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1. Introduction

Summability methods play an important role in mathematical analysis, particularly in the study
of divergent sequences and series. Among the classical summability methods, Abel and Cesàro
summability have been extensively investigated because of their close connection with Fourier analysis,
Tauberian theory, and other areas of analysis. The fundamental relations between these methods were
established in Hardy’s book [1], which remains one of the principal references in summability theory.
Besides the Abel and Cesàro methods, various generalizations and extensions of summability theory
have been developed. In [2, 3], absolute Cesàro summability methods have been studied. Absolute
matrix summability methods for infinite series have also been extensively studied in [4, 5]. These
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studies have contributed significantly to the development of summability theory. Many practical
problems involve uncertainty arising from measurement errors, incomplete information, or numerical
approximations. Interval analysis, introduced by Moore [6] and further developed by Markov [7] and
Moore et al. [8], provides an effective framework for dealing with such uncertainties by replacing
real numbers with closed intervals. Since its introduction, interval analysis has developed into an
important research area [9, 10], and various applications in quasilinear spaces and signal processing
have also been investigated [11, 12]. Motivated by these developments, more recently, Kılınç and
Yıldırım [13] introduced the space of interval-valued Cesàro convergent sequences, while Kartal
Erdogan and Topçu [14] established the space of interval-valued Abel convergent sequences and
studied its fundamental properties. Also, related results for interval-valued Riesz convergence were
obtained in [15] by Tuncer and Akgün. In [13–15], the fundamental properties of interval-valued
Cesàro, Abel, and Riesz convergent sequence spaces, respectively, were investigated. In the present
paper, the relations between Abel and Cesàro convergence (for sequences) and summability (for series)
in the interval-valued setting are studied. Accordingly, this study focuses on the interaction between
Abel and Cesàro methods rather than on the structure of the corresponding sequence spaces.

In the interval-valued setting, both Abel and Cesàro methods provide useful ways to study the
convergence of sequences and summability of series. Cesàro summability is based on the arithmetic
means of the terms, while Abel summability is defined by means of the corresponding power series.
The relation between these two methods is important since it shows under which conditions one type
of summability implies the other. In particular, the Abel-Cesàro relation allows classical inclusion and
Tauberian results to be considered for interval-valued sequences and series. Although several interval-
valued summability spaces have been introduced and investigated, the corresponding Abel-Cesàro and
Tauberian relations in the interval-valued setting appear to be less extensively studied.

The main results establish inclusion relations between interval-valued Abel and Cesàro methods for
both sequences and series. It is shown that interval-valued Cesàro convergence implies interval-valued
Abel convergence, while the converse implication is obtained under suitable Tauberian assumptions.
These results are subsequently extended to interval-valued series by considering their sequences of
partial sums, leading to interval-valued versions of several classical Tauberian theorems. The proofs
make explicit use of the endpoint representation of intervals and the componentwise form of the
Hausdorff metric. This enables the corresponding classical real-valued results to be applied to the
endpoint sequences.

The remainder of the paper is organized as follows. Section 2 presents the necessary definitions
and preliminary results. Section 3 establishes the inclusion relations between interval-valued Abel and
Cesàro convergence for sequences and extends these results to interval-valued series. Finally, Section 4
concludes the paper and discusses possible directions for future research.

2. Preliminaries

In this section, the necessary definitions and relevant results are given, and a general proposition for
the interval-valued setting is established.

Definition 1 ([8]). An interval X is represented by

X =
[
X, X

]
=

{
x ∈ R : X ≤ x ≤ X

}
,

AIMS Mathematics Volume 11, Issue 9, 30566–30580.



30568

where X and X denote the lower and upper endpoints of X, respectively.

Definition 2 ( [8]). An interval of the form [x, x], where x ∈ R, is called a degenerate (or derived)
interval. Such an interval is identified with the real number x, that is, x = [x, x] .

Considering X = [X, X] and Y = [Y ,Y], the inequality X < Y is equivalent to X < Y , while X ⊆ Y is
characterized by Y ≤ X, X ≤ Y . Arithmetic operations within the interval setting are formulated using
endpoint calculations as follows:

X + Y = [X + Y , X + Y], X − Y = [X − Y , X − Y],

C = {XY , XY , XY , XY}, then X · Y = [min C, max C],

X
Y
= X ·

1
Y
= [X, X] ·

[
1

Y
,

1
Y

]
; 0 < Y,

αX = α[X, X] =

[αX, αX], α ≥ 0,

[αX, αX], α < 0.

