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1. Introduction

Fractional differential equations are powerful tools for modeling complex dynamics owing to
the memory and hereditary properties of fractional operators, which offer superior descriptions of
anomalous diffusion and viscoelastic behavior in comparison with integer-order models; see [1,2] and
the references therein. Serving as a natural extension of local boundary restrictions, nonlocal boundary
conditions capture global cumulative and coupling effects of solutions, matching well the intrinsic
nonlocality of fractional calculus and enhancing the modeling flexibility for practical engineering
systems. Boundary value problems (BVPs for short) on the half-line are appropriate to characterize
long-time unbounded evolutionary processes.

Moreover, the p-Laplacian operator extends linear fractional equations to nonlinear settings. BVPs
with a p-Laplacian operator also have been discussed; see [3—-5] and so on. Meanwhile research works
on the existence of solutions for differential equations involving the p-Laplacian operator with nonlocal
boundary value condition on the infinite interval are few; see [6, 7].

Recently, several works have addressed the existence of solutions for a class of fractional order
BVPs on infinite intervals; see [8—11]. Fixed point theorems furnish feasible analytical tools for such
problems. Different methods about fixed point approaches containing, but not limited to, generalized
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Caputo fractional BVPs have been employed; readers can refer [12—15].

In [6], authors apply the Leray-Schauder continuation principle to establish the existence of at least
one solution to the third order p-Laplacian BVP on an unbounded domain. Here, the order of the
equation is an integer.

In [7], authors consider the following fractional BVP with p-Laplacian operator on an infinite

interval
D§+(p(t)¢p(DS+u(t))) + f(t, u(?), DI u(r), DY.u(r)) = 0, t € [0, +00),

u(0) = 0, DI 'u(0) = i a; ;" u(ndt, D3,u(0) = 0, (1.1)
lim D (p(0)p(Dfu(1))) = 0,

where ¢,(s) = |sI’2s, p > 1. Clearly, (¢,)"' = ¢,, i + é = 1. D2, Df, are standard Riemann-
Liouville fractional derivatives. 1 < @, <2,a4; 20;0< & <& < --- <&, < +00; f(t,u,v,w) €
C([0,+00) X R*, R), p(t) € C[0, +00) and ¢,(55) € L'(0, +00).

In [13], the existence of a solution of the following problem has been studied.

CD7y(x) = Y(x,y(x)), T€(1,2], 0<x <z, we(0,2),

ay(0) + By(w) = —yy(2),a,B,y 20, a+B+y # 0,
6y (0) + ey’ (w) = =0y (2),6,6,{ 20, 6 +e+{ # 0,

where €D is the Caputo derivative of order 7, and Y : [0, z] X R — R is a continuous function.

In this work, authors develop a generalized framework for establishing existence and uniqueness
results for nonlinear fractional BVPs with mixed-boundary conditions, by employing a combination
of Krasnoselskii’s fixed-point theorem and the Banach contraction principle. This research work is of
high importance.

Inspired by the above discussions, this paper studies a kind of fractional p-Laplacian BVP subject
to generalized nonlocal boundary conditions at infinity and establishes criteria for the existence of the
solution.

Here, we consider the following fractional BVP with p-Laplacian operator on an infinite interval

D} (PO (D) + £(t,u(0)., D u(t), Dg.u(t)) = 0.1 € (0, +00),
u(0) = 0, D u(0) = 3, as [} u(t)dt, D.u(0) =0, (12)

Tim DG (p(0¢p(Df (1)) = AL (p() (DG u(m),
where ¢,(s) = |sI"%s, p > 1. Clearly, (¢,)"" = ¢,. i +$ =1. DY, D€+ are standard Riemann-Liouville
fractional derivatives, and I” is Riemann-Liouville fractional integral. 1 < @,8 < 2,v > 0, a; > 0;
0<é <& <o <&y <+00, >0, 7> 0; f(t,u,v,w) € C([0, +00) X R*, R), p(t) € C[0, +0), and
M%) € L'(0, +0).

Remark 1.1. In this paper, we extend the equation in [6] to the fractional order equation.
Remark 1.2. If 1 = 0, BVP (1.2) will be BVP (1.1) in [7]. It is worth pointing out that the norm space
in this paper is different.

Compared with the boundary value conditions in BVP (1.1), this work presents a generalized
eigenvalue extension to conventional fractional p-Laplacian models. The incorporation of a spectral
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parameter significantly broadens the modeling applicability. It unifies integer -order and fractional-
order dynamical behaviors while affording flexible characterization of nonlinear diffusion, memory-
dependent dynamics, as well as non-Newtonian rheological phenomena. Meanwhile, the newly
coupled nonlocal asymptotic boundary condition substantially increases structural complexity, leading
to greater difficulties in operator construction, compactness analysis, and a priori estimation. Therefore,
this generalization is meaningful.

Throughout this paper, we give the following assumptions.

(H)T(a+1) > f @&, T(B+v) > P,

(H,) p(t) > Oforte [0, +00) and ¢q(pm) € L'[0, +00), hm % 0.

