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Abstract: This paper analyzes a infinite-capacity queueing system operating with multiple distinct
servers. Phase-type distributions with different irreducible representations characterize the service
times. The servers are indexed in a fixed order. The entry of customers is modeled according to
a Markovian arrival process. Upon arrival, a customer is placed in the infinite-capacity buffer if
all servers are busy. Conversely, if multiple servers are idle, the arriving customer occupies the
free server with the lowest index. Jockeying between servers during service is prohibited. This
system is a natural generalization of the classical system with Markovian arrival process, phase-type
service distribution and N servers (MAP/PH/N) to the case where the servers can be distinct. Such
a system frequently arises as a model for various real-world systems with heterogeneous equipment.
A multidimensional Markov chain with an infinitesimal generator having a special block structure
characterizes the state dynamics of the system. We present an explicit expression for the generator
and derive the tractable ergodicity condition. The system states exhibit a matrix-geometric stationary
distribution. Additionally, analytical expressions to evaluate the core system performance metrics are
established. Closed-form formulations for the Laplace–Stieltjes transforms and the initial moments of
the distribution regarding both sojourn and waiting times of a generic customer are derived. Finally,
numerical examples are presented. These examples illustrate the dependence of the system’s key
performance measures on the arrival rate and the service rate of the slowest server. They also confirm
the importance of accounting for correlation in the arrival process and volatility of service times and
demonstrate how the results can be used for optimization purposes.
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1. Introduction

Queueing theory serves as a fundamental mathematical framework for evaluating, designing, and
optimizing resource-sharing systems across various engineering and scientific domains. Over the past
several decades, multiserver queueing models have been extensively studied due to their capability to
represent concurrent processing. The servers were assumed to be identical. Although mathematically
convenient, this idealization fails to address contemporary engineering challenges and creates a major
gap between theoretical models and operational realities.

In modern industrial and computational ecosystems, heterogeneity among servers is an inherent
and unavoidable feature driven by continuous lifecycle upgrades, architectural diversity, and variable
human skills. In cloud computing platforms, legacy nodes inevitably coexist with next-generation
blades possessing distinct CPU/GPU topologies and RAM capacities. In 5G/6G multitier networks,
traffic must be dynamically dispatched across an asymmetric mix of broad-coverage macrocells and
ultra-high-speed localized mmWave femtocells. Similarly, smart factories (Industry 4.0) integrate
standard computer numerical control (CNC) machinery alongside automated robotic arms operating
at entirely different processing speeds and operational phases.

To maximize operational efficiency and equipment lifetime, operators rarely utilize these diverse
resources at random. Instead, they deploy an ordered hunting discipline (minimal-index rule), where
inbound traffic automatically routes to the fastest, most cost-effective specialists first, engaging slower
or energy-intensive legacy hardware strictly as backup capacity during peak traffic periods.

Despite its practical dominance, the mathematical modeling of such systems remains notoriously
intractable. Moving beyond the two-server (fast/slow) paradigm introduces severe analytical
complications. Because the servers are distinct, classical state-reduction techniques, such as server
re-indexing based on the total number of busy devices, are fundamentally inapplicable. The precise
state of each individual server (idle, busy, or its exact phase of service) must be permanently monitored.
This causes the underlying multidimensional state space to expand exponentially as the server count
scales, inducing a severe curse of dimensionality.

Furthermore, capturing the volatile, bursty, and highly correlated nature of modern data traffic
requires abandoning simplistic Poisson and exponential assumptions in favor of robust Markovian
arrival processes (MAP) and versatile phase-type (PH) distributions.

To bridge this critical gap, this paper addresses the following core research question: How can
we construct a computationally tractable, exact analytical framework to evaluate the steady-state
performance, joint state dynamics, and exact customer waiting and sojourn time distributions in an
N-server queueing system operating under an arbitrary ordered hunting discipline with general MAP
arrivals and PH service times?

By constructing an explicit block-tridiagonal infinitesimal generator and deriving matrix-geometric
stationary distributions, this study provides a scalable algorithmic foundation. Crucially, we
demonstrate how these analytical metrics can be directly mapped to managerial and economic trade-
offs, such as minimizing nonlinear hourly operational expenses against steep customer delay penalties,
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thereby transforming complex queueing theory into a practical tool for systemic infrastructure
optimization.

As already noted, to accurately model these realistic and highly structured environments, it is
essential to move beyond the classic exponential service time assumption. The PH distribution offers
an exceptionally versatile tool for this purpose, as discussed in foundational monographs [1–3]. Its
algebraic properties are discussed in [4, 5]. Further developments on computational frameworks and
comprehensive application guides can be found in [6]. Because PH distributions are dense in the class
of non-negative distributions, they allow one to approximate any continuous distribution with arbitrary
precision while preserving the mathematically tractable Markovian structure via the method of phases.
Motivated by these considerations, this paper provides a rigorous steady-state analysis of an N-server
queueing system characterized by an unlimited capacity buffer, heterogeneous servers under an ordered
hunting discipline, and distinct PH distributions of service times.

The arrival flow is modeled via a versatile MAP, which effectively captures the correlation and
burstiness typical of modern network traffic. Early structural overviews and survey literature on
these processes are provided in [7, 8], whereas extensive analytical characterizations are detailed in
general queueing books [9, 10] and the recent paper [11]. More recently, specific multi-server policies
incorporating hysteresis strategies and processing priority rules have been evaluated in [12–14], while
energy-aware configurations, rating dependencies, and semi-open structures are explored in [15–17]
and [18, 19]. Application to analysis of cognitive communication networks is discussed, along
with [14], in [20]. The practically important problem of fitting real-world flow traces with MAPs is
intensively discussed in the literature. General fitting principles and data trace methods are addressed
in [3, 21, 22], while specific mathematical properties and parameter matrices are detailed in [23–25].
Furthermore, computational tools and custom parallel estimation algorithms are developed in [26–28].

When multiple servers are available, arriving customers are dispatched according to some discipline.
A crucial operational feature of the considered model is the specific routing mechanism used to
distribute incoming traffic among the heterogeneous servers. In systems with identical processors,
the choice of a free server does not influence the overall system performance. However, when servers
are heterogeneous, the dispatching discipline significantly impacts efficiency, capacity utilization, and
waiting times. In this paper, we employ an ordered hunting discipline based on a minimal index
rule. The servers are labeled with fixed indexes from 1 to N in a specific order, e.g, arranged in
descending order of their efficiency or mean service rates (µ1 ≥ µ2 ≥ · · · ≥ µN). Under this policy, an
arriving customer who finds the system partially idle does not choose a free server at random. Instead,
the idle server possessing the lowest index automatically receives the arriving customer. Only when
all higher-index (faster) servers are simultaneously occupied will a customer be assigned to a lower-
index (slower) server. Finally, if all N heterogeneous servers are busy upon a customer’s arrival, the
customer enters the infinite buffer and waits to be served. Once a server becomes free, it selects the next
customer from the queue according to the standard first-in, first-out (FIFO) discipline. This nonrandom
assignment policy creates a strong dependency between the states of different servers, which reflects
real-world operations where supervisors prefer to utilize highly efficient or cost-effective equipment
first, keeping slower or more expensive units as backup capacity for peak traffic periods.

The existing literature on the multiserver queues with heterogeneous servers is not very rich,
especially in the case of more than two (fast and slow) available servers. Since the pioneering
work [29], the relevant models assume a stationary arrival process of Poisson type and an exponential
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distribution of service times. General overviews of historical queueing systems can be found
in [30–32], while specific models focusing on customer delays and asymmetric processing capacities
are addressed in [33–35]. Furthermore, dynamic routing policies and network fairness criteria are
analyzed in [36–38], with additional performance optimizations for multi-resource allocation discussed
in [39, 40]. Essential contributions regarding monotone control and stability are found in the seminal
works of V. V. Rykov and D. V. Efrosinin, such as [41–43]. Extensions exploring finite-source systems,
unreliable equipment, and specific threshold policies are further investigated in [44–46].

As mentioned above, we consider here a much more general Markovian arrival process and phase-
type distribution of service times. A similar model with service control was considered in [47].
The version of the model with homogeneous servers (without analysis of waiting and sojourn time
distribution) was briefly considered in [10]. The case with the batch arrivals but an exponential service
time distribution in identical servers was studied in [48].

