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1. Introduction

The compressible Poisson—Nernst—Planck—Navier—Stokes (PNP-NS) system models the transport
of charged particles in a compressible fluid under a self-consistent electrostatic potential, and in the
three-dimensional space it takes the following form:

0,p + div(pu) = 0,

8,(ou) + div(pu ® u) + Vp(p) — puAu — (u + DV divu = — X7, Vou(vy) + (VPAP,
O + div(viu) = div (D Ver(vi) + Dizgevi Vo), k=1,2,--- ,m,

—{AP = UL, wevi,

where p, u, and p(p) denote the fluid density, velocity, and pressure, respectively. Regarding the
pressure, we assume the following constitutive relation:

(1.1)

p(p) = ap’,
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where y > % is the adiabatic exponent and @ > 0 is a constant. The function ¢y (v,) represents the

entropy densities of the corresponding ionic species, with functions vi(k = 1,2,--- ,m,here m € N*)
being the ion concentrations. The electrostatic potential is denoted by ¢. The physical parameters
are as follows: u and A are the viscosity coeflicients of the fluid, and ¢ is the dielectric permittivity.
Additionally, D, are the positive diffusion coeflicients for the ions, while z; is the (constant) charge of
the kth ion species.

If the macroscopic fluid effects are disregarded (u = 0), system (1.1) simplifies to the following
Poisson—Nernst—Planck system:

Gtvk =div (Dngok(vk) + DkaVkV¢), k= 1, 2, s, m,

VD WIREAYS

(1.2)

This system serves as a model for the motion of a conductive fluid containing dilute charged species [3].
Existing literature on this system is classified based on spatial settings. For the Cauchy problem
on the whole space, the local and global well-posedness of (1.2) has been extensively studied
under various assumptions, including small initial data, different function spaces, and multi-ion
configurations [10, 25, 26]. For bounded domains, a wider range of results is available owing to the
diversity of boundary conditions, Jerome and Sacco [8] obtained the global existence of the weak
solution of the initial boundary value/mixed boundary value problem of the system (1.2).Considering
the ion distribution with mixed boundary and the electric potential energy with Neumann boundary,
Schmuck [17] proved the global existence of the weak solution of the system (1.2) in two-dimensional
and three-dimensional space. For related studies, please refer to [2, 7], while periodic cases are
addressed in [1,9, 20].

For the full system (1.1), Wang et al. [22] established the existence of local classical solutions and
global solutions for small initial data, as well as the corresponding decay rates, in the two-ion case.
Further generalizations and pointwise estimates were provided in [19,21, 23], while Besov regularity
was studied in [24]. For large initial data, global existence results include a 3D weak solution in [13]
and 1D strong and classical solutions in [6]. It is worth noting, however, that the analysis in [6]
is restricted to the two-ion case and does not extend to multi-ion systems, owing to the presence of
distinct ions valences and nonuniform diffusion coefficients (see [6, Remark 1.11]). In this paper, we
aim to overcome this limitation and extend Chen’s results to the general multi-ion framework.

In parallel with theoretical analysis, structure-preserving numerical schemes for the PNP
and PNP-NS systems have been extensively studied, with positivity and energy stability established
in Liu et al. [11, 12], Qian et al. [14, 15], and Qin et al. [16]. The convergence of such schemes often
relies on the well-posedness of the underlying PDE model, which further justifies the theoretical results
obtained in this work.

Inspired by [6], we assume that

©r(Vi) = V.

For simplicity of presentation, we normalize the physical parameters by setting

Under the above assumptions, the one-dimensional multi-ion system corresponding to (1.1) takes
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the following form:

P + (pu)x = 07
(,01/!); + (puz)x + (py)x = Uxxy — kazl Vix + (%Qﬁi)x ) (1 3)
Vie + V) = (Divis + Dizivieds),,  k=1,2,---m,
_¢xx = kazl Tk Vs
with initial data
(0.1, v0)| _, = (0. o, vio) in 1 =10,1] (1.4)
and boundary conditions
(s Ve $)| g, = (0,0,0), > 0. (1.5)

Before presenting our main results, we introduce some notation.

Notation 1.1. Let I = [0,1], I = {0,1}, Qr = I X (0, T)T > 0) be defined as above. Throughout
this paper, C denotes a generic positive constant whose value may vary from line to line. For p > 1,
we denote L as the L? space endowed with the norm |||, Fork > 1 and p > 1, let WP denote the
Sobolev space with norm ||-||ly«», and write H* = W*2,

We now state the definition of strong solutions to the system under consideration.

Definition 1.1. For T > 0, a tuple (p, u, vy, ¢,) is called a strong solution of the PNP-NS system (1.3)
in Q7 provided that it satisfies (1.3) almost everywhere in Q7.

Theorem 1.1. Assume that the initial data satisfy po, vio > 0, with py € H', uy € Hy, and vyy € H*.
Then, for any T > 0, there exists a unique global strong solution (p,u, vy, ¢, )k = 1,2,---m) to the
system (1.3)—(1.5) satisfying

p Z 03 (p,Py) € LOO([()’ T]’ Hl)’ (ph (py)t) € C([O’ T]’ LZ), (pu)t € C([()’ T]a L2)9

u € C([0,T], Hé NH?), u €L>0,T;L*)nL*(0,T),H"),

(1.6)
w>0, v eC(0,T],H?), vueL0,T;L*)NL*(0,T) H"),
¢, € C([0,T], H).
Remark 1.1. We define the strong solution in terms of (o,u,vi, ¢ )k = 1,2,---,m) rather
than (p,u,vi,¢)k = 1,2,---,m), since only the derivative ¢, appears explicitly in (1.3)—(1.5).
Moreover, although the solution (p, u, v, ¢,)(k = 1,2,--- ,m) will be proved to be unique, the potential

function ¢ itself is not uniquely determined.

