures, and pathological
phenomena such as seizure onset or abnormal synchrony. Furthermore, network topology, via its
Laplacian spectrum and coupling architecture, interacts nontrivially with noise, potentially reshaping
the bifurcation landscape in ways that deterministic models cannot capture.

In this study, we investigate the mean-square Turing instability in a generalized stochastic system
defined on a random undirected graph and subject to multiplicative noise. We linearize the stochastic
differential equations near a homogeneous steady state and derive explicit conditions for mean-square
instability by analyzing the spectrum of the associated drift and diffusion matrices. Our theoretical
framework reveals how noise injected into membrane potential (direct action) or ion-channel kinetics
(indirect action) can independently or jointly reshape the stability landscape. Through numerical
simulations, we compare direct, recovery-channel, and combined multiplicative noise and report their
effects on the determinant component of the conservative spectral boundary, finite-network variability,
and synchronization timing. These calculations provide mathematical and numerical diagnostics of
noise-dependent second-moment behavior; they do not establish a clinical seizure-control mechanism
or a demonstrated neuromodulation strategy.
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2. The generalized network-organized systems with independent multiplicative noise

We consider a two-component reaction–diffusion system on an undirected graph. To avoid the sign
ambiguity raised by different Laplacian conventions, we use

L = A−D = −L,

where A is the adjacency matrix, D is the degree matrix, and L = D − A is the standard positive
semidefinite graph Laplacian. Thus L = LT is negative semidefinite and

0 = Λ1 ≥ Λ2 ≥ · · · ≥ Λn, µk = −Λk ≥ 0.

With this convention, physical diffusion is represented by adding L to the reaction kinetics. For
example,

n∑
j=1

Li ju j =
∑
j∼i

Ai j(u j − ui),

so a node with a value larger than its neighbours receives a negative diffusive contribution. This is the
sign convention used in both the analytical derivation and the simulations.

A stochastic network-organized system with local independent multiplicative noise is written as
dui =

 f (ui, vi) +
n∑

j=1

Li jϕ(u j)

 dt + F(ui − u∗) dW (u)
i (t),

dvi =

g(ui, vi) +
n∑

j=1

Li jφ(v j)

 dt +G(vi − v∗) dW (v)
i (t),

(2.1)

where (u∗, v∗) is the homogeneous equilibrium satisfying f (u∗, v∗) = g(u∗, v∗) = 0. The Brownian
motions {W (u)

i (t),W (v)
i (t)}ni=1 are mutually independent standard Brownian motions. This choice models

local intrinsic fluctuations and avoids the artificial alignment that can be produced by a single Brownian
driver shared by all nodes and all variables. The noise intensities are functions of perturbations from
the equilibrium, so the stochastic forcing vanishes at (u∗, v∗); otherwise an additive stochastic term
would remain at the equilibrium and an equilibrium-based mean-square stability analysis would be
inconsistent.

Let u = (u1 − u∗, . . . , un − u∗)T , v = (v1 − v∗, . . . , vn − v∗)T , and θ = (uT , vT )T . Denote the partial
derivatives at the homogeneous equilibrium by fu, fv, gu, gv, ϕu, φv, Fu,Gv. The linearized multi-channel
Itô system is

dθ = Jθ dt +
n∑

i=1

B(u)
i θ dW (u)

i (t) +
n∑

i=1

B(v)
i θ dW (v)

i (t), (2.2)

where the drift matrix is denoted by J to avoid confusion with the adjacency matrix,

J =
(

fuI + ϕuL fvI
guI gvI + φvL

)
, B(u)

i =

(
FuEi 0

0 0

)
, B(v)

i =

(
0 0
0 GvEi

)
.

Here Ei = eieT
i , and ei is the i-th unit vector in Rn. Since the noises are independent,

n∑
i=1

[
(B(u)

i )T B(u)
i + (B(v)

i )T B(v)
i

]
=

(
F2

u I 0
0 G2

v I

)
. (2.3)
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For H(θ) = ∥θ∥2, Itô’s formula gives

d
dt

E∥θ(t)∥2 = E

θT JT + J +
n∑

i=1

(
(B(u)

i )T B(u)
i + (B(v)

i )T B(v)
i

) θ . (2.4)

The full mean-square exponential stability problem is governed by the second-moment equation. If
Σ(t) = E[θ(t)θ(t)T ], then

d
dt

vecΣ = K vecΣ,

where

K = I2n ⊗ J + J ⊗ I2n +

n∑
i=1

(
B(u)

i ⊗ B(u)
i + B(v)

i ⊗ B(v)
i

)
. (2.5)

Thus the rigorous mean-square stability condition is

s(K) := max{Re λ : λ ∈ σ(K)} < 0, (2.6)

and exact mean-square instability occurs when s(K) > 0.