From (H,), we conclude that sup ¢q( t)) < 400
t€[0,4+0)

(H3) The following two conditions hold:
(i) There exist nonnegative functions a(f), b(t), c(t), d(t) € L'[0, +o0), such that

| f(t,x,y,2) I< a@@) + b@)e™ | x [P +c(0) | y 1P +d(@0) | 2 7,

(i1) ;1_1330 a(t) = 0; ,1_1330 b@)+c)+d@) =0

The rest of the paper is organized as follows: In Section 2, the basic concepts, theorems, and lemmas
are presented. The main result regarding the existence of the solution is proved through analytical skills
in Section 3. In Section 4, we present some examples to support the main result.

2. Preliminaries

For convenience of readers, we first present some basic notations and results that will be used in the
proof of our theorem. We suggest that one refers to [1,2] for details.
Definition 2.1. Let x : (0,+00) — R be a function and p > 0. The Riemann-Liouville fractional
integral of order p of x is defined by

15, x(1) = ) f (t — s x(s)ds,

provided the integral exists. The Riemann-Liouville fractional derivative of order p for a continuous
function x is defined by

D} x(t) = ( 5 dt) f (t — 5" """ x(s)ds,

provided the right side is pointwise defined on (0, +c0), where n is the smallest integer greater than or
equal to p, and I'(p) is the gamma function.
Lemma 2.1. If Dj.x € L(0, +0), then

I5.Dh x(t) = x(t) + c1t"™ + o’ P4+ ot
where ¢; € R,i = 1,2,--- ,n and n is the smallest integer greater than or equal to p.
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Lemma 2.2. Let p > 0, then Dg+x(t) = 0 if, and only if,
x() = P et A g tP T

where ¢;(i = 1,2, --- ,n) are arbitrary constants, and # is the smallest integer greater than or equal to p.
Lemma 2.3. For y() € L'[0, +0), the following fractional differential equation

D} (p(D$ (D u(1))) + y(t) = 0,1 € [0, +00),
u(0) = 0, DA~ 'u(0) = ; a; ;" u(ndt, D3,u(0) =0, @.1)

lim D (0D u1))) = AL (p() (D u(m),

has a unique solution

_ (e LT
u(t) = F(Q)L‘(I s) ¢q(p(s) ) G(s,T)y(r)dt)ds
a—1
. t

F(@)(T(a + 1) - zl )
m i 1 +00
x ;ai f; G- 905 | Gl mv@nds, 2.2)

where

[C(B+v) = Ay — sy~
—[TB+v) =P NeE-sP"!, 0<s<t,0<s<n,

LIC@B+v) = A = sy 11!, 0<t<s<n,
G(t,s) = - 2.3
COZ R @i - - sy 2
+P (e - s 0<n<s<t,
LB+ v)P!, t<s, n<s,

where, A = T(B)[T(B + v) — A1),
Proof: From Lemmas 2.1, 2.2, and Eq (2.1), we obtain

PO, (Do (D)) = 10, y(t) + 1P + 2t
1

= _r_(ﬂ) j:(t — 5 y(s)ds + 1P + et

where ¢y, ¢; € R. From Dg. u(0) = 0, we get ¢; = 0. Thus,

DE (o068 (0)) = fo Y(s)ds + e T(B),

and

IV( (04 _ 1 5 +y—1 F(ﬂ) +y—1
PG D)) =~ | (=" y(sds + v
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According to the condition tlim DB (p(¢,(Dg.u(1))) = AI"(p(1)p,(Dy. u(n))), we have

f’](n _ S)ﬂ+v—1y(s)ds + ey (ﬁ) nﬁ+v 1

—f(; y(s)ds+ch(B):—r(B+V) ; TG+

1.e.,

Ul
f (7 = sV y(s)ds.

A
call(B)(1 - TG+ Jo

+v—1 "
= [ s

By simple computation, we have

_ r'B+v) oo 1 7 "
€1 = F(B)(F(B +v) - ﬂr’ﬁ+v—1)(£ y(S)ds - r(ﬁ ) [) (,7 _ s)B y(s)ds).

Hence,
pO¢,(D; u(t))
= r(lﬁ) (t — sy 'y(s)ds+
F(,B)(F(ﬂr J(rﬂ VJ)r t) /17}[3+v—1)lﬁ _1( j; B y(s)ds — r(/;+ ) fo n(n - S)ﬁ+y_1y(s)ds)
= fo - G(t, s)y(s)ds.

So,

+00

Dj. u(t) = ¢q(@ G(t, s)y(s)ds).

From Lemmas 2.1 and 2.2 again, we derive
1 —+00 . )
u(t) = Iy ¢ (—f G(t, s)y(s)ds) + 31"+ eyt
0 q p(l,) 0 3 4

1 ! 1 +00
= @) j; (r— S)a_lfﬁq(ﬁ j(; G(s, T)y(T)dT)ds + o3t 4 172,

where c¢3,c4 € R. By u(0) = 0, we have ¢4 = 0. Therefore,
t 1 —+00
Dg:lu(t) = f ¢q(—f G(s, T)y(T)dT)ds + 3 ().
0 p(s) Jo

From D3 'u(0) = Y, a; j(;& u(t)dt, we conclude
i=1

m
=1

C3F(a):Za,~ f i% f (t—s)"_1¢q % f +OOG(S,T)y(T)dT dsdt+lz;a,. f e

1

1 < v S
r_Z ff(z 5) 1¢q ()f G(s, T)y(‘r)detds+CgZa,-E

i=1
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m

_ 1 m | Ei - N L +00 2 P
= @ ;a, f: & —s) ¢q(p ® fo G(s, T)y(T)dT)ds S Za,‘fi.