Remark 1.2. The initial value of ¢, is determined by (1.3)4, together with the boundary condition
for ¢ and the initial data vyy.

Remark 1.3. The boundary conditions (1.5) imply that the boundary is impermeable in the sense that
the ionic flux vanishes there.
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Remark 1.4. In contrast to the work of Chen [6], which is restricted to two ionic species (denoted by v
and w)with valences (z,, z,,) = (—1, 1) and equal diffusion coefficients D,, = D, = 1, the present paper
generalizes the model to accommodate multiple ionic species vy, where k = 1,2,---m,m > 2 with
distinct valences and non-uniform diffusion coefficients. This extension overcomes the key limitations
in [6] and significantly broadens the applicability of the theoretical framework.

Remark 1.5. Chen’s results are confined to the two-ion case (v, w). This is primarily because the proof
of [6, Lemma 3.2] relies critically on the square-difference term generated by (v,w), which yields a
nonnegative perfect-square term (v —w)?. Together with the property v,w > 0, this enables the desired
energy estimates. Specifically, the derivation proceeds as follows:

1df 2 2 f 2 2
—— [ (v +w)dx+ | (vi+w))dx
> @ [( ) 1 )

:--~:fu(vvx+wwx)dx—lf(vz—wz)(v—w)dx
i 2J;
:fu(vvx+wwx)dx—lf(v+w)(v—w)2dx

I 2 Ui

<lluallz= AVllz2lvallzz + Wl llwillzz) < -

In the multi-ion case, the proof of the aforementioned lemma is no longer applicable. To overcome this
difficulty, we observe that the basic energy admits a crucial perfect-square energy term of the form (see

Lemma 3.1)
t m 2
f fz Dy, (@ + zkgbx) dxdr < C.
0 JIi5 Vi

By estimating the L™-norm of \/vi,we are able to cleverly reconstruct this perfect-square term, which
in turn enables us to close the energy estimates. For further details, we refer to the proof of Lemma 3.3.

Remark 1.6. We allow the initial fluid density py to vanish (i.e., vacuum), which is physically relevant
in applications such as electrowetting-driven droplet transport (liquid—gas interfaces), electroosmotic
Sflow in porous media (near-wall density depletion or cavitation), and lithium-ion battery slurry coating
processes (local porosity variations). Mathematically, this assumption significantly complicates the
analysis, as standard parabolic regularization fails near vacuum regions. This motivates the use of the
characteristic-line method based on In p in Section 3.

The remainder of this paper is organized as follows. In Section 2, we establish the local existence of
solutions of the system (1.3)—(1.5) under the assumption that the initial density is bounded away from
vacuum. We then state the Aubin—Lions lemma, which will be used later to extend the result to the
vacuum case. In Section 3, we derive a series of global-in-time a priori estimates for strong solutions
of (1.3)—(1.5). The proof of our main theorems is then presented in Section 4.

2. Preliminaries
This section is devoted to recalling two ingredients that will be used later: the local existence theory
for (1.3)—(1.5), and the Aubin—Lions lemma, which provides the compactness argument for the limiting

procedure in Section 4.
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Lemma 2.1. Suppose that py > 1/k (k > 0), (po,pg) e H', uy € Hé, o € H*(k = 1,2,---m). Then
there exists a positive time To > 0 and a unique strong solution (p,u,vi, ¢ )k = 1,2,---m) to the
system (1.3)—(1.5) satisfying

P = O’ (p’py) € C([O’ TO]7H1)’ (pl, (py)t) € C([O’ TO]’LZ)’ (pu)t € C([O’ TO]’Lz)a
u € C([0, Ty, H(l) NH?), u, € L>([0,Ty],L*) n L*([0, Tol, HY),
ve >0, v e C([0,Tol, H?), v € L=([0,To], L?) N L*([0, To], HY),

¢, € C([0, Tol; H?).

Proof. The proof of Lemma 2.1 is based on Galerkin’s approximation method and the fixed point
theorem similar to that in [4]. We do not include the full proof here for brevity; instead, we only
present the non-negativity of each vy, which follows from a standard argument as in [5].

Define
2, <0,
F(s) =
0, s5=>0,

which satisfies F'(s) > 0. Multiplying (1.3); by F’(v,) and integrating over /, we obtain
Edt ﬁF(vk) dx = - j;DkF"(vk)v,fx dx + fIF"(vk)vkka[u — Dizip, | dx
< —% fF"(vk)vix dx + C(|lulZ + |Ipll7=) IF(V) dx
< C(lludl7. + ||¢xx||i2)‘[F(Vk) dx,

where we have used Young’s inequality and the Sobolev embedding H'(I) < L*(I), together with the

boundary conditions ulg=(0.1; = @xlar=j0.1y = 0. Since vip > 0, we have le (vor)dx = 0. Gronwall’s
inequality then implies F(v;) = O for all 7 € [0, T,)] and therefore v (¢, x) > 0. This completes the proof
of Lemma 2.1. O

Next, we recall a version of Aubin-Lions compactness lemma, which will be employed in our
later arguments.

Lemma 2.2. (Simon-Aubin-Lions [18]) Assume that X C Y C Z are Banach spaces and X —<—
Y (compact embedding). Then, the following embeddings are compact:

() (¢ : ¢ € L0, T;X), dip € L'(0,T;2)} > LU0, T;Y), 1<q<oo,
(i) {¢ : ¢ € L*(0,T; X), ;9 € L'(0,T;Z)} > C(0,T],Y), 1<r<oo.