Analysis of the system with homogeneous servers is much simpler because, due to the identity of
servers, the servers can be re-indexed whenever the number of customers changes, and the service
process is completely defined by the number of currently busy servers and phases of service at each
busy server (or the number of servers providing service at any existing phase; see, for example, [49]).
In the system with distinct servers, the re-indexing of servers is impossible, and the state of each server
(idle or busy, the phase of service in the latter case) has to be permanently monitored.

The subsequent sections of this paper are arranged as follows. Section 2 formally defines the
mathematical model and its parameters. Section 3 constructs the underlying multidimensional Markov
chain and derives the explicit block-tridiagonal structure of its infinitesimal generator. The system’s
ergodicity criterion and the corresponding equations for computing the steady-state distribution are
developed in Section 4. The Laplace–Stieltjes transforms and formulas for the initial moments
regarding the distributions of sojourn and waiting times are derived in Sections 5 and 6, respectively.
Section 7 outlines the essential system performance metrics, which are subsequently accompanied by
numerical examples in Section 8. The dependence of the core performance metrics on the arrival rate
and the service rate of the slowest server is demonstrated. Furthermore, an example of applying the
obtained results to optimize the economic cost criterion with respect to the service rate of the slowest
server is presented. The importance of accounting for the correlation in the arrival process and variance
of service times is also briefly discussed. Finally, Section 9 concludes the paper by summarizing the
main findings, study limitations, and directions for future research.

2. The mathematical model

This study focuses on an N-server queueing system with an unlimited buffer, where the influx of
customers is governed by the MAP. Let νt, t ≥ 0, represent the directing process of the MAP. The state
space associated with this irreducible continuous-time Markov chain νt is given by {1, . . . ,W}. The
transition intensities of νt are characterized by the entries of two square matrices, D0 and D1, both of
size W. Specifically, D0 captures the transition intensities that occur without customer arrivals, whereas
D1 collects the intensities corresponding to transitions that trigger a customer arrival. Consequently,
the infinitesimal generator of the process νt is given by the matrix D(1) = D0 + D1. The stationary
distribution of νt is determined by the vector θ, which uniquely satisfies the linear system θD(1) =
0, θe = 1. Throughout this paper, e and 0 denote column and row vectors of suitable dimensions,
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composed entirely of ones and zeros, respectively.
We define the mean (fundamental) arrival rate λ of the MAP using the relation λ = θD1e. The

formula c2
var = 2λθ(−D0)−1e − 1 yields the squared coefficient of variation c2

var of the customer inter-
arrival intervals. Analogously, the correlation coefficient ccor tracking consecutive arrival gaps is
evaluated through ccor = (λθ(−D0)−1D1(−D0)−1e − 1)/c2

var.
The servers are independent of each other and are indexed in a certain order. Server indexing is an

interesting, practically important, and challenging task. In this paper, we consider an arbitrary indexing
policy. The obtained results are expected to be useful in the future for solving this problem based on
information about the service rates and costs at each server, as well as the system efficiency criteria.

The service time of a customer by the nth server, n = 1,N, is governed by the continuous-time
Markov chain (directing process) η(n)

t , t ≥ 0. This process has an absorbing state 0 and the set{
1, · · · ,M(n)

}
of transient states.

The initial state of the process η(n)
t at the epoch of starting the service is chosen among the transient

states with the probabilities defined by the row-vector β(n) = (β(n)
1 , ..., β

(n)
M(n)). The irreducible matrix

S (n) of order M(n) defines the transition intensities of η(n)
t within the transient state space, which do

not trigger the termination of a service. The diagonal entries of this matrix are negative. Their moduli
define the rates of the exit of the process η(n)

t from its transient states. The off-diagonal elements specify
the transition intensities occurring within the transient state space. The column vector S(n)

0 = −S (n)e
characterizes the transition rates into the absorbing state that trigger a service completion.

The mth initial moment b(n)
m of the distribution of the service time of the nth server is computed as

b(n)
m = m!β(n)(−S (n))−me, m ≥ 1, n = 1,N.

The value µn defined by the formula µ−1
n = β

(n)(−S (n))−1e is the mean service rate in the nth server. The
value (b(n)

2 − (b(n)
1 )2)/(b(n)

1 )2 is the squared coefficient of variation of the service time in the nth server,
n = 1,N.

If all servers are busy upon arrival, the arriving customer joins the buffer and is picked up for
service later on, according to the FIFO discipline. If some servers are idle at an arrival moment, then
the customer occupies the server having the minimal index.

This study aims to determine a sufficient ergodicity condition for the system and to obtain the
steady-state distribution itself. Furthermore, we develop expressions for the key performance measures
using this stationary distribution alongside the Laplace–Stieltjes transforms governing the sojourn and
waiting times of an arbitrary customer.

3. The random process defining the dynamics of the system

At any given epoch t (t > 0), the following hold:

• it denotes the total number of customers present in the buffer, where it ≥ 0;

• η(n)
t is the state of the underlying process of the service in the nth server, n = 1,N. This state

belongs to the set {1, . . . ,M(n)} if this server is busy and is assumed to be 0 if the server is idle;

• νt represents the current phase of the directing process associated with the MAP, where νt = 1,W.
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Let R̂ be the state space of the process {η(1)
t , . . . , η

(N)
t } defining the phases of service in all servers of

the system when the buffer is not empty:

R̂ = {(r(1), . . . , r(N)) : r(n) = 1,M(n), n = 1,N},

and let R̃ be the state space of the process {η(1)
t , . . . , η

(N)
t } defining the phases of service in all servers of

the system when the buffer is empty:

R̃ = {(r(1), . . . , r(N)) : r(n) = 0,M(n), n = 1,N}.

Consider the continuous-time multidimensional process

ξt = {it, η
(1)
t , . . . , η

(N)
t , νt}, t ≥ 0.

It is straightforward to verify that this process constitutes an irreducible continuous-time Markov chain.
To simplify the analysis of the Markov chain ξt, let us introduce the notion of a level. We refer to

the set of states that share the same value i (i ≥ 0) for the first component, ordered lexicographically,
as level i.

Note that the cardinality of the levels i, i > 0, is equal to K̂ = WM̂, where M̂ =
N∏

n=1
M(n), and

the cardinality of the level 0 is equal to K̃ = WM̃, where M̃ =
N∏

n=1
(M(n) + 1). The cardinality of the

level 0 is larger than the cardinality of other levels because some servers can be idle in some states of
the chain while all servers are necessarily busy in all states of the chain belonging to levels i, i > 0.
This distinction has to be taken into account in the derivation of expressions for matrices of transitions
between the states of level 0 and levels i, i ≥ 1.

To facilitate the subsequent analysis of the Markov chain ξt, we establish the following notation:

• I denotes an identity matrix of a suitable order, with a subscript explicitly indicating its size when
necessary;

• On×n′ denotes zero matrices with n rows and n′ columns;

• Matrix Kronecker products and sums are represented by the symbols ⊗ and ⊕, respectively; for a
detailed discussion, see [50];

• Jn =

(
O1×1 O1×M(n)

OM(n)×1 IM(n)

)
, J̃n =

(
O1×M(n)

IM(n)

)
, n = 1,N;

• J =
N⊗

n=1
Jn, J̃ =

N⊗
n=1

J̃n;

• ĨM(n) =
(
O IM(n)

)
, Gn =

(
O1×1 O1×M(n)

S(n)
0 S (n)

)
, n = 1,N;

• GN =
N∑

n=1

In−1∏
l=1

(M(l)+1)
⊗Gn ⊗ I N∏

l=n+1
(M(l)+1)

 = G1 ⊕ · · · ⊕GN;
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• SN =
N∑

n=1

In−1∏
l=1

M(l)
⊗ S (n) ⊗ I N∏

l=n+1
M(l)

 = S (1) ⊕ · · · ⊕ S (N);

• TN =
N∑

n=1

In−1∏
l=1

M(l)
⊗ (S(n)

0 β
(n)) ⊗ I N∏

l=n+1
M(l)

 = (S(1)
0 β

(1)) ⊕ · · · ⊕ (S(N)
0 β(N));

• Bn =

(
O1×1 β(n)

OM(n)×1 OM(n)×M(n)

)
, n = 1,N;

• BN =
N∑

n=1

n−1⊗
k=1

Jk ⊗ Bn ⊗ I N∏
k=n+1

(M(k)+1)

.
The following statement holds true:

Lemma 1. The infinitesimal generator of the chain ξt, t ≥ 0, given by the matrix Q, exhibits a block
tridiagonal structure:

Q =



Q0,0 Q0,1 O O · · ·

Q1,0 Q1,1 Q1,2 O · · ·

O Q2,1 Q2,2 Q2,3 · · ·

O O Q3,2 Q3,3 · · ·
...

