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1. Introduction

The compressible Poisson–Nernst–Planck–Navier–Stokes (PNP-NS) system models the transport
of charged particles in a compressible fluid under a self-consistent electrostatic potential, and in the
three-dimensional space it takes the following form:

∂tρ + div(ρu) = 0,

∂t(ρu) + div(ρu ⊗ u) + ∇p(ρ) − µ∆u − (µ + λ)∇ div u = −
∑m

k=1 ∇ϕk(vk) + ζ∇φ∆φ,

∂tvk + div(vku) = div
(
Dk∇ϕk(vk) + Dkzkevk∇φ

)
, k = 1, 2, · · · ,m,

−ζ∆φ =
∑m

k=1 zkevk,

(1.1)

where ρ, u, and p(ρ) denote the fluid density, velocity, and pressure, respectively. Regarding the
pressure, we assume the following constitutive relation:

p(ρ) = αργ,
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where γ > 3
2 is the adiabatic exponent and α > 0 is a constant. The function ϕk(vk) represents the

entropy densities of the corresponding ionic species, with functions vk(k = 1, 2, · · · ,m, here m ∈ N+)
being the ion concentrations. The electrostatic potential is denoted by φ. The physical parameters
are as follows: µ and λ are the viscosity coefficients of the fluid, and ζ is the dielectric permittivity.
Additionally, Dk are the positive diffusion coefficients for the ions, while zk is the (constant) charge of
the kth ion species.

If the macroscopic fluid effects are disregarded (u = 0), system (1.1) simplifies to the following
Poisson–Nernst–Planck system:∂tvk = div

(
Dk∇ϕk(vk) + Dkzkvk∇φ

)
, k = 1, 2, · · · ,m,

−ζ∆φ =
∑m

k=1 zkvk.
(1.2)

This system serves as a model for the motion of a conductive fluid containing dilute charged species [3].
Existing literature on this system is classified based on spatial settings. For the Cauchy problem
on the whole space, the local and global well-posedness of (1.2) has been extensively studied
under various assumptions, including small initial data, different function spaces, and multi-ion
configurations [10, 25, 26]. For bounded domains, a wider range of results is available owing to the
diversity of boundary conditions, Jerome and Sacco [8] obtained the global existence of the weak
solution of the initial boundary value/mixed boundary value problem of the system (1.2).Considering
the ion distribution with mixed boundary and the electric potential energy with Neumann boundary,
Schmuck [17] proved the global existence of the weak solution of the system (1.2) in two-dimensional
and three-dimensional space. For related studies, please refer to [2, 7], while periodic cases are
addressed in [1, 9, 20].

For the full system (1.1), Wang et al. [22] established the existence of local classical solutions and
global solutions for small initial data, as well as the corresponding decay rates, in the two-ion case.
Further generalizations and pointwise estimates were provided in [19, 21, 23], while Besov regularity
was studied in [24]. For large initial data, global existence results include a 3D weak solution in [13]
and 1D strong and classical solutions in [6]. It is worth noting, however, that the analysis in [6]
is restricted to the two-ion case and does not extend to multi-ion systems, owing to the presence of
distinct ions valences and nonuniform diffusion coefficients (see [6, Remark 1.11]). In this paper, we
aim to overcome this limitation and extend Chen’s results to the general multi-ion framework.

In parallel with theoretical analysis, structure-preserving numerical schemes for the PNP
and PNP–NS systems have been extensively studied, with positivity and energy stability established
in Liu et al. [11, 12], Qian et al. [14, 15], and Qin et al. [16]. The convergence of such schemes often
relies on the well-posedness of the underlying PDE model, which further justifies the theoretical results
obtained in this work.

Inspired by [6], we assume that
ϕk(vk) = vk.

For simplicity of presentation, we normalize the physical parameters by setting

µ = ζ = e = α = 1, λ = 0.

Under the above assumptions, the one-dimensional multi-ion system corresponding to (1.1) takes
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the following form: 

ρt + (ρu)x = 0,

(ρu)t + (ρu2)x + (ργ)x = uxx −
∑m

k=1 vkx +
(

1
2φ

2
x

)
x
,

vkt + (vku)x =
(
Dkvkx + Dkzkvkφx

)
x, k = 1, 2, · · ·m,

−φxx =
∑m

k=1 zkvk,

(1.3)

with initial data
(ρ, u, vk)

∣∣∣
t=0

= (ρ0, u0, vk0) in I = [0, 1] (1.4)

and boundary conditions
(u, vkx, φx)

∣∣∣
x=0,1

= (0, 0, 0), t > 0. (1.5)

Before presenting our main results, we introduce some notation.

Notation 1.1. Let I = [0, 1], ∂I = {0, 1}, QT = I × (0,T )(T > 0) be defined as above. Throughout
this paper, C denotes a generic positive constant whose value may vary from line to line. For p ≥ 1,
we denote Lp as the Lp space endowed with the norm ‖·‖p. For k ≥ 1 and p ≥ 1, let Wk,p denote the
Sobolev space with norm ‖·‖Wk,p , and write Hk = Wk,2.

We now state the definition of strong solutions to the system under consideration.

Definition 1.1. For T > 0, a tuple (ρ, u, vk, φx) is called a strong solution of the PNP-NS system (1.3)
in QT provided that it satisfies (1.3) almost everywhere in QT .

Theorem 1.1. Assume that the initial data satisfy ρ0, vk0 ≥ 0, with ρ0 ∈ H1, u0 ∈ H1
0 , and vk0 ∈ H2.

Then, for any T > 0, there exists a unique global strong solution (ρ, u, vk, φx)(k = 1, 2, · · ·m) to the
system (1.3)–(1.5) satisfying

ρ ≥ 0, (ρ, ργ) ∈ L∞
(
[0,T ],H1), (ρt, (ργ)t) ∈ C

(
[0,T ], L2), (ρu)t ∈ C

(
[0,T ], L2),

u ∈ C
(
[0,T ],H1

0 ∩ H2), ut ∈ L∞
(
0,T ; L2) ∩ L2((0,T ),H1),

vk ≥ 0, vk ∈ C
(
[0,T ],H2), vkt ∈ L∞

(
0,T ; L2) ∩ L2((0,T ),H1),

φx ∈ C
(
[0,T ],H2).

(1.6)

Remark 1.1. We define the strong solution in terms of (ρ, u, vk, φx)(k = 1, 2, · · · ,m) rather
than (ρ, u, vk, φ)(k = 1, 2, · · · ,m), since only the derivative φx appears explicitly in (1.3)–(1.5).
Moreover, although the solution (ρ, u, vk, φx)(k = 1, 2, · · · ,m) will be proved to be unique, the potential
function φ itself is not uniquely determined.

Remark 1.2. The initial value of φ0x is determined by (1.3)4, together with the boundary condition
for φ and the initial data vk0.

Remark 1.3. The boundary conditions (1.5) imply that the boundary is impermeable in the sense that
the ionic flux vanishes there.
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Remark 1.4. In contrast to the work of Chen [6], which is restricted to two ionic species (denoted by v
and w)with valences (zv, zw) = (−1, 1) and equal diffusion coefficients Dw = Dv = 1, the present paper
generalizes the model to accommodate multiple ionic species vk,where k = 1, 2, · · ·m,m ≥ 2 with
distinct valences and non-uniform diffusion coefficients. This extension overcomes the key limitations
in [6] and significantly broadens the applicability of the theoretical framework.