Remark 2.1. This compactness lemma will be employed in Section 4 in the limiting procedure to pass
Jfrom the approximate solutions to the strong solution, where strong convergence in C(Qr) is required.

AIMS Mathematics Volume 11, Issue 9, 30484-30508.



30489

3. A priori estimates

This section is devoted to extending the local solution from Lemma 2.1 to a global one. The main
strategy consists of establishing energy inequalities and improving the regularity of v, and u, from
which we obtain several key estimates.

For notational convenience, throughout this section we use C or C(T") to denote positive constants
that may depend on

Y T llpollg s leollgr s 1viollgz » (k= 1,2, m),

where T' > 0 denotes the final time. Suppose that (o, u, {vi}i",, ¢x) : I X (0,T) > Ry X RXR" X R is
the classical solution obtained by Lemma 2.1. It should be noted that v, > 0 for each k. This property,
proven in Lemma 2.1, will be essential for the subsequent analysis.

Lemma 3.1. Under the assumptions of Theorem 1.1, for any given T > 0 and t € [0, T], it holds that

f, dx+ff

where the initial total energy

E():f
1

Proof. Multiplying (1.3), by u and integrating over /, we have

< —dx+f(p7)xudx+fu dx—f vkx+¢x¢xx]udx 3.1)
1 k 1

Applying (1.3); 4, we obtain

f(py)xu dx = fypy_l(_pt _pux) dx = _i fpy dx + f’)/(py)xu dx
I I dr J; I
¢x¢xxu dx = _f 434 ¢xu dx
| >an

k=1

lnvk—vk+1)+—

u, + Z Dyv; (— + zkcﬁx) ] dxdr = Ey,
7 N k=1

2
u
Po 0+ p ¢ox

5 y— 0 + Z(Vko In Vo — Viko + 1) + —

and

Then (3.1) becomes

d pu? 07 ) f ) f[ m m
— — + dx+ | u;dx= - Vil — iV ¢xu] dx. (3.2)
dr 1( 2 y-1 1 I kz=1: ¢ kZ::‘ e

Next, multiplying (1.3); by Inv, — zx¢ for (k = 1,2, - - - m) gives

d
—_ f(vk Invy —ve+ 1)dx + katquﬁ dx + f(vku)x(ln Vi + k@) dx
ds 1 1 1 (33)

= f (Divix + Dizivid) (In vy + z¢) dux,
1
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integrating by parts, we get

f iw)x (In vy + 74¢9) dx = — f Vet (vlvkx + qusx) dx (3.4)
1 I k
=— f (Uviy + Zuviud,) dx
1

and
f (Dwvix + Dizgvid)s (In vy + 749 dx
1

1
= — f(Dkvkx + DkaVk¢x) (V—ka + Zk¢x) dx
1

k
(3.5)

2
v
k 2 2
=- f (Dkv—x + Dizpvicx + Dizpivie + DkaVk¢x) dx

I k

2
=- kaVk (& + Zk¢x) dx.
I Vk

Substituting (3.4) and (3.5) into (3.3), and summing the resulting identities for k = 1,2,--- ,m,
we obtain

d m m m Vix 2
— i - Hd d D — ] d
dt,f;;(vk nv,—vp+1) x+f1kzz;zkvk,¢ x+flkz_; ka(Vk +zk¢) X

m

=[O wi+ D zovug,) dx. (3.6)
k-1

I =

Using (1.3)4, we have

= 1d
fz UV ) dx = f_¢xxt¢ dx = f¢xt¢x dx = -— f¢)2c dx,
1= I 1 2.de J;

then (3.6) becomes

d < 1 2 = Vix 2
= I[Z(vklnvk—vk+1)+5¢x]dx+fZDkvk(v—k+zk¢x) dx

k=1 I'k2h
- f O wvie + ) zovipy) d. 3.7)
%5 k-1
Combining (3.2) and (3.7), we obtain
d e’ . P < ¢? < Vie ?
— =+ + Invy, — +1+—x]d [2 Dy | — N ]d =0.
a )2 - ;(vk nv, — vy ) > x+‘f1 u, + kzz; Vi o + 710 X

Integrating the above inequality over [0, ] completes the proof. O
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Remark 3.1. (Physical interpretation of the dissipation functional) We pause here to comment on the
physical interpretation of the dissipation functional appearing in Lemma 3.1. The integrand

2

Vi

Dy (—x + Zk(bx) ;
Vk

represents the entropy production rate associated with the kth ionic species. The quantity inside

the parentheses,
Vix

e + 2P
is precisely the gradient of the electrochemical potential (up to a constant factor), which drives the
diffusion—migration process of the kth ionic species. The quadratic form reflects the linear flux—force
relation in irreversible thermodynamics, consistent with the Onsager framework. Thus, the energy
identity in Lemma 3.1 describes the total free energy dissipation through fluid viscosity and ionic

entropy production.
Remark 3.2. (Energy-dissipation structure) Lemma 3.1 reveals that the compressible multi-
species PNP-NS system (1.3) admits a natural energy-dissipation law of the form

d
EE(t) +D(t) =0,

where

+kz_;(vklnvk—vk+ D+3

2 Y
‘%+ p dx

v—1

E@®) = f
I

is the total free energy, and

D(t) = f
1

is the dissipation functional. In contrast to the incompressible case where the fluid kinetic energy is
decoupled from the ion transport, the compressible setting introduces the internal energy p*/(y — 1)
and the coupling through the convective terms in the ion equations.