...
...

...
. . .


,

where the component blocks Qi, j collect the intensities governing transitions from states within level i
to those within level j, specified as follows:

Q0,0 = GN ⊕ D0 + BN ⊗ D1,

Q0,1 = J̃ ⊗ D1,

Qi,i = Q0 = SN ⊕ D0, i ≥ 1,

Qi,i+1 = Q+ = IM̂ ⊗ D1, i ≥ 1,

Q1,0 =

N∑
n=1

n−1⊗
k=1

ĨM(k) ⊗
(
O S(n)

0 β
(n)

) N⊗
k=n+1

ĨM(k) ⊗ IW ,

Qi,i−1 = Q− = TN ⊗ IW , i ≥ 2.

The proof of Lemma 1 is established by investigating the possible transition intensities of the
Markov chain ξt, t ≥ 0. Briefly, the derivation proceeds as follows.

The block Q0,0 describes transition rates within level 0. It combines the rates of service phase
changes without the change of the underlying process of arrivals (defined by the matrix GN ⊗ IW), rates
of the underlying process of the MAP transitions without customer arrivals and changes in the service
processes (defined by the matrix IM̃ ⊗D0), and the rates of arrivals that occupy free servers (defined by
the matrix BN ⊗ D1).

The block Q0,1 describes transition rates from level 0 to level 1. A customer arrives (with rates
defined by the matrix D1) when all servers are busy, starting the queue. The matrix J̃ selects the

AIMS Mathematics Volume 11, Issue 9, 30403–30436.



30410

corresponding states of the service processes and performs the required reduction of their state spaces
from the set R̃ to the set R̂.

The block Qi,i, denoted also as Q0, describes transition rates within level i ≥ 1. It represents
transitions of the underlying process of the MAP without customer arrival or service progression
without departures defined by the matrix (SN ⊕ D0).

The block Qi,i+1, denoted also as Q+, describes transition rates from level i to i + 1 (i ≥ 1). A
new customer arrives (with rates of transitions defined by the matrix D1) and enters the buffer while
all servers remain busy. The matrix IM̂ reflects the absence of changes of the underlying processes of
services.

The block Qi,i−1, denoted also as Q−, describes transition rates from level i to i − 1 (i ≥ 2). A
server finishes service and immediately picks up a customer from the buffer. The matrix TN defines
the respective transition rates.

The block Q1,0 describes transition rates from level 1 to level 0. A server finishes the service of a
customer and starts service of the single waiting customer (the corresponding rates are given by the
matrix S(n)

0 β
(n) if the service was finished in the nth server, n = 1,N), leaving the buffer entirely empty.

The extension of the state space of the components describing service processes from the set R̂ to the
set R̃ occurs.

Lemma 1 is proven.

4. Steady-state analysis of the customer number within the system

Theorem 1. The Markov chain ξt, t ≥ 0 possesses a stationary distribution if and only if the condition

λ <

N∑
n=1

µn (1)

holds.
Proof: As detailed in [1], the Markov chain ξt, t ≥ 0 constitutes a level-independent quasi-birth-and-
death process. Therefore, the criterion of its ergodicity is the fulfillment of the inequality

uQ−e > uQ+e, (2)

where the vector u is determined as the unique solution of the system

u(Q− +Q0 +Q+) = 0, ue = 1. (3)

By the direct substitution into (3) and by using the properties of the Kronecker product, it is possible
to verify that the vector u has the following form:

u =
N⊗

n=1

ψn ⊗ θ, (4)

where
ψn = µnβ

(n)(−S (n))−1, n = 1,N.

Inequality (1) is directly obtained from (2) by substitution of expression (4). Theorem 1 is proven.
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Inequality (1) is easy to interpret: The stationary distribution of the Markov chain exists if and only
if the mean customer arrival rate is less than the sum of service rates at all servers of the system.

Let condition (1) be fulfilled. Then, the Markov chain ξt is ergodic.
Consequently, the steady-state probabilities of this Markov chain, characterized as the limits

π(i, r(1), . . . , r(N), ν) = lim
t→∞

P{it = i, (r(1), . . . , r(N)) ∈ R̂, νt = ν}, i ≥ 1,

π(0, r(1), . . . , r(N), ν) = lim
t→∞

P{it = 0, (r(1), . . . , r(N)) ∈ R̃, νt = ν}, ν = 1,W,

exist.
Based on the chosen lexicographical ordering for the states within each level, we construct the

row-vectors
π(i, r(1), . . . , r(N)) = (π(i, r(1), . . . , r(N), 1), . . . , π(i, r(1), . . . , r(N),W))

of the stationary probabilities π(i, r(1), . . . , r(N), ν), and the row-vectors πi, consisting of the vectors
π(i, r(1), . . . , r(N)), i ≥ 0. Define also the infinite-dimensional probability vector π = (π0,π1,π2, . . .).

The stationary probability vector π satisfies the system of global balance equations

πQ = 0,πe = 1.

The vectors πi, i ≥ 0, defining the stationary distribution of the states of the Markov chain ξt, can
be computed as follows.
Theorem 2. The vectors πi follow the so-called matrix-geometric distribution:

πi = π1A
i−1, i ≥ 2, (5)

whereA is the minimal non-negative solution to the quadratic matrix equation

A2Q− +AQ0 +Q+ = O. (6)

The boundary vectors π0 and π1 are uniquely determined by solving the system

π0Q0,0 + π1Q1,0 = 0,

π0Q0,1 + π1(Q0 +AQ−) = 0,

π0e + π1(I −A)−1e = 1.

The so-called logarithmic reduction algorithm for quasi-birth-death processes from [51] can be used
for numerically solving Eq (6).
Remark 1. The results obtained here for the stationary distribution of the system states with an infinite
buffer can be easily extended to the case of a system with a finite buffer of capacity, say, J. In this case,
the generator of the multidimensional Markov chain describing the system behavior is not a matrix of
infinite size like the matrix Q defined in Lemma 1. Instead, it is a finite matrix with J + 1 block rows.
The first J block rows coincide with the respective block rows of the generator Q. The last (J + 1)-th
block row consists of zero blocks except for the last two blocks, which are defined as QJ,J−1 = TN ⊗ IW

and QJ,J = SN ⊕ (D0 + D1). The vectors of the stationary probabilities of the system states can be
computed in this case using the known numerically stable algorithms given, for example, in [52, 53].
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5. Evaluation of the customer sojourn time distribution within the system

As specified in the model description, an incoming customer enters the buffer and is subsequently
selected for service under the FIFO discipline if all servers are occupied upon arrival. Alternatively, if
any servers are vacant, the customer is assigned to the one holding the minimum index.

Let V(x) denote the cumulative distribution function of the sojourn time for a generic customer,

and let v(s) =
∞∫
0

e−sxdV(x), Re s > 0 represent its Laplace-Stieltjes transform (LST). The known

probabilistic interpretation of values of the LST for real values of s is as follows. Independently of
the operation of the considered system, let a virtual stationary Poisson flow of so-called catastrophes
arrive with the rate of s. The probability that a generic customer completes the sojourn in the system
without experiencing any catastrophe corresponds exactly to the LST v(s).

Based on the customer admission policy, it is evident that the sojourn time of a generic,
tagged customer is completely independent of future customer arrivals. Consequently, tracking
the background arrival process can be discontinued immediately following the entry of the tagged
customer.

Introduce also the following notation.
Let vi(s) denote a column vector of dimension M̂, whose entries represent the probability that no

catastrophe occurs during the sojourn time of a tagged customer. Here, the customer arrives to find i
(i ≥ 1) individuals already waiting in the buffer (excluding the tagged customer itself), conditioned on
the specific values of the components {η(1)

t , . . . , η
(N)
t } that specify the service phases across all servers

at the arrival epoch.
Similarly, the elements of the M̂-dimensional column vector v0(s) specify the probability that

no catastrophe takes place during the sojourn of a tagged customer who arrives when the buffer is
completely empty but when all servers are occupied.