i=1

By computation, we get ¢c3 = L xm [ (E=9)Y, (== G , dt)ds. Therefore,
y pu we gelcs F(")(F(‘Hl)—;aif,‘-’) E‘la fo (&i—s) ¢q(p(s) fo (s, T)y(1)d7)ds

(2.2) and (2.3) hold. This completes the_proof.
Lemma 2.4. If (H;) holds, then the Green function defined by (2.3) satisfies

G(t,5) 20,

and

CE+Y)  yy _TB+9
TOTE+»-up=D ~ A

Proof: From the positivity of I'(e) and I'(8), combined with (H;), we can get Lemma 2.4.
Define the function spaces

G(t,s) < (2.4)

X = {u(t) € C([0, +00),R)| sup e | u(t) |< +oo}

te[0,+00)

with the norm |ju|lx = sup e | u(?)|.
t€[0,+00)

Y = {u(t) € X|Dy,u(t) € C([0, +c0),R), sup | Dg;lu(t) |< +00, sup | Dy, u(t) |[< +oo}

t€[0,+00) t€[0,4+0)

with the norm

llullo = max{ sup e |u(®)|, sup |D§ 'u(t)|, sup |Df,u(t)l}.
1€[0,+00) te[0,+00) t€[0,+00)
Lemma 2.5. (X, || - ||x) is a Banach space.
Proof: Let {u,};” | be a Cauchy sequence in the space (X, || - |[x). Then, Ye > 0,dN > 0, such that

le” llun(t) — un (O < €,

for any t € [0, +00), and n,m > N. There exists u(¢) € X such that {e”'u,} >, converges uniformly to a
function e”"u(t) € X. Then, (X, || - ||x) is a Banach space.

Lemma 2.6. (Y, | - ||) is a Banach space.

Proof: We divide the proof into two steps.

Step 1. Let {u,};” | be a Cauchy sequence in the space (Y, ||-||.). Then, {u,} | is also a Cauchy sequence
in (X, || - |lx). Thus, there exist v(¢), w(t) € C([0, +c0), R) such that

lim D2 'u(f) = (1), lim DZ, u(t) = w(t),
n—+oo n—oo
and
sup [v(f)| < +oo, sup |w(t)| < +oo.

1€[0,+00) t€[0,+00)
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Step 2. We prove that v(r) = Dg;'u(r) and w(t) = D2, u(t).

In fact, from {e"*u,(s)} ., converges uniformly to e™*u(s) and e~*u(s) € X, there exists M > 0, for
Vs € [0, +00), such that [e*u,(s)| < M,n =1,2,--- . Thus, for any ¢ € [0,4+c0) and 1 < @ < 2, we can
get

f(t— )%, (s)ds| =
0

!
1
f(t - s)l_“Te_Su,,(s)ds
0 e’
$) % ds

f(t $)'7%ds| =

By Lebesgue’s dominated convergence theorem and the uniform convergence of Dg;'u,(f) and
Dy, u,(t), we can obtain that

t2 a

< M¢' M€2

a

a—1 _ i—f I-a
w(t) = hm DO+ u,(t) = 111£1o aTC—a) (t—5) “u,(s)ds
_ i _ l-a
_dt—l“(2—a)v£(t $) Yu(s)ds
= D& u(o),
and
1) = lim D&, u,(t) = li & t— )" u,(s)d
W) = lim Df,u,(1) = lim —— dtzm f (t = ) uy(s)ds
& f (t— )" "u(s)d
" ar r(z a) Ve
= Dg, u(?).

Hence, we conclude that (Y, || - ||) is a Banach space. The proof is complete.
Lemma 2.7. Assume that V is bounded in Y, then V is relatively compact in Y if the continuous
following conditions hold:
() {e""ulu e V}, {Dg;lulu € VL, {Dg,ulu € V}are equicontinuous on any compact interval of [0, +00);
(i1) For any € > 0, there exists a constant 7 = T'(€) > 0, such that

le"Tu(t)) — e 2Tu(t)| < €

D3 Tu(t) — D' Tu(n)| < €

and
|Dg, Tu(t)) — Dy, Tu(t,)| < €

forany u(t) e Vand t;,6, > T.
Proof: 1t is sufficient to prove that V is totally bounded. By condition(ii), we divide [0, +c0) into [0, T']

and [T, +o0). Set Vior; = {u(®)u(t) € V,t € [0,T]} with the norm |ju|l; = sup e”’|u(?)|, then Vo r
1€[0.T]
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is a Banach space. From condition (i) and Arzela-Ascoli theorem, we can get that V| 7 is relatively
compact. Thus, V|or; is totally bounded, i.e., for any € > 0, there exist finitely many balls B(u;) such
that

Vioor1 € UL Be(uy),

where B.(u;) = {u(t) € Vior; : i — willy = sup elu®) — ui(s)] < e}.
t€[0,T]

Similarly, the space V[‘B"Tl] = (D& 'u(?) : u() € Vit € [0,T1} with the norm ||DZ'ully =

sup IDS;lu(t)l is a Banach space and can be covered by finitely many balls BE(Dg;lv i), l.e.,
te[0,T]

-1 -1
Vil U BUDE ),

where B.(D3'v)) = {Dgzlu(t) e Vi s lu=vilir = sup |D§ u(t) - Dgvi(n)] < 6}.