Definition 3 ([8]). Let
I =

{
X = [X, X] : X, X ∈ R, X ≤ X

}
denote the family of all closed intervals on R. An interval-valued sequence is defined as a mapping
f : N→ I, where N = {0, 1, 2, ...} denotes the set of natural numbers.

The family of all sequences whose terms are closed intervals is denoted by w(I) and specified by

w(I) = { (Xn) : Xn ∈ I, n ∈ N } .

Definition 4 ( [8]). The set I of all real intervals forms a metric space under the Hausdorff metric h,
where

h(X, Y) = max
{
|X − Y |, |X − Y |

}
.

Definition 5 ( [16]). Let (Xn) be an interval-valued sequence, and let X0 =
[
X0, X0

]
be an interval.

The sequence (Xn) is said to converge to X0 if, for every ε > 0, there exists an integer N such that
h(Xn, X0) < ε whenever n > N. In this case, the convergence is denoted by limn→∞ Xn = X0, or simply
by Xn → X0, as n→ ∞.

Definition 6 ( [13]). An interval-valued sequence is said to be Cesàro convergent to the interval
V =

[
V ,V

]
if and only if

lim
n→∞

h

 1
n + 1

n∑
k=0

Uk, V

 = 0.

CI(1) represents the space of interval-valued Cesàro convergent sequences. That is,

CI(1) =

(Uk) ∈ w(I) : lim
n→∞

h

 1
n + 1

n∑
k=0

[Uk,Uk], [V ,V]

 = 0, V = [V ,V] ∈ I

 .
AIMS Mathematics Volume 11, Issue 9, 30566–30580.
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The notion of Cesàro convergence for interval-valued sequences extends to Cesàro summability for
interval-valued series through their sequences of partial sums, in complete analogy with the classical
theory.

Definition 7. Let
∑∞

k=0 Ak be an interval-valued series, where Ak ∈ I for each k ≥ 0, and let

S n =

n∑
k=0

Ak

denote its sequence of partial sums.
Following the classical Cesàro summability method, the series

∑∞
k=0 Ak is Cesàro summable to the

interval S = [S , S ] ∈ I if its sequence of partial sums (S n) is Cesàro convergent to S according to
Definition 6; that is,

lim
n→∞

h

 1
n + 1

n∑
k=0

S k, S

 = 0.

In this case, it is denoted by
∞∑

k=0

Ak = S (C, 1).

Definition 8 ([14]). Let U = (Uk) be an interval-valued sequence. The sequence U is said to be Abel
convergent to the interval V =

[
V ,V

]
if lim

x→1−
h (FU(x),V) = 0. Here, for 0 < x < 1,

FU(x) = (1 − x)
∞∑

k=0

Ukxk =
[
FU(x), FU(x)

]
=

(1 − x)
∞∑

k=0

Ukxk, (1 − x)
∞∑

k=0

Ukxk

 .
The set of interval-valued sequences converging in the Abel sense is denoted by AI and explicitly

defined as
AI =

{
(Uk) ∈ w(I) : lim

x→1−
h (FU(x), V) = 0 for some V ∈ I

}
.

Similarly, Abel summability for interval-valued series is defined by means of the Abel convergence of
their sequences of partial sums.

Definition 9. Let
∑∞

k=0 Ak be an interval-valued series, where Ak ∈ I for each k ≥ 0, and let

S n =

n∑
k=0

Ak

denote its sequence of partial sums.
Following the classical Abel summability method, the series

∑∞
k=0 Ak is Abel summable to the

interval S = [S , S ] ∈ I if its sequence of partial sums (S n) is Abel convergent to S according to
Definition 8; that is,

lim
x→1−

h

(1 − x)
∞∑

n=0

S nxn, S

 = 0.

In this case, we write
∞∑

k=0

Ak = S (A).
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Definition 10 ([1]). A real sequence (an) is said to satisfy the lower Landau condition, denoted by

an = OL(1),

if there exists a constant M > 0 such that
an ≥ −M

for all sufficiently large n.