Remark 1.5. Chen’s results are confined to the two-ion case (v,w). This is primarily because the proof
of [6, Lemma 3.2] relies critically on the square-difference term generated by (v,w), which yields a
nonnegative perfect-square term (v−w)2. Together with the property v,w ≥ 0, this enables the desired
energy estimates. Specifically, the derivation proceeds as follows:

1
2

d
dt

∫
I

(
v2 + w2) dx +

∫
I

(
v2

x + w2
x
)

dx

= · · · =

∫
I
u
(
vvx + wwx

)
dx −

1
2

∫
I

(
v2 − w2)(v − w) dx

=

∫
I
u
(
vvx + wwx

)
dx −

1
2

∫
I
(v + w)(v − w)2 dx

≤‖u‖L∞
(
‖v‖L2‖vx‖L2 + ‖w‖L2‖wx‖L2

)
≤ · · · .

In the multi-ion case, the proof of the aforementioned lemma is no longer applicable. To overcome this
difficulty, we observe that the basic energy admits a crucial perfect-square energy term of the form (see
Lemma 3.1) ∫ t

0

∫
I

m∑
k=1

Dkvk

(
vkx

vk
+ zkφx

)2

dxdt ≤ C.

By estimating the L∞-norm of
√

vk,we are able to cleverly reconstruct this perfect-square term, which
in turn enables us to close the energy estimates. For further details, we refer to the proof of Lemma 3.3.

Remark 1.6. We allow the initial fluid density ρ0 to vanish (i.e., vacuum), which is physically relevant
in applications such as electrowetting-driven droplet transport (liquid–gas interfaces), electroosmotic
flow in porous media (near-wall density depletion or cavitation), and lithium-ion battery slurry coating
processes (local porosity variations). Mathematically, this assumption significantly complicates the
analysis, as standard parabolic regularization fails near vacuum regions. This motivates the use of the
characteristic-line method based on ln ρ in Section 3.

The remainder of this paper is organized as follows. In Section 2, we establish the local existence of
solutions of the system (1.3)–(1.5) under the assumption that the initial density is bounded away from
vacuum. We then state the Aubin–Lions lemma, which will be used later to extend the result to the
vacuum case. In Section 3, we derive a series of global-in-time a priori estimates for strong solutions
of (1.3)–(1.5). The proof of our main theorems is then presented in Section 4.

2. Preliminaries

This section is devoted to recalling two ingredients that will be used later: the local existence theory
for (1.3)–(1.5), and the Aubin–Lions lemma, which provides the compactness argument for the limiting
procedure in Section 4.
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Lemma 2.1. Suppose that ρ0 ≥ 1/k̄ (k̄ > 0), (ρ0, ρ
γ
0) ∈ H1, u0 ∈ H1

0 , vk0 ∈ H2(k = 1, 2, · · ·m). Then
there exists a positive time T0 > 0 and a unique strong solution (ρ, u, vk, φx)(k = 1, 2, · · ·m) to the
system (1.3)–(1.5) satisfying

ρ ≥ 0, (ρ, ργ) ∈ C
(
[0,T0],H1), (ρt, (ργ)t) ∈ C

(
[0,T0], L2), (ρu)t ∈ C

(
[0,T0], L2),

u ∈ C
(
[0,T0],H1

0 ∩ H2), ut ∈ L∞
(
[0,T0], L2) ∩ L2([0,T0],H1),

vk ≥ 0, vk ∈ C
(
[0,T0],H2), vkt ∈ L∞

(
[0,T0], L2) ∩ L2([0,T0],H1),

φx ∈ C
(
[0,T0]; H2).

Proof. The proof of Lemma 2.1 is based on Galerkin’s approximation method and the fixed point
theorem similar to that in [4]. We do not include the full proof here for brevity; instead, we only
present the non-negativity of each vk, which follows from a standard argument as in [5].

Define

F(s) =

s2, s < 0,
0, s ≥ 0,

which satisfies F(s) ≥ 0. Multiplying (1.3)3 by F′(vk) and integrating over I, we obtain

d
dt

∫
I
F(vk) dx = −

∫
I
DkF′′(vk)v2

kx dx +

∫
I
F′′(vk)vkxvk

[
u − Dkzkφx

]
dx

≤ −
1
2

∫
I
F′′(vk)v2

kx dx + C
(
‖u‖2L∞ + ‖φx‖

2
L∞

) ∫
I
F(v) dx

≤ C
(
‖ux‖

2
L2 + ‖φxx‖

2
L2

) ∫
I
F(vk) dx,

where we have used Young’s inequality and the Sobolev embedding H1(I) ↪→ L∞(I), together with the
boundary conditions u|∂I={0,1} = φx|∂I={0,1} = 0. Since vk0 ≥ 0, we have

∫
I
F(v0k) dx = 0. Gronwall’s

inequality then implies F(vk) ≡ 0 for all t ∈ [0,T0] and therefore vk(t, x) ≥ 0. This completes the proof
of Lemma 2.1. �

Next, we recall a version of Aubin–Lions compactness lemma, which will be employed in our
later arguments.

Lemma 2.2. (Simon-Aubin-Lions [18]) Assume that X ⊂ Y ⊂ Z are Banach spaces and X ↪→↪→

Y (compact embedding). Then, the following embeddings are compact:

(i)
{
ϕ : ϕ ∈ Lq(0,T ; X), ∂tϕ ∈ L1(0,T ; Z)

}
↪→↪→ Lq(0,T ; Y), 1 ≤ q ≤ ∞,

(ii)
{
ϕ : ϕ ∈ L∞(0,T ; X), ∂tϕ ∈ Lr(0,T ; Z)

}
↪→↪→ C([0,T ],Y), 1 < r ≤ ∞.

Remark 2.1. This compactness lemma will be employed in Section 4 in the limiting procedure to pass
from the approximate solutions to the strong solution, where strong convergence in C(QT ) is required.
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3. A priori estimates

This section is devoted to extending the local solution from Lemma 2.1 to a global one. The main
strategy consists of establishing energy inequalities and improving the regularity of vk and u, from
which we obtain several key estimates.

For notational convenience, throughout this section we use C or C(T ) to denote positive constants
that may depend on

γ,T, ‖ρ0‖H1 , ‖u0‖H1 , ‖vk0‖H2 , (k = 1, 2, · · · ,m),

where T > 0 denotes the final time. Suppose that (ρ, u, {vk}
m
k=1, φx) : I × (0,T ) → R+ × R × R

m × R is
the classical solution obtained by Lemma 2.1. It should be noted that vk ≥ 0 for each k. This property,
proven in Lemma 2.1, will be essential for the subsequent analysis.

Lemma 3.1. Under the assumptions of Theorem 1.1 , for any given T > 0 and t ∈ [0,T ], it holds that∫
I

ρu2

2
+

ργ

γ − 1
+

m∑
k=1

(vk ln vk − vk + 1) +
φ2

x

2

 dx +

∫ t

0

∫
I

u2
x +

m∑
k=1

Dkvk

(
vkx

vk
+ zkφx

)2 dxdt = E0,

where the initial total energy

E0 =

∫
I

ρ0u2
0

2
+

ρ
γ
0

γ − 1
+

m∑
k=1

(vk0 ln vk0 − vk0 + 1) +
φ2

0x

2

 dx.

Proof. Multiplying (1.3)2 by u and integrating over I, we have

d
dt

∫
I

ρu2

2
dx +

∫
I
(ργ)xu dx +

∫
I
u2

x dx =

∫
I

[
−

m∑
k=1

vkx + φxφxx

]
u dx. (3.1)

Applying (1.3)1,4, we obtain∫
I
(ργ)xu dx =

∫
I
γργ−1(−ρt − ρux) dx = −

d
dt

∫
I
ργ dx +

∫
I
γ(ργ)xu dx

and ∫
I
φxφxxu dx = −

∫
I

m∑
k=1

zkvkφxu dx.