m 2
Vix
o5
k

k=1

Lemma 3.2. Under the assumptions of Theorem 1.1, for any given T > 0 and t € [0, T], it holds that
L T m
sup f( Z vi + ¢)2cx) dx + f f( Z Dkv,%x + ¢§xx) dxdr < C(T)
0<i<T JI VN 0 1\

and
”¢x”L"°(0,T;LM(1)) < C(T),
where C(T) only depends on Eq, |[violl, , [Iwoll, , T

Proof. Multiplying (1.3); by v, integrating over I, applying integration by parts, and summing the
resulting identities for k = 1,2, --- , m, we obtain

1d < ) 2 ) ~ "
CWT f;; v dx + I; Dyv;, dx = - fIkZ [(vku)ka + (Dizividx Vi | dx

=1
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m m

1 1
- f Z [vkuvkx - EDka(Vi)x‘px] dx = f Z [vkuvkx + EDkaV]%(pxx dx

=1 F=1
m 1 m m
= Z VillVi, dx — 3 fz Dkzkv,f Z zvidx =: A+ B,
=1 I =1 k=1

where we have used Eq (1.3),.
For A, we can estimate it as follows:

m
Z ViV, dx

1=1

A<

1 m m
< Zfz D}, dx + Cllul> fzv,f dx
Ii=1 k=1
1 m m
<3 f > D dx + ClluJ f D vid,
k=1 k=1

where we have used the Sobolev embedding ||u||;~ < c||u.||;> and Young’s inequality.
For B, we have

B < <C

1 m m m m
3 fz Dkzkv,% Z v dx Z Vi fz v,% dx
I =1 k=1 k=1 1o V1 k=1
m

< Cénvknw f1 D vidx,

k=1

to complete the proof, we need to control ||vi||;~. We can derive from Lemma 3.1 that
f(vklnvk -w+DH)dx<C, k=12,---,m,
I
which implies that
Ivkdxsc, k=1,2,--- ,m.

By virtue of the Newton—Leibniz formula, we have

< C+ ||(Vwa)]

1’

”Wk”Lm < C‘L (Vi) dx + Vvilio

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

here we note that the boundary term +/vi|,= is uniformly bounded. Indeed, for the strong solutions
considered in this section, Lemma 2.1 ensures v, € C([0, T]; H*(I)), and the one-dimensional Sobolev

embedding H*(I) — C'(I) yields |[villciy < C(T).
For ||( Vi) |1, we estimate as follows:

2

L

1
2

|

< Cl|( \/‘_/k)x + D)

1
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2
: f, (zvf/v—k += vzv_k¢) e+ || Vil ol

1 Vix :
ka (i +Zk¢x) dox -+ [[villy l1gb.l13

_4 Vi

2
1 X

S—ka(vi+zk¢x) dx + C,
4 J; Vi

where we used (3.11) and Lemma 3.1. Then, from (3.12) and (3.13), we derive

1

1 Vix 2
el < IRl < 5 f vk(vi +zk¢x) dx+ C.
k

Substituting (3.14) into (3.10), we obtain

B<C fzvk(ﬁ"'z"%) dx+C]vaidx.
=1

Combining (3.8), (3.9), and (3.15), we have

2dtf2vkdx+fZDkvkxdx
C [l + f ka(—uk(px) +1
k=1

Then Gronwall’s inequality together with Lemma 3.1 yields

m T m
sup f Dot f f > D, < C).
0<i<T JI 4= 0 Jii5

By applying elliptic regularity theory to (1.3)4, we obtain

T
f ¢ dx + f f ¢ dx < C(T).
1 0 1

Finally, using Sobolev interpolation together with Lemma 3.1, we get

vakdx

all sy < 611} Nsll) s < C(T).

Thus, we complete the proof.

(3.13)

(3.14)

(3.15)

(3.16)

O

Lemma 3.3. Under the assumptions of Theorem 1.1, for any given T > 0 and t € [0, T, it holds that

lloll =g, < C(T).
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Proof. For any t € [0, T], define

X ! m 1
f(x,t):fpu(y)dy+f Ug—pu> —p’ — Y v +—¢§]dt.
. olo . Z Kty

k=1

We recall that the initial value ¢, in the definition of ¢ determined by (1.3), together with the boundary
condition ¢,|s; = 0 and the initial data vy, (see Remark 1.2). This ensures that the expression
for £(x,0) = [ pouo dy is well-defined.

Applying (1.3),, we obtain

. 1
_ — Y Y.
Ex=pu, & =u—pu —p ;:1 Vit S0
Using Lemma 3.1, we have

! m 1
f(|g| +1€D) dx < f f e+ o’ +p+ Y v+ =g | dxdr + flpu| dx

<C(T) + prﬂ dx + fpdx < C(T).
1 1
By Sobolev interpolation, we have

Elliecop < C f (€ + I.]) < C(T). (3.17)
1

In view of the non-negativity of p, it suffices to prove the upper bound p(x, ) < C. For any (x,1) €
QOr, let X(x, t) denote the solution to the following system:

dX(x,t
fl’; ) uX(xt).1), 0<i<T,
X(x,0) = x, 0<x<1.
Define
C(T)?
(o) = Inp — (2) ‘. (3.18)

Then, using v, > 0 and Lemma 3.2, we derive

m 2 2
SEF DX 0,0 = (=~ = 3 vk B i) = -

m 2 2
— =Yt ¢ @)y _ (3.19)

k=1

Since

X (x,0) X |
§(X(x,0),0) = f pouo(y) dy = f poto(y) dy < f|,00bl0| dy < [[vpouolllleoll; < C,
0 0 I

n(X(xa O)’ 0) = lnp() < Lo,
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it follows that
&(X(x,0),0) +n(X(x,0),0) < C. (3.20)

Combining (3.17)—(3.19) and (3.21), we obtain

Inp < C +[|éll~ +

2
C(ZT) T <C(T).

Hence
p(x, 1) < D < C(T).
O

The proofs of the following lemmas follow from a straightforward adaptation of the arguments
in Chen [6] (specifically Lemmas 3.4-3.8 therein). Therefore, we only present the main steps of
the proofs.