Mean-square stability and Turing-type instability. Let Π0 = I2 ⊗ (n−111T ) and Π⊥ = I2n − Π0

denote the homogeneous and heterogeneous projections, respectively. The homogeneous equilibrium
is called mean-square exponentially stable if there exist constants C ≥ 1 and γ > 0 such that

E∥θ(t)∥2 ≤ Ce−γt∥θ(0)∥2 for every deterministic θ(0). (2.7)

For the linear Itô system (2.2), this property is equivalent to s(K) < 0. We call the equilibrium
mean-square spectrally unstable when s(K) > 0. To reserve the word “Turing” for spatial symmetry
breaking, we use mean-square Turing-type instability only when the uncoupled homogeneous kinetics
is mean-square stable but there exists an initial perturbation with Π⊥θ(0) , 0 for which

lim sup
t→∞

1
t

log E∥Π⊥θ(t)∥2 > 0. (2.8)

Because node-wise independent noises do not leave the deterministic Laplacian-mode subspaces
invariant, the exact operator K generally couples modal covariances. Consequently, s(K) > 0 proves
total mean-square instability but, by itself, does not prove Turing-type spatial selection in the sense
of (2.8); the heterogeneous projected covariance must also be examined. Within the conservative
P = I modal diagnostic, the corresponding sufficient Turing-type indication is ρ(0) < 0 together with
ρ(Λk) > 0 for at least one k ≥ 2.

A standard Lyapunov sufficient stability certificate is the existence of P ≻ 0 satisfying

JT P + PJ +
n∑

i=1

[
(B(u)

i )T PB(u)
i + (B(v)

i )T PB(v)
i

]
≺ 0. (2.9)

The special choice P = I gives a transparent but generally conservative stability bound. Here P is the
positive-definite weighting matrix in the quadratic Lyapunov function V(θ) = θT Pθ, and P = I means
that the standard Euclidean energy V(θ) = ∥θ∥2 is used without introducing additional directional
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weights. This choice makes the stability condition explicitly reducible to Laplacian modes, but it is
more restrictive than allowing an arbitrary P ≻ 0 and is therefore generally conservative. Therefore, in
what follows, the Laplacian-mode condition derived from P = I is used as an explicit spectral indicator
and not as a necessary-and-sufficient mean-square instability theorem for all non-normal systems.

Let Θ be an orthogonal matrix that diagonalizes L, namely ΘT LΘ = diag(Λ1, . . . ,Λn). Throughout
this paper Λk denotes an eigenvalue of L, not of L + LT . For the P = I bound, the symmetric matrix in
(2.4) becomes block diagonal in the Laplacian-eigenmode basis. The k-th 2 × 2 mode matrix is

M(Λk) =
(
2( fu + ϕuΛk) + F2

u fv + gu

fv + gu 2(gv + φvΛk) +G2
v

)
. (2.10)

The sign of the coupling term is consistent with (2.1): sinceΛk ≤ 0 and ϕu, φv > 0, diffusion contributes
negatively to the diagonal entries.

Define
ρ(Λk) = λmax

(
M(Λk)

)
, α(Λk) = tr M(Λk), β(Λk) = det M(Λk). (2.11)

The sufficient P = I mean-square stability condition is ρ(Λk) < 0 for every k. Since M(Λk) is a real
symmetric 2 × 2 matrix, the corresponding conservative prediction of mode growth is

ρ(Λk) > 0, (2.12)

which is equivalently expressed by

β(Λk) < 0 or
(
β(Λk) ≥ 0 and α(Λk) > 0

)
. (2.13)

The boundary of this P = I spectral indicator is ρ(Λk) = 0; when the crossing occurs from a negative-
definite mode matrix, this reduces to β(Λk) = 0 with α(Λk) ≤ 0.

For the FitzHugh–Nagumo example used below, ϕu = d1, φv = d2, Fu = D1, and Gv = D2. Hence,

α(Λ; D1,D2, d1, d2) = 2( fu + d1Λ) + 2(gv + d2Λ) + D2
1 + D2

2, (2.14)

β(Λ; D1,D2, d1, d2) =
[
2( fu + d1Λ) + D2

1
][

2(gv + d2Λ) + D2
2
]
− ( fv + gu)2. (2.15)

Equivalently,

β(Λ) = 4d1d2Λ
2 +

(
2d1(2gv + D2

2) + 2d2(2 fu + D2
1)
)
Λ + (2 fu + D2

1)(2gv + D2
2) − ( fv + gu)2. (2.16)

The last term is ( fv + gu)2 because β is the determinant of the symmetric matrix M(Λ) in (2.10),
not the determinant of the deterministic Jacobian. Equations (2.14)–(2.16) explicitly show how the
conservative instability boundary depends on multiplicative-noise intensity and diffusivity contrast. In
a regular lattice, Λ is a function of the spatial wave number; on a general graph, Λk is the discrete
analogue of a wave-number-dependent mode.