Furthermore, we utilize ρ(s) to represent the column vector of size M̃, whose components define
the probability of no catastrophe during the sojourn time of a tagged customer who initiates service
immediately upon arrival, which happens when at least one server is vacant at the arrival epoch.
Lemma 2. The column vectors vi(s) are computed from the recursion

vi(s) = (sI − SN)−1TNvi−1(s), i ≥ 1, (7)

with the initial condition

v0(s) = (sI − SN)−1
[ N∑

n=1

n−1⊗
k=1

eM(k) ⊗ S(n)
0 β

(n)(sI − S (n))−1S(n)
0 ) ⊗

N⊗
k=n+1

eM(k)

]
. (8)

Proof: Evidently, for a tagged customer arriving to find i (i ≥ 1) individuals in the buffer to experience
no catastrophe during their sojourn, it is necessary and sufficient that no catastrophe occurs until the
queue length reduces to i−1, and subsequently, that no catastrophe arrives during the remaining sojourn
of a customer facing a buffer size of i − 1.

Therefore,

vi(s) =

∞∫
0

e−sxeSN xTNdxvi−1(s),
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which implies formula (7). Formula (8) is derived analogously, taking into account that, once service
is completed in one, say, the nth, a server catastrophe must not occur during a new service there (the
probability of this event is the LST of service time β(n)(sI − S (n))−1S(n)

0 ).
Lemma 3. The column vector ρ(s) is computed by the formula

ρ(s) =
[ N∑

n=1

n−1⊗
k=1

Jk ⊗

(
O1×1 β(n)(sI − S (n))−1(−S (n))

OM(n)×1 OM(n)×M(n)

)
⊗

N⊗
k=n+1

IM(k)+1

]
eM̃. (9)

Proof: Because the vector ρ(s) characterizes the probability that no catastrophe occurs during the
sojourn of a tagged customer who initiates service immediately due to the presence of vacant servers,
the customer selects the nth server, n = 1,N, where n represents the smallest index among all idle
units. Service commences in this specific server, and the absence of catastrophes must be maintained
throughout its duration. This line of reasoning directly yields Eq (9).

Now, we are able to formulate the following result.
Let π0(J) be the vector of size M̂W obtained from the vector π0J of size M̃W by removal of all zero

components.
Theorem 3. The LST v(s) is defined by the formula

v(s) = λ−1
[ ∞∑

i=1

πi(IM̂ ⊗ D1eW)vi(s) + π0(J)(IM̂ ⊗ D1eW)v0(s) + π0(IM̃ ⊗ D1eW)(I − J)ρ(s)
]
,

where the vectors vi(s), i ≥ 0, and ρ(s) are defined by Lemmas 2 and 3, correspondingly.
The proof of Theorem 3 immediately follows from the formula of total probability.

6. Analysis of the distribution of the waiting time of a customer in the system

A similar approach can be applied to evaluate the waiting time distribution of a generic customer,
leading to the following result.
Theorem 4. The LST w(s) of the distribution of the waiting time of a customer in the system is defined
by the formula

w(s) = λ−1
[ ∞∑

i=1

πi(IM̂ ⊗ D1eW)wi(s) + π0(J)(IM̂ ⊗ D1eW)w0(s) + π0(IM̃ ⊗ D1eW)(I − J)eM̃

]
,

where the vectors wi(s), i ≥ 0 are computed from the recursion

wi(s) = (sI − SN)−1TNwi−1(s), i ≥ 1

with the initial condition
w0(s) = (sI − SN)−1TNeM̂.

Having the procedure for computing the LST w(s), we can compute the moments of waiting time
distribution, in particular, an average waiting time.
Corollary 1. The mean waiting time Wbu f f er is calculated by the formula

Wbu f f er = −λ
−1

[ ∞∑
i=1

πi(IM̂ ⊗ D1eW)w′i(0) + π0(J)(IM̂ ⊗ D1eW)w′0(0)
]
,

AIMS Mathematics Volume 11, Issue 9, 30403–30436.



30414

where the vectors w′i(0), i ≥ 0 are computed from the recursion

w′i(0) = (−SN)−1
(
TNw′i−1(0) − eM̂

)
, i ≥ 1,

with the initial condition
w′0(0) = −(SN)−2TNeM̂.

The proof of Corollary 1 is evident because it is well-known that Wbu f f er = −w′(0), and the recursion
for computing the vectors w′i(0), i ≥ 0, obviously follows from the recursion for computing the vectors
w′i(s), i ≥ 0 given in Theorem 4.
Corollary 2. The kth moment of the waiting time distribution is calculated by the formula

(−1)kλ−1
[ ∞∑

i=1

πi(IM̂ ⊗ D1eW)w(k)
i (0) + π0(J)(IM̂ ⊗ D1eW)w(k)

0 (0)
]
, k ≥ 2,

where the derivatives of order k, k ≥ 2 of the vectors wi(s), i ≥ 0 at point s = 0 are obtained using the
following recursive formulas:

w(k)
i (0) = (−SN)−1

(
TNw(k)

i−1(0) − kw(k−1)
i (0)

)
, i ≥ 1

with the initial condition
w(k)

0 (0) = k(−SN)−1w(k−1)
0 (0).

Remark 2. Note that the matrix SN is nonsingular, as it is the Kronecker sum of the irreducible
subgenerators. Therefore, no difficulties arise in the straightforward derivation of Corollaries 1 and 2
from Theorem 4.

Formulas for computation of the average sojourn time of a customer in the system and its higher
moments are derived similarly.

7. Performance measures of the system

Following the derivation of the steady-state probabilities for the system states, we are able to
evaluate several essential performance metrics.

The mean queue length Lbu f f er of customers waiting in the buffer is evaluated via

Lbu f f er =
∞∑

i=1
iπie = π1(I −A)−2e.

The probability Pempty−bu f f er that the buffer is empty at an arbitrary moment is computed by

Pempty−bu f f er = π0e.

The stationary probability P(n)
0 that the nth server, n = 1,N, is vacant at a generic epoch is evaluated

via

P(n)
0 = π0

( n−1⊗
r=1

eM(r)+1 ⊗ f(n) ⊗

N⊗
r=n+1

eM(r)+1 ⊗ eW

)
,
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where f(n) is the column vector of size (M(n)+1) having the first entry equal to 1 and other entries equal
to 0.

The average number Nbusy of busy servers at an arbitrary moment is given by

Nbusy =

N∑
n=1

(1 − P(n)
0 ).

The average number Lsystem of customers in the system is computed by

Lsystem = Lbu f f er + Nbusy.

The output rate φn of customers from the nth server is defined by

φn = π0

[ n−1⊗
k=1

eM(k)+1 ⊗

(
0

S(n)
0

)
⊗

N⊗
k=n+1

eM(k)+1 ⊗ eW

]
+π1(I −A)−1

[ n−1⊗
r=1

eM(r) ⊗ S(n)
0 ⊗

N⊗
r=n+1

eM(r) ⊗ eW

]
, n = 1,N.

The relation λ =
N∑

n=1
φn can be used for control of accuracy of computation of the stationary

distribution of the system states.
The fraction Fn of customers that receive service by the nth server is calculated as

Fn =
φn

N∑
k=1
φk

=
φn

λ
, n = 1,N.

The average service rate by a server is computed by

µ̄ =

N∑
n=1

Fnµn = λ
−1

N∑
n=1

φnµn.

The probability P(serv)
0 that all servers are idle at an arbitrary moment is given by

P(serv)
0 = π0

( N⊗
n=1

f(n) ⊗ eW

)
.

The probability P(arr)
0 that all servers are idle at an arbitrary customer arrival moment is computed

by

P(arr)
0 = π0

( N⊗
n=1

f(n) ⊗
D1eW

λ

)
.

The probability Pimm that an arbitrary customer will succeed to enter the service immediately upon
arrival is calculated by

Pimm = π0

(
BN ⊗

D1

λ

)
e.