Then (3.1) becomes

d
dt

∫
I

(
ρu2

2
+

ργ

γ − 1

)
dx +

∫
I
u2

x dx =

∫
I

[
−

m∑
k=1

vkxu −
m∑

k=1

zkvkφxu
]

dx. (3.2)

Next, multiplying (1.3)3 by ln vk − zkφ for (k = 1, 2, · · ·m) gives

d
dt

∫
I
(vk ln vk − vk + 1) dx +

∫
I
vktzkφ dx +

∫
I
(vku)x(ln vk + zkφ) dx

=

∫
I
(Dkvkx + Dkzkvkφx)x(ln vk + zkφ) dx,

(3.3)
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integrating by parts, we get∫
I
(vku)x (ln vk + zkφ) dx = −

∫
I
vku

(
1
vk

vkx + zkφx

)
dx (3.4)

= −

∫
I
(uvkx + zkvkuφx) dx

and ∫
I
(Dkvkx + Dkzkvkφx)x (ln vk + zkφ) dx

= −

∫
I

(
Dkvkx + Dkzkvkφx

) ( 1
vk

vkx + zkφx

)
dx

= −

∫
I

(
Dk

v2
kx

vk
+ Dkzkvkxφx + Dkzkφxvkx + Dkz2

kvkφ
2
x

)
dx

= −

∫
I
Dkvk

(
vkx

vk
+ zkφx

)2

dx.

(3.5)

Substituting (3.4) and (3.5) into (3.3), and summing the resulting identities for k = 1, 2, · · · ,m,
we obtain

d
dt

∫
I

m∑
k=1

(vk ln vk − vk + 1) dx +

∫
I

m∑
k=1

zkvktφ dx +

∫
I

m∑
k−1

Dkvk

(
vkx

vk
+ zkφx

)2

dx

=

∫
I
(

m∑
k−1

uvkx +

m∑
k−1

zkvkuφx) dx. (3.6)

Using (1.3)4, we have∫
I

m∑
k=1

zkvktφ dx =

∫
I
−φxxtφ dx =

∫
I
φxtφx dx =

1
2

d
dt

∫
I
φ2

x dx,

then (3.6) becomes

d
dt

∫
I

[ m∑
k=1

(vk ln vk − vk + 1) +
1
2
φ2

x

]
dx +

∫
I

m∑
k−1

Dkvk

(
vkx

vk
+ zkφx

)2

dx

=

∫
I
(

m∑
k−1

uvkx +

m∑
k−1

zkvkuφx) dx. (3.7)

Combining (3.2) and (3.7), we obtain

d
dt

∫
I

[
ρu2

2
+

ργ

γ − 1
+

m∑
k=1

(vk ln vk − vk + 1) +
φ2

x

2

]
dx +

∫
I

[
u2

x +

m∑
k=1

Dkvk

(
vkx

vk
+ zkφx

)2 ]
dx = 0.

Integrating the above inequality over [0, t] completes the proof. �
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Remark 3.1. (Physical interpretation of the dissipation functional) We pause here to comment on the
physical interpretation of the dissipation functional appearing in Lemma 3.1. The integrand

Dkvk

(
vkx

vk
+ zkφx

)2

,

represents the entropy production rate associated with the kth ionic species. The quantity inside
the parentheses,

vkx

vk
+ zkφx

is precisely the gradient of the electrochemical potential (up to a constant factor), which drives the
diffusion–migration process of the kth ionic species. The quadratic form reflects the linear flux–force
relation in irreversible thermodynamics, consistent with the Onsager framework. Thus, the energy
identity in Lemma 3.1 describes the total free energy dissipation through fluid viscosity and ionic
entropy production.

Remark 3.2. (Energy-dissipation structure) Lemma 3.1 reveals that the compressible multi-
species PNP-NS system (1.3) admits a natural energy-dissipation law of the form

d
dt

E(t) + D(t) = 0,

where

E(t) =

∫
I

ρu2

2
+

ργ

γ − 1
+

m∑
k=1

(vk ln vk − vk + 1) +
φ2

x

2

 dx

is the total free energy, and

D(t) =

∫
I

u2
x +

m∑
k=1

Dkvk

(
vkx

vk
+ zkφx

)2 dx = E0

is the dissipation functional. In contrast to the incompressible case where the fluid kinetic energy is
decoupled from the ion transport, the compressible setting introduces the internal energy ργ/(γ − 1)
and the coupling through the convective terms in the ion equations.

Lemma 3.2. Under the assumptions of Theorem 1.1, for any given T > 0 and t ∈ [0,T ], it holds that

sup
0≤t≤T

∫
I

( m∑
k=1

v2
k + φ2

xx

)
dx +

∫ T

0

∫
I

( m∑
k=1

Dkv2
kx + φ2

xxx

)
dxdt ≤ C(T )

and
‖φx‖L∞(0,T ;L∞(I)) ≤ C(T ),

where C(T ) only depends on E0, ‖vk0‖2 , ‖w0‖2 ,T.

Proof. Multiplying (1.3)3 by vk, integrating over I, applying integration by parts, and summing the
resulting identities for k = 1, 2, · · · ,m, we obtain

1
2

d
dt

∫
I

m∑
k=1

v2
k dx +

∫
I

m∑
k=1

Dkv2
kx dx = −

∫
I

m∑
k=1

[
(vku)xvk +

(
Dkzkvkφx

)
vkx

]
dx
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=

∫
I

m∑
k=1

[
vkuvkx −

1
2

Dkzk
(
v2

k
)

xφx

]
dx =

∫
I

m∑
k=1

[
vkuvkx +

1
2

Dkzkv2
kφxx

]
dx

=

∫
I

m∑
k=1

vkuvkx dx −
1
2

∫
I

m∑
k=1

Dkzkv2
k

m∑
k=1

zkvk dx =: A + B, (3.8)

where we have used Eq (1.3)4.
For A, we can estimate it as follows:

A ≤

∣∣∣∣∣∣∣
∫

I

m∑
k=1

vkuvkx dx

∣∣∣∣∣∣∣ ≤ 1
4

∫
I

m∑
k=1

Dkv2
kx dx + C‖u‖2L∞

∫ m∑
k=1

v2
k dx

≤
1
4

∫ m∑
k=1

Dkv2
kx dx + C‖ux‖

2
2

∫ m∑
k=1

v2
k dx, (3.9)

where we have used the Sobolev embedding ‖u‖L∞ ≤ c ‖ux‖L2 and Young’s inequality.
For B, we have

B ≤

∣∣∣∣∣∣∣12
∫

I

m∑
k=1

Dkzkv2
k

m∑
k=1

zkvk dx

∣∣∣∣∣∣∣ ≤ C

∥∥∥∥∥∥∥
m∑

k=1

zkvk

∥∥∥∥∥∥∥
L∞

∫
I

m∑
k=1

v2
k dx

≤ C
m∑

k=1

‖vk‖L∞

∫
I

m∑
k=1

v2
k dx, (3.10)

to complete the proof, we need to control ‖vk‖L∞ . We can derive from Lemma 3.1 that∫
I
(vk ln vk − vk + 1) dx ≤ C, k = 1, 2, · · · ,m,

which implies that ∫
I
vk dx ≤ C, k = 1, 2, · · · ,m. (3.11)

By virtue of the Newton–Leibniz formula, we have∥∥∥√vk

∥∥∥
L∞
≤ C

∣∣∣∣∣∫ x

0
(
√

vk)x dx +
√

vk|x=0

∣∣∣∣∣ ≤ C +
∥∥∥(
√

vk)x

∥∥∥
1
, (3.12)

here we note that the boundary term
√

vk|x=0 is uniformly bounded. Indeed, for the strong solutions
considered in this section, Lemma 2.1 ensures vk ∈ C([0,T ]; H2(I)), and the one-dimensional Sobolev
embedding H2(I) ↪→ C1(I) yields ‖vk‖C1(I) ≤ C(T ).