Determinant-based instability interval. Since the numerical spectral panels below are drawn in
terms of the determinant indicator β(Λ), we record the corresponding interval condition explicitly.
Write

β(Λ) = aβΛ2 + bβΛ + cβ, (2.17)
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where
aβ = 4d1d2, bβ = 2d1(2gv + D2

2) + 2d2(2 fu + D2
1), (2.18)

and
cβ = (2 fu + D2

1)(2gv + D2
2) − ( fv + gu)2. (2.19)

If d1d2 > 0 and
∆β = b2

β − 4aβcβ > 0, (2.20)

then β(Λ) = 0 has two real roots

λ4 =
−bβ −

√
∆β

2aβ
, λ5 =

−bβ +
√
∆β

2aβ
, λ4 < λ5. (2.21)

Since aβ > 0, the determinant indicator satisfies

β(Λ) < 0 ⇐⇒ Λ ∈ (λ4, λ5). (2.22)

Therefore, for a finite graph with eigenvalues 0 = Λ1 ≥ Λ2 ≥ · · · ≥ Λn, the determinant-unstable
modes are those graph modes whose eigenvalues fall into the interval (λ4, λ5). The diagnostic count
used in the numerical plots is

Nβunst = # {k ∈ {1, . . . , n} : β(Λk) < 0} = # {k : Λk ∈ (λ4, λ5)} . (2.23)

Only the intersection of (λ4, λ5) with the non-positive graph spectrum is relevant, because the
eigenvalues of L = A−D satisfy Λk ≤ 0.

Relation between β(Λ) and the P = I spectral bound. For the symmetric 2 × 2 matrix M(Λ), the
condition β(Λ) < 0 means that the two eigenvalues of M(Λ) have opposite signs. Hence,

β(Λ) < 0 =⇒ ρ(Λ) > 0. (2.24)

Thus, β(Λ) < 0 is a simple determinant-based sufficient indicator for the loss of the P = I mean-square
stability bound. The full P = I criterion also includes the trace-driven case β(Λ) ≥ 0 and α(Λ) > 0.
In the numerical figures, we focus on the determinant branch β(Λ) < 0 because the plotted instability
intervals λ4 and λ5 are obtained from β(Λ) = 0.

How multiplicative noise shifts the determinant boundary. The dependence of the determinant
indicator on the two noise intensities can be seen from

β(Λ) = Au(Λ)Av(Λ) − ( fv + gu)2, (2.25)

where
Au(Λ) = 2( fu + d1Λ) + D2

1, Av(Λ) = 2(gv + d2Λ) + D2
2. (2.26)

Differentiating with respect to D2
1 and D2

2 gives

∂β

∂D2
1

= Av(Λ) = 2(gv + d2Λ) + D2
2,

∂β

∂D2
2

= Au(Λ) = 2( fu + d1Λ) + D2
1. (2.27)
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These expressions show that direct noise D1 and recovery-channel noise D2 move the determinant
boundary through different diagonal entries of the mode matrix. If Av(Λ) < 0, increasing D1 decreases
β(Λ) and can move additional graph modes into the determinant-negative interval. Similarly, the effect
of D2 is governed by the sign and magnitude of Au(Λ). This provides a theoretical explanation for why
the two multiplicative-noise channels may have different effects on the number of determinant-unstable
modes and on finite-network synchronization diagnostics.

Mode-wise critical noise intensities. For a fixed graph mode Λk and fixed D2, the determinant
boundary β(Λk) = 0 can be solved formally for the critical direct-noise intensity:

D2
1,c(Λk; D2) =

( fv + gu)2

2(gv + d2Λk) + D2
2

− 2( fu + d1Λk), (2.28)

provided that 2(gv+d2Λk)+D2
2 , 0. Similarly, for fixed D1, the critical recovery-channel noise intensity

is

D2
2,c(Λk; D1) =

( fv + gu)2

2( fu + d1Λk) + D2
1

− 2(gv + d2Λk), (2.29)

provided that 2( fu + d1Λk) + D2
1 , 0. Only nonnegative values of D2

1,c and D2
2,c are physically

admissible. These mode-wise thresholds give explicit noise-dependent boundaries and complement
the root representation in (2.21).

3. Results and discussion

We now apply the above criterion to a stochastic FitzHugh–Nagumo network. With the sign
convention L = A−D, the model used in the simulations is

dui =

ui −
u3

i

3
− vi + I + d1

n∑
j=1

Li ju j

 dt + D1(ui − u∗) dW (u)
i (t),

dvi =

ε(ui + a − bvi) + d2

n∑
j=1

Li jv j

 dt + D2(vi − v∗) dW (v)
i (t),

(3.1)

where the Brownian motions are independent for different nodes and different variables. The
homogeneous equilibrium (u∗, v∗) is determined by

u∗ −
(u∗)3

3
− v∗ + I = 0, u∗ + a − bv∗ = 0,

and the Laplacian terms vanish because each row of L sums to zero. For this model,

fu = 1 − (u∗)2, fv = −1, gu = ε, gv = −εb.