Lemma 3.4. Under the hypotheses of Theorem 1.1, for any given T > 0 and t € [0,T], we have the
following estimate:

= T m
sup j[‘( Z Vi + ¢§xx)dx + fo fl( kz_:‘ Ve, + ¢§xt) dxdr < C(T).

0<t<T )

Proof. Multiplying (1.3); by v, and integrating over / yields

D, d
S W flvixdx + Ivi,dx
= f —(Vialt + Vit )Vig + Dizie(Viex + Viepx )i dx
I

<(eelloolviell + [Villoollel )NVl
+ Dka(||¢x”oo”ka”2 + ”Vk”oo”¢xx”2)“vkt”2

1 1
<C(lluxlallviedla + +villy 1vead; )Vl
1 1
+ C(lIgrll2lvicell + Vil 1viall; sl ) Vel

1 2 2 2 2 2 2 2
<5 vully + (luslly + Nl DNVicells + IVidly (Nl + lisillz),

where the boundary condtion ulg;=0.1y = @.lar=j0.1; = O have been applied, along with the following
Sobolev embeddings:

Velloo < CAWKllz + [Viallo)s Mlloo < Cllutllz s Nl < Cllpsall -

Applying Gronwall’s inequality to the above estimate for each v,k = 1,2,--- ,m and Lemmas 3.1

and 3.2, we get
T
sup fv,fx dxdt+f fvi, dx < C(T).
0<i<T J1 0o Jr
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Summing these inequalities over k = 1,2, --- , m, gives the uniform bound
m T m

sup fz vi dx + f fz vi, dxdr < C(T).
0i<T J1 45 0 JIiS

From the relation —¢,, = >}, zxVx, we immediately obtain

m m
_¢xxx = Z i Vix and - ¢xxt = Z 2k Vke-
k=1 k=1

Consequently, applying the previously established uniform bounds yields

sup fq)ixx dx < C sup fz vi dx < C(T),
! =1

0<t<T 0<t<T

T T m
f f ¢r,dxdr < C f f Z v dxdt < C(T).
0 1 0 I

O

Lemma 3.5. Under the hypotheses of Theorem 1.1, for any T > 0 and t € [0,T], we have the

following estimate:

T
sup fuidx+f fpu,zdxdtsC(T).
0<t<T J1 0o Ji

Proof. It follows from (1.3);, that

1
pu; + puuy + (py)x = Upx — Vi + (§¢)26)x

k=1
Multiplying (3.21) by u, and integrating by parts over [ yields

1d
Eafluidxjtf;putzdx
- 1
:—fpuuxu,dx—f(py)xutdx—fz vkxutdx+—f(¢2)xutdx
I I 15 2

We now estimate each term on the right-hand side of (3.22).
Estimate of /;. Using Cauchy’s inequality and the Sobolev embedding, we have

1 1
I < f lpuay|dx < 7 f pug dx + [|olleolullZ, f upde < - f pug dx + [lu[3.
1 1 1

(3.21)

(3.22)

(3.23)
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Estimate of /,. Integrating by parts and applying Eq (1.3),,, we obtain

d
I = f Pluydx = T f plu,dx — f yo" " pout dx

d
=3 plu,dx + f v (ou) u, dx
d
=3 pou,dx + fypyui + f(py)xu u, dx
d
=3 pudx+(y—1) f’ypyui dx — fp’u Uy dx

d
Efpyuxdﬁ(y—l)fypyuidx

- fpyu[(pu)t + (puz)x + (py)x + Z Vix — ¢x¢xx] dx
k=1

IA

d
— | pucdx + Cllull* + 13,
dtfpu x + Cllul]

where I; denotes the last integral term. For /. 3 we have

Ig = - fpyu[put +p””x + (py)x + i Vix — ¢x¢xx] dx
k=1

< U7l [ [+ putus + @) v+ 0] dx

k=1

1
< 7P will3 + 11 o ulls + 11 vio ull3 + llolleollellZlluell3

m
2 2
- f prucdx+ | TR dx+ el + ldloliglalig

I =1

1 2 2 4 2
< 4l Vo udly + I ully + lludlz + 11071l 11071y + llull;

m

2 2 2 2

D WedB + il + oIl
k=1

1
< 7lIvp w2 + C(1 + [|uyl ),

where we have used Lemmas 3.1-3.4, the Poincaré inequality, and Holder’s inequality.

Substituting (3.25) into (3.24) yields

d 1
L<—+ f pruxdx+ ZllVpull + C(1+ lesl3)”.
1

(3.24)

(3.25)

(3.26)

Estimate of I5 + I,. Integrating by parts and using Lemma 3.1 together with the Sobolev embedding,

AIMS Mathematics Volume 11, Issue 9, 30484-30508.