1€[0.T]
Again, the space Vi, = {Dg,u(t) : u(t) € Vo, D3 'u(®) € Vit € [0,T]} with the norm
IDg, ullr = sup |Dg, u(#)| is a Banach space and can be covered by finitely many balls B.(Dg, wy), i.€.,

t€[0,T]

!
Vio.r) C Yie B(Dg W),

where B.(Dj, wy) = {Dg+u(t) € V[%’T] slw = willr = sup |Dg, u(r) — Dy, wi(2)] < e}.
1€[0.T]
Denote

Vijk = {I/t(t) evV: U, € Be(lxt,'), Dg_:ll/t[()’y‘] € BG(DSIIVJ'), D8+M[O,T] S BG(D8+W]()}.

i<n 1<j<m 1<k<L
In fact, for u(t) € YV, the above discussion implies that there exist i, j, k such that upr €
B(u;), Dy 'uor) € Bo(DY'v)), D2, ujo.ry € B(D2, wy). Therefore, for 1 € [0, T], we can get

e”|u(t) — u;p (0] < e7'u(t) — u ()] + e u;(t) — uiu(0)| < 2e, (2.5)
IDG u(t) — DS (0] < IDE u(t) — DS (@)] + IDS (8 — D3 (2] < 2e, (2.6)
IDZ u(t) — D%, (D] < |DE, u(t) — DT, wi(0)] + |DE, wi(t) — DE, wiju(0)] < 2e. 2.7

For t € [T, +0), by condition (ii) and (2.5), we have

e”|u(t) — u; ()|
< e u(t) — (D)) + e”'u(T) — u;5(T)|
+ e 'ujp(T) — uin ()| < € + 2€ + € = 4e. (2.8)

In the same way,

DG u(t) — DE ujn(t)] < 4e, (2.9)
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|Dg,u(t) — Dy, u;u(t)| < 4e. (2.10)

From (2.8)—(2.10), we prove that ||u — u;jllo < 4e€. Thus, V is totally bounded in Y. The proof is
complete.
Lemma 2.8. [7] Let x, y > 0, then

Op(x +y) < Pp(x) + ¢p(y), if p<2;

¢p(x +y) < 2772($,(x) + ¢, (), if p > 2.

Lemma 2.9. [16] (Schauder’s fixed point theorem) Let K be a bounded closed convex set in Banach
space E and T : K — K be a completely continuous operator. Then, T has at least one fixed point K.

3. Existence of the solution
In this section, we will use the Schauder’s fixed point theorem to prove the existence of solution to

BVP (1.2).
Define

B = f+oo(b(t) + c(t) +d(1))dt, f+°° a(t)dt = |lall;,
0 0

o[l em ()

In addition, B and C should satisfy the following conditions:

and

ApT(@+D)= 3, ai€?)  AdpT(a+1)-3, aé®)

If q < 2’ B < mln{ ¢,,(Ca/)r([;—lv) ’ ¢,,(Cl"(a+l))lli(l,8+v) ? ¢p(C)fA"(,B+V)}'
AGpT(@+D-3 a€?)  Ady(Ta+D)- 3 i)

If q 2 2’ B < mln{ ¢],(24_2C(y)IL?lﬁ+v) > ¢p(2‘1‘2CF((y+;;)lr(ﬂ+v)’ ¢,,(2‘1‘22)F(ﬁ+v)}'

For u € Y, we define the operator A by

Au(t) = f(t,u(®), DS, u(t), DS, u(t)),

and

+00

1 ! 1
Tu(r) = @fo(t—s)“_lqbq(% i G(s, T)Au(t)d7)ds

t(x—l

+ m X Z a; fl(fz - S)a¢q( ! ” G(S, T)AM(T)dT)dS,
Fa)T(a+1) = X agy) =l 0 p(s) Jo
i=1

for all 7 € [0, +00).
Remark 3.1. By condition (i) of (H3), we have

f OolAu(t)ldt: f oo|f(r,u(r),ngu(z),Dg+u(t))|dr
0 0
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- f Lat®) + by | ) P e | DG ) P () 1 D) P
0

+00
< lall; + IIMIIfO_lf (b(0) + c(t) + d(0)dt = llally + l|ullZ' B < +oo. (3.1
0

Therefore, the operator 7" is well defined.
Remark 3.2. From condition (ii) of (H3), we obtain that for any € > 0, there exists N > 0, whenever
t, 1 > N,
1> 53 2
f |Au(s)|ds < f a(t)dt + ||ul|”! f (b(t) + c(t) + d(1))dt < €.
2 2] 2

Lemma 2.3 indicates that the solution of BVP (1.2) is the fixed point of the operator 7.