Unless otherwise stated, the fixed parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100, and
d1 = d2 = 0.1. The network is an Erdős–Rényi graph G(n, p). The connection probability p changes
the Laplacian spectrum and therefore changes which graph modes may enter the predicted unstable
interval. When d1 = d2, the deterministic diffusivity contrast is absent; the computations should
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therefore be interpreted as noise-modulated mean-square spectral stability and synchronization, not
as a complete demonstration of classical continuous-space Turing patterns. To analyze a genuine
diffusivity-driven Turing boundary, one should also scan (d1, d2) and verify that the homogeneous
equilibrium is stable without diffusion but unstable for a nonzero graph mode. More precisely, classical
Turing instability requires a homogeneous equilibrium that is stable in the uncoupled deterministic
kinetics but destabilized by a nonhomogeneous spatial mode through differential diffusion. The present
calculations mainly use d1 = d2 and therefore do not satisfy the usual diffusivity-contrast mechanism.
In this setting, “Turing” is used only in the broader graph-modal sense of a nonhomogeneous second-
moment mode crossing a spectral boundary. To avoid ambiguity, we describe the reported effect
below as noise-modulated mean-square spectral instability unless the classical requirements have been
checked explicitly.

Trace-driven branch for the adopted FHN setting. For I = 0.25, the equilibrium is u∗ =
−1.032480 and hence fu = −0.0660154, while gv = −0.064. Write

Au(Λ) = D2
1 − 0.1320308 + 0.2Λ, Av(Λ) = D2

2 − 0.128 + 0.2Λ.

Since M(Λ) is symmetric, the trace-driven condition β(Λ) ≥ 0 and α(Λ) > 0 is equivalent to M(Λ)
being positive semidefinite with at least one positive eigenvalue. In the present 2 × 2 case this requires

Au(Λ) > 0, Av(Λ) > 0, Au(Λ)Av(Λ) ≥ ( fv + gu)2 = 0.8464. (3.2)

Because Λ ≤ 0 and d1 = d2 = 0.1, both diagonal terms are maximized by the homogeneous mode
Λ1 = 0. Therefore, if any graph mode satisfies the trace-driven condition, the homogeneous mode
satisfies it as well. The trace-driven region is thus characterized by

D2
1 > 0.1320308, D2

2 > 0.128, (D2
1 − 0.1320308)(D2

2 − 0.128) ≥ 0.8464. (3.3)

It is absent in every one-channel sweep with D1 = 0 or D2 = 0 and is also absent for 0 ≤ D1,D2 ≤ 0.6.
It can occur in the wider combined-noise domain used in Figure 6; for example, along D1 = D2 = D
the boundary is D ≈ 1.02470. Such a crossing first destabilizes the homogeneous mode and is
therefore not a purely nonhomogeneous Turing-type instability. Accordingly, determinant-root plots
alone are exhaustive for the one-channel diagnostics shown below, but the full criterion (2.13) must
be used in the high-intensity combined-noise region. The values a = 0.7, b = 0.8, and ε = 0.08
are widely used in FitzHugh–Nagumo studies and have also been adopted in coupled FHN lattice
models [31]. Since the FHN variables and parameters are dimensionless, these values should be
interpreted phenomenologically rather than as direct ion-channel measurements. In particular, ε =
0.08 ≪ 1 preserves the characteristic fast-slow separation between the membrane-potential variable
u and the recovery variable v. The external current I is then varied to place the local kinetics either
below the lower Hopf threshold or in the oscillatory regime, as quantified below, allowing the effect of
multiplicative noise to be distinguished from a change of the intrinsic local dynamical regime.

Because the spectral panels in Figures 1, 2, 4, 6, 7, and 9 plot the determinant indicator β(Λ), the
reported number of unstable modes in the numerical figures is defined by

Nβunst = # {k ∈ {1, . . . , n} : β(Λk) < 0} . (3.4)
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This determinant-based count corresponds to the determinant branch of the P = I criterion in (2.13)
and is the quantity displayed in the diagnostic panels; it is also consistent with the interval formula
(2.23). The full conservative P = I loss-of-stability indicator is given by ρ(Λk) > 0, or equivalently by
(2.13); therefore, when β(Λk) ≥ 0 and α(Λk) > 0, this additional trace-driven case should be checked
separately. In the parameter regimes shown below, the plotted instability intervals are determined by
the roots of β(Λ) = 0.

The stochastic simulations are performed with the Euler–Maruyama method. At each time step,
independent increments ∆W (u)

i and ∆W (v)
i are generated as normal random variables with mean zero and

variance ∆t. The baseline time step is ∆t = 0.01. Initial data are small heterogeneous perturbations of
(u∗, v∗) so that the early dynamics can be compared with the linear spectral prediction. The time-series
panels are used as representative finite-network stochastic responses after the determinant boundary is
crossed.

For the deterministic baseline in Figure 1, panels (a)–(d) use the same fixed adjacency matrix,
Laplacian spectrum, deterministic parameters, and initial heterogeneous perturbation. The only change
between panels (a)–(b) and panels (c)–(d) is the direct multiplicative-noise intensity, from D1 = 0 to
D1 = 0.1 with D2 = 0. Thus the comparison isolates the effect of multiplicative noise without a
topology or initial-condition confound.