For
∥∥∥(
√

vk)x

∥∥∥
1
, we estimate as follows:

∥∥∥(
√

vk)x

∥∥∥2

1
=

∥∥∥∥∥∥(
√

vk)x +
zk
√

vkφx

2
−

zk
√

vkφx

2

∥∥∥∥∥∥2

1

≤ C

∥∥∥∥∥∥(
√

vk)x +
zk
√

vkφx

2

∥∥∥∥∥∥2

1

+ C
∥∥∥zk
√

vkφx

∥∥∥2

1
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≤

∫
I

(
vkx

2
√

vk
+

zk
√

vkφx

2

)2

dx +
∥∥∥√vk

∥∥∥2

L2 ‖φx‖
2
2 (3.13)

≤
1
4

∫
I
vk

(
vkx

vk
+ zkφx

)2

dx + ‖vk‖1 ‖φx‖
2
2

≤
1
4

∫
I
vk

(
vkx

vk
+ zkφx

)2

dx + C,

where we used (3.11) and Lemma 3.1. Then, from (3.12) and (3.13), we derive

‖vk‖L∞ ≤ ‖
√

vk‖
2
L∞ ≤

1
4

∫
I
vk

(
vkx

vk
+ zkφx

)2

dx + C. (3.14)

Substituting (3.14) into (3.10), we obtain

B ≤ C
[ ∫

I

m∑
k=1

vk

(
vkx

vk
+ zkφx

)2

dx + C
] ∫

I

m∑
k=1

v2
k dx. (3.15)

Combining (3.8), (3.9), and (3.15), we have

1
2

d
dt

∫
I

m∑
k=1

v2
k dx +

∫
I

m∑
k=1

Dkv2
kx dx (3.16)

≤C

‖ux‖
2
2 +

∫
I

m∑
k=1

vk

(
vkx

vk
+ zkφx

)2

+ 1

 ∫
I

m∑
k=1

v2
k dx.

Then Gronwall’s inequality together with Lemma 3.1 yields

sup
0≤t≤T

∫
I

m∑
k=1

v2
k +

∫ T

0

∫
I

m∑
k=1

Dkv2
kx ≤ C(T ).

By applying elliptic regularity theory to (1.3)4, we obtain∫
I
φ2

xx dx +

∫ T

0

∫
I
φ2

xxx dx ≤ C(T ).

Finally, using Sobolev interpolation together with Lemma 3.1, we get

‖φx‖L∞(I) ≤ ‖φx‖
1/2
L2 ‖φxx‖

1/2
L2 ≤ C(T ).

Thus, we complete the proof. �

Lemma 3.3. Under the assumptions of Theorem 1.1, for any given T > 0 and t ∈ [0,T ], it holds that

‖ρ‖L∞(QT ) ≤ C(T ).
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Proof. For any t ∈ [0,T ], define

ξ(x, t) =

∫ x

0
ρ0u0(y) dy +

∫ t

0

[
ux − ρu2 − ργ −

m∑
k=1

vk +
1
2
φ2

x

]
dt.

We recall that the initial value φ0x in the definition of ξ determined by (1.3)4 together with the boundary
condition φx|∂I = 0 and the initial data vk0 (see Remark 1.2). This ensures that the expression
for ξ(x, 0) =

∫ x

0
ρ0u0 dy is well-defined.

Applying (1.3)2, we obtain

ξx = ρu, ξt = ux − ρu2 − ργ −

m∑
k=1

vk +
1
2
φ2

x.

Using Lemma 3.1, we have∫
I
(|ξ| + |ξx|) dx ≤

∫ t

0

∫
I

ux + ρu2 + ργ +

m∑
k=1

vk +
1
2
φ2

x

 dx dt +

∫
I
|ρu| dx

≤ C(T ) +

∫
I
ρu2 dx +

∫
I
ρ dx ≤ C(T ).

By Sobolev interpolation, we have

‖ξ‖L∞(QT ) ≤ C
∫

I

(
|ξ| + |ξx|

)
≤ C(T ). (3.17)

In view of the non-negativity of ρ, it suffices to prove the upper bound ρ(x, t) ≤ C. For any (x, t) ∈
QT , let X(x, t) denote the solution to the following system:

dX(x, t)
dt

= u(X(x, t), t), 0 ≤ t ≤ T,

X(x, 0) = x, 0 ≤ x ≤ 1.

Define

η(ρ) = ln ρ −
C(T )2

2
t. (3.18)

Then, using vk ≥ 0 and Lemma 3.2, we derive

d
dt

(ξ + η)(X(x, t), t) =
(
ux − ρu2 − ργ −

m∑
k=1

vk +
φ2

x

2
+ ρu2) − ux −

C(T )2

2

= −ργ −

m∑
k=1

vk +
φ2

x

2
−

C(T )2

2
≤ 0. (3.19)

Since

ξ(X(x, 0), 0) =

∫ X(x,0)

0
ρ0u0(y) dy =

∫ x

0
ρ0u0(y) dy ≤

∫
I
|ρ0u0| dy ≤ ‖

√
ρ0u0‖2‖ρ0‖

1
2
1 ≤ C,

η(X(x, 0), 0) = ln ρ0 ≤ ρ0,
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it follows that

ξ(X(x, 0), 0) + η(X(x, 0), 0) ≤ C. (3.20)

Combining (3.17)–(3.19) and (3.21), we obtain

ln ρ ≤ C + ‖ξ‖L∞ +
C(T )2

2
T ≤ C(T ).

Hence
ρ(x, t) ≤ eC(T ) ≤ C(T ).

�

The proofs of the following lemmas follow from a straightforward adaptation of the arguments
in Chen [6] (specifically Lemmas 3.4–3.8 therein). Therefore, we only present the main steps of
the proofs.

Lemma 3.4. Under the hypotheses of Theorem 1.1, for any given T > 0 and t ∈ [0,T ], we have the
following estimate:

sup
0≤t≤T

∫
I

( m∑
k=1

v2
kx + φ2

xxx

)
dx +

∫ T

0

∫
I

( m∑
k=1

v2
kt + φ2

xxt

)
dx dt ≤ C(T ).

Proof. Multiplying (1.3)3 by vkt and integrating over I yields

Dk

2
d
dt

∫
I
v2

kx dx +

∫
I
v2

kt dx

=

∫
I
−
(
vkxu + vkux

)
vkt + Dkzk

(
vkxφx + vkφxx

)
vkt dx

≤
(
‖u‖∞‖vkx‖2 + ‖vk‖∞‖ux‖2

)
‖vkt‖2

+ Dkzk
(
‖φx‖∞‖vkx‖2 + ‖vk‖∞‖φxx‖2

)
‖vkt‖2

≤C
(
‖ux‖2‖vkx‖2 + +‖vk‖

1
2
2 ‖vkx‖

1
2
2 ‖ux‖2

)
‖vkt‖2

+ C
(
‖φxx‖2‖vkx‖2 + ‖vk‖

1
2
2 ‖vkx‖

1
2
2 ‖φxx‖2

)
‖vkt‖2

≤
1
2
‖vkt‖

2
2 +

(
‖ux‖

2
2 + ‖φxx‖

2
2
)
‖vkx‖

2
2 + ‖vk‖

2
2
(
‖ux‖

2
2 + ‖φxx‖

2
2
)
,

where the boundary condtion u|∂I={0,1} = φx|∂I={0,1} = 0 have been applied, along with the following
Sobolev embeddings:

‖vk‖∞ ≤ C(‖vk‖2 + ‖vkx‖2), ‖u‖∞ ≤ C ‖ux‖2 , ‖φx‖∞ ≤ C ‖φxx‖2 .