The share, Zn of customers, who start service immediately upon arrival by the nth server, is obtained
using

Zn =
1
λ
π0

 n−1⊗
k=1

Jk ⊗ Bn ⊗ I N∏
k=n+1

(M(k)+1)

 ⊗ D1

 e, n = 1,N.
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8. Numerical results

The queueing framework investigated in this study is extremely versatile, as it captures both the
correlation and volatility of customer inte-arrival intervals along with the variance and higher-order
moments characterizing the service duration distribution. The obtained algorithmic results establish
a foundation for the exact quantitative evaluation of how the system is influenced by factors such as
system load (varied via scaling the mean arrival rate or service times), the correlation coefficient of
interarrival times, the coefficients of variation of interarrival and service times, server indexing rules,
and the distinct capacity configuration of each server. Because evaluating various combinations of
these factors is quite complex, we leave such an exhaustive analysis for future studies. Instead, we
restrict this work to a brief illustration of the feasibility and outcomes of the presented algorithms,
demonstrating the specific impacts of the mean arrival rate and the service rate of the slowest server.
Additionally, we formulate and solve one possible optimization problem, the solution to which can be
practically implemented based on our results.

8.1. Example of study of the impacts of the mean arrival rate and the service rate of the slowest server

Let initially the MAP-input be characterized by the matrices

D0 =

(
−1.35164 0

0 −0.04387

)
, D1 =

(
1.34265 0.00899
0.02443 0.01944

)
.

For this arrival process, the correlation coefficient between two consecutive interarrival times is set to
ccor = 0.2, and the corresponding squared coefficient of variation is given by c2

var = 13.4. Throughout
the illustrated experiment, the fundamental arrival rate, λ of the MAP will be varied; this is achieved
by scaling both matrices D0 and D1 by an identical scalar factor.

Let us assume that the total number N of servers is equal to 3, and M(1) = 2,M(2) = 2,M(3) = 3. We
will denote the PH-distributions of service times on three devices as PH(serv)

1 , PH(serv)
2 , PH(serv)

3 .
PH(serv)

1 is the second-order hyperexponential distribution with c2
var = 4.55, characterized by the

following vector and matrix:

β(1) = (0.1, 0.9), S (1) =

(
−2 0
0 −18

)
.

The mean service rate is µ1 = 10.
PH(serv)

2 is the second-order hyperexponential distribution with c2
var = 4.54, characterized by the

following vector and matrix:

β(2) = (0.1, 0.9), S (2) =

(
−1.5 0

0 −13.5

)
.

The mean service rate is µ2 = 7.5.
PH(serv)

3 is the third-order hyperexponential distribution with c2
var = 4.28. Initially, it is characterized

by the following vector and matrix:

β(3) =

( 1
15
,

2
15
,

12
15

)
, S (3) =


−0.2 0 0

0 −0.4
0 0 −2.4

 .
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The mean service rate corresponding to this choice of the matrix S (3) is µ3 = 1.
In the presented Figures, dependencies of several performance measures of the system on the mean

arrival rate λ and the mean service rate µ3 by the slowest, third, server are shown.
Variation of the value of µ3 is achieved via the multiplication of the entries of the matrix S (3) by the

corresponding constant. The value of µ3 is varied from 0.2 to 7 with a step of 0.2. The value of λ is
varied in the range from 1 to 20. Note that because µ1 + µ2 = 17.5, the rate µ3 can have an arbitrary
value in the indicated range when λ < 17.5. For larger values of λ, the value of µ3 has to be larger than
λ − 17.5. Otherwise, the ergodicity condition fails to hold, and the values of Lbu f f er and Wbu f f er are
infinite.

Figure 1 shows the behavior of the value Lbu f f er.
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Figure 1. Dependence of the average number of customers in the buffer Lbu f f er.

From Figure 1, we observe that the number of customers in the buffer remains less than 1 when
λ ≤ 7, after which rapid queue growth occurs abruptly at higher arrival rates. This sharp increase
appears as λ approaches the total service capacity, driving the system toward the boundary of stability.
Increasing µ3 has a significant stabilizing effect, dramatically suppressing buffer accumulation.

Figure 2 shows the behavior of the value Wbu f f er.
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Figure 2. Dependence of the average waiting time of customers in the buffer Wbu f f er.

The overall surface topology is highly similar to the buffer size plot (Figure 1). This directly
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confirms the validity of Little’s formula

Wbu f f er = λ
−1Lbu f f er

for this heterogeneous system.
The key observations from Figure 2 are as follows. When the arrival rate is low, the average waiting

time remains virtually negligible across all values of µ3. As λ increases toward the total service capacity
of the system, the waiting time experiences an asymptotic explosion, forming sharp vertical peaks.
Increasing the service rate µ3 of the slowest server extends the ergodicity boundary, which significantly
suppresses the peaks and keeps average waiting times low even at higher load levels.

From Figure 3, we get that the value of Nbusy is primarily governed by the arrival intensity λ. As
traffic grows, it rapidly climbs from near-zero toward the absolute maximum system capacity of three
servers. Impact of ordered hunting can be commented as follows: Under the minimal index rule,
incoming customers fill the fast servers first. As a result, the third server remains mostly idle at lower
traffic loads, keeping Nbusy ≤ 2. Modifying µ3 itself has a very small impact on the number of busy
servers when the system is under stable or low load conditions. It only begins to matter significantly
during high-intensity periods, when all three servers must run continuously to prevent an infinite queue
explosion.
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Figure 3. Dependence of the average number, Nbusy, of busy servers.

Figure 4 allows us to draw the following conclusions. The buffer remains nearly empty when λ ≤ 4.
The probability Pempty of the buffer being empty drops sharply to 0 as the system approaches saturation.
Increasing µ3 expands the system stability boundary, and a higher µ3 delays buffer accumulation under
heavy workloads.
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Figure 4. Dependence of the probability Pempty−bu f f er of an empty buffer.

It is seen in Figure 5 that when arrival intensity is low (λ ≤ 4), the probability of immediate service
remains close to 1 across all values of µ3, meaning that arriving customers almost never wait. As λ
escalates toward full capacity, the probability of immediate access rapidly drops to 0, indicating that
arriving customers are forced straight into the queue buffer. Increasing the service speed of the slowest
server successfully stretches the boundary of stable performance, delaying the sudden drop in Pimm

under medium-to-high workloads.
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Figure 5. Dependence of the probability Pimm of immediate access of an arriving customer
to servers.

Figures 6–8 present the dependencies of fractions Fn of customers that receive service by the nth
server, n = 1,N.

At low traffic (λ → 0), F1 is highest (≈ 0.9) due to the minimal index rule. As λ increases, F1

drops because the first server becomes fully occupied. Increasing µ3 slightly decreases F1 at high loads
as the third server absorbs more traffic. The second server fraction (F2) starts near 0.1 and grows as
traffic overflows from the first server. It reaches a maximum under moderate loads before stabilizing
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as the third server activates. The third server fraction (F3) stays near 0 when λ ≤ 4 because the first
two servers handle the load. Unlike F1 and F2, F3 is highly sensitive to µ3. At λ = 20, F3 grows
significantly as µ3 scales from 2.6 to 7.
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Figure 6. Dependence of the fraction F1 of customers that receive service by the first server.
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Figure 7. Dependence of the fraction F2 of customers that receive service by the second
server.
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Figure 8. Dependence of the fraction F3 of customers that receive service by the third server.

Figures 9–11 present the dependencies of the share, Zn of customers, which start service
immediately upon arrival by the nth server, n = 1,N.
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Figure 9. Dependence of the fraction Z1 of customers that receive service immediately upon
arrival by the first server.
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Figure 10. Dependence of the fraction Z2 of customers that receive service immediately
upon arrival by the second server.
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Figure 11. Dependence of the fraction Z3 of customers that receive service immediately
upon arrival by the third server.

The first server immediate access probability, Z1, is highest (≈ 0.9) under low traffic loads. Then,
it drops steadily as the arrival rate λ increases. It is unaffected by changes to the slowest server speed
µ3. The second server immediate access share, Z2, peaks at lower traffic as server 1 fills up. Then, it
rapidly falls to 0 under heavy traffic loads. It shows slight variations based on the value of µ3. The third
server immediate access share, Z3, stays exceptionally low, peaking at only around 0.14. It is highly
sensitive to the third server’s own rate µ3 and completely vanishes to 0 when system saturation occurs.