To compare the exact condition (2.6) with the P = I spectral indicator directly, we evaluated both
quantities on a reproducible connected Erdős–Rényi graph with n = 10, p = 0.35, and random seed
314159. The smaller graph is used because the exact operator K has dimension (2n)2 × (2n)2, whereas
evaluation of the P = I modal bound requires only 2 × 2 matrices. Table 1 shows representative
direct- and recovery-channel-noise cases. Negative s(K) gives exact mean-square stability, while
maxk ρ(Λk) < 0 would certify stability under P = I. The exact calculation remains stable for cases
A–D and becomes unstable in case E. In contrast, the P = I quantity is positive in all five cases.
Thus the comparison confirms both the exact transition detected by s(K) and the conservatism of the
Euclidean Lyapunov certificate: failure of the P = I test must not be interpreted as exact instability.

Table 1. Comparison of the exact second-moment spectral abscissa and the conservative
P = I indicator. Fixed parameters are a = 0.7, b = 0.8, ε = 0.08, I = 0.25, d1 = d2 = 0.1,
n = 10, p = 0.35, and graph seed 314159.

Case D1 D2 s(K) maxk ρ(Λk) Exact state
A 0.00 0.00 −0.130015 0.789987 stable
B 0.10 0.00 −0.129509 0.794989 stable
C 0.00 0.10 −0.129509 0.795011 stable
D 0.20 0.00 −0.127900 0.810160 stable
E 0.80 0.00 0.134888 1.163388 unstable
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Figure 1. Determinant-based spectral indicator and stochastic response of system (3.1) when
I = 0.25. (a) The determinant indicator β(Λ) = det M(Λ) as a function of the Laplacian
eigenvalue Λ when p = 0.005 and D1 = D2 = 0; the marked points denote the graph
eigenvalues Λk of the displayed network realization. (b) Representative node time series
when p = 0.005 and D1 = D2 = 0. (c) The determinant indicator β(Λ) when p = 0.005,
D1 = 0.1, and D2 = 0; graph modes located in the interval β(Λk) < 0 are identified as
determinant-unstable modes under the P = I spectral indicator. (d) Representative node time
series when p = 0.005, D1 = 0.1, and D2 = 0. All four panels use the same fixed network
topology and initial perturbation; only D1 changes between the deterministic and noisy cases.
The fixed parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100, d1 = d2 = 0.1, and I = 0.25.

For the additional uncertainty analysis in Figure 13, we used 30 independent stochastic realizations
on one fixed connected graph (n = 100, p = 0.05, graph seed 20260828) and independent Brownian
seeds 1000–1029. The shaded band is the pointwise empirical 2.5–97.5 percentile interval and the
solid curve is the pointwise median. A time-step check was performed with ∆t = 0.02, 0.01, and
0.005. The ensemble mean of the time-averaged STD over 15 ≤ t ≤ 20 was 4.7176 × 10−4, 4.6408 ×
10−4, and 4.8383 × 10−4, respectively; the corresponding 95% confidence-interval half-widths were
6.073 × 10−5, 5.584 × 10−5, and 6.533 × 10−5. These overlapping intervals indicate that the reported
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ensemble diagnostic is not materially changed by halving the baseline step.
To separate graph-to-graph and path-to-path fluctuations from the mean noise-intensity trend,

Figure 14 uses 20 independent connected G(100, 0.05) graph realizations and an independent Brownian
path for every graph and every value D1 = 0, 0.1, . . . , 1.0; D2 = 0 and ∆t = 0.01. For each replicate,
Nβunst is recomputed from that graph’s spectrum, PST is computed from the corresponding trajectory,
and the scalar STD diagnostic is the time average over 10 ≤ t ≤ 15. Curves show ensemble means
and error bars show 95% confidence intervals. The graph-dependent mode count has relatively narrow
intervals and increases systematically from 44.30± 1.42 at D1 = 0 to 74.35± 1.27 at D1 = 1. The PST
and STD diagnostics show visibly larger relative uncertainty, especially at high noise intensity, because
they depend on both the graph realization and the Brownian sample. Nevertheless, their ensemble
means retain the overall increase with D1. This comparison shows why a single stochastic path should
be treated as illustrative rather than as an ensemble estimate.

To quantify finite-network heterogeneity and synchronization, we use

STD(t) =

√√
1
n

n∑
j=1

(
u j(t) − ū(t)

)2
, STDv(t) =

√√
1
n

n∑
j=1

(
v j(t) − v̄(t)

)2
, (3.5)

where ū(t) = n−1 ∑n
j=1 u j(t) and v̄(t) = n−1 ∑n

j=1 v j(t). Large values indicate node-to-node heterogeneity,
whereas values close to zero indicate synchronization. We also record a potential switching count PST,
defined as the number of episodes in which STD(t) rises above ηsw = 10−2 and later drops below it, and
a synchronization time ST, defined as the first time after which STD(t) ≤ ηsyn = 10−3 remains satisfied
over the rest of the simulated time interval. The switching threshold ηsw = 10−2 is chosen to match the
order of the imposed initial node-to-node perturbation and therefore separates macroscopic excursions
from small residual dispersion. The synchronization threshold ηsyn = 10−3 is one order of magnitude
smaller, so “synchronized” means that dispersion has decayed well below its initial level. These values
are operational numerical tolerances, not bifurcation constants. Consequently, the absolute values of
PST and ST are threshold-dependent, especially when a trajectory remains close to a threshold. We
therefore use them only as comparative diagnostics, report the underlying STD(t) curves, and regard
a trend as robust only when it persists under the sensitivity ranges ηsw ∈ [5 × 10−3, 2 × 10−2] and
ηsyn ∈ [5 × 10−4, 2 × 10−3]. Near-threshold cases should be interpreted with the ensemble uncertainty
band rather than from a single count or crossing time.