Applying Gronwall’s inequality to the above estimate for each vk, k = 1, 2, · · · ,m and Lemmas 3.1
and 3.2, we get

sup
0≤t≤T

∫
I
v2

kx dx dt +

∫ T

0

∫
I
v2

kt dx ≤ C(T ).
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Summing these inequalities over k = 1, 2, · · · ,m, gives the uniform bound

sup
0≤t≤T

∫
I

m∑
k=1

v2
kx dx +

∫ T

0

∫
I

m∑
k=1

v2
kt dx dt ≤ C(T ).

From the relation −φxx =
∑m

k=1 zkvk, we immediately obtain

−φxxx =

m∑
k=1

zkvkx and − φxxt =

m∑
k=1

zkvkt.

Consequently, applying the previously established uniform bounds yields

sup
0≤t≤T

∫
I
φ2

xxx dx ≤ C sup
0≤t≤T

∫
I

m∑
k=1

v2
kx dx ≤ C(T ),

∫ T

0

∫
I
φ2

xxt dx dt ≤ C
∫ T

0

∫
I

m∑
k=1

v2
kt dx dt ≤ C(T ).

�

Lemma 3.5. Under the hypotheses of Theorem 1.1, for any T > 0 and t ∈ [0,T ], we have the
following estimate:

sup
0≤t≤T

∫
I
u2

x dx +

∫ T

0

∫
I
ρu2

t dx dt ≤ C(T ).

Proof. It follows from (1.3)1,2 that

ρut + ρuux + (ργ)x = uxx −

m∑
k=1

vkx +
(1
2
φ2

x
)

x. (3.21)

Multiplying (3.21) by ut and integrating by parts over I yields

1
2

d
dt

∫
I
u2

x dx +

∫
I
ρu2

t dx (3.22)

= −

∫
I
ρu uxut dx −

∫
I
(ργ)xut dx −

∫
I

m∑
k=1

vkxut dx +
1
2

∫
I
(φ2)xut dx

=

4∑
i=1

Ii.

We now estimate each term on the right-hand side of (3.22).
Estimate of I1. Using Cauchy’s inequality and the Sobolev embedding, we have

I1 ≤

∫
I
|ρu uxut| dx ≤

1
4

∫
I
ρu2

t dx + ‖ρ‖∞‖u‖2∞

∫
u2

x dx ≤
1
4

∫
I
ρu2

t dx + ‖ux‖
4
2. (3.23)
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Estimate of I2. Integrating by parts and applying Eq (1.3)1,2, we obtain

I2 =

∫
ργuxt dx =

d
dt

∫
ργux dx −

∫
γργ−1ρtux dx

=
d
dt

∫
ργux dx +

∫
γργ−1(ρu)xux dx

=
d
dt

∫
ργux dx +

∫
γργu2

x +

∫
(ργ)xu ux dx

=
d
dt

∫
ργux dx + (γ − 1)

∫
γργu2

x dx −
∫

ργu uxx dx

=
d
dt

∫
ργux dx + (γ − 1)

∫
γργu2

x dx

−

∫
ργu

[
(ρu)t + (ρu2)x + (ργ)x +

m∑
k=1

vkx − φxφxx

]
dx

≤
d
dt

∫
ργux dx + C‖ux‖

2 + I3
2 ,

(3.24)

where I3
2 denotes the last integral term. For I3

2 , we have

I3
2 = −

∫
ργu

[
ρut + ρuux + (ργ)x +

m∑
k=1

vkx − φxφxx

]
dx

≤ ‖ργ‖∞

∫ [
uρut + ρu2ux + (ργ)xu +

m∑
k=1

vkxu + φxφxxu
]

dx

.
1
4
‖
√
ρ ut‖

2
2 + ‖

√
ρ u‖22 + ‖

√
ρ u‖22 + ‖ρ‖∞‖u‖2∞‖ux‖

2
2

−

∫
ργux dx +

∫
I

m∑
k=1

v2
kx dx + ‖ux‖

2
2 + ‖u‖∞‖φx‖2‖φxx‖2

.
1
4
‖
√
ρ ut‖

2
2 + ‖

√
ρ u‖22 + ‖ux‖

4
2 + ‖ργ‖∞ ‖ρ

γ‖1 + ‖ux‖
2
2

+

m∑
k=1

‖vkx‖
2
2 + ‖φxx‖

2
2 + ‖φx‖

2
2‖ux‖

2
2

≤
1
4
‖
√
ρ ut‖

2
2 + C

(
1 + ‖ux‖

2
2
)2
,

(3.25)

where we have used Lemmas 3.1–3.4, the Poincaré inequality, and Hölder’s inequality.
Substituting (3.25) into (3.24) yields

I2 ≤
d
dt

∫
I
ργux dx +

1
4
‖
√
ρ ut‖

2
2 + C

(
1 + ‖ux‖

2
2
)2
. (3.26)

Estimate of I3 + I4. Integrating by parts and using Lemma 3.1 together with the Sobolev embedding,
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we obtain

I3 + I4 =

∫
I

 m∑
k=1

vk −
1
2
φ2

x

 uxt dx

=
d
dt

∫
I

 m∑
k=1

vk −
1
2
φ2

x

 ux dx −
∫

I

 m∑
k=1

vkt − φxφxt

 ux dx

≤
d
dt

∫
I

 m∑
k=1

vk −
1
2
φ2

x

 ux dx +
( m∑

k=1

‖vkt‖2 + ‖φxxt‖2‖φx‖2

)
‖ux‖2

≤
d
dt

∫
I

 m∑
k=1

vk −
1
2
φ2

x

 ux dx +

m∑
k=1

‖vkt‖
2
2 + ‖φxxt‖

2
2 + C‖ux‖

2
2.

(3.27)

Substituting (3.23), (3.26), and (3.27) into (3.22), we get

1
2

d
dt

∫
I
u2

x dx +

∫
I
ρu2

t dx

≤C
(
1 + ‖ux‖

2)2
+

d
dt

∫
I
ργux +

d
dt

∫
I

 m∑
k=1

vk −
1
2
φ2

x

 ux dx +

m∑
k=1

‖vkt‖
2
2 + ‖φxxt‖

2.

Integrating the above inequality over (0,T ) gives∫
I
u2

x dx +

∫ t

0

∫
I
ρu2

t dx dt

≤C(ρ0, u0x, vk0, φ0x) + C
∫ t

0

(
1 + ‖ux‖

2
2
)2 dt +

∫
I
ργux dx

+

∫
I

 m∑
k=1

vk −
1
2
φ2

x

 ux dx +

∫ t

0

m∑
k=1

‖vkt‖
2
2 + ‖φxxt‖

2
2 dt

≤C(T ) +

∫ t

0
‖ux‖

4
2 dt + ‖ργ‖2‖ux‖2 +

 m∑
k=1

‖vk‖2 + ‖φx‖∞‖φx‖2

 ‖ux‖2

≤C(T ) +

∫ t

0
‖ux‖

4
2 dt +

1
4
‖ux‖

2
2 +

m∑
k=1

‖vk‖
2
2 + ‖φx‖

2
2‖φxx‖

2
2

≤C(T ) +

∫ t

0
‖ux‖

4
2 dt +

1
4
‖ux‖

2
2,

(3.28)

where we have again used Lemmas 3.1–3.4. Combining this with the already established
bound

∫ t

0

∫
I
u2

x dx dt ≤ C(T ) (in Lemma 3.1) and applying Gronwall’s inequality yields the desired
estimate. This completes the proof. �

Lemma 3.6. Under the hypotheses of Theorem 1.1, for any given T > 0 and t ∈ [0,T ], we have the
following estimate:

sup
0≤t≤T

∫
I

(
ρ2

x + ρ2
t
)

dx +

∫ T

0

(
‖ux‖

2
L∞ + ‖uxx‖

2
L2

)
dt ≤ C(T ).
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Proof. Applying (3.21), we obtain the following estimate for ‖ux‖∞ :

‖ux‖
2
∞ ≤

∥∥∥∥ux − ρ
γ −

m∑
k=1

vk +
1
2
φ2

x

∥∥∥∥2

∞
+

∥∥∥∥ργ +

m∑
k=1

vk −
1
2
φ2

x

∥∥∥∥2

∞

.
∥∥∥∥ux − ρ

γ −

m∑
k=1

vk +
1
2
φ2

x

∥∥∥∥2

2
+

∥∥∥∥ux −
(
ργ

)
x −

m∑
k=1

vkx +
1
2
(
φ2

x
)

x

∥∥∥∥2

2

+ ‖ργ‖2∞ +

m∑
k=1

‖vk‖
2
H1 + ‖φxx‖

4
2

. ‖ux‖
2
2 + ‖ργ‖∞‖ρ‖

2
1 +

m∑
k=1

‖vk‖
2
2 + ‖φx‖

2
∞‖φx‖

2
2 + ‖ρut + ρuux‖

2
2 + C(T )

≤ C(T ) + ‖ρ‖∞‖
√
ρut‖

2
2 + ‖ρ‖2∞‖u‖

2
∞‖ux‖

2
2.

Integrating the above inequality over (0,T ) yields∫ T

0
‖ux‖

2
∞ dt ≤ C(T ),

where we have used the previously established bounds for u, ρ, vk, φx.
Next, differentiating equation ρt + (ρu)x = 0 in (1.3)1 with respect to x, multiplying the resulting

equation by ρx, and integrating by parts over I, we have

1
2

d
dt

∫
I
ρ2

x dx = −
3
2

∫
I
ρ2

xux dx −
∫

I
ρρxuxx dx

. ‖ux‖∞‖ρx‖
2
2 +

∫
I
ρρx

[
ρut + ρuux + (ργ)x +

m∑
k=1

vkx −
( 1

2φ
2
x
)

x

]
dx

. ‖ux‖∞‖ρx‖
2
2 + ‖ρ‖

3
2
∞‖ρx‖2‖

√
ρut‖2 + ‖ρ‖2∞‖u‖∞‖ρx‖2‖ux‖2

+ ‖ρ‖γ∞‖ρx‖
2
2 + ‖ρ‖∞‖ρx‖2

m∑
k=1

‖vkx‖2 + ‖ρ‖∞‖ρx‖2‖φx‖∞‖φxx‖2

≤ C(T )
(
1 + ‖ux‖∞

)
‖ρx‖

2
2 + C(T ),

where we have used (3.21) to substitute uxx in the second step. Applying Gronwall’s inequality
then gives

sup
0≤t≤T

‖ρx‖
2
2 ≤ C(T ).

Furthermore, applying Lemmas 3.1 and 3.5 together with (1.3)1 yields

sup
0≤t≤T

‖ρt‖
2
2 ≤ C(T ).

Finally, from (3.21) we derive the L2(0,T ; H2) bound for u:∫ T

0
‖uxx‖

2
2 dt ≤ C(T )

∫ T

0

[
‖
√
ρ ut‖

2
2 + ‖ux‖

4
2 + ‖ρx‖

2
2 +

m∑
k=1

‖vkx‖
2
2 + ‖φx‖

2
∞‖φxx‖

2
2

]
dt
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≤ C(T ).

where all terms on the right-hand side are bounded by the estimates previously established. This
completes the proof.

�

Lemma 3.7. Under the conditions of Theorem 1.1, for any given T > 0 and t ∈ [0,T ], it holds that

sup
0≤t≤T

∫
I

m∑
k=1

v2
kxx dx+

∫ T

0

∫
I

m∑
k=1

v2
kxt dx dt ≤ C(T ).

Proof. Differentiating (1.3)3 with respect to x, multiplying the resulting equation by vkxt and integrating
over I, we obtain

Dk

2
d
dt

∫
I
v2

kxx dx +

∫
I
v2

kxt dx

=

∫
I

(
− vkxxu − 2vkxux − vkuxx + Dkzk

(
vkxxφx + 2vkxφxx + vkφxxx

))
vkxt dx

≤
1
2

∫
I
v2

kxt dx + C
(
‖u‖2∞ + ‖φx‖

2
∞

)
‖vkxx‖

2
2 + C

(
‖ux‖

2
∞ + ‖φxx‖

2
∞

)
‖vkx‖

2
2

+ C‖vk‖
2
∞

(
‖uxx‖

2
2 + ‖φxxx‖

2
2
)

≤
1
2

∫
I
v2

kxt dx + C
(
‖ux‖

2
H1 + ‖φxx‖

2
H1

)(
‖vkxx‖

2
2 + ‖vkx‖

2
2
)

+ C‖vk‖
2
H1

(
‖uxx‖

2
2 + ‖φxxx‖

2
2
)
.

where we have used the Sobolev embeddings ‖(u, ux)‖∞ ≤ C ‖(u, ux)‖H1 and ‖(φx, φxx)‖∞ ≤

C ‖(φx, φxx)‖H1 , as well as ‖vk‖∞ ≤ C‖vk‖H1 .
Consequently, absorbing the first term on the right-hand side into the left-hand side yields

Dk

2
d
dt

∫
I
v2

kxx dx +

∫
I
v2

kxt dx ≤ C
(
‖ux‖

2
H1 + ‖φx‖

2
H1

)
‖vkxx‖

2
2 + C(T )

(
‖ux‖

2
H1 + ‖φxx‖

2
H1

)
.

where we have used the previously established bounds for vk.
Applying Gronwall’s inequality to the above estimate for each k = 1, 2, · · · ,m, we obtain∫

I
v2

kxx dx +

∫ T

0

∫
I
v2

kxt dx dt ≤ C(T ),

where the constant C(T ) > 0 is independent of k. Summing these inequalities over k = 1, 2, · · · ,m
then gives the desired uniform bound

sup
0≤t≤T

m∑
k=1

‖vkxx‖
2
2 +

∫ T

0

m∑
k=1

‖vkxt‖
2
2 dt ≤ C(T ).

This completes the proof. �

Lemma 3.8. Under the conditions of Theorem 1.1, for any given T > 0 and t ∈ [0,T ], it holds that∫ T

0
t
∫

I
u2

xt dx dt ≤ C(T ).

AIMS Mathematics Volume 11, Issue 9, 30484–30508.



30501

Proof. Differentiating (1.3)2 with respect to t, multiplying the resulting equation by ut, integrating by
parts over I, and using Eq (1.3)1, we obtain

d
dt

∫
I
ρu2

t dx +

∫
I
u2

xt dx

≤C
m∑

k=1

‖vkt‖
2
2 + ‖φxt‖

2
∞‖φx‖

2
2 + C

(
1 + ‖ux‖∞ + ‖ρ‖∞‖u‖2∞

)
‖
√
ρut‖

2
2

+ C
(
γ2‖ρ‖2γ∞ + ‖ρ‖∞‖u‖2∞‖ux‖

2
∞ + ‖ρ‖2∞‖u‖

4
∞

)
‖ux‖

2
2 + C‖ρ‖∞‖u‖4∞‖uxx‖

2
2

+ C
(
‖u‖4∞ + ‖u‖6∞ + γ2‖ρ‖2γ−2

∞ ‖u‖2∞
)
‖ρx‖

2
2.