Remark 1. For an interval-valued sequence U = (Un), where Un = [Un,Un], the notation Un = OL(1)
is understood componentwise. Since Un ≤ Un for all n ≥ 0, if the lower endpoint satisfies Un = OL(1),
then the upper endpoint automatically satisfies Un = OL(1) as well.

Definition 11 ([9]). The class of bounded interval-valued sequences is denoted by Iℓ∞ and introduced
by

Iℓ∞ =
{

(Uk) ∈ w(I) : sup
k

{
|Uk|, |Uk|

}
< ∞

}
.

Remark 2. Let U = (Uk) be an interval-valued sequence with Uk = [Uk,Uk] for each k ≥ 0, and let
0 = [0, 0]. Recall that the Hausdorff metric distance from Uk to the zero interval is given by

h(Uk, [0, 0]) = max
{
|Uk|, |Uk|

}
.

Therefore, U = (Uk) is bounded in the metric space (I, h) if and only if supk h(Uk, [0, 0]) < ∞, which is
precisely equivalent to the simultaneous boundedness of both endpoint sequences (Uk) and (Uk) in R
(i.e., U ∈ Iℓ∞).

Lemma 1 ([1]). Let (an) be a sequence of real numbers. If (an) is Cesàro convergent to L, that is,

lim
n→∞

1
n + 1

n∑
k=0

ak = L,

then (an) is Abel convergent to L, i.e.,

lim
x→1−

(1 − x)
∞∑

n=0

anxn = L.

Lemma 2 ( [1]). Let (an) be a bounded sequence of real numbers. If (an) is Abel convergent to L,
that is,

lim
x→1−

(1 − x)
∞∑

n=0

anxn = L,

then (an) is Cesàro convergent to L, i.e.,

lim
n→∞

1
n + 1

n∑
k=0

ak = L.

Lemma 3 ([1]). Let
∑

an be a series of real numbers with sequence of partial sums (sn). If
∑

an = s (A)
and sn = O(1), then

∑
an = s (C, 1).
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Lemma 4 ([1]). Let
∑

an be a series of real numbers with sequence of partial sums (sn). If
∑

an = s (A)
and sn ≥ 0 for all n ≥ 0, then

∑
an = s (C, 1).

Lemma 5 ([1]). Let
∑

an be a series of real numbers with sequence of partial sums (sn). If
∑

an = s (A)
and sn = OL(1), then

∑
an = s (C, 1).

Proposition 1. Let T be a regular summability method defined componentwise by linear positive
operators. Let

U = (Uk) =
(
[Uk, Uk]

)
be an interval-valued sequence, and let V = [V ,V] ∈ I. Then U is T convergent (or T summable) to V
if and only if the real-valued endpoint sequences (Uk) and (Uk) are T convergent (or T summable) to
V and V, respectively.

Proof. Let T (U) denote the transformed interval sequence of U under the summability method T .
Since T is defined componentwise by linear positive operators, the interval arithmetic properties
ensure that

T (U) =
[
T
(
(Uk)

)
, T

(
(Uk)

) ]
.

By Definition 4, the Hausdorff metric distance between T (U) and V is expressed as

h
(
T (U), V

)
= max

{
|T ((Uk)) − V |, |T ((Uk)) − V |

}
.

Consequently, h (T (U),V) −→ 0 holds if and only if both∣∣∣T (
(Uk)

)
− V

∣∣∣ −→ 0 and
∣∣∣T (

(Uk)
)
− V

∣∣∣ −→ 0

simultaneously. Thus, U is T convergent (or T summable) to V if and only if the real-valued endpoint
sequences (Uk) and (Uk) are T convergent (or T summable) to V and V , respectively. □

3. Inclusion relations between AI and CI(1)

In this section, the inclusion relations between interval-valued Abel and Cesàro convergence for
sequences and the corresponding summability methods for series are investigated.

Theorem 1. Let U = (Uk) be an interval-valued Cesàro convergent sequence. If

1
n + 1

n∑
k=0

Uk → V = [V , V] (n→ ∞),

then U is Abel convergent to V.