The external current I is a primary bifurcation parameter of the local FHN kinetics. For a = 0.7,
b = 0.8, and ε = 0.08, the local equilibrium changes stability when

1 − (u∗)2 − εb = 0,

which gives u∗ = ±
√

1 − εb and the corresponding currents

I(1)
H ≈ 0.3313, I(2)

H ≈ 1.4187.

Thus, I = 0.25 is used for the equilibrium-based spectral stability tests below the lower Hopf threshold,
whereas I = 0.5 lies in an oscillatory regime and is used only for synchronization diagnostics of
nonlinear oscillations. Results obtained at these two currents should not be conflated.

The first group of simulations compares the determinant-based spectral prediction with stochastic
trajectories near the homogeneous equilibrium. For D1 = D2 = 0, the marked graph eigenvalues
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lie outside the determinant-negative interval and the trajectory relaxes toward the homogeneous state
(Figures 1(a) and 1(b)). When D1 = 0.1 and D2 = 0, the curve β(Λ) is shifted downward and several
graph eigenvalues satisfy β(Λk) < 0 (Figure 1(c)); the corresponding time series show increased node-
to-node variability (Figure 1(d)). When p = 0.1, more instability modes emerge (Figure 2(a)), leading
system (3.1) to rapidly transition into synchronous oscillations (Figure 2(b)). A comparison between
Figures 1(d) and 2(b) suggests that the link probability p plays a crucial role in modulating synchronous
behavior.

For larger connection probability p, the graph spectrum spreads over a wider range of Λk, so more
modes may enter the determinant-negative interval. With D2 = 0, increasing D1 enlarges this interval
and generally increases both Nβunst and the switching count PST (Figure 3(a)). The STD diagnostic also
increases (Figure 3(b)), indicating stronger finite-network heterogeneity. Thus, direct multiplicative
noise in the activator-like variable has a stronger influence on the determinant component of the P = I
spectral bound.

When noise acts only on the recovery variable (D1 = 0, D2 > 0), the curve β(Λ) and its roots
change more gradually (Figure 4). The curves in Figure 5 indicate that recovery-channel noise mainly
adjusts variability and synchronization timing. The comparison between Figures 3(b) and 5(b) should
be interpreted carefully: direct noise more clearly increases the number of determinant-unstable modes,
while the STD amplitude can be comparable for the two channels and may increase at different rates
depending on the parameter scale.
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Figure 2. Determinant-based spectral indicator and stochastic response of system (3.1) when
D1 = 0.1, D2 = 0, and I = 0.25. (a) The determinant indicator β(Λ) = det M(Λ) as a
function of the Laplacian eigenvalue Λ; the marked points denote the graph eigenvalues Λk.
(b) Representative node time series showing the finite-network stochastic response. The fixed
parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100, d1 = d2 = 0.1, and I = 0.25.
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Figure 3. Noise-intensity dependence for direct noise when D2 = 0. (a) Diagnostic curves
for the number of determinant-unstable modes Nβunst, defined by β(Λk) < 0, and the potential
switching count PST as functions of D1. (b) Diagnostic curve for STD as a function of
D1. The left vertical axis is labeled “Count”, and the right vertical axis is labeled “STD”,
consistently with (3.5). The fixed parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100,
d1 = d2 = 0.1, and I = 0.25. Here Nβunst counts the graph modes satisfying β(Λk) < 0,
PST counts the episodes in which STD rises above 10−2 and subsequently returns below
this threshold, and STD measures the node-to-node dispersion of the membrane-potential
variable u.
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Figure 4. Determinant-based spectral indicator and stochastic response of system (3.1) when
D1 = 0, D2 = 0.1, and I = 0.25. (a) The determinant indicator β(Λ) = det M(Λ) as a
function of the Laplacian eigenvalue Λ; the marked points denote the graph eigenvalues Λk.
(b) Representative node time series showing the finite-network stochastic response. The fixed
parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100, d1 = d2 = 0.1, and I = 0.25.
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Figure 5. Noise-intensity dependence for recovery-channel noise when D1 = 0. (a)
Diagnostic curves for the number of determinant-unstable modes Nβunst, defined by β(Λk) < 0,
and the potential switching count PST as functions of D2. (b) Diagnostic curve for STD as a
function of D2. The left vertical axis is labeled “Count”, and the right vertical axis is labeled
“STD”, consistently with (3.5). The fixed parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100,
d1 = d2 = 0.1, and I = 0.25. Here Nβunst counts the graph modes satisfying β(Λk) < 0,
PST counts the episodes in which STD rises above 10−2 and subsequently returns below
this threshold, and STD measures the node-to-node dispersion of the membrane-potential
variable u.