30498

we obtain

S 1
I+I:f vk — =@ |y dx
.’ I(Zk ! )

k=1
zi Zm:vk—ld)zudx—fivk—qbqﬁ u, dx
dr & ) v | YUx & t x@Pxt | Ux
(3.27)
d (<& 1, u
<3 ;vk—§¢x uxdx+(;||vk,||z+||¢xxt||z||¢x||z)||ux||z
< L 13 =2 e+ S Il + gl + e
dr Ji\= 2 k=1
Substituting (3.23), (3.26), and (3.27) into (3.22), we get
1d
Eaﬁuidx+fpufdx
wawmﬁ+£]ﬁu+9f§}rl&uM+iwm+wn2
= X dr , X dr & > | Yx Z o xxtll -
Integrating the above inequality over (0, T) gives
!
fuidx+f fpu,zdxdt
1 0 1
t
<C(po, Uox, Vio»> Pox) + Cf (1 + llund2)* dr + fpyux dx
0 I
m 1 ; m
+f1(2 vk—§¢§)uxdx+f0 D il + il di
k=1 k=1
(3.28)

! m
<C(T) + f llulls dt + llo” allul + (Z [[Vell> + ”¢x||oo”¢x”2] [|ze.l2
0 k=1
! 1 m
<C(T) + f llull5 dr + leuxH% + Z Vill3 + l1ll311xll>
0 k=1

!
1
<C(T) + f ol i + 2l 1B,
0

where we have again used Lemmas 3.1-3.4. Combining this with the already established
bound fot fl u>dxdt < C(T) (in Lemma 3.1) and applying Gronwall’s inequality yields the desired
estimate. This completes the proof. O

Lemma 3.6. Under the hypotheses of Theorem 1.1, for any given T > 0 and t € [0, T], we have the
following estimate:

T
sup f(ﬁi +P,2)dx+f0 (leedllze + lllif) dr < C(T).
1

0<t<T
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Proof. Applying (3.21), we obtain the following estimate for |[|u,]| :

2 _ Y - 2 0% _ 2
il < e =07 = D v+ 503+ o7 + D we= 542
k=1 k=1
m 1 2 m 1 )
—_ —h2 () — —(h2
g ux p ; Vk + 2¢x 2 + ux (p ))C ; ka + 2(¢x)x 2

2 2 4
I + > il + Nl
k=1

m
2 2 2 2 2 2
< Nl + "ol + > 1vill3 + gl 2 gl + llow, + pu | + C(T)
k=1

< C(T) + llpllsoll Voul3 + llolIZ a2 leell3.

Integrating the above inequality over (0, T') yields

T
f llu 2, dr < C(T),
0

where we have used the previously established bounds for u, p, v, @.
Next, differentiating equation p, + (ou), = 0 in (1.3); with respect to x, multiplying the resulting
equation by p,, and integrating by parts over /, we have

1d ) 3 ) f
"N 1. dx=-= xd - X xxd
@ Ipx x 2f1pxu X Ippu X

S ludlsollonlls + fp,ox[puz + putt; + (V) + Z Ve = (567), ] dx
! k=1

3
2 2 2
S llulleollolly + ol ol Viowdlz + llollslelleolloxl 2 il

+ %Nl + llolleolloxlla Z Vixllz + llollool ol |211l ool Pl l2
k=1

< C)(1 + lludll)lloAl3 + C(T),

where we have used (3.21) to substitute u,, in the second step. Applying Gronwall’s inequality
then gives
sup |loxll; < C(T).

0<t<T

Furthermore, applying Lemmas 3.1 and 3.5 together with (1.3), yields

sup llol3 < C(T).

0<t<T

Finally, from (3.21) we derive the L*(0, T; H*) bound for u:
T T m
f o3 i < C(T)f [|| NP ull3 + llulls + llosll3 + Z Iviall3 + ||¢x||§o”¢xx”%] dr
0 0 k=1
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< C(T).

where all terms on the right-hand side are bounded by the estimates previously established. This

completes the proof.
O

Lemma 3.7. Under the conditions of Theorem 1.1, for any given T > 0 and t € [0, T), it holds that
m T m
sup fz Vi dx+f fz v, dxdt < C(T).

Proof. Differentiating (1.3); with respect to x, multiplying the resulting equation by vy,, and integrating
over I, we obtain

D, d
Taﬁvixxdx+ﬁvixtdx

= f( = VixxUh — 2vkxux — Villyx + Dkzk(vkxx¢x + 2ka¢xx + Vk¢xxx))vkxt dx
I

1 2 2 2 2 2 2 2
<5 kaxt dx + C(llulls, + ol Vidlz + C(UlullS, + Ndaall)Vixllz
1
2 2 2
+ C”Vk”oo(”uxxllz + “(pxxx”z)

1 2 2 2 2 2 2 2 2
=5 kaxt dx + C(lluallzr + el ) MViceslls + [Viellz) + Cllvellz (luclly + llrills)-
1

where we have used the Sobolev embeddings ||(u,u,)|lc < Cll(u, u)ll;n and [|[(dx, Prllee <
C (s, do)llgr, as well as [[villoo < ClIvilla-
Consequently, absorbing the first term on the right-hand side into the left-hand side yields

Dy d

e f, Vi X + fl Vi dx < C(luad 2 + 1pulZ)Iieal B + COYUlallZ + bslZ)-

where we have used the previously established bounds for vy.
Applying Gronwall’s inequality to the above estimate for each k = 1,2, --- , m, we obtain

T
f Ve dx + f f v, dxdr < C(T),
1 0 1

where the constant C(T') > 0 is independent of k. Summing these inequalities over k = 1,2,--- ,m
then gives the desired uniform bound

m T m
sup > el + f D il df < C(T).