Proof. Let
Uk = [Uk,Uk]

for k ≥ 0. Since U is Cesàro convergent to V = [V ,V], Proposition 1 implies that (Uk) and (Uk) are
Cesàro convergent to V and V , respectively. By Lemma 1,

lim
x→1−

(1 − x)
∞∑

k=0

Uk xk = V ,
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and

lim
x→1−

(1 − x)
∞∑

k=0

Uk xk = V .

Therefore,
lim
x→1−

h
(
FU(x), V

)
= 0,

which shows that U is Abel convergent to V . □

The following examples illustrate Theorem 1 and demonstrate that the converse of Theorem 1 does
not hold in general without additional Tauberian conditions.

Example 1. Consider the interval-valued sequence U = (Uk)∞k=0 defined by

Uk =
[
(−1)k, 1 +

1
k + 1

]
(k ≥ 0).

Let us examine both the Cesàro and Abel convergence of (Uk):
(1) Cesàro Convergence: For the lower endpoint sequence, Uk = (−1)k for k ≥ 0. The arithmetic
mean yields

lim
n→∞

1
n + 1

n∑
k=0

(−1)k = 0 = V .

For the upper endpoint sequence,

Uk = 1 +
1

k + 1
for k ≥ 0.

Using the arithmetic mean of the upper endpoints, we explicitly have:

lim
n→∞

1
n + 1

n∑
k=0

(
1 +

1
k + 1

)
= lim

n→∞

1 + 1
n + 1

n∑
k=0

1
k + 1

 = 1 + 0 = 1 = V ,

since
n∑

k=0

1
k + 1

= O(ln n) and lim
n→∞

ln n
n + 1

= 0.

Thus, by Proposition 1, U is Cesàro convergent to V = [0, 1].
(2) Abel Convergence: For 0 < x < 1, the power series representation yields

(1 − x)
∞∑

k=0

Uk xk = (1 − x)
∞∑

k=0

(−1)kxk = (1 − x)
1

1 + x
x→1−
−−−−→ 0 = V ,

and for the upper endpoint,

(1 − x)
∞∑

k=0

Ukxk = (1 − x)
∞∑

k=0

(
1 +

1
k + 1

)
xk = (1 − x)

(
1

1 − x
+

1
x

ln
(

1
1 − x

))
= 1 +

1 − x
x

ln
(

1
1 − x

)
.

Since

lim
x→1−

(1 − x) ln
(

1
1 − x

)
= 0,
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it follows that

lim
x→1−

(1 − x)
∞∑

k=0

Uk xk = 1 = V .

Therefore,
lim
x→1−

h
(
FU(x), V

)
= 0,

confirming Theorem 1.

The next counterexample shows that Abel convergence of an interval-valued sequence does not
necessarily imply its Cesàro convergence.

Example 2. Define the interval-valued sequence U = (Uk)∞k=0 by

Uk =
[
(−1)k k, (−1)k k + 1

]
(k ≥ 0).

Note that the endpoint sequences are unbounded, i.e., U < Il∞ .
(1) Abel Convergence: Recall the formal power series identity for 0 < x < 1:

∞∑
k=0

kxk =
x

(1 − x)2 .

Replacing x by −x, we obtain
∞∑

k=0

(−1)kkxk =
−x

(1 + x)2 .

Now, let us calculate the Abel mean for the lower endpoint sequence Uk = (−1)kk:

lim
x→1−

FU(x) = lim
x→1−

(1 − x)
∞∑

k=0

(−1)kkxk = lim
x→1−

(1 − x)
−x

(1 + x)2 = 0 ·
(
−

1
4

)
= 0.

For the upper endpoint sequence Uk = (−1)kk + 1, we split the sum:

FU(x) = (1 − x)
∞∑

k=0

(
(−1)k k + 1

)
xk = (1 − x)

−x
(1 + x)2 + (1 − x)

1
1 − x

=
−x(1 − x)
(1 + x)2 + 1.

Taking the limit as x→ 1−, we obtain

lim
x→1−

FU(x) = 0 + 1 = 1.

Consequently, by Proposition 1, we have

lim
x→1−

h
(
FU(x), [0, 1]

)
= 0.