Figures 6–10 summarize the noise-dependent determinant boundaries. The curves denoted by λ4

and λ5 are the two roots of β(Λ; D1,D2) = 0, as defined in (2.21), and delimit the interval in Λ where
β(Λ) < 0. If a graph eigenvalue lies between these two roots, it is counted in Nβunst. These panels
therefore provide the connection between multiplicative-noise intensity and the plotted determinant
instability interval. The accompanying time-series panels illustrate the nonlinear stochastic response
after graph modes enter this interval.
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Figure 6. Noise-dependent determinant boundary in the (D1,D2) plane. The two surfaces
λ4(D1,D2) and λ5(D1,D2) are the roots of β(Λ; D1,D2) = 0 and delimit the interval of
Laplacian eigenvalues for which β(Λ) < 0. Since λ4 < λ5, the lower surface corresponds to
λ4, whereas the upper surface corresponds to λ5. The fixed parameters are a = 0.7, b = 0.8,
ε = 0.08, n = 100, d1 = d2 = 0.1, and I = 0.25.
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Figure 7. Noise-dependent determinant interval and corresponding stochastic response. (a)
Roots λ4 and λ5 of β(Λ) = 0 as functions of D2 when D1 = 0.6; the overlaid graph eigenvalues
Λk falling between the two roots satisfy β(Λk) < 0. (b) Representative node time series when
D1 = 0.6 and D2 = 0.1. The left vertical axis is labeled “Eigenvalue”. The fixed parameters
are a = 0.7, b = 0.8, ε = 0.08, n = 100, d1 = d2 = 0.1, and I = 0.25.
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Figure 8. Noise-intensity dependence when D1 = 0.01. (a) Diagnostic curves for the number
of determinant-unstable modes Nβunst, defined by β(Λk) < 0, and the potential switching count
PST as functions of D2. (b) Diagnostic curve for STD as a function of D2. The left vertical
axis is labeled “Count”, and the right vertical axis is labeled “STD”, consistently with (3.5).
The fixed parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100, d1 = d2 = 0.1, and I = 0.25.
Here Nβunst counts the graph modes satisfying β(Λk) < 0, PST counts the episodes in which
STD rises above 10−2 and subsequently returns below this threshold, and STD measures the
node-to-node dispersion of the membrane-potential variable u.
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Figure 9. Noise-dependent determinant interval and corresponding stochastic response. (a)
Roots λ4 and λ5 of β(Λ) = 0 as functions of D1 when D2 = 0.01; the overlaid graph
eigenvalues Λk indicate which modes satisfy β(Λk) < 0. (b) Representative node time series
when D1 = 0.1 and D2 = 0.01. The left vertical axis is labeled “Eigenvalue”. The fixed
parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100, d1 = d2 = 0.1, and I = 0.25.

AIMS Mathematics Volume 11, Issue 9, 30619–30642.



30636

0 0.5 1
D

1

0

50

100

C
ou

nt

Instability modes
PST

(a)

0 0.5 1

D
1

0

0.5

1

1.5

S
T

D

(b)

Figure 10. Noise-intensity dependence when D2 = 0.01. (a) Diagnostic curves for the
number of determinant-unstable modes Nβunst, defined by β(Λk) < 0, and the potential
switching count PST as functions of D1. (b) Diagnostic curve for STD as a function of
D1. The left vertical axis is labeled “Count”, and the right vertical axis is labeled “STD”,
consistently with (3.5). The fixed parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100,
d1 = d2 = 0.1, and I = 0.25. Here Nβunst counts the graph modes satisfying β(Λk) < 0,
PST counts the episodes in which STD rises above 10−2 and subsequently returns below
this threshold, and STD measures the node-to-node dispersion of the membrane-potential
variable u.

Figures 11 and 12 quantify synchronization-related behavior in the oscillatory regime I = 0.5.
These plots are not part of the equilibrium-based spectral stability test at I = 0.25. They are included
to show how noise changes synchronization timing once the local FHN kinetics already supports
oscillatory activity. No comparison with clinical EEG is made in the revised manuscript, and no
mechanistic conclusion about epileptic seizures is drawn.

Figure 13 complements the representative trajectories with an ensemble-level uncertainty
assessment. The median and empirical 95% band show the run-to-run variability explicitly, while
the time-step panel shows overlapping confidence intervals for all three tested steps. This check
supports the use of ∆t = 0.01 for the reported finite-network diagnostic, although it does not replace a
convergence analysis for every point in a full parameter sweep.

Figure 14 additionally averages over both random graph realizations and Brownian paths. It
confirms a clear increase in the determinant-unstable mode count as D1 increases, while also showing
that trajectory-based quantities such as PST and STD have appreciably larger sampling variability.
Conclusions concerning these latter diagnostics are therefore based on ensemble trends and confidence
intervals rather than on individual nonmonotone sample values.