Next, we will use the Schauder’s fixed point theorem to prove Theorem 3.1.
Theorem 3.1. Assume that f : [0, +o0) X R* — R is continuous and (H;)—-(H3) hold. Then the BVP
(1.2) has at least one solution.
Proof: From the definition of 7, we have

+00

DY Tu(t) = f ¢q(L G(s, T)Au(t)dt)ds
0 p(s) Jo

1 " j‘é‘ 1 oo
* m X ) ai | (&= 9)"¢(—= G(s, D) Au(t)d7)ds,
(Tl +1) - X ai&?) Zl 0 ©p(s) Jo
i=1

N 3 L +00
D§. Tu(t) = ¢q(p(t) f(; G(t, s)Au(s)ds).

By (H,) and (H3), we have that Tu(?), Dg;lTu(t), and D, Tu(t) are continuous on [0, +00).
Let P = {u(t) € Y| ||lull < r}. The proof can be divided into three steps.

Step 1. We prove that T : P — P.

CaseI. If g < 2, set

Cagy(I'(B +v))py(llall,)
¢(A)T(a + 1) - g aig}) — Cagy(T'(B + V))(pq(B),
CT(a + D¢y (B + v))g,(llall)
¢g(D)T(a + 1) - i;ﬁl ;&) = CT(a + Dy (I'(B + V))%(B)’

Coy(T(B +v)¢y(llall1) }
$q(B) = Coy(T(B +v)$y(B) )

For any u(t) € P, combined with (2.4), (3.1), and Lemma 2.8, we can get

r > max{

e | Tu®) | < ﬁjg e’'(t— s)‘H(/)q(I%S) i ooG(s, 7) | Au(t) | dt)ds
a—1
+e! !

C(a)(T(a+1) - g‘,l a;ey)
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m ,- 1 +00
X Z a; f (& - S)”¢q(— G(s,7) | Au(r) | d7)ds

1 1" +00
%(w+”{f ¢q | Au(r) | de)ds
* T ;
(02 ,3 1 —+00
+ Lic 4] S r(B”)) f ¢q S | Au(t) | dr)ds
M@+ - 5§ ag)
n)%(w+”mmmm+num*m
C iy ai&f r _
" Lok, Lty + Nl B)
@)@+ ) -§ )
C I
< s B al) + oy (B) < 1

[la+1) - Y ai& A
i=1

+00

DS Tu(r)) < f ({)tl(L G(s,7) | Au(t) | d1)ds
0 p(s) Jo

1
(Na+D—§wﬁ)

+

X ,Z‘ a; f&(& - S)“%(ﬁ 0+<>o G(s,7) | Au(7) | dr)ds
F(,B +v)

< Coy( $gllall + N ull" B

N C Zl_l a,mf,“ ¢q(F(BA+ V)
la+1)- Y aét
i=1
Cl(a + 1) LB+ v)

< L
ra+1)-Saer A
i=1

Bollall +ulls" B

)4l ally) + r¢y(B)) <

1D, Tu(n)] < %(B G(1,5) | Au(s) | ds)

< Co [E+Y)

(lall) +reyB) <r.

Thus, with the choices of r and B, we can get ||Tul| < r. This shows that7 : P — P.
Case II. If g > 2, set

272Cagy(T(B + ), (lallr)
¢g(D)T(a + 1) - g]l ai&’) = 272 Cagy(T(B + v))dy(B)

eraX{
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22CL(a + D (LB + v)gy(llall)
¢g(D)T(a + 1) - i aig)) = 2972Cl(a + )¢, (I'(B + v))¢y(B)

2972 Cy(T(B + v)py(llall) }
¢q(A) - 2q_2C¢q(r(ﬁ + V))¢q(B) .

For any u(t) € P, combined with (2.4), (3.1), and Lemma 2.8 again , we can obtain that

e | Tu() |

< Ca ¢q(F(,BA+ V)

Ta+1) -3 ae
i=1

)27yl ally) + r29%¢,(B)) < r; (3.2)

A0y (T 1)- 3 aié)
$p(2972Ca)T(B+v)

2972Cagy T(B+v)qllallr)

and r >
g (AT (6V+1)—§l a;£0)=2972Cady(T(B+v))dy(B)

Notice that B <

. By solving (3.2), we have

sup le”Tu(@)| <r. (3.3)
t€[0,+00)
DG Tu(o)|
Cl'(a+1) re+v)y. _
< 20, D@2 (1 a )+ 20,8 < (34)
Ila+1) - X ai&?!
i=1
AT (a+D)- 5 ) T ol

Combined with B < ;—rrerr gy and 7 > s , by solving (3.4),

¢q(A)(F(Q+1)_§‘1 ai€)=2072CT(a+ g (T(B+v))pq(B)

we have
sup |DS ' Tu(t) < r. (3.5)
1€[0,400)
Again, we have
D, Tu(?)| < Mﬁ Om G(1,5) | Au(s) | ds)
< Co, L2 1 ally + 120, B) < (3.6)

2972C(T(B+v)¢g(llall)

. A .
Notice that B < FOTIOTE) and r > B2 C o TG bg B By solving (3.6), we have
sup |Dy, Tu(t)| < r. (3.7)
t€[0,+00)

From (3.3), (3.5), and (3.7), we get ||Tu||., < r. This shows that T : P — P. The proof is complete.
Step 2. We use Lemma 2.7 to show that 7'V is relatively compact; here, V is a subset of P .

AIMS Mathematics Volume 11, Issue 9, 30545-30565.