Hence, U is Abel convergent to V = [0, 1], i.e., U ∈ AI .
(2) Cesàro Divergence: Now, let us evaluate the Cesàro mean of the lower endpoint sequence
Uk = (−1)kk. Let

Cn =
1

n + 1

n∑
k=0

(−1)k k.
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• If n is even, say, n = 2m (m ≥ 0):

2m∑
k=0

(−1)k k = 0 + (−1 + 2) + (−3 + 4) + · · · +
(
−(2m − 1) + 2m

)
= m.

Thus,
C2m =

m
2m + 1

,

which implies, limm→∞C2m =
1
2 .

• If n is odd, say, n = 2m + 1 (m ≥ 0):

2m+1∑
k=0

(−1)k k = m − (2m + 1) = −m − 1.

Thus,

C2m+1 =
−m − 1
2m + 2

= −
1
2
,

which implies, limm→∞C2m+1 = −
1
2 .

Since the subsequence limits limm→∞C2m =
1
2 and limm→∞C2m+1 = −

1
2 do not coincide, the limit

lim
n→∞

1
n + 1

n∑
k=0

Uk

does not exist. Therefore, (Uk) is not Cesàro convergent, i.e., U < CI(1).

To overcome this limitation and establish a converse result, suitable Tauberian conditions must be
imposed.

Theorem 2. Let U = (Uk) be an interval-valued Abel convergent sequence, and assume that U ∈ Iℓ∞ .
Then U ∈ CI(1). Equivalently,

AI ∩ Iℓ∞ ⊂ CI(1).

Proof. Let Uk = [Uk,Uk] for k ≥ 0. Since U is Abel convergent, there exists an interval V = [V ,V]
such that

lim
x→1−

h
(
FU(x), V

)
= 0.

By Proposition 1, the endpoint sequences (Uk) and (Uk) are Abel convergent to V and V , respectively.
Since U ∈ Iℓ∞ , both endpoint sequences are bounded by Remark 2. Hence, by Lemma 2,

1
n + 1

n∑
k=0

Uk −→ V and
1

n + 1

n∑
k=0

Uk −→ V (n→ ∞).

Therefore,
1

n + 1

n∑
k=0

Uk −→ [V , V] = V (n→ ∞).

Thus, U is Cesàro convergent to V , i.e., U ∈ CI(1). □
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Having established the relationship for interval-valued sequences, the corresponding convergence
implications are now extended to interval-valued series by means of their sequences of partial sums.

Theorem 3. Let
∑∞

n=0 An be an interval-valued series with sequence of partial sums (S n). If

∞∑
n=0

An = S (A) and (S n) ∈ Iℓ∞ ,

then
∞∑

n=0

An = S (C, 1).

Proof. Let An = [An, An] and S n = [S n, S n], where S n =
∑n

k=0 Ak. Suppose that

∞∑
n=0

An = S = [S , S ] (A).

Then, by Definition 9,

lim
x→1−

h

(1 − x)
∞∑

n=0

S nxn, S

 = 0.

By applying Proposition 1 to the sequence of partial sums (S n), the endpoint sequences (S n) and (S n)
are Abel convergent to S and S , respectively. Hence,

lim
x→1−

(1 − x)
∞∑

n=0

S n xn = S and lim
x→1−

(1 − x)
∞∑

n=0

S n xn = S .

Since (S n) ∈ Iℓ∞ , Remark 2 implies that both endpoint sequences (S n) and (S n) are bounded. Therefore,
by Lemma 3,

∞∑
n=0

An = S (C, 1) and
∞∑

n=0

An = S (C, 1).

Applying Proposition 1 again to the sequence of partial sums, we obtain

∞∑
n=0

An = S (C, 1).

Thus, the interval-valued series is (C, 1) summable to S . □

Example 3. Consider the interval-valued series
∑∞

n=0 An whose sequence of partial sums (S n) is
defined by

S n = [(−1)n (n + 1), (−1)n (n + 1) + 1] , n ≥ 0.