0<t<T k=1 0 k=1

This completes the proof. O

Lemma 3.8. Under the conditions of Theorem 1.1, for any given T > 0 and t € [0, T, it holds that

T
f tfui, dxdt < C(T).
0 I
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Proof. Differentiating (1.3), with respect to ¢, multiplying the resulting equation by u,, integrating by
parts over /, and using Eq (1.3);, we obtain

d
rr ]putzdx+j;u)2a dx
<C " il + gl Zligall3 + CC1+ Nl + lpllolla ) VPl
k=1

2 2 2 2 2 4 2 4 2

+ C(Y NI + lplolaelZ latclZ, + ol o el + Clloleollal, el
4 6 2 2y-2 2 2
+ C(lull?, + lallS, + ¥l a2 sl 3-

Applying Lemmas 3.1, 3.3, 3.5 and 3.6, and the Sobolev embedding, together with the boundary
condition ¢,|s; = 0, we obtain the simplified estimate

d
Etf]‘pufdx+j;ui,dx

SC(T)[ Z Viell3 + Ipcll3 + (1 + el ool Vo3 + litel3 + 1

k=1

Multiplying the above inequality by ¢ gives

d
Et(t flpuf dx) + tflufa dx (3.29)

< f pu; dx + C(T)r[ DIl + il + CCL+ Nl VPl + lel + 1
1

k=1

From Lemma 3.5, we have
lim f pul(t)) dx — 0. (3.30)
= I

Integrating (3) over (#,¢), and using (3.30) together with Lemmas 3.1, 3.4-3.6, and Gronwall’s
inequality, we complete the proof. O

4. Proof of main results

Proof of Theorem 1.1. The proof of the main theorem follows by combining the local existence
result (Lemma 2.1), the Aubin-Lions compactness lemma (Lemma 2.2), and the a priori estimates
established in Section 3.

To prove our result which allows for vacuum, we construct an approximate solution sequence for
system (1.3) by introducing a positive lower bound to the initial density. More precisely, for any
large i > 0 and each k = 1,2, -- ,m, we define

i i i
Po—ﬂi*Po-F;, Uy = 1N * Uy, Vo = Nik * Vok,
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where 7; denotes the standard mollifier used to improve the regularity of the initial data. Then pj, >
1
i~ and

m
Tim {lloh = polls + lly = uollisr + Y Vg = vaolli} = 0.
1—+00 k=1

Thus, for some small 7, > 0, there exists a unique local classical solution (p, u, v) to (1.3)—(1.5).
From the a priori estimates in Section 3, we have

sup (o'l + oIl + el + IV @Dl + IV )
0<t<T

T
i 112 i 0\ 112 12 i 2 i 112 2
+f(W&MHMWMﬂWMW+W@m+WMm+MM@$SCUL
0

where the constant C(T") > 0 is independent of i.
Passing to the limit i — +oco (taking the subsequence if necessary), we may assume the following
weak and weak® convergences:

©, Pl ) = (ps x> pr) weak™ in L7(0, T; L7(D)),
(' u') = (u,u,) weak” in L=(0, T; L*(D),
(', Viul) = (e, Viuy) weak in L2(0, T; LX(I)),
(o'u’), = M weakly in L*(0, T; L*(])),
(VI VE LV Ve = (Vi Vi, Vi Vi) Weakly in L7(0, T; LX(1)),
Vi — v, weakly in L*(0, T; L*(I)),
(@' ¢\ = (b b)) weak™ in L7(0, T; L(D)),
¢, — ¢y weakly in L2(0, T; L*(D)).

Since p' is bounded in L*(0,T; H'(I)) and p! bounded in L*(0,T;L*(I)), the Simon-Aubin-Lions
Lemma 2.2(ii) implies that as i — +oo,

p' — p strongly in C(Q7).

Consequently, since p' > 0 is uniformly bounded in L*(Q7) and the map s +— s is continuous
for y > 1, from Lebesgue’s dominated convergence theorem, we obtain

(0) = p” strongly in C(Qy),
which justifies the passage to the limit in the pressure term:
()] = ¥V ™' p, = [0"]. weakly in L*(0, T L?).

Moreover, we have
p'u’ — pu weak™ in L(0, T; L*(])),

thus M = (pu),. Then Lemma 2.2(ii), yields

p'u' — pu strongly in C(Q7),
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due to pu being bounded in L*(0, T; H'(I)) and (o'u'), being bounded in L*(0, T; L*(I)). Combining
the above convergences, we obtain

Pl — pu*  weak® in L=(0, T; L*(I)).
Furthermore, since (p’(u')?), is bounded in L*(0, T'; L*(I)), we have
(' (u')?), = (ou?), weak” in L*(0, T; L*(I)).

Since (vi,vi) is bounded in L%(0,7;L*(I)) and vi,vi —are bounded in L*(0,T;L*(I))
and L2(0, T; L*(])), respectively, we can derive from Lemma 2.2(ii1) that

(Vs (V)ix) = (Vi Vi) strongly in C(Qx). (4.1)
Then, from (1.3),, we can derive
¢' . — ¢, strongly in C(Qr).
Then, by the boundary condition ¢’ (0) = 0, integration gives
¢' — ¢, strongly in C(Qr),
and together with (4.1) we obtain
Vg — vig, strongly in C(Qr).
By (4.1), we can also derive that
V'), = (vu), weakly in L*(0, T; L*(I)).

It should be noted that we do not need the strong convergence of viu'; it is sufficient to establish the
convergence of the product in the weak formulation. Indeed, for any test function ¢ € C°(Qr), we have

f (v};ui — v dxdt = f (v}; — vk)uiw dxdt + f vk(ui — u)y dxdt.
Or or Or

The first integral tends to 0 because vi — v, uniformly and ' is bounded in L*(0, T'; L*). The second
integral tends to 0 because u' — u weakly in L>(0, T; L?) and vy € L*(0, T; L*). Hence

v};ui — wu weakly in LZ(O,T;LZ).