30557

Let I C [0, +c0) be a compact interval, #;,#, € I, and t; < t,. Then, for any u(f) € V, we obtain

| e Tu(ts) — ™" Tu(ty) |

153 _ a—1 —+00
! (f2 = 5) @y ! f G(s, 7)Au(t)dT)ds
e p(s) Jo
1] _ a1 +00
(2= 9) By( ! f G(s, T)Au(t)d7)ds
0 e p(s) Jo
11 _ a1 +00
! (2 = 5) Py( ! f G(s, T)Au(t)dT)ds
e p(s) Jo
11 _ a1 +00
Uil Uy f G(s, DAu(T)d)ds
0 el p(s) Jo
15! _ 127! 1
el el

T(a)(T(a+1) - Z a;i&)

x Y a f & - )¢q(p() " G5, DA,
i=1
1 T@+y), ("= PF

= Iﬂ( ) Pl A ) | ol2 %(p(s) ; |Au(7)|d7)ds
F<ﬂ LR )a G G PO e
F(a)¢ ) f - ¢q(p(s) ) |Au(t)|d7)ds
g, TB+y) 1
+ e - ¢q( A )

F(@)(T(e + 1) - ﬁl )

+00

m &i Sﬁ—l
x;ai j: (gi_s)%q(@ : |Au(r)|d7)ds;

\DS Tu(ty) — |DS, Tu(ty))|

r oo g
<o) [C0Cs [ 1A Ldnas

0

Next, we consider Dy, Tu.
6, (Dg, Tu(t2)) — ¢,(Dg, Tu(t))|

f ) G(t2, $)Au(s)ds — (3.8)
0

1 oo
) f(; G(t1, s)Au(s)ds|.

According to the interval of integration depending on s, there are three cases.
Case.O <t <t << +oo.

B ‘P(fz)

—1 —1

(3.8) < — f [C@B +v) — A0 — 1| Au(s)|ds| = 4 1
p(t2) P(ll)
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LB +v)— ! fﬂ (ta— 5P (1 — 5!
_ A d

+ A o | p) Py A

1 2 +v— l _1 1_1
¥ Zf,l (T8 +v) = A = 1" NAu(s)ds| s = s

_ +v—1 12

L ALB+y) - uf f [TB +v) = a1 = sV~ Au(s)lds

A P(lz) 1

-1 -1

1 7 +y—1 lﬂ 1
+ 3 f [T(B +v) — A — )" "1|Au(s)|ds
-1 -1

p(6)  p(t)
F(ﬁ+V) f 1 hooh
Au(slds| s = ool

Casel. 0 <np <t <t < +oo.

—1 -1
1

(3.8) < —f (@B +v) = A — s lAu(s)lds| = 4

p(ty)  plty)

_ (t— sVt (- s)!
— | [r - A - d
+ f[(ﬁ+V) i s s

—1 -1
1

P(lz)  pln)

F(ﬁ+v) o () N () S

_ Au(s)ld

¥ 1w oy [AUlds
/U’Bw—l A (t S)B—l (tl _ s)ﬁ—l

- Au(s)ld

fn P(lz) iy s

PR 5 SRV Y B
(= sV 1+ PNty = s Au(s)lds

p(tr)

1 -1 -1

T(B+v) " F(ﬁ +v) f 1
+ A j; |Au(s)|dsp(t1) + f |Au(s)|ds|—— ) p(tl) .

Casell. 0 <ty <y <t <4oo.

1 f tﬁ—l -1
3.8) < — r -2 NAu(s)|d L
( )sAfo [C@B+v) — Am — | Au(s)| Sp(z) o)
1 g +v—1 (tZ - S)ﬁ_l (tl )ﬁ !
+3 fo [TB+v)— A" EOR JAu(s)|ds
—1 -1

1
p(t)  plty)

n[F(ﬂ +v) = 407 = s NlAu(s)lds| =

)ﬁ]
p(62)

+K \
+—f[r<ﬁ+v) A - sy =S

1 1
r(ﬂ”) f Au(s)|ds f

|Au(s)|ds

1

(lz) p(ty)
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N LB+ v)+ A1 2 (1, — s)P!
A , D)

-1 -1
r(ﬂ”) f \Au(s)|ds f

|Au(s)|ds

1
pt)  pa)l

Combining (3.1) and (H3), condition (1) of Lemma 2.7 holds.

It remains to prove that for any u(r) € V, e”'Tu(t), Dj; "Tu(r), Dg, Tu(t) satisfy the condition (ii) of
Lemma 2.7.

From (2.4) and (3.1), we have

¢g(— G(s, T)Au(t)dt)ds
p(S)
¢(I'(B + V)) e Pt
< - — A dr)d
< o) ) Py( () i |Au(7)|dT)ds

_ 9B+
< B f ¢q )ds¢q<||a||1+||u||f’ 'B)

‘ +00 +00

< @B +v) -
<" YT, f ¢q( )dS¢q(|IaII1 + ull% ' B)
¢q(T(B + .
< Q%TC%(Ilalll + |lullZ" B). (3.9)

By (3.1), we know that for any u(¢) € V, me |Au(t)|dt is bounded. From (H,) and Remark 3.2, for any
given € > 0, there exists a constant N > n > O such that #,#, > N,

5}
f ¢q(—)dt <€, f |Au(t)|dt < €. (3.10)
13
In addition, lim "B—, =0, lim % = 0, and there exists a constant 71 > N, such that for any ¢, t, > T}
t—+00 t—+oco P
we have
S e e
— —| <€ - <e€ - —|<e (3.11)
e p(t) p()  p(n) e” el
(="

Similarly, lim

R 0, and there exists a constant 7, > N, such that for any #,#, > 75,0 < s < N,
t—+00

we have

‘(tl — sy ’< . (3.12)

p(t)

Set T = max{T}, T»}, then for t;,1, > T, combined with (3.9)—(3.12), the following statements hold.