Applying Lemmas 3.1, 3.3, 3.5 and 3.6, and the Sobolev embedding, together with the boundary
condition φx|∂I = 0, we obtain the simplified estimate

d
dt

∫
I
ρu2

t dx +

∫
I
u2

xt dx

≤C(T )
[ m∑

k=1

‖vkt‖
2
2 + ‖φxxt‖

2
2 +

(
1 + ‖ux‖∞

)
‖
√
ρut‖

2
2 + ‖uxx‖

2
2 + 1

]
.

Multiplying the above inequality by t gives

d
dt

(
t
∫

I
ρu2

t dx
)

+ t
∫

I
u2

xt dx (3.29)

≤

∫
I
ρu2

t dx + C(T )t
[ m∑

k=1

‖vkt‖
2
2 + ‖φxxt‖

2
2 + C

(
1 + ‖ux‖∞

)
‖
√
ρut‖

2
2 + ‖uxx‖

2
2 + 1

]
.

From Lemma 3.5, we have

lim
tl→0

tl

∫
I
ρu2

t (tl) dx→ 0. (3.30)

Integrating (3) over (tl, t), and using (3.30) together with Lemmas 3.1, 3.4–3.6, and Gronwall’s
inequality, we complete the proof. �

4. Proof of main results

Proof of Theorem 1.1. The proof of the main theorem follows by combining the local existence
result (Lemma 2.1), the Aubin–Lions compactness lemma (Lemma 2.2), and the a priori estimates
established in Section 3.

To prove our result which allows for vacuum, we construct an approximate solution sequence for
system (1.3) by introducing a positive lower bound to the initial density. More precisely, for any
large i > 0 and each k = 1, 2, · · · ,m, we define

ρi
0 = ηi ∗ ρ0 +

1
i
, ui

0 = ηi ∗ u0, vi
0k = ηik ∗ v0k,

AIMS Mathematics Volume 11, Issue 9, 30484–30508.



30502

where ηi denotes the standard mollifier used to improve the regularity of the initial data. Then ρi
0 ≥

i−1 and

lim
i→+∞

{
‖ρi

0 − ρ0‖H1 + ‖ui
0 − u0‖H1 +

m∑
k=1

‖vi
k0 − vk0‖H2

}
= 0.

Thus, for some small T0 > 0, there exists a unique local classical solution (ρ, u, vk) to (1.3)–(1.5).
From the a priori estimates in Section 3, we have

sup
0≤t≤T

(
‖ρi‖H1 + ‖ρi

t‖2 + ‖ui‖H1 + ‖(vi
k, φ

i
x)‖H2 + ‖vi

kt‖2

)
+

∫ T

0

(
t‖ui

xt‖
2
2 + ‖(ρiui)t‖

2
2 + ‖ui‖2H2 + ‖vi

kxx‖
2
2 + ‖vi

kt‖
2
H1 + ‖φxxt‖

2
2

)
dt ≤ C(T ),

where the constant C(T ) > 0 is independent of i.
Passing to the limit i → +∞ (taking the subsequence if necessary), we may assume the following

weak and weak∗ convergences:

(ρi, ρi
x, ρ

i
t) ⇀ (ρ, ρx, ρt) weak∗ in L∞

(
0,T ; L2(I)

)
,

(ui, ui
x) ⇀ (u, ux) weak∗ in L∞

(
0,T ; L2(I)

)
,

(ui
xx,
√

t ui
xt) ⇀ (uxx,

√
t uxt) weak in L2(0,T ; L2(I)

)
,

(ρiui)t ⇀ M weakly in L2(0,T ; L2(I)
)
,

(vi
k, v

i
kx, v

i
kxx, v

i
kt) ⇀ (vk, vkx, vkxx, vkt) weakly in L∞

(
0,T ; L2(I)

)
,

vi
kxt ⇀ vkxt weakly in L2(0,T ; L2(I)

)
,

(φi
x, φ

i
xx) ⇀ (φx, φxx) weak∗ in L∞

(
0,T ; L2(I)

)
,

φi
xxt ⇀ φxxt weakly in L2(0,T ; L2(I)

)
.

Since ρi is bounded in L∞(0,T ; H1(I)) and ρi
t bounded in L∞(0,T ; L2(I)), the Simon-Aubin-Lions

Lemma 2.2(ii) implies that as i→ +∞,

ρi → ρ strongly in C(QT ).

Consequently, since ρi ≥ 0 is uniformly bounded in L∞(QT ) and the map s 7→ sγ is continuous
for γ > 1, from Lebesgue’s dominated convergence theorem, we obtain

(ρi)γ → ργ strongly in C(QT ),

which justifies the passage to the limit in the pressure term:

[(ρi)γ]x = γ(ρi)γ−1ρi
x ⇀ [ργ]x weakly in L2(0,T ; L2).

Moreover, we have
ρiui ⇀ ρu weak∗ in L∞(0,T ; L2(I)),

thus M = (ρu)t. Then Lemma 2.2(ii), yields

ρiui → ρu strongly in C(QT ),
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due to ρu being bounded in L∞(0,T ; H1(I)) and (ρiui)t being bounded in L2(0,T ; L2(I)
)
. Combining

the above convergences, we obtain

ρi(ui)2 ⇀ ρu2 weak∗ in L∞(0,T ; L2(I)).

Furthermore, since (ρi(ui)2)x is bounded in L∞(0,T ; L2(I)), we have

(ρi(ui)2)x ⇀ (ρu2)x weak∗ in L∞(0,T ; L2(I)).

Since (vi
k, v

i
kx) is bounded in L∞(0,T ; L2(I)) and vi

kt, v
i
kxt are bounded in L∞(0,T ; L2(I))

and L2(0,T ; L2(I)), respectively, we can derive from Lemma 2.2(ii) that

(vi
k, (v

i)kx)→ (vk, vkx) strongly in C(QT ). (4.1)

Then, from (1.3)4, we can derive

φi
xx → φxx strongly in C(QT ).

Then, by the boundary condition φi
x(0) = 0, integration gives

φi
x → φx strongly in C(QT ),

and together with (4.1) we obtain

vi
kφ

i
x → vkφx strongly in C(QT ).

By (4.1), we can also derive that

(vi
ku

i)x ⇀ (vku)x weakly in L2(0,T ; L2(I)).

It should be noted that we do not need the strong convergence of vi
ku

i; it is sufficient to establish the
convergence of the product in the weak formulation. Indeed, for any test function ψ ∈ C∞c (QT ), we have∫

QT

(vi
ku

i − vku)ψ dxdt =

∫
QT

(vi
k − vk)uiψ dxdt +

∫
QT

vk(ui − u)ψ dxdt.

The first integral tends to 0 because vi
k → vk uniformly and ui is bounded in L2(0,T ; L2). The second

integral tends to 0 because ui ⇀ u weakly in L2(0,T ; L2) and vkψ ∈ L2(0,T ; L2). Hence

vi
ku

i ⇀ vku weakly in L2(0,T ; L2).

This weak convergence is precisely what is required to pass to the limit in the weak form of the
momentum equation. Moreover, the limit functions satisfy vk ∈ C([0,T ]; H2) and u ∈ L∞(0,T ; H1

0) ∩
L2(0,T ; H2), which ensures that vku is well defined and the resulting distributional identity is equivalent
to the almost-everywhere equation. Hence the convergence is sufficient to obtain the strong solution in
the sense of Theorem 1.1

Based on these convergences, we conclude that (ρ, u, vk, φx) is a strong solution to the system (1.3)–
(1.5).
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To establish uniqueness, we need the estimate
√

tut ∈ L2(0,T ; H1
0) obtained in Lemma 3.8. Let us

denote ρ̃ = ρ1−ρ2, ũ = u1−u2, ṽk = v1
k −v2

k , w̃ = w1−w2, φ̃x = φ1x−φ2x, where (ρ j, u j, v
j
k, φ jx) ( j = 1, 2)

are two strong solutions to (1.3)–(1.5). Then the difference system reads

ρ̃t + (ρ̃u1)x + (ρ2ũ)x = 0,

ρ1ũt − ũxx = − ρ̃u2t − ρ̃u2u2x − ρ1ũu2x − ρ1u1ũx

− (ργ1 − ρ
γ
2)x −

m∑
k=1

ṽkx + φ̃xφ1xx + φ2xφ̃xx,

ṽkt − Dkṽkxx = − ṽkx(u1 + Dkzkφ1x) − v2
kx(ũ + Dkzkφ̃x)

− ṽk(u1x + Dkzkφ1xx) − v2
k(ũx + Dkzkφ̃xx),

−φ̃xx =
∑m

k=1 zkṽk,

(4.2)

for (x, t) ∈ (0, 1) × (0,+∞), with initial and boundary conditions

(ρ̃, ũ, ṽk)|t=0 = 0 in [0, 1], (̃u, ṽkx, φ̃x)
∣∣∣
∂I

= 0, t > 0.

Estimate for ρ̃: Since the first equation is identical to that in Chen’s work [6], we directly cite the
result here for brevity:

‖ρ̃‖22 ≤ Ct
∫ t

0
‖ũx‖

2
2ds, t ∈ [0,T ]. (4.3)

Estimate for ũ: Multiplying (4.2)2 by ũ and integrating by parts over I, we obtain

1
2

d
dt

∫
I
ρ1|ũ|2 dx +

∫
I
|ũx|

2 dx

=
1
2

∫
I
ρ1t|ũ|2 dx −

∫
I
ρ̃u2tũ dx −

∫
I
ρ̃u2u2xũ dx −

∫
I
ρ1|ũ2u2x −

∫
I
ρ1u1ũxũ dx

+

∫
I
(ργ1 − ρ

γ
2)ũx −

∫
I

m∑
k=1

ṽkxũ −
∫

I
φ̃xφ1xxũ −

∫
I
φ2xφ̃xxũ,

where we have used integration by parts on the pressure term. Noting that

1
2

∫
I
ρ1t|ũ|2 −

∫
I
ρ1u1ũxũ =

1
2

∫
I
ρ1t|ũ|2 +

1
2

∫
I
(ρ1u1)x|ũ|2 = 0,

we deduce that

1
2

d
dt

∫
I
ρ1|ũ|2 dx +

∫
I
|ũx|

2 dx (4.4)

≤‖ũ‖∞‖ρ̃‖2‖u2t‖2 + ‖ρ̃‖2‖ũ‖∞‖u2‖∞‖u2x‖2 + ‖u2x‖∞

∫
I
ρ1|ũ|2 dx + C‖ρ̃‖2‖ũx‖2

+

m∑
k=1

‖ṽk‖2‖ũx‖2 + ‖1‖2‖φ̃x‖∞‖φ1xx‖2‖ũ‖∞ + ‖1‖L2‖φ2x‖∞‖φ̃xx‖2‖ũ‖∞
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≤
1
2
‖ũx‖

2
2 + C‖u2t‖

2
2‖ρ̃‖

2
2 + C

(
‖u2x‖

4
2 + 1

)
‖ρ̃‖22 + ‖u2x‖H1

∫
I
ρ1|ũ|2 dx

+ C
m∑

k=1

‖ṽk‖
2
2 + C

(
‖φ1x‖

2
2 + ‖φ2x‖

2
2
)
‖φ̃xx‖

2
2.

Using the regularity of ρ j, u j, and φ j and the estimate (4.3), we obtain

d
dt

(∫
I
ρ1|ũ|2 dx +

∫ t

0

∫
I
|ũx|

2
)

dx

≤Ct‖u2t‖
2
2

∫ t

0

∫
I
|ũx|

2 dx ds + Ct
∫ t

0

∫
I
|ũx|

2 dx ds

+ C‖u2‖H1

∫
I
ρ1|ũ|2 dx + C

( m∑
k=1

‖ṽk‖
2
2 + ‖φ̃xx‖

2
L2

)
.

(4.5)

Estimate for ṽk: Multiplying (4.2)3 by ṽk(k = 1, 2, · · · ,m), integrating over I, and integrating by parts,
we have

1
2

d
dt

∫
I
|ṽk|

2 dx +

∫
I
|ṽkx|

2 dx (4.6)

≤

∫
I
−
[
ṽkx(u1 + φ1x)ṽk + v2

kx(ũ + φ̃x)ṽk + (u1x + φ1xx)ṽ2
k + v2

k(ũx + φ̃xx)ṽk

]
dx

≤‖ṽkx‖2‖u1 + φ1x‖∞‖ṽk‖2 + ‖v2
kx‖2‖ũ + φ̃x‖∞‖ṽk‖2

+ ‖u1x + φ1xx‖∞‖ṽk‖
2
2 + ‖v2

k‖∞‖ũx + φ̃xx‖2‖ṽk‖2

≤
1
2
‖ṽkx‖

2
2 + ε‖ũx‖

2
2 + ‖φ̃xx‖

2
2 + Cε‖ṽ‖22.

From (4.2)4, we have

‖φ̃xx‖
2
2 ≤ C

m∑
k=1

‖ṽk‖
2
2. (4.7)

Substituting (4.7) into (4.6) and summing over k = 1, 2, · · · ,m, we get

1
2

d
dt

∫
I

m∑
k=1

|ṽk|
2 dx +

∫
I

m∑
k=1

|ṽkx|
2 dx ≤

1
2

d
dt

∫ t

0

∫
I
ũ2

x dx ds + C
m∑

k=1

‖ṽk‖
2
2. (4.8)

Combining (4.5), (4.7), and (4.8), we deduce that

d
dt

∫
I
ρ1|ũ|2 dx +

∫
I

m∑
k=1

|ṽk|
2 dx +

1
2

∫ t

0

∫
I
|ũx|

2

 dx ds + C
∫

I

m∑
k=1

|ṽkx|
2 dx

≤ Ct‖u2t‖
2
2

∫ t

0

∫
I
|ũx|

2 dx ds + Ct
∫ t

0

∫
I
|ũx|

2 dx ds + C
∫

I
ρ1|ũ|2 dx + C

∫
I

m∑
k=1

|ṽk|
2 dx.

Since (ρ̃, ũ, ṽk)|t=0 = 0, applying Lemma 3.8 and Gronwall’s inequality yields

ρ̃ ≡, ũ ≡, ṽk) ≡ 0(k = 1, 2, · · · ,m).
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Consequently, from

−φ̃xx =

m∑
k=1

zkṽk = 0,

and the boundary condition φ̃x ≡ 0 we deduce that −φ̃x =≡ 0 as well.
Thus, the uniqueness of the strong solution is established, and the proof of Theorem 1.1 is complete.

5. Conclusions

We have established the global existence and uniqueness of strong solutions for a multi-
species PNP-NS system coupled with a self-consistent electrostatic potential on a bounded domain,
allowing for vacuum in the initial fluid density. This work generalizes the two-ion results of Chen [6] to
arbitrary multi-ion configurations with distinct valences and diffusion coefficients. The results provide
a rigorous mathematical framework for multi-species electrochemical systems. Future research will
be directed toward exploring the long-time dynamics and extending these results to more complex
physical settings
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