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Abstract: In the realm of signal processing, the Hilbert transform and quadratic phase Fourier
transform (QPFT) are well-established tools for analyzing complex-valued signals. However, their
efficiency to analyze the quaternionic-valued signals is almost negligible due to the higher-dimensional
nature of such signals. In this study, we explored this area by introducing a novel integral transform,
namely, the quadratic-phase Hilbert transform in the realm of quaternion domains (briefly referred
to as the quaternion quadratic-phase Hilbert transform (Q-QPHT)), by combining the merits of the
Hilbert transform and QPFT. The study began with a comprehensive investigation of the fundamental
properties of the proposed transform including the derivation of Parseval’s formula and a detailed
characterization of its range. Subsequently, general relationships, illustrative examples, and Hausdorff-
Young inequalities associated with the proposed Q-QPHT were established. These findings shed
light on the broader applications of the Q-QPHT in signal processing; particularly in handling
complex quaternionic-valued signals that require simultaneous control over multiple aspects. Finally,
the validation of the obtained results was established by well-constructed examples and numerical
simulations.
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1. Introduction

The Fourier transform is a powerful mathematical tool widely recognized for its applications in
physics and signal processing [1]. In recent years, researchers have made significant advancements
in extending the classical Fourier transform to the fractional Fourier transform (FrFT), linear
canonical transform (LCT), and quadratic-phase Fourier transform (QPFT). The quadratic-phase
Fourier transform, introduced by Saitoh et al. [2] in the field of mathematical signal processing,
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has gained significant attention in recent years as it incorporates reproducing the kernels in the
form of a quadratic function within the exponent of the integral transform, allowing more accurate
representation and analysis of signals with quadratic-phase components. As such, it has opened
up new possibilities for signal processing techniques and has found applications in various fields
such as quantum mechanics, harmonic analysis, optics, radar, sonar, communications, and image
processing [3—6]. The QPFT can also be used to analyze signals that change their frequency content
over time, which cannot be fully analyzed by the traditional Fourier transform. In addition, Castro
et al. [7] further extended the QPFT to a more general quadratic function in the exponent, which
provides a greater control over the transform and its outcomes. This broadens the applicability of the
QPFT and enables researchers to tackle complex problems more effectively.
For any finite energy signal f € L*(R), the quadratic-phase Fourier transform is defined by

Qalflw) = f () expi{—i(at* + btw + cw? + dt + ew)}dt, (1.1)
R

where A = (a, b, ¢, d, e) with real parameters.
On the other hand, the Hilbert transform (HT) is a linear operator which connects the real and
imaginary parts of an analytical signal f via

HIf1@) = 1f@dx, (1.2)

T Rt—x

that contains only non-negative frequencies of real signals and for this property, the Hilbert transform
is being widely used in frequency amplitude modulation and demodulation, edge detection, signal
extraction, and de-noising [8—10]. Recently Sarivastava et al. [11] intertwined the quadratic-phase
Fourier transform and the classical Hilbert transform into a new integral transform, called the quadratic-
phase Hilbert transform, in order to make it more robust and able to handle a wider range of signals.
More precisely, the quadratic-phase Hilbert transform of any signal f € L*(R) is defined by

_ l i(ar?+dt—ax*—dx) J(x)
HA[f1(0) = ﬂjl;e {—b(t_x)}dx (1.3)

with A = (a,b,c,d,e) and b > 0. It is pertinent to mention that (1.3) reduces to the classical
Hilbert transform when A = (0, 1,0,0,0) whereas it boils down to the fractional Hilbert transform
when A = (—cota/2,csca/2,—cota/2,0,0), @ # n. Further, for A = (—a/2b,1/b,—c/2b,0,0),
(1.3) reduces to the linear canonical Hilbert transform. This novel integral transform has the ability
to extract more information and provide a more comprehensive representation of any signal in the
complex plane. The quadratic-phase Hilbert transform overcomes the limitations of the classical
Hilbert transform by providing a more general formulation that allows for the analysis of a wider
class of signals. This new transform can also be used to analyze signals with a non-constant frequency,
which is not possible with the classical Hilbert transform. The generalization of integral transforms to
the quaternion setting is of importance for the study of higher dimensions, such as with the quaternion
Fourier transform (QFT) [12, 13], the fractional quaternion Fourier transform (Fr-QFT) [14, 15], and
the quaternion linear canonical transform (Q-LCT) [16, 17]. In the recent past, quaternion algebra has
gained a respectable status in the signal processing community with its applications in color image
processing, image filtering, watermarking, edge detection, and pattern recognition [18]. Significant
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advancements in quaternion signal processing have been reported on video and image analysis, offering
efficient handling of multidimensional data like color and temporal dynamics. For instance, Zhang
et al. [19] proposed a transformer-based model for video saliency prediction that enhances a single
feature baseline via saliency context enhancement and incorporates temporal recurrence for long-
range dependency capture, achieving superior performance on benchmark datasets. Building on
such temporal mechanisms, quaternion neural networks have been adapted for image recognition
tasks; Abdulgader et al. [20] demonstrated improved accuracy in color-integrated feature extraction
using quaternion representations to preserve inter-channel correlations. Furthermore, Singh et al. [21]
reviewed quaternion deep architectures, underscoring their efficacy in hypercomplex signal recovery
and applications such as phase retrieval and tensor completion in visual domains. These developments
highlight the growing relevance of quaternion-based tools in contemporary signal processing, further
motivating extensions like the Q-QPHT for enhanced analytic signal generation in multidimensional
contexts. Nevertheless, several recent studies have further advanced quaternion-based signal analysis
by extending many prominent transforms to the quaternion domains. Ell and Sangwine established the
theoretical foundation of the quaternion Fourier transform (QFT) [22], emphasizing its role in capturing
multidimensional correlations among quaternionic signal components. Pei and Ding developed the fast
complexified quaternion Fourier transform (CQFT) [23] to efficiently handle multidimensional color
and vector-valued signals, offering computational advantages in quaternion spectral analysis. Chan et
al. introduced the quaternion wavelet transform (QWT) [24] to enable multiresolution analysis in the
quaternion domain, providing efficient representation for color image features and phase correlation.
More recently, Chen et al. proposed the fractional quaternion cosine transform (FQCT) [25], which
extends the quaternion cosine transform with a fractional parameter, offering tunable control over phase
and frequency localization for color image processing tasks such as forgery detection. Motivated and
inspired by these notable contributions, we aim to harness the merits of the quadratic-phase Hilbert
transform for quaternion-valued signals. To the best of our knowledge, the extension of the QPHT to
the quaternion domains, along with the study of its properties and important derivations for analytical
signals, has not been reported yet. Interestingly, such an extension would allow the joint control of
quadratic-phase modulation and analytic signal generation in the quaternion framework. Here, it is
imperative to mention that our intent to formulate the quaternion quadratic-phase Hilbert transform
(Q-QPHT) is firmly grounded in the facts that existing transforms such as CQFT, QWT, QFT, and
FQCT primarily address frequency and spatial localization but lack the integration of a quadratic-
phase kernel with the Hilbert analytic structure. Consequently, they cannot efficiently describe
instantaneous frequency evolution or phase distortion in higher-dimensional quaternionic signals. The
proposed quadratic phase Hilbert transform in the quaternion domain (Q-QPHT) bridges this gap by
combining the analytic capabilities of the Hilbert transform with the quadratic-phase modulation of the
QPFT. It preserves quaternionic non-commutativity, satisfies a Parseval-type identity ensuring energy
conservation, and provides a generalized analytic framework capable of handling color, vector, and
multidimensional signals with varying phase characteristics. This integration establishes the Q-QPHT
as a natural extension of both the QPFT and classical Hilbert transform into the quaternion realm,
offering a unified and powerful tool for advanced signal analysis. The key contributions of this article
are outlined below:

e To introduce a novel quadratic-phase Hilbert transform in the realm of quaternion domains and
also examine its fundamental properties as an integral transform.

AIMS Mathematics Volume 11, Issue 9, 30333-30354.



30336

e To derive several important results concerning the analysis of quaternion-valued signals via the
quaternion quadratic-phase Hilbert transform.

e To validate the obtained theoretical results with well-constructed examples and numerical
simulations.

The rest of the article is organized as follows: Section 2 lays the foundation with essential
preliminaries that set the stage for our study. In Section 3, we introduce the novel quadratic-phase
Hilbert transform in the realm of quaternion domains. Section 4 is devoted to the study of various
important results pertaining to the novel integral transform. Finally, our expedition concludes with an
enlightening epilogue in Section 5.

2. Preliminaries

In this section, our aim is to present an overview of the quaternion algebra and the quaternion
quadratic-phase Hilbert transform, which serves as a cornerstone for the development of the subsequent
sections.

2.1. Quaternion algebra

The theory of quaternions was initiated by the Irish mathematician Sir W. R. Hamilton in 1843 and
is denoted by H in his honor. “Quaternion” means a set of 4, in which one is a real component and the
other three are distinct imaginary components. The quaternion algebra H over R is given by [26]

H = {h=hy+ih + jhy+khs : ho,hi,hy,hs € R}, 2.1

where i, j, k denote both imaginary basis units of H and the basis for R* satisfying

P=P=k=ijk=-landij=k =—ji, jk=i=—kj, ki = j = —ik.
The elements i, j, k pairwise anti-commute. For a quaternion f = hyg +ihy + jhy, + khy € H, hy is
the scalar part of f denoted by Sc[f] and ihy + jhy + kh3 is called the vector (pure) part of f. Let
fi=ho+ih + jhy +khs and f, = po + i p1 + j p2 + k p3 be two quaternions and then the addition
f1 + f> is defined componentwise and the multiplication is defined as

fifo =(hopo — hip1 — haps — h3p3) +i(hopi + hipo + hap3 — h3p»)
+ j(hopy — hip3s + hapo + h3py) + k (hops + hyps — hopi + h3po). (2.2)

The conjugate and norm of a quaternion f = hy+ihy + jh, + k h; are given by ? =hy—ih —jhy—khs
and ||f]ly = \/ho2 + 2+ hy? + ks, respectively. We also note that an arbitrary quaternion 4 can be
represented via two complex entities as f = (hg +ihy) + j(hy —ih3) = fi + j f>, where fi, f> € C, and
hence, f = f; — j f», with f; denoting the complex conjugate of f;. Moreover, the inner product of any
two quaternions f = fi + jf; and g = g; + j g» in H is defined by

(f, &)u = (181 + f282) + J(181 — f182). (2.3)

By virtue of the complex domain representation, a quaternion-valued function f : R> — H can be
decomposed as f = fi + j f>, where fi, f> are both complex-valued functions.
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Let us denote by L?>(R?, H), the space of all quaternion-valued functions f satisfying

1/2
171, = AP+ 1AX)P)dx; < co. 2.4)
2 R2

The norm on L?*(R? H) is obtained from the inner product of the quaternion-valued functions f =
fi+jfrandg =g+ jgr as

(f. 8 = fR (A7 + B 200) + J(A® T - Fix) £200)  dx

An easy computation shows that L*(R?, H) equipped with the above-defined inner product is a Hilbert
space.

Definition 2.1. For any quaternion-valued function f € L'(R?,H) N L>(R?,H), the right-sided
quaternion Fourier transform (QFT) is denoted by Fr and is defined by

1 ) .
Fil 10 = - f £ e eI gy, 2.5)
RZ

where t = (t1,1,), W = (W1, w») and the quaternion exponentials e™™', and e/ are the quaternion
Fourier kernels.

The left-sided quaternion Fourier transform (QFT) is denoted by ¥, and is defined by

1 : ,
?L[f](w) — Zr f e—lthl e‘JtzWZf(t) dt’ (26)

R2

whereas the two-sided quaternion Fourier transform (QFT) is defined as follows:
1 . .
FLfIw)=— f e "™ f(t) e7 TP dt. 2.7
271' R2

For any quaternion-valued signal f € L>(R?, H), the inversion formula corresponding to (2.7) is given
by

1 . _
f(t) = —f e Ff1(w) e dw. (2.8)
27T RZ
Lemma 2.1. (QFT Parseval) The quaternion product of f,g € L'(R*,H) N L*(R?, H) and its QFT are
related by
(f, g>L2(R2,]H[) = <7_~[f],7:[g]>L2(R2,H)- (2.9)
In particular, if f = g, we get the quaternion version of the Plancherel formula; that is,
||f||iz(R2,H) = ||7:[f]||i2(R2,H) (210)

Lemma 2.2. If1 < p <2 and letting 11—7 + }1 =1, for all f € LP(R*,H), then it holds that
11
IF1lg < )71l (2.11)
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Next, we provide the formal definition of the two-sided quaternion quadratic-phase Fourier
transform.

Definition 2.2. The two-sided Q-QPFT of any f € L'(R?, H) N L*(R?, H) is defined by
Orrlf1(W) = fz Aj(t1, w) F(8) A(ta, wo) dt, (2.12)
R

where w = (W, w») € R? and t = (11, 1,) € R% The parameter sets are given by
AL = (Cll,b],Cl,dl,el), AR = (Clz, bZ, Co, d27 62),

where all parameters belong to R and by, b, # 0. AiL(tl, wy) and A{e(l‘g, w,) are the quaternion-valued
kernels given by

bii
2

AJ (tz W2) — bz-] e—j(azl‘%+b2t2W2+CzW%+d2[2+€2W2)
R\" 2> V 2 :
T

Toward the end of this section, we recall the definition of the quadratic-phase Hilbert transform.

e—i(alt%+b1t1w1+c1w%+d1t1+elw1)
s

AiL(fl, wi) =

and

Definition 2.3. For a given set of real parameters A = (a, b, c,d,e) with b > 0, the quadratic-phase
Hilbert transform of any signal f € L*(R) is defined by

fx)

1 o2 2
7_{ — i(at*+dt—ax*—dx)

(2.13)
with A = (a,b,c,d,e) and b > 0. It is pertinent to mention that (2.13) reduces to the classical Hilbert
transform when A = (0,1,0,0,0), whereas it boils down to the fractional Hilbert transform when
A = (—cota/2,csca/2,—cota/2,0,0), a # n. Further, for A = (—a/2b,1/b,—c/2b,0,0), (1.3)
reduces to the linear canonical Hilbert transform.

3. Quadratic-phase Hilbert transform in quaternion domains

In this section, our focus lies on the exploration of the two-sided Q-QPHT. Initially, we revisit
the definition of the Q-QPHT and provide a lucid example to illustrate this proposed transformation.
Subsequently, we demonstrate how the Q-QPHT can be simplified to the two-sided QFT. We conclude
this section by outlining the essential properties of the proposed transform.

Definition 3.1. The right-sided, left-sided, and two-sided quaternionic quadratic-phase Hilbert
transforms of any f € L'(R?, H) N L*(R?, H) are defined, respectively, as

HUFN0) = [ Ay L e A ) i di, G.1)
HfO 1) = [ A0 A ) L iy, (32)
Hyalf)1,12) = fR bl ) o S fc’l‘;(’t’fi 5 Ak o) dxi o (3.3)
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Here, the parameter sets are
AL = (ala b17 C1, dla el)’ AR = (aZ’ b2’ 2, d2’ 62)7 blv b2 * 0’
and the Q-QPHT kernels are given by

Ai(xl ’ t]) _ 1 ei(a]l‘f+d1 1A —alx%—d|x|)’ A{q(‘xz, tz) — 1 ej(azl%+d2t2—a2x§—d2)62).
by b,

We now present a few examples that explicitly illustrate the concept of the proposed transform.

Example 3.1. Consider a 2D-Gaussian function f(x) = (t — X) e~kietkan) yyith ki,k, > 0. Then, an
application of (3.3) yields

HerlfCer, x2)1(t1, 1)
i(ar3+dyt) —i(ar x3+dy x1) ] —jazX3+dyx2)
LTI [T et x Lo T
s 2 bi(t) — xy) n by(t; — x3)
. 2 . 2 . 2
el(d] ri+dit) e—l(al xXj+dix1) ) 1 ., e—](a2x2+d2xz) 5
= X (t,—x1) e *1 D dx; x — e’(“zt tho) [ X(ty—xp) e *%dx,
7 r bi(ty — x1) r ba(t2 — x2)

ei(alt%+d111) o, ) ej(a212+d212) o, 5
— e—l(01x1+d1x1) e_(k‘xl)dx e j(azx2+d2x2)e—(k2x2)dx2
by R R
) 2
eilairy+diy) o, 5 ej(azt +da12) o, )
— e—lalxl—ldlxl—klxl dx1 e—]azxz—dzxzj—kzxg de
b, R R
o
ellar+din) s 5 ej(azt +dr12) o, o
— - e—(zalxl+td1x1+k1x1) dX1 e—(jazx2+d2xzj+k2x2) dXZ
oy R

fR
ei(a1t%+d1[1) (a2t2+d212)
- {f e—(k1+ia.)x$+(id1)x1 dxl}{ fe—(kz+a2j)x§+(d2j)x2 dxz}.

Using the standard Gaussian integral, we obtain

1 . T -4 1 . T -4
Herflxr, 211, 1) = —ef@fi+din) — el || — ey rdn) ———e'Rra |,
b, ki +ia; b, k, + Jjar

The quaternion expression has been simplified and plotted over the range —1 to 1 for #; and #,. The
plots represent different components shown in Figure 1 and the magnitude shown in Figure 2 of the
quaternion over [—1, 1].
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Real Part i Component

j Component k Component

0.15
0.10
0.05
0.00
-0.05

-0.10

-0.15

Figure 1. Different components of the quaternion over [—1, 1].

Magnitude Component

0.190
0.185
0.180
0175
0170
0.165

0.160

Figure 2. Magnitude of the quaternion over [-1, 1].

Example 3.2. Consider an exponential function f(x) = e %12 with s = (sy, 52), 51, 52 > 0. Then by
definition of Q-QHPFT (3.3), we have

Herflx1, x21(t1, 1)
i(a12+dity) —i(ay X2 +d; x1) Jaxt3+datr) o= jarxs+drxr)
:e ! f ¢ ! ~(s1xi+sax) | €7 € ’ dx,dx;
n r b1t — x1) T o)
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ei(alt%"'dltl) e—i(ale+d1x1) ) ej(azl‘§+d2t2) e—j(azx§+d2xz) )
= T e " ldxdx;.
R

n 2 bi(ty — x1) n by(t: — x3)
For parameters s, = d| and s, = d,, we obtain
1 (@ edin) e—i(alx%+2d1x1) 1 (@t e—j(azx%+2d2x2)
Hyrflx1,x2](t1,1) = —€" i lf—d)ﬁx_ej ah* “f—dx2=11><12, (3.4)
nb; r bi(t — x1) 7b, r Da(tr — x2)
1 . e—i(ale+2d1 x1) 1 . e—j(a2x§+2d2m)
where I} = — el@fi+din) f - dxjand I, = — el@n+dn) fR —dx,.
nb; r bi(ti — x1) nb by(t — x3)

An application of Jordan’s lemma and the Cauchy residue theorem yields

g~ ia1xi+2dix) o
I = lim (x; — 1)) | ————— | 2in = —2im e~ @hi+2dn), (3.5)
x-n (t — x1)
and
e—j(a2x§+2d2x2) . )
L= f—dxg = —2 jm e /@t (3.6)
r (= x)

Substituting (3.5) and (3.6) in (3.4), we obtain
(a1 +d\11) fe-din+jn)k
b, bbb,
The quaternion expression e~"1*/2)k has been simplified and plotted over the range O to 1 for ¢, and

t,. The plots represent different components shown in Figure 3 and the magnitude shown in Figure 4
of the quaternion over [0, 1].

ej(azt%+d2tz)

.- 2 . 2
Herflxix](t0n)= (— 2ime™" " +2dtl))>< (_ 2jme J(a2t2+2dt2)):

7Tb2

i Component
Real Part

1.0
k Component
j Component

Figure 3. Different components of the quaternion over [0, 1].
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Magnitude of the Quaternion

1.0

0.8

0.6

Magnitude

0.4

0.2

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4. Magnitude of the quaternion over [0, 1].

e Real Part: This plot shows the real component of the quaternion over the #,-t, space.

e i Component: This plot illustrates the component along the quaternion unit i.

e j Component: This plot visualizes the component along the quaternion unit j.

e k Component: This plot demonstrates the component along the quaternion unit k.

e Magnitude: Finally, the magnitude of the quaternion is depicted, showing how it varies across the
specified range of #; and #,.

Each of these components contributes to the overall quaternion value in the defined range.
The following theorem demonstrates that the quaternion-valued quadratic phase Hilbert transform
shares an elegant bond with the traditional quaternion Fourier transform.

Theorem 3.1. The quaternion quadratic-phase Hilbert transform of any quaternion-valued signal f €
L*(R?, H) can be reduced to the quaternion Fourier transform.

Herlf1(t1, 1) = F [Gp(x1, x2)], 3.7
where
, _~ f(x1,x2) —ja j(al+d
G (.X X ) — [2 ez(alt%ﬂim)e talx% e N e](a2t2+ htr) .
[ S | b1by(ty — x1)(t2 — x2)

Proof. We have

Herlf1(t1, 1)
el'(alt%-f-dlt]) f(x X )
R f o i@ xi+dix) { A2 } o J@xy+drxs) dx,dx, pll@t+dan)
n R? biby(t) — x1)(t2 — x2)
(a2 +d 1))
i f eidin {e"'“‘x% fr, %) e—jazX§} eIt gy dy, el rdan)
T R2 biby(ty — x1)(t2 — x2)
:2_7T ei(a1tf+dlt1) F {e—iale S(x1,x2) e_j“”%} ej(azl§+d2t2)
n biby(t) — x1)(t2 — x2)
=F [2 ei(a1t%+d1tl) e—ialx% f(xl, Xz) e—jagx% ej(azz§+d2t2)]
biby(t) — x1)(t2 — x2)

=F [G(x1, 0],
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where

(G (s, )] = [2 ezt griast__ SCLR) s ey | (3.8)
biby(t) — x1)(t2 — x2)

O

In the following theorem, we obtain Parseval’s identity associated with the quaternionic quadratic-
phase Hilbert transform.

Theorem 3.2 (Parseval’s identity). Let f,g € L*(R?,H) be any two quaternion-valued signals. Then,
Parseval’s formula for the quadratic-phase Hilbert transform in the quaternion domain is given by

<7_{L,R[f]’ g>L2(R2,H) = <f’ 7'{L,R[g]>L2(R2,JHI) . (3.9)

Proof. By virtue of the definition of quaternion quadratic-phase Hilbert transform (3.3), we have

(Hrrlf]. &) L2(R2,H)
= f HLrLf1(t1, 12)g(t1, tr)dtdty
R2

:f ( ! f ei("l’]z*d'“‘“lx%—d”‘l){ fx1, %) }ej(“2t§+d2’2—a2x§‘d2x2) dx1dX2) X mdtldfz

2b, b, (t1 — x)(t2 — x2)

:f{ 1 f e—i(alt%+d]t|—a1x1 —dx1) (f(xl XQ))E ](a2[2+d212—a2x%—d2x2)} dxldXQX g(tl,t2) dtldtz.

ﬂ'zb]bz R2 (tl_xl)(IZ_XZ)

We now formulate Parseval’s identity for the two-sided quaternion quadratic-phase Hilbert transform
by applying the cyclic multiplication symmetry, which resists the formula to scalar part only.

<7{L,R 1. 8) @ m

f [f(X], xz) g(tl s t2) e—j(a2t§+d2t2—a2x%—d2x2) X e—i(ﬂ1t%+d1t1—a1x%—d1x1) :| dXIdxzdtldtz
R (1 — x1)(t2 — x2) 0

ﬂzb b2

[ i@ Rd a2 (t1,12) ot tr—ar 2
f f(xl’x2)e ilarty+dih—a x;—dyx1) g ety +drt—arxy—drx)) dx,dx,dt,dt,
R4

b, (f1 = x))(t2 — x2) 0

[ 2 o 1,1 1 g2
f(xl , x2) f ez(alxl +djx; art dity) g( ) e](a2x2+d2x2 aly d2t2)dl] dtz :| dxl dx2
R2

nzb 1b> Lz ] (t = x1)(t2 — x2) 0
/

[ . t,t .
f(xl,xz)f gilaxirdixi—ai~din) 8. 12) ef(“”%+d2x2‘“2f§‘d2’2)dt1dtz] dxdx;
(1 = 1)(x2 — 1) 0

7T2b b2

2

f fx, xz)WLR[g](Xl , Xz)] dx,dx,.
R2

Consequently, we obtain
<(HL,R[f ],8>L2(R2,H) = <f ,?{L,R[g]>L2(R2’H)-
This completes the proof of the theorem. O
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In continuation, we shall derive the following important inequality pertaining to the proposed
transform.

Theorem 3.3 (Hausdorff-Young inequality). For any f € L(R*,H), 1 < p < 2 with 5 + ¢ = 1, the
following inequality holds:

1_1 2 ~
[Heatsian o, < @0ir x ==, (3.10)
where f(xl,xz) o e _f)(cf)‘(f_)xz)
Proof. From Lemma 2.2, we have
IF LA, < @m)awlIfl,. 3.11)
Replacing f by [Gf(xl, )],
IF G (x1, x)]ll, < 2r)a PG (et 31l (3.12)

Now, using the definition of the quaternion quadratic-phase Hilbert transform, we have

Hﬂmuwbmm

1_1 (a2 —iar 2 f(x1,x2) —jarx? (a2 +d
S(Zﬂ')q » zet(altl+d1t1)e za1x1{ }e Jjaxx; ej(a2t2+ 1)
biby(t) — x1)(t2 — x2) P
1
1_1 ) iy S(x1,x2) —ja?  jal+dn)|P ’
:(271')‘1 » {f 2et(a1tl+d1t1)e 1a1x1( )e Jaxx; ej(a2t2+ 22 dxrdx
R biby(t — x1)(tr — x5) o
1
11 2 fx,x) e ?
=(2m)a" ( f dx dx)
| D1y | W<n<mm—mﬂ o
11 2 ~ p z
=@ni 7 | ||| dadx
102 R
1_1 2 ~
=(27T)‘f_"( A1l )
| b1by | Sy
where f(x;, x,) = L&) m]

(t1=x1)(2—x2)

Next, we present theorems that outline key features of the quaternion quadratic-phase Hilbert
transform.

Theorem 3.4. Let Hy [ f] and H; rlg] be the quaternion quadratic-phase Hilbert transforms of any
square integrable functions f and g, respectively. Then,

(1) Linearity: For a,B € C, we have
Herla f+ Bl 1) =a Hirlf1(t, 22) + BHLrIgI(H, 1), @, B € C.
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(ii) Shifting: For k € R?, we have
7{L’R fIx = Kl(t;,12) = e—i(a.k$+d.k]) WL,R[ f] o j(a2k§+d2k2)’ k € R2
(iii) Modulation: For wy = (ug, vo), we have
Hrr[M,, f1(t1,12) :ei(e](wﬁe%‘)) Herlf] €j(ez<w2+€§722»-
Proof. (i) To study the linearity property, we proceed as

Hrrle f+Bglt, 1)

ei(a]zfm.zl) e—i(alem.x.) e J(@rB+datr) e Jarx3+dyxy)
T x LZ ( bi(ty — x1) lat) +,B(g)]]( n by(ty — x2) )dXIdxz
gilati+din) g~ilaixi+dixy) pl@i+dan) o=jarxs+drxs)

n LZ bi(t; — x1) AP Uy by(ty — x2)

1. gilaixi+dixy) el@i+dat) o= jlarxs+drx)
b fR it — a0 Ol Gy e
=a Hyr[f1(t1, 12) + BHLr[E)(t1, 12).

dxlde

(i1) Invoking the definition of the quaternion quadratic-phase Hilbert transform, we have

eilarti+diny) e—i@xi+dix) el@t+dn) o= jlarxy+drxs)
Herflx =K1, 1) = f fx-K) dx,dx,.
’ n r2 D1ty — x1) m bty - x)

Choosing x — k =y, we have

HrrfIx - K](t)
ei(all%+d1f1) e—i[al(Y1+k1)2+d1(yl+k1)] ej(azt§+d2l2) e—j[tlz()’2+k2)2+d2(yz+k2)]
\[Rz

R dyid
= Or k] O T T T T v k]

ei(alf%+dltl) e_i[“ly%‘*'alk%'*'zal)’lkl+d1y1+d1kl] ej(a2t§+d2t2) e—j[azyg+a2k§+202y2k2+d2)’2+d2k2]

= , dy,d
P fR bl —n vkl O T balts— (o + k)] 2

ei(alt%"'dltl) e—i[aly%+201y1k1 tdiyll ej(azt§+d2f2) e—j[azy§+202y2k2+dzkz] o,
— f €_l(alkl +d1kl?f(.y1 y2) X f e—](azk2+d2k2)(iyldy2
n reb1[(t1 — k1) — y1] r2 b2[(t2 — k2) — 2]
—ilayy}+2a1y ki +diy1] ej(azl§+d2t2) e—j[uzyg+2“2y2k2+d2)’z]
—e f(y1,y2) X
RN bil(t1—k1) — y1] by [(t2 — k2) — y2]

—ila)y3+Qarki +d1)yi ] j@B3+dat) ,— jlazy3+Qazka+da)ys ]
:e—i(alkf+d1klj[1 i(altfmltl)e ! el e 2

T

—p i@k +dik) 1 i@ +dim€

)
o J(ak; +d2k2)dy1dy2

(V1,y2) X e algrdk)yy, g
ot il — k) =1 2 T bal(ta— ko) — ko] T

Y g2
—e l(alkl+dlkl)7—{L,R[f]e J(azk2+d2k2)’

where (d, + 2a1k1)y1 = dll.
(ii1) Using the definition of (3.3), we obtain

Hir[My f1(t1,12)
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ei(all‘fﬂhtl) e*i(aleﬂilxl) ) : 1 .., e*j(azxgﬁLdzxz)
— f N0 £(xy, xp) e || = pllaaty +danr) dx,dx,
n bi(t) — x1) n by(ty — x3)

1 i(aridi 1) 1 [ elflativan)
:_f g_l(alx +d | xHewi—eiwy), lxluof(xl x2)elx2V0X f e—.l(“2X2+d2x2+€2W2—€2Wz)dx1dXZ
rtJreby (1 —x1) by(t,—x3)

i(ay t>+dt " Byt v

:lf i) —i(a1x%+d|x|+e1(m—ﬁ))ei(el(m elbl))f(xl x )ez(ez( 2+e2b2)) 1 g/l2trr) j(a2x§+dzxz+e2(wz—£))dxldx2
rJreby (1 —x1) by (ty—x,)
lej(llzl +dat7)

1 ei(alt%"'dltl) _
—o i(eq (wiH—2 1h1) z(alx +d x1+e (wi— bl ))Xf('xl xZ)_—e
wobi(t—x1) T by (- xp)

_iem +ej‘—21>> Hy [ F] e

—j(ay i xrter (Wz—b2 ), iex(wro ))dxl dx,

This completes the proof of the theorem. O
4. Some important theorems associated with the QPHT in the quaternion domain

In this section, our aim is to present some fundamental results which are crucial for analyzing the
analytic part of signals in the field of engineering sciences.

Theorem 4.1. Let H [ f] be the Q-QPHT of any quaternion signal f € L? (R%,H) and Q;.r be the
quaternion quadratic-phase with kernals given by Al (t,,w,) and AR(tz,wz) respectively. Then, we
have

QL r[HorL11w1. wa) = i sgn(bywy) Qur[f (w1, wa) j sgn(bywy). (4.1)
Proof. By virtue of definition (3.3), we have
QL r[Her[f1](w1, w2)
= fR AL w) [HLRLA 1@, 1) Ag(n, wo) dnidy

/bli ) 2 bz] T 2
— f 2_€ l(a]ll+b1[1W1+61Wl+d1[1 +e1wy) X [WL,R[f]](tl, t2) 2 e .](aztz+b2[2W1+62W2+d212+(32W2) dtldtz
R2 T /s
— , Ee—i(alt%+hltlwl+01W%+d1t1 +e1wy) X 1 ei(alt%w’ltl —alx%—dlxl)
R2 2 ﬂ'zblbz R2

f(xb -x2) ej(a2[§+dztz—azx%—d]X])dxldxz X b2] e—j(azt%+b2[2W2+CzW%+d2t2+ezW2)dt1dl,z
(t1 = x1)(t2 — x2) 2n

— 1 ffe—i(blt1W1+C1W%+€1W1+a1x%+d1xl—Z)X f(xl’ xZ) e—j(bthW2+C2W5+62W2+02x%+dzxz—%)(1xldxzdtldtz
2713\/19 byrJr> (t1—x1)(12—x2)

—z(bmm) — > .
f f ]e—z(c'1w|+61W|+a1x1+d1X1—1)
27r \/b by h—x

I ) o1 e~ J(ba2w2)
X f(xl, xZ) e‘J(62W2+82W2+a2X2+d2x2_Z) [_ f dtz] dxldxz
T Jr h— X

—iblxlwl] e—i(clw%+elwl+a1x%+d1x1—§)

—ibysgn(bywy)e

1
_27T Vb b, \fRZZ [
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. 2 2 _n . s
% f(xl’xz)efj(czwfrezwz+a2x2+d2x2 ) [_ ]bzsgl’l(b2W2)€ ]bzxzwz] dxldX2

b l . 2 2
:isgn(b1W1)f \,—le_l(“1x1+b1xlwl+"1W1+d1x1+elwl)
R2 27T

’bz 2 2 .
X f(xla Xz) 2-;6 J(az)cz+bz)czwz+c2wz+dzxz+ezwz)dxldx2 ]Sgl’l(szz).

Equivalently,

Orr[HLr[f1l(w1, w2) = isgn(biw1) QrrLf1(wi, w2) jsgn(bawy).
This completes the proof of the theorem. O

Theorem 4.2. If H; [ f] is the quaternionic quadratic-phase Hilbert transform and b—\lﬁAi(xl ,wi) and

\F’ Al »(X2, w2) are the kernels of the inverse of the Q-QPFT, then the following equality holds:

bb
HLR[ 2A

- | N S ———
e IL(Xl,Wl)Afg(Xz,Wz)](tl,tz)=EA'L(1‘1,W1)(ZSgn(blwl)eb‘” ‘)(]sgn(bzwz)eszt2 2)AI{e(tz,wz).
4.2)

Proof. By virtue of definition (3.3), we have

biby——————
Hyr [2—2 A (x1, wr) Aé(xz, Wz)] (t1,12)
1 L biby————— 1
— (a1 +d\t—a1 x3—dy x1) 2Az A/ X i@ ta+datr—arx3— dez)d d
w2bb, f;;ze 21 (WA (e, 2) (ty — x1)(ty — x2) Hen

_ 1 ei(altf+d.t1—a.xf—d1x1) /ﬁei(ale+b|X1W1+C|Wf+d|X1+c'1W|—%) 1
273 R2 2r (t_x1)(t, — x7)

X '5 ej(a2x2+b2x2w2+czwz+d2x2+czw2 ej(azl +datr— azxz —dyx2) dx dx2
T

— Vblbz ei(all‘%+d1l] +01W%+61W1—%) l eib]X]Wl dxl X l eijXZWZ dxz _ ej(azt%+d2[2+()2W%+CzW2—%)
dr T Jr Hh—-—x1 nwJr HL— X

1

i(a 1> 2 -z , bl . 1 . i b2 i(art? 2 _r
— 2 3l(alt1 +dity teypwiterw 4) 2 (_l Sgn(blwl)elblllwl )X(—] Sgn(b2W2) ejbzlzwz) 2 ?‘/(a2[2+d212+62W2+€2W2 4)
T T T

1 — b\ [ b N
=Ny w) (i sgn(brwne™ ™) (jsgn(bawa)e™"™) Ay(ez, wa).

This completes the proof. O

Theorem 4.3. H, z[f] represents the quaternion quadratic-phase Hilbert transform f € L*(R?, H).

If %Ai(xl,wl) by A’ (x1,&) and b2 A’ 2(x2, W2), b2 AJ 2(x2,&) are kernels of the inverse of the Q-
OPFT such that

(b1b2)2
(2n)?

Py g6 (X1, X2) = Al (x,wy) AL (xp, &) e S rding =@ rd) AJ 2(x2,62) AR(Xz, wy),
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then, we have

4% .
Hir[Priiwaes (X1, X2)1(t1, 1) = b sgn(biwy + b1&1) Py g e, (11, 1) j Sg(bawy + br6)). (4.3)
1b>

Proof. Using the definition of the Q-QPHT, we have
Hi [Py e, (X1, X2)1(t1, 1)

— 1 f ei(alt%+d1t1—a1x%—d1x1) X 1
m?biby Jre (f1 = x1)(t2 — x2)

L o
X Pwlflwzgz(xl’x2)ej(azt2+dztz arx; dzxz)dxldXZ

! (a1 +dit1—a1 53— (b1by)*— ,
= i(art;+d1ty—ay x;—d x1) % A A
n*b1by Lze (27)? (e, wi) A (x, €1)

—i 2 1 . 2 : p
Xt x et N ) M)
1 = A2 — A2

X ej(tlzt§+d212—azx§—d2x2)dxldXZ
2
:(ble) ei[a1t%+d111+clw%+elw1—7r/2+01§f+e1§1] X l eiblxl(Wl+~fl) dxl
1674 T Jr (t — x1)

% lf plbrx2(wa+é2) dx; pllaaty +datr+eawi+ewy—m/2+crE) +erfs ]
T Jr (f2 — x2)

2
— (ble) ei[alt%+dltl +CIW%+61W1—71'/2+(,’1§%+€1§1

167
X ( — isgn[byw; + blé;l]eibm(wwfl))( — jsgn[bow, + bzfz]@jbztz<w2+§2))

w ety +dt+erws +ewr—n/2+0E 408 (4.4)
Moreover we have

isgn[bywy + bi&1] - Py gwae, (t1, 1) - jsgn[bows + brés]
(b1b2)?
(2m)?

X Al(ta, &2) N(t2, w2) - jsgn[baws + brés]
:isgn[blwl + blgl] s_lei[alt%+b1t1W1+Clw%+d1t1+61W1—ﬂ'/4]
V JT

X ﬁei[alt%+b111.f]+C1§%+d1t1+81§1—71'/4] . e—i(a1t%+d1t1) . e—j(azt%+d2[2)
N 21

. . n ) 2 . 2
=isgn[byw; + bi&] - At wy) Aj(t1,€1) e Hatprding = jlaty )

by . by .

X _2ej[azt%+b2[2§2+C2§%+d2t2+ezfz—7r/4] _2ej[azt%+b2t2W2+C2W%+d212+62W2—7r/4] X ngn[b2W2 + bZé:Z]
2n 2m
2

(b1by)

= (27T)2 isgn[b1W1 + blfl] . ei[alt%+b1tl(wl+§1)+61W%+d111+elwl—ﬂ/4] . ei[clf%+e1{~'1—7r/4]

% e‘/[62§§+62€2—ﬂ/4l ) ejlllzt%+bzl2(W2+§2)+62W§+d2l2+ezwz—ﬂ/4l - jsgn[byws + bré]

4r*  (b1b,)? .
:_b b . 1167:4 ngl’l[blwl + bl‘fl]* (45)
102
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From (4.4) and (4.5), we obtain

2

iy ol .
HLRIPwgwoe, (X1, X2)](11, 1) = b sgn(bywy + bi&DPy g5 (11, 1) j sgn(byws + br&s).
1bs

This completes the proof of the theorem. O

5. Numerical simulations

This section aims to elucidate the relevance of the proposed quaternion quadratic-phase Hilbert
transform (Q-QPHT) within the wider domain of signal processing. Here, we shall take into
consideration two aspects: first, we analyze the efficacy of the Q-QPHT in color image processing
and also provide a comparative analysis with some of the existing tools of color image processing;
second, our goal is to validate the 2D left-right Hilbert operator using an isotropic Gaussian input.

5.1. Comparative analysis: superiority of the quaternion quadratic-phase Hilbert transform

This subsection is devoted to analyze the efficacy of our proposed quaternion quadratic-phase
Hilbert transform in color image processing. We demonstrate that the quaternion quadratic-phase
Hilbert transform (Q-QPHT) has significant advantages over existing quaternionic frameworks like
the quaternion fractional Hilbert transform (Q-FrHT), and the quaternion linear canonical Hilbert
transform (Q-LCHT). The superiority of the Q-QPHT in the undertaken numerical simulations can
be primarily attributed to the fact that the Q-QPHT is apt in modeling non-stationary signals exhibiting
quadratic phase modulations, a feature vital in color image processing and multidimensional signal
analysis, in general. Invoking the quaternion algebra, a color image is expressed as f(t),t,) =
filty, )i+ fo(t,1)j + f3(t1, 1)K, and its analytic form z = f + H[f] eliminates negative frequencies
while maintaining inter-channel coherence. Note that, the classical transforms like the Q-LCHT and
Q-FrHT are limited to linear or fractional phase modulations and fail to accurately represent quadratic
chirps. The Q-QPHT,

ﬂL,R[f](tl, t) = f ei(a1t%+d1t1—a1x%—d1x1) S(x1,x2) ej(azt§+d2t2—a2x§—dzxz) dx;dx, (5.1)
R2

n2bb, (t1 = x1)(t2 — x2)

introduces tunable quadratic and linear phase parameters (ay, dx, b;) that extend both the Q-FrHT and
Q-LCHT. This flexible kernel structure enhances the extraction of signal envelopes and phase accuracy,
particularly for quadratic-phase or chirp-like signals. To validate these advantages, the ASTRONAUT
color image (