PR B
(ta — s)P '<6’

(y — sy (- S)ﬂ_l' <e
p(6)

p(6) p(t)

| e 2Tu(ty) — e " Tu(ty) |

1 2 (t, — s)a_l 1 +00
= F(Q) el ¢q(p(S) L G(S, T)AM(T)dT)dS
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("0 =)

By( ! fOOG(S,T)ALt(T)dT)dS
p(s) Jo

I'(a) Jo el
a—1 a—1

2 _ 1 1
en el

()(C(ar + 1) — fl )

m

X a;
1 N
<
RG] j(:
1

- S)“(/’)q(L ) G(s, T)Au(t)dt)ds
p(s) Jo

MRS

eh

11 (tl _ S)a—l 1 +00
"T@ Jy el ¢4 (5) fo G(s, )| Au(7)|d7)ds
1 2 (12 _ S)a—l

+

@) Jn e

v—1 v—1
gl

q( 1 fmG(S,T)IAu(T)IdT)ds
p(s) Jo

q( : f*“’ G(s,7) | Au(r) | dr)ds
P(s) Jo
1

M)+ 1) - z @)

e" en

f & - )“¢q(— G(s, T)Au(t)dr)ds

< ‘Z’IZ(LAV)%C%(HC,HI - Bye +
(@)¢,(A) Fa) (e + 1) = 3 a;ié?)
i=1

m
XD
i=1

€

f & = 9)"(— G(S,T)Au(T)dT)ds.
p( )

DS Tu(t)) - Dg;ITu(t2)|
- ¢,L(B+ V) Lot

¢,L(A)  Jy, q(p()

¢q(r(ﬁ +v)
T ¢q(f | Au(t) | d7)e.

| Au(t) | dt)ds

Next, we consider Dy, Tu.

¢p(Dg, Tu(tz)) — ¢,(Dg, Tu(ty))|
< ‘IEI} G(tr, )Au(s)ds| + P(h)fo G(t1, s)Au(s)ds

T@+v) 6 [ r@+v [
=7 A p(a)fo Au(s)ids + =3 p(tl)fo Au(slds

21" +00
< B+ V)6f |Au(s)|ds.
A 0
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Using Lemma 2.7, T'V is relatively compact.
Step 3. We prove the operator 7 : P — P is continuous.
Letu,,ue Pn=1,2,---,and u, = u(n — +o0). Then, from (3.1), we have

| e "Tu,(t) — e 'Tu(t) |

+00

1 _ a1 +00
f =) [4( 1 f G(s, T)Au,(t)d7)ds — qbq(L G(s, T)Au(t)d7)]lds
0 el p(s) Jo p(s) Jo
1

" INa)
ta—l

—+

¢ L(@)T(a+ 1) - % a;éY)
i=1

ximf@—w
i=1 0

1 ¢T(B+v)
- T ¢,(8)
L1 ¢ (B +v))
['(a) ¢q(A)

+

—+00

[(ﬁq,(L - G(s,7)Au,(t)dt) — qu(L G(s, )Au(t)d7)]ds
p(s) Jo

f ¢q p( ) Aun(T)dT)dS

f ¢q( ” Au(t)d7)ds
p(s)
(B + V))
N@G@+D—Z@g) P4(8)

XZ a;&! f ¢>q 20 +OoAu,,(T)dT)ds
0,(T(B + 7)) «
%A ras1)- Yae
i=1

f ¢q 20 Au(t)dr)ds

<2C

¢q(llall, + "' B).

Similarly,
| DY Tu,(t) — DY Tu(?) |
r
<oC ¢,L'(B +v)) @

< — o,(lall; + "' B).
%) ra+1)- 3 ae !
i=1

| D2 Tu,,(t) — D, Tut) |

= 1206 (t) ) G(t, )Auy(5)ds) = ¢4(L OOG(I, $)Au(s)ds)
0
1 tﬁ_l oo -1 +00
: ¢q(F(A))(¢‘1( 20 Jy [Au,(s)lds) + ¢q(— ) |Au(s)|ds))
¢,L(B+v) §
< WZC%(IWII] + "' B).