This weak convergence is precisely what is required to pass to the limit in the weak form of the
momentum equation. Moreover, the limit functions satisfy v, € C([0, T]; H*) and u € L*(0,T; Hé) N
L*(0, T; H?), which ensures that v,u is well defined and the resulting distributional identity is equivalent
to the almost-everywhere equation. Hence the convergence is sufficient to obtain the strong solution in
the sense of Theorem 1.1

Based on these convergences, we conclude that (p, u, v, ¢,) is a strong solution to the system (1.3)—
(1.5).
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To establish uniqueness, we need the estimate Vtu, € L*(0,T; Hé) obtained in Lemma 3.8. Letus
denOteﬁ': P1—pP2, = Uy —Uuy, ‘7/( = V]i —Vi, w= w1 —wy, &x = ¢1x_¢2)ﬁ where (pj’ uj, vi$ ¢jx) (.] = 1$ 2)
are two strong solutions to (1.3)—(1.5). Then the difference system reads

P+ (Pur)x + (p2it)x = 0,

P1lly — Uiy = — Py — PUaliny — P1llU, — PLUYL Iy
- (p)ll - pg)x - ; vkx + ¢x¢1xx + ¢2x¢xx, (42)
— Dy = — Vix(ty + Dizidpry) — v (it + Dz,

~ 2~ ~
- Vk(ulx + Dkzk¢1xx) - Vk(ux + Dkzk¢xx)’
_¢xx = ka:] Zkf)k’

for (x,t) € (0, 1) X (0, +00), with initial and boundary conditions

@1 )|i<o = 0in [0, 1], (@ Vs §1)|,, = 0. 1> 0.

Estimate for p: Since the first equation is identical to that in Chen’s work [6], we directly cite the
result here for brevity:

!
1BIE < Ct f lilds, 1€ [0, T]. 4.3)
0

Estimate for ii: Multiplying (4.2), by i and integrating by parts over /, we obtain
1d

50 pllulzdx+f|ux|2dx

1
=3 fplz|u| dx — fﬁuzzfl dx - fﬁuzuzxﬁ dx - f/?1|l72u2x fplulflxﬁ dx
1
+ f(p)ll )ux fZ kau f¢x¢lxxu f¢2x¢xxu
! k=1

where we have used integration by parts on the pressure term. Noting that

fplt|u| - fpluluxu == fpltlul + = f(plul)xlul =0,

p1|u| dx+f|ux| dx 4.4)

we deduce that

1d
2dr

~ ~ ~ ~ ~2 ~ ~
<lléllollpll2lee2ell> + NPl lliElloolltlloolltt2ll> + let2xlloo fpllul dx + Cllpll [l
1

m
+ Z IFell2lldla + NG ool 1ellallilloe + 11T 2l ol cllallilloo
k=1
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[0 » - .
Silluxllﬁ + Cllua 31115 + Cllluaslly + DIBIE + izl f}ollul2 dx
1

+C Z 15l15 + CUI1ll3 + liarl Il

k=1

Using the regularity of p;, u;, and ¢; and the estimate (4.3), we obtain

d
dt(fpllul dx+f fluxl)dx
<Ctlluxll; f f lii,|* dxds + Ct f f lii, > dx ds (4.5)

+ Clluz || f/ollul2 dx + C(Z 15l13 + 11sl72).

k=1

Estimate for ¥;: Multiplying (4.2); by ¥(k = 1,2, - -

- ,m), integrating over I, and integrating by parts,
we have

1d (. ~
v f 9> dx + f [ dx (4.6)
1 1

< f_[‘jkx(ul + ¢1x)‘~}k + V]%x(ﬁ + ‘%x)f}k + (ulx + ¢]xx)‘~/% + V]%(ﬁx + &xx)vk] dx
1

-~ - 2 ~ 0~ -~
SIWiallollier + d1elloolVellz + [Vill2lliE + @llool Pl

~ 112 2 ~ ~ ~
+ 1 + GraalleollVilly + IVillsollity + @aall21IVell2
1 ~ 2 ~ 112 i 2 ~112

SEHka”z + €llityll; + @y + Cellvll5-

From (4.2)4, we have

B} < CZ B[ (4.7)
Substituting (4.7) into (4.6) and summing over k = 1,2, --- ,m, we get
1£fzm:|v|2dx+f2|v |dx<——ffu dxds+CZ||v|| (4.8)
dr 1k:1k Iklkx - 2d k=1 o '

Combining (4.5), (4.7), and (4.8), we deduce that

dl(fpllul dx + Zlvkl dx + = ffluxl)dxds+c Zlvkxl dx

1 =1 I=1

< Cr||u2,||§f f|ax|2 dxds+th f|z,7x|2 dxds+Cfp1|ﬁ|2dx+CfZ |7l dx.
0 JI 0 JI 1 I

Since (P, it, Vi)|,=0 = 0, applying Lemma 3.8 and Gronwall’s inequality yields

P = ﬁE’ Vk)EO(kzl’za”"m)'
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Consequently, from
_éxx = Z 2k = 0,
k=1

and the boundary condition ¢, = 0 we deduce that —¢, == 0 as well.
Thus, the uniqueness of the strong solution is established, and the proof of Theorem 1.1 is complete.

5. Conclusions

We have established the global existence and uniqueness of strong solutions for a multi-
species PNP-NS system coupled with a self-consistent electrostatic potential on a bounded domain,
allowing for vacuum in the initial fluid density. This work generalizes the two-ion results of Chen [6] to
arbitrary multi-ion configurations with distinct valences and diffusion coefficients. The results provide
a rigorous mathematical framework for multi-species electrochemical systems. Future research will
be directed toward exploring the long-time dynamics and extending these results to more complex
physical settings
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