Note that the sequence (S n) is unbounded, i.e., (S n) < Iℓ∞ .
For 0 < x < 1, the Abel means of the lower and upper endpoint sequences satisfy

lim
x→1−

(1 − x)
∞∑

n=0

(−1)n (n + 1) xn = lim
x→1−

1 − x
(1 + x)2 = 0,
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and

lim
x→1−

(1 − x)
∞∑

n=0

(
(−1)n (n + 1) + 1

)
xn = lim

x→1−

(
1 − x

(1 + x)2 + 1
)
= 1.

Hence, by Proposition 1, the sequence (S n) is Abel convergent to S = [0, 1]. Thus, the series
∑∞

n=0 An

is Abel summable to S = [0, 1].
On the other hand, the Cesàro means of the lower endpoint sequence

1
n + 1

n∑
k=0

(−1)k (k + 1)

have subsequential limits 1/2 and −1/2, according as n is even or odd. Hence, the lower endpoint
sequence is not Cesàro convergent. Consequently, the series

∑∞
n=0 An is not Cesàro summable, showing

that boundedness is essential in Theorem 3.

Theorem 4. Let
∑∞

n=0 An be an interval-valued series with sequence of partial sums (S n). If
∞∑

n=0

An = S (A) and [0, 0] ≤ S n for every n ≥ 0,

then
∞∑

n=0

An = S (C, 1).

Proof. Let An = [An, An] and S n = [S n, S n], where S n =
∑n

k=0 Ak. Suppose that
∞∑

n=0

An = S = [S , S ] (A).

By Definition 9,

lim
x→1−

h

(1 − x)
∞∑

n=0

S nxn, S

 = 0.

By the componentwise characterization established in Proposition 1, the Abel convergence of (S n) to
S yields

∞∑
n=0

An = S (A) and
∞∑

n=0

An = S (A).

Since [0, 0] ≤ S n for every n ≥ 0, we have 0 ≤ S n ≤ S n for every n ≥ 0. Thus, both endpoint sequences
of partial sums are nonnegative.

Therefore, applying Lemma 4 to the lower and upper endpoint series, we obtain
∞∑

n=0

An = S (C, 1) and
∞∑

n=0

An = S (C, 1).

By applying Proposition 1 again to the sequence of partial sums (S n), we conclude that (S n) is Cesàro
convergent to S = [S , S ]. Hence, by Definition 7,

∞∑
n=0

An = S (C, 1),

which completes the proof. □
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Example 4. Consider the interval-valued series
∑∞

n=0 An whose sequence of partial sums (S n) is
defined by

S n = [(−1)n (n + 1) − 1, (−1)n (n + 1)] , n ≥ 0.

Note that (S n) does not satisfy the nonnegativity condition [0, 0] ≤ S n for every n ≥ 0. For example,
S 1 = [−3,−2] and [0, 0] ≰ S 1.

For 0 < x < 1, the Abel means of the lower and upper endpoint sequences satisfy

lim
x→1−

(1 − x)
∞∑

n=0

(
(−1)n (n + 1) − 1

)
xn = lim

x→1−

(
1 − x

(1 + x)2 − 1
)
= −1,

while

lim
x→1−

(1 − x)
∞∑

n=0

(−1)n (n + 1) xn = lim
x→1−

1 − x
(1 + x)2 = 0.

Hence, by Proposition 1, the sequence (S n) is Abel convergent to S = [−1, 0]. Thus, the series
∑∞

n=0 An

is Abel summable to S = [−1, 0].
On the other hand, the Cesàro means of the upper endpoint sequence

1
n + 1

n∑
k=0

(−1)k (k + 1)

have subsequential limits 1/2 and −1/2, according as n is even or odd. Hence, the upper endpoint
sequence is not Cesàro convergent. Consequently, the series

∑∞
n=0 An is not Cesàro summable, showing

that the nonnegativity condition in Theorem 4 cannot be omitted.

Theorem 5. Let
∑∞

n=0 An be an interval-valued series with sequence of partial sums (S n). If

∞∑
n=0

An = S (A) and S n = OL(1),

then
∞∑

n=0

An = S (C, 1).

Proof. Let An = [An, An] and S n = [S n, S n], where S n =
∑n

k=0 Ak. Suppose that

∞∑
n=0

An = S = [S , S ] (A).