Overall, the numerical evidence is consistent with the revised theoretical claim: multiplicative
noise shifts the determinant-based component of the conservative mean-square spectral boundary and
changes synchronization/heterogeneity in a finite FHN network. A stronger claim about classical
spatial Turing patterns would require spatially ordered networks or lattices, explicit modal-amplitude
plots, systematic diffusivity-ratio scans, and wave-number-dependent boundary diagrams.
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Figure 11. Representative stochastic synchronization responses of system (3.1) in the
oscillatory regime I = 0.5. (a) Node time series without multiplicative noise, D1 = D2 = 0.
(b) Node time series under direct noise, D1 = 0.1 and D2 = 0. (c) Node time series under
stronger direct noise, D1 = 0.2 and D2 = 0. (d) Node time series under recovery-channel
noise, D1 = 0 and D2 = 0.1. The fixed parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100,
and d1 = d2 = 0.1.
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Figure 12. Synchronization diagnostics in the oscillatory regime I = 0.5. (a) Diagnostic
curve for the synchronization time ST as a function of D1 when D2 = 0. (b) Diagnostic curve
for ST as a function of D2 when D1 = 0. Both vertical axes are labeled “ST”. The fixed
parameters are a = 0.7, b = 0.8, ε = 0.08, n = 100, and d1 = d2 = 0.1. Here ST is the first
time after which STD ≤ 10−3 remains satisfied for the rest of the simulated interval.
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Figure 13. Ensemble and numerical-resolution validation for system (3.1) at I = 0.25,
D1 = 0.1, and D2 = 0. (a) Median STD(t) (solid line) and pointwise 2.5–97.5 percentile
band (shading) from 30 independent stochastic realizations at the baseline step ∆t = 0.01.
(b) Ensemble mean of the time-averaged STD over 15 ≤ t ≤ 20 for ∆t = 0.02, 0.01, and
0.005; error bars show 95% confidence intervals across realizations. Fixed parameters are
a = 0.7, b = 0.8, ε = 0.08, n = 100, p = 0.05, and d1 = d2 = 0.1. The graph is held fixed
across the time-step comparison.
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Figure 14. Independent graph-and-Brownian ensemble validation for direct noise with D2 =

0. (a) Ensemble means and 95% confidence intervals for Nβunst and PST. (b) Ensemble mean
and 95% confidence interval for the time-averaged STD over 10 ≤ t ≤ 15. At each D1 =

0, 0.1, . . . , 1.0, statistics use 20 independent connected Erdős–Rényi graphs G(100, 0.05) and
independent Brownian paths. Fixed parameters are a = 0.7, b = 0.8, ε = 0.08, I = 0.25,
d1 = d2 = 0.1, and ∆t = 0.01.

4. Conclusions

This work analyzed multiplicative-noise effects in a network-coupled FitzHugh–Nagumo system
from the viewpoint of mean-square spectral stability. The stochastic formulation was revised to use
independent node- and variable-specific Brownian motions, and the noise amplitudes were chosen to
vanish at the homogeneous equilibrium. The graph coupling sign was fixed by setting L = A−D and
adding dL to the reaction kinetics, which corresponds to standard dissipative diffusion.

We distinguished the exact mean-square stability problem, governed by the Kronecker operator
K , from the explicit P = I Lyapunov bound. We also defined mean-square Turing-type instability
through exponential growth of the heterogeneous projected second moment and clarified that s(K) > 0
alone establishes total mean-square instability, not spatial mode selection. The P = I bound yields a
simple mode-wise matrix M(Λk) and a conservative spectral boundary depending on D1,D2, d1, d2, the
external current I, and the graph eigenvalues. For the adopted FHN parameters, the trace-driven branch
can occur only when both noise channels are sufficiently strong; it first destabilizes the homogeneous
mode and is absent in all one-channel sweeps. These qualifications remove the previous overstatement
that a positive eigenvalue of JT + J +

∑
BT

r Br is automatically a necessary-and-sufficient instability
criterion.

The simulations support the revised claim at a qualitative level: direct noise acting on the u-
component more strongly enlarges the determinant-negative interval and increases Nβunst, whereas
recovery-channel noise changes variability and synchronization in a more gradual way. The added
exact-versus-P = I comparison demonstrates directly that the Euclidean Lyapunov test can fail to
certify systems that remain exactly mean-square stable. The fixed-graph ensemble, time-step check,
and independent graph-and-Brownian ensemble quantify both numerical uncertainty and sample-to-
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sample fluctuations; the latter are appreciably larger for trajectory-based PST and STD than for the
spectrum-based mode count. The plotted trajectories and synchronization diagnostics should be read
as stochastic responses of finite networks, not as stand-alone proof of classical spatial Turing patterns
or as evidence for clinical seizure mechanisms. Future work should add spatially ordered networks
or lattices, modal-amplitude diagnostics, broader ensemble validation across the parameter plane,
systematic diffusivity-ratio and external-current sweeps, and possible time-delay effects in order to
connect the present mean-square spectral theory more directly with classical wave-number-dependent
Turing pattern formation.
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