From Lebesgue’s dominated convergence theorem, the operator 7' is continuous. So, the operator
T : P — Pis completely continuous. Therefore, by Lemma 2.9, BVP (1.2) has at least one solution in
P. The proof is complete.
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4. Examples

In this section, some examples are given to illustrate our result.
Example 4.1. Consider the following BVP

1 3
6 3 _cost_ —t 150 (D02+u(t))3 (D02+u(t))3 —
((t +1) ¢4(D Lu(h)) + (t+3)4 +e (t+4)4 +t st (g+6)4 =0, € (0, +00),

u(0) =0, D2.u(0) = i fo u(tdt + fo u(t)dt + 5 LY undi, DEu0) =0, (4.1)
Aim D2 (r+ 1)6¢4(D2+u(t))) =BG+ 1)6¢4(D2+u( ),

wherep=4, p() = (t+ 1% e=p=3,v=da =L ;=L a3=L .6 =V4, &£ =0, & =
\/_’/1_77_

cost 0] V(1) w3 ()

Jtr ) = G35y T Gy Ty

From p = 4, we have g = % < 2.
First,

5.3 . S
INa+1)= F(E) = 1 Vi = 1’3293’Zai§i =075 <T(a+1).

i=1
TFB+v)=TQ) =1, =025 <T(B+).
This shows condition (H;) holds.

Second,
N/ !
_ 6 %) = (0
p(l) =@+1) e Clo, + )s p(t) >0, ¢q(p(t)) (t+ ])2 [0 o), tl_l’?‘lx’ p(t) 0

which show that (H,) is satisfied and

V. N \/g .
f ¢q(@) fo (t+12 3" L0472, o) ¢q(p(t)) O 0-3248.

So, € = max{[;" ¢q(p(t))dt P ¢‘1(p(r))}

Let a(?) = W’ b(t) = (t+4)4, c(t) = W’ d(t) = ﬁ. Clearly, a(t), b(t), c(t),d(¢) satisty (H3).
Then,
1

= fo‘ (b(®) + () + d(t))dt = g(a 35 m) = 0.0094.

By computation, we can get

As @ +9) - R a) AT+ - Rah)

i i=1 i=1 _
mln{ $,(CaOTB+v)  ¢,(CT(e+ INIB+v) ¢,(O)0PB+ v)} =0.0189.

AIMS Mathematics Volume 11, Issue 9, 30545-30565.



30563

Agp(I(a+v)— Zazf") Agp(T(a+v)- Zalf )

¢p(Ca)r(ﬁ+V) ’ ¢p(CF(a+1))F(B+V) ’ ¢p(C)T(B+ V)
(4.1) has at least one solution by Theorem 3.1.
Example 4.2. Consider the following BVP

Obviously, B < min{ } Therefore, we can conclude that bvp

3 3 +u() +u()
DL+ 164Dy + 5 + ¢ Qf+”i§4+ 20 NP0 0, 4eo),

(t+3)4 (1+5)* (t+6)4
u(0) = 0, DZ.u(0) = ; fo u(tydt + & fo u(t)dt+ = I Y oy, D,u(0) =0
Jlim Dy (1 + °s (Dy.u(0) = L13(4 + %4 (D3 u(b))).

4.2)

where p= &, pny= (4 1 a=f=tv=ba=ta=b a=1t &= V&=0 &=
Vie, a=n=1,

_cost  Nu@)  W(@H WO
H ) = i sy T T

From p = 3, we have ¢ = 4 > 2.
Note that in Example 4.2, the only difference in Example 4.1 is the value of p. So, (H;) holds. By
Example 4.1, we can get

# VB >
p() = ( + 1)6 € C[0, +o0), p(t) > 0, ¢q(p(l‘)) = G+ D)F LI[O +00), 11_1)5130% =0,

which shows that (H,) is satisfied. By simple computation, we obtain

R V/E] 31 5 zﬂl_«/nw;
f ¢q(@) fo i D" _B(?’E)_0'0013’,6[8&1&)%(@) SR = 0.0057.

Hence, C = max{f ¢q(p(t))dt, [soup )qbq(%)} = 0.0057.
te(0,+00

By computation, we have

AT +7) = S a?) A, +v) = 3 ai) A

i = i=1 B
mln{ ¢p(2¢1—2Ca/)F(,8 + V) ’ ¢p(2q_2cr(a + 1))F(ﬁ + V)’ ¢p(2‘1_2C)F(,8 n V)} = 13.1232.

Aqﬁ,,(r<a+v>—§l @) A¢>p<r(a+v)—§1 @) N

$p292CaT(B+v) ° ¢p2972CT (a+ )T (B+v)° ¢p(2972C)L(B+)
conclude that BVP (4.2) has at least one solution by Theorem 3.1.
Remark 4.1. The distinction between Example 4.1 and Example 4.2 arises from the different values
of the parameter p, which consequently yields different admissible values for the conjugate exponent
q- When ¢ < 2 in Example 4.1, B < 0.0189, while g > 2 in Example 4.2, B < 13.1232. Obviously,
when g > 2, B is obtained more easily than g < 2. This means that in BVP (1.2), the requirements of
nonlinear function f(¢, x, y, z) are satisfied more easily.

Obviously, B < min{ } holds. Therefore, we can
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5. Conclusions

This paper investigates a class of Riemann-Liouville fractional boundary-value problems involving
the p-Laplacian operator on the semi-infinite interval. Owing to the loss of compactness on unbounded
domains and the intrinsic nonlinearity arising from the p-Laplacian, theoretical analysis for such
systems is nontrivial. By applying the fixed point theorem, the existence result for the solution is
established. The obtained result complements the theoretical framework for p-Laplacian fractional
differential equations and furnishes theoretical foundations for subsequent numerical investigations.
Possible further research directions include the study of positive solutions and the construction of
corresponding numerical algorithms.
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