By Definition 9, the sequence of partial sums (S n) is Abel convergent to S , and by Proposition 1, the
endpoint sequences (S n) and (S n) are Abel convergent to S and S , respectively. Hence,

∞∑
n=0

An = S (A) and
∞∑

n=0

An = S (A).
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Since S n = OL(1), Remark 1 implies that the endpoint sequences (S n) and (S n) satisfy the lower Landau
condition. Therefore, applying Lemma 5 to the lower and upper endpoint series, we obtain

∞∑
n=0

An = S (C, 1) and
∞∑

n=0

An = S (C, 1).

By Proposition 1, the Cesàro summability of the endpoint series implies that the sequence of partial
sums (S n) is Cesàro convergent to S = [S , S ]. Hence, by Definition 7,

∞∑
n=0

An = S (C, 1),

which completes the proof. □

Example 5. Consider the interval-valued series
∑∞

n=0 An whose sequence of partial sums (S n) is
defined by

S n = [(−1)n (n + 1), (−1)n (n + 1) + 2] , n ≥ 0.

The lower endpoint sequence

S n = (−1)n (n + 1)

is not bounded below. Hence, (S n) does not satisfy the lower Landau condition S n = OL(1). For
0 < x < 1, the Abel means of the lower and upper endpoint sequences satisfy

lim
x→1−

(1 − x)
∞∑

n=0

(−1)n (n + 1) xn = lim
x→1−

1 − x
(1 + x)2 = 0,

and

lim
x→1−

(1 − x)
∞∑

n=0

(
(−1)n (n + 1) + 2

)
xn = lim

x→1−

(
1 − x

(1 + x)2 + 2
)
= 2.

Hence, the sequence (S n) is Abel convergent to S = [0, 2]. Thus, the series
∑∞

n=0 An is Abel summable to
S = [0, 2]. On the other hand, as shown in Example 3, the Cesàro means of the sequence ((−1)n(n+1))
do not converge. Therefore, the series

∑∞
n=0 An is not Cesàro summable. This shows that the lower

Landau condition in Theorem 5 cannot be omitted.

Remark 3. Theorems 3–5 show that Abel summability of an interval-valued series implies Cesàro
summability when the sequence of partial sums satisfies one of the following Tauberian conditions:
boundedness, nonnegativity, or the lower Landau condition. These results provide interval-
valued counterparts of the corresponding classical Tauberian theorems through the componentwise
characterization established in Proposition 1. A summary of the established inclusion relations and
their associated Tauberian conditions is given in Table 1.
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Table 1. Summary of inclusion relations and Tauberian conditions for interval-valued
sequences and series.

Result Type Hypothesis / Tauberian condition Implication

Theorem 1 Sequence Cesàro convergent: U ∈ CI(1) U ∈ AI

Theorem 2 Sequence U ∈ AI and Boundedness: U ∈ Il∞ U ∈ CI(1)

Theorem 3 Series
∑

An = S (A) and Boundedness: (S n) ∈ Il∞
∑

An = S (C, 1)

Theorem 4 Series
∑

An = S (A) and Nonnegativity: [0, 0] ≤ S n
∑

An = S (C, 1)

Theorem 5 Series
∑

An = S (A) and Lower Landau Condition: S n = OL(1)
∑

An = S (C, 1)

4. Conclusions

In this paper, the inclusion relations between Abel and Cesàro convergence for interval-
valued sequences and the corresponding summability relations for interval-valued series have been
investigated. For interval-valued sequences, it has first been shown that Cesàro convergence
implies Abel convergence. A Tauberian converse has also been established by showing that Abel
convergence implies Cesàro convergence when the sequence is bounded. For interval-valued series,
the corresponding Abel-Cesàro summability relations have been investigated through the sequences
of partial sums. In particular, it has been shown that Abel summability implies Cesàro summability
when the sequence of partial sums satisfies one of the following Tauberian conditions: boundedness,
nonnegativity, or the lower Landau condition. All these results are obtained through the componentwise
characterization of interval-valued convergence and summability established in Proposition 1, together
with the Hausdorff metric. Thus, the classical Abel-Cesàro convergence and summability results are
extended to the interval-valued setting. The results obtained in this paper provide a basis for further
studies of other summability methods for interval-valued sequences and series.
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