The results presented above were obtained under the assumption that the service times at all
available servers follow a hyperexponential distribution, with a coefficient of variation greater than 4.
The impact of the service time distribution deserves special attention. Moreover, service times across
different servers can have coefficients of variation that are greater than, equal to, or less than 1. Here,
we restrict ourselves to providing brief information on the system’s performance measures for several
values of the arrival rate λ and three types of service time distributions across all servers: the hyper-
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exponential distribution considered above (denoted here as Hexp), an exponential distribution with a
coefficient of variation equal to 1 (denoted here as Exp), and a second-order Erlang distribution with a
coefficient of variation equal to 0.5 (denoted here as Erl). The mean service rates in the corresponding
servers are assumed to be as defined above for the hyper-exponential distribution: µ1 = 10, µ2 = 7.5,
and µ3 = 1. The results are presented in Table 1.

Table 1. System performance metrics as a function of the arrival rate λ and type of service
time distribution.

λ, type Lbu f f er µ̄ Nbusy Pimm Wbu f f er Pempty−bu f f er

5, Hexp 0.116051 8.67578 0.838513 0.877504 0.023210 0.955216
5, Exp 0.0479343 8.67192 0.842314 0.886787 0.009587 0.969402
5, Erl 0.0364282 8.66985 0.843763 0.890313 0.007286 0.97432
10, Hexp 2.31564 8.45505 1.73046 0.474704 0.231564 0.68319
10, Exp 1.01211 8.46721 1.71686 0.465909 0.101211 0.711302
10, Erl 0.78335 8.47039 1.7131 0.466123 0.078335 0.729016
15, Hexp 30.2942 8.47426 2.48722 0.104348 2.019616 0.261821
15, Exp 21.901 8.48415 2.46901 0.0677035 1.460066 0.244084
15, Erl 20.3252 8.48765 2.46251 0.0580588 1.355011 0.240681

Table 1 demonstrates how the customer arrival rate (λ) and the type of service time distribution
impact the key performance metrics of the queueing system. The main insights and structural patterns
from the data are highlighted below:

i) The impact of the arrival rate (λ): Nonlinear queue growth: As λ scales from 5 to 15, the
mean queue length (Lbu f f er) and the average waiting time (Wbu f f er) explode nonlinearly. System
saturation: At λ = 15, the system approaches its total boundary capacity (µ1 + µ2 + µ3 = 18.5),
triggering an asymptotic performance degradation. Server utilization: The average number
of busy servers (Nbusy) climbs predictably toward the absolute system limit of three devices.
Plunging availability: The probability of immediate service access (Pimm) and the probability
of an empty buffer (Pempty−bu f f er) drop sharply to minimal values under heavy workloads.

ii) The impact of service time variance (volatility): The experiment compares three distinct
distributions with identical mean service rates but different coefficients of variation (cvar): Hexp
(cvar > 4), Exp (cvar = 1), and Erl (cvar = 0.5). Volatility penalty: Higher irregularity in service
durations (moving from Erl → Exp → Hexp) systematically compromises system performance.
Queue accumulation: At a medium load of λ = 10, the queue length Lbu f f er is only 0.78335 for the
stable Erlang distribution (Erl), rises to 1.01211 for Exponential (Exp), and spikes up to 2.31564
for Hyperexponential (Hexp). Inflated waiting times: The average waiting delay (Wbu f f er) for
highly unpredictable workloads (Hexp) is nearly three times longer than that of well-regulated
schedules (Erl) under moderate workloads. Stable throughput: The averaged service rate (µ̄)
remains remarkably consistent across different distributions within the same arrival tier.

Key takeaway: Table 1 provides concrete numerical verification of a fundamental queueing
principle—system congestion is driven not just by raw traffic volume but heavily by the mathematical
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volatility and burstiness of the underlying processes.

8.2. Economic cost function and optimization framework

Let us now demonstrate the possibility of application of the obtained results for managerial goals,
in particular, to determination of the optimal configuration of the queueing system. To evaluate the
trade-off between the requirements to customer service quality and the operational expenses of server
capacities, let us introduce an economic cost function. The objective function, which represents the
expected total charge paid by the system hourly, is formulated as follows:

E = E(λ, µ3) = CwaitWbu f f er +Cserv−costµ3,

where

• Wbu f f er is the average waiting time of a customer in the buffer;

• Cwait = 20 is the penalty cost per unit of time a customer spends waiting in the queue. This
coefficient penalizes excessive delays and queue accumulation;

• Cserv−cost = 1 is the cost coefficient associated with maintaining the service rate µ3 of the third
server per unit of time;

• µ3 is the control parameter under optimization, evaluated within the technological bounds µ3 ∈

[max{0.2, λ − µ1 − µ2}, 7] with an incremental step of 0.2.

For each given mean arrival rate λ ∈ {1, 2, . . . , 20}, the global optimization task is to find the optimal
service capacity µ∗3 that minimizes the economic criterion under the ergodicity constraint:

Eopt = min
µ3

E(λ, µ3) subject to λ <

3∑
n=1

µn.

It is worth noting that in this optimization scenario, the service rates of the primary servers (µ1

and µ2) are kept fixed, and only the capacity of the slowest server (µ3) is treated as a decision
variable. This setup is strongly motivated by real-world operational environments where high-priority,
efficient servers represent an existing baseline infrastructure that operates at a fixed maximum capacity.
Managers typically cannot easily alter these core assets. Instead, the lowest-priority server serves as
a flexible, scalable backup unit or an on-demand resource deployed specifically to handle peak traffic
overflows. Thus, optimizing µ3 captures the critical managerial decision of sizing auxiliary backup
capacity to balance waiting time penalties against incremental operational costs. Although a joint
multivariable optimization over all server rates (µ1, . . . , µN) can be straightforwardly implemented
using the analytical performance metrics derived in Section 7, the single-variable optimization
presented here serves as a clear, traceable illustration of the fundamental economic trade-offs and
capacity thresholds inherent in the system.

Table 2 shows the optimal value µ∗3 of the mean service rate µ3 and minimum economic cost function
values under the fixed choice 10 and 7.5 of the rates µ1 and µ2, correspondingly, for different mean
arrival rates λ.
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Table 2. The optimal value µ∗3 and minimum economic cost function values for different
mean arrival rates λ.

λ µ∗3 Eopt λ µ∗3 Eopt

1 0.2 0.205846 11 3.0 6.748900
2 0.2 0.251449 12 4.2 8.150660
3 0.2 0.372313 13 5.4 9.564690
4 0.2 0.587805 14 6.6 10.977200
5 0.2 0.917595 15 7.0 12.508800
6 0.2 1.393550 16 7.0 14.633600
7 0.2 2.067100 17 7.0 17.668100
8 0.4 2.984860 18 7.0 22.070800
9 1.0 4.107940 19 7.0 28.578500
10 2.0 5.384040 20 7.0 38.498600

The results presented in Table 2 can be briefly summarized as follows.
When the traffic is low (λ = 1, . . . , 7), the arrivals are easily handled by the faster servers. The

slowest server is kept at its minimum technological bound (µ∗3 = 0.2) to save operational costs.
When the traffic is medium (λ = 8, . . . , 14), as arrival intensity grows, queue starts to build up. The

system systematically increases µ∗3 from 0.4 to 6.6 to avoid heavy waiting penalties (Cwait = 20).
When the traffic becomes high (λ = 15, . . . , 20), the arrival rate approaches or exceeds primary

capacity. The third server is forced to run at its absolute maximum capacity (µ∗3 = 7).
The economic cost (Eopt) scales nonlinearly. It grows slowly during low traffic but accelerates

significantly when the system runs at full capacity.
Table 2 presents the optimal service rate µ∗3 and the corresponding minimum economic cost function

values for various mean arrival rates λ under the baseline cost coefficients Cwait = 20 (the waiting time
penalty per unit of time) and Cserv−cost = 1 (the operational cost coefficient for maintaining the third
server’s capacity). To highlight how these optimal values depend on the cost structure, we additionally
analyze the system behavior across different values of the cost ratio r = Cwait/(Cserv−cost). For this
sensitivity analysis, the capacity cost coefficient is kept constant (Cserv−cost = 1), and the ratio r is
scaled by setting Cwait to 5, 10, 20, 40, and 50, respectively.

Table 3 presents the optimal value µ∗3 and minimum economic cost function values for different
mean arrival rates λ and ratio r.
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Table 3. The optimal value µ∗3 and minimum economic cost function values for different
mean arrival rates λ and ratio r.

λ r µ∗3 Eopt λ r µ∗3 Eopt

5 5 0.2 0.379399 10 40 3.8 7.99195
5 10 0.2 0.558797 10 50 4.6 8.94849
5 20 0.2 0.917595 15 5 4 7.15889
5 40 0.2 1.63519 15 10 5.8 9.52913
5 50 0.4 1.96784 15 20 7 12.5088
10 5 0.2 1.75252 15 40 7 18.0176
10 10 0.6 3.26321 15 50 7 20.772
10 20 2 5.38404

Key observations and insights are as follows.

i) Low traffic scenario (λ = 5): When arrival intensity is low, the faster primary servers (µ1 =

10, µ2 = 7.5) easily handle the incoming workload. Consequently, even as the delay penalty r
increases from 5 to 40, the system keeps the third server at its absolute minimum technological
bound (µ∗3 = 0.2) to save operational costs. It is only when the penalty becomes extreme (r = 50)
that the system minimally increases the capacity to µ∗3 = 0.4.

ii) Medium traffic scenario (λ = 10): As the load increases, queue accumulation begins to threaten
the system with higher delay charges. We see a direct correlation between the severity of the
waiting penalty (r) and the optimal backup capacity: At r = 5, the server stays at 0.2, but as r
increases to 50, the system systematically scales up µ∗3 from 0.2 to 4.6. This suppresses buffer
wait times to avoid steep financial punishments.

iii) High traffic scenario (λ = 15): When the arrival flow approaches the limits of the primary
servers, the infrastructure faces near-saturation. At a low penalty (r = 5), the system aggressively
compromises on waiting times to keep the server speed low (µ∗3 = 4). However, as the cost ratio
reaches r = 20 and above, the system is forced to run the third server at its maximum capacity
(µ∗3 = 7.0) to maintain ergodicity (stability) and prevent an infinite queue explosion.

iv) Managerial takeaway is: Table 3 successfully demonstrates a core managerial trade-off: Auxiliary
backup capacity (µ3) should act as a flexible asset. When waiting delays are inexpensive,
managers should minimize backup utilization to save costs; however, as customer time becomes
more valuable or as traffic spikes, scaling up backup processing speeds is financially necessary to
avoid steep penalties.

8.3. Larger values of N

The previous results illustrate the system’s performance for N = 3 servers. To demonstrate the
feasibility of the proposed algorithms for larger systems, we briefly analyze configurations with higher
values of N.

First, let us fix N = 5 with hyperexponential service time distributions specified by the vectors
β(n) = β = (0.1, 0.9) for n = 1, 5.
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The matrix S (1) is given by S (1) =

(
−2.4 0

0 −21.6

)
. This yields a mean service rate of µ1 = 12 at the

first server, with a squared coefficient of variation of approximately 4.55. The matrices S (n) for n = 2, 5
are obtained by scaling S (1) to achieve the mean service rates µ2 = 10, µ3 = 7, µ4 = 4, and µ5 = 1. The
squared coefficient of variation of service times by all servers is also approximately 4.55.

Table 4 demonstrates how the system’s key performance metrics (Lbu f f er, µ̄, Nbusy, Pimm, Wbu f f er,
and Pempty−bu f f er) change as the mean arrival rate, λ, increases from 20 to 30 under this five- server
configuration. As seen from Table 4, the buffer size increases sharply from 2.6469 to 66.691, and the
mean waiting times grow nonlinearly from 0.1323 to 2.223. Simultaneously, the average number of
busy servers rises from 2.9994 to 4.4517, and the immediate entry probability plunges from 0.5202 to
0.0748, and the empty buffer probability drops from 0.6941 to 0.1794. Meanwhile, the average service
rate remains stable around 9.10–9.18.

Table 4. System performance metrics for N = 5 as a function of the arrival rate λ.

λ Lbu f f er µ̄ Nbusy Pimm Wbu f f er Pempty−bu f f er

20 2.6469 9.1822 2.9994 0.5203 0.1323 0.6941
21 3.6222 9.1591 3.1542 0.463 0.1725 0.6449
22 4.9412 9.1411 3.3061 0.4062 0.2246 0.5933
23 6.7309 9.1275 3.4554 0.3512 0.2926 0.5402
24 9.1688 9.1176 3.6024 0.2988 0.382 0.4862
25 12.5054 9.1107 3.7474 0.2501 0.5002 0.4323
26 17.1024 9.1063 3.8908 0.2057 0.6578 0.379
27 23.5064 9.104 4.0327 0.1661 0.8706 0.3269
28 32.6022 9.1033 4.1733 0.1313 1.1644 0.2762
29 45.9576 9.104 4.313 0.1011 1.5847 0.2271
30 66.6911 9.106 4.4517 0.0748 2.223 0.1794

As the arrival rate λ approaches the total system service capacity 34, the primary fast servers
saturate. This triggers the activation of slower backup servers, causing incoming customers to
experience longer delays and a much higher probability of waiting in the buffer queue.

Table 4 presents the system performance metrics for N = 5 as a function of the arrival rate λ for the
case where the correlation coefficient ccor of successive interarrival times is relatively small, equal to
0.2. To underline the importance of accounting for the correlation and variation in the arrival process,
we also present Table 5, which gives the values of the same performance metrics when the arrival
process is assumed to be a stationary Poisson process with the same arrival rate and the correlation
coefficient ccor equal to zero and the squared coefficient of variation c2

var equal to 1.
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Table 5. System performance metrics for N = 5 as a function of the arrival rate λ in the case
of stationary Poisson arrival flow.

λ Lbu f f er µ̄ Nbusy Pimm Wbu f f er Pempty−bu f f er

20 0.7501 9.3954 2.8865 0.7604 0.0375 0.8348
21 1.0067 9.3475 3.055 0.7204 0.0479 0.8002
22 1.3404 9.3063 3.2202 0.6775 0.0609 0.7615
23 1.7749 9.271 3.3823 0.632 0.0772 0.719
24 2.3434 9.241 3.5413 0.584 0.0976 0.6724
25 3.0938 9.2156 3.6973 0.5337 0.1237 0.6219
26 4.0978 9.1942 3.8505 0.4812 0.1576 0.5675
27 5.4680 9.1765 4.0012 0.4267 0.2025 0.5093
28 7.392 9.1617 4.1494 0.3704 0.264 0.4474
29 10.2072 9.1496 4.2955 0.3123 0.352 0.3817
30 14.5886 9.1399 4.4396 0.2527 0.4863 0.3124

Comparing the values of the most important performance measures such as Lbu f f er, Wbu f f er, Pimm,
Pempty−bu f f er, given in Tables 4 and 5, it can be immediately concluded that correlation and variation
have a significant impact. Neglecting the correlation and variation coefficients (by using a stationary
Poisson process to model the arrival flow) leads to an overly optimistic forecast of system performance.
This is caused by the higher irregularity of customer arrivals in flows with positive correlation and/or
large variance of interarrival times. High positive correlation implies that periods when customers
arrive frequently (and the system becomes overloaded) alternate with periods when customers arrive
rarely, and server starvation occurs. Large variance has a similar effect: Some intervals between
the arrivals are short, and congestion can occur. Some intervals are long, which may lead to server
downtime.

Note that with an increase in correlation and/or variance of interarrival times, the discrepancies
between the corresponding performance metrics can become highly significant.

Regarding the computational efficiency, the running time required to obtain the stationary
distributions and performance measures heavily depends on the system load, defined as the ratio

λ/
N∑

n=1
µn. This execution time increases significantly as the load ratio approaches 1.

It is worth noting that in this five-server case, where the phase-type distribution of service times
and the arrival process both have state spaces of cardinality 2, the dimension of the block Q0,0 is
486 = 2 × 35, whereas the dimension of the critical blocks (Q0,Q+,Q−) is 64 = 2 × 25.

To evaluate the execution time, we performed calculations for a five-server system using 11 values
of λ (from 20 to 30 in steps of 2) and 9 values of µ5 (from 0.2 to 1.8 in steps of 0.2), resulting in
209 combinations in total. The total computation time on a laptop (11th Gen Intel Core i7-1165G7 @
2.80GHz, 16GB RAM) using Wolfram Mathematica 12.2 was 422 seconds, that is, about 2 seconds
per one combination. The iterative computation of the stationary probability vectors πi was terminated
when the norm of a vector became less than 10−15.
Remark 3. It is worth noting that the correctness of the computations for the stationary distribution
of the system states and performance measures in this example was validated via a discrete-event
simulation implemented in Wolfram Mathematica 12.2. The simulation time required to match the
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analytical results up to four decimal places was, on average, four minutes per parameter combination.
This confirms the high efficiency of the analytical approach compared to computer simulations for
relatively small values of the number of servers N, as the computation time in this example with N = 5
using the analytical results is more than 120 times faster than the simulation time.

To evaluate the scalability further, the experiment is extended to an N = 8 server system by changing
µ5 to 3 and introducing three additional servers with rates µ6 = 2, µ7 = 1.5, and µ8 = 1.

In this scenario, the size of the block Q0,0 expands to 13122 = 2×38, and the blocks Q0,Q+, and Q−
reach a dimension of 512 = 2 × 28. Fixing λ = 25 yields a system load ratio of approximately 0.617.
The computational time for a single parameter combination on the same notebook is 157.95 seconds
(approximately 2.63 minutes). The sharp increase in computation time compared to the N = 5 case
is driven by the rapid growth in the size of the generator blocks when N increases. Consequently, the
efficiency of analytical methods compared to simulation decreases as N grows. For large values of N
analytical methods may become computationally intractable.

The computed values of the performance characteristics of the system are as follows.

- The average number of customers in the buffer Lbu f f er is 2.71608.

- The average waiting time Wbu f f er is 0.10864.

- The variance of waiting time is 0.0569019.

- The average number of customers in the system Lsystem is 7.66208.

- The average customer sojourn time is 0.306483.

- The average service time is 0.19784.

- The average service rate µ̄ is 8.07779.

- The average number of busy servers Nbusy is 4.94599.

- The probability that a customer will start service immediately upon arrival Pimm is 0.5737.

- The probability that the buffer is empty Pempty−bu f f er is 0.718489.

- The probability that all servers are idle P(serv)
0 is 0.0828338.

- The probability that all servers are idle at an arbitrary arrival moment P(arr)
0 is 0.0105509.

The individual characteristics of the performance of the servers are given in Table 6.
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Table 6. The characteristics of the performance of the individual servers.

Server index n Output rate φn Share Fn Idle probability P(n)
0 Immediate access probability Zn

1 7.7245 0.30898 0.356292 0.190558
2 6.04722 0.241889 0.395278 0.140414
3 4.14426 0.16577 0.407963 0.0919512
4 2.44778 0.0979112 0.388055 0.0536961
5 1.81786 0.0727142 0.394048 0.0384798
6 1.23888 0.049555 0.380561 0.0259565
7 0.933976 0.037359 0.377349 0.0192111
8 0.645541 0.0258217 0.354459 0.0134552
all 25 1 - 0.5737

Table 6 displays the individual performance indicators for each of the N = 8 heterogeneous devices
at a fixed input flow rate λ = 25. This table is of crucial theoretical and practical importance for the
entire article, as it experimentally confirms the mathematical properties of a queueing system with the
discipline of ordered device selection (ordered hunting) with the priority given to the fastest servers.

The data clearly demonstrate the effect of this service discipline. The first servers (with the smallest
indices n = 1, 2) take on the main load. Their output flow intensity (φ1 = 7.7245, φ2 = 6.04722) and
the share of served customers (F1 ≈ 31%, F2 ≈ 24%) are the highest in the system. As the server index
n increases, the values of the output rate φn and the share Fn decrease monotonically and rapidly. The
last, eighth server, processes only ≈ 2.5% of the total traffic volume (F8 = 0.0258). This proves that
low-priority (slower) servers are activated predominantly during peak periods, when all the previous
ones are busy.

The Zn indicator (the probability that an arriving customer will immediately be served on the nth
server) drops quickly: from 0.1905 for the first server to 0.0134 for the eighth. Taken together, all the
Zn indicators yield a total probability of immediate entry Pimm = 0.5737.

Note the column of server idle probabilities P(n)
0 , n = 1, 8. Contrary to expectations, they do not

increase monotonically from 1 to 8. For the first server, P(1)
0 = 0.356, and then, the idle probability

increases to 0.407 for the third server, but by the eighth server, it drops again to 0.354. Why is this
happening? This is a strict consequence of heterogeneity. The first servers are the fastest, complete
their work quickly, and are freed frequently. In contrast, the last servers are very slow. Due to the
low service speed, if a customer reaches the server with index 8, this server will be occupied by this
customer for a very long time. This drastically reduces the likelihood of a server being idle, despite its
infrequent activation.

It is interesting to note the following. The marginal load of the nth server is ρn = λFn/µn, n = 1,N.
It can be seen that the values presented in Table 6, of the probability P(n)

0 that the nth server is idle
coincide with the number 1 − ρn, which is the probability of the idle state of a single-server queueing
system with the stationary Poisson arrival process having the rate λFn and average service time µ−1

n .
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9. Conclusions

9.1. Main findings

In this paper, we have provided a rigorous steady-state analysis of a multi-server queueing system
with a Markovian arrival process, heterogeneous servers, and phase-type service time distributions
under an ordered hunting discipline. By applying matrix-analytic methods, we successfully constructed
the explicit block-tridiagonal structure of the infinitesimal generator and derived a highly tractable
exact ergodicity condition. The stationary distribution was obtained in a mathematically elegant
matrix-geometric form, enabling the derivation of closed-form Laplace–Stieltjes transforms for both
customer waiting and sojourn times. Our numerical experiments revealed several critical insights into
the behavior of heterogeneous systems.

The impact of correlation: Neglecting traffic correlation (e.g., by approximating the influx
via a stationary Poisson process) leads to an overly optimistic forecast of system performance,
underestimating the average queue size and waiting times due to the high arrival irregularity caused by
the positive correlation.

The impact of service time variance (volatility): Higher irregularity and variance in service
durations systematically compromise system performance, even when the mean service rates remain
perfectly identical. Progressing from stable, low-variance service schedules (such as the Erlang
distribution) to highly unpredictable ones (such as the hyperexponential distribution) triggers an acute
volatility penalty, nonlinearly spiking queue lengths and inflating average customer waiting delays
in the considered example by nearly three times under moderate workloads. This confirms the
fundamental queueing principle that systemic congestion is profoundly driven by the volatility of the
processing durations.

The heterogeneity paradox: Slower backup servers, despite being rarely activated under low
workloads, exhibit high occupancy times because they process customers much slower, resulting in
unexpectedly low idle probabilities.

Computational efficiency: The proposed analytical approach proved to be computationally efficient
for relatively small values of N. Validation via discrete-event simulation confirmed that our exact
mathematical framework achieves identical precision (up to four decimal places) while reducing the
required computation time for N = 5 by a factor of more than 120.

9.2. Limitations of the study

Although the developed framework is highly versatile, it possesses certain limitations that stem
from the underlying modeling assumptions.

Infinite buffer capacity: The model assumes an infinite-capacity buffer. In physical infrastructure
(e.g., 5G/6G finite router buffers), buffer overflows inevitably trigger packet drops or losses, which are
not captured here.

Absolute server reliability: The heterogeneous servers are assumed to be perfectly reliable and
permanently available. The framework does not account for random server breakdowns, scheduled
maintenance, or vacation periods.

Fixed indexing policy: Although the algorithms accommodate any fixed routing order, the allocation
discipline itself remains static during the system’s operation.
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9.3. Directions for future work

Driven by these limitations and the structural insights obtained in this study, future research can be
expanded in the following vital directions.

Finite buffers and customer impatience: Incorporate finite buffer thresholds and reneging behavior
(impatient customers) to better match cloud-computing and call-center dynamics. This extension
breaks the level-independence of the quasi-birth-and-death (QBD) process but can be resolved using
the theory of asymptotically quasi-Toeplitz Markov chains; see [54] or [55].

Customers retrials: Account for the possibility of the absence of the buffer and repeated attempts of
customer to enter the service.

Server unreliability: Introduce server breakdowns, repairs, or setup delays to model realistic
lifecycle constraints across heterogeneous hardware clusters.

Algorithmic optimization of server indexing: Utilize the performance metrics established in this
paper as a foundation to solve the optimal server indexing sequence problem, aiming to maximize
systemic throughput while minimizing hourly operational overhead and non-linear energy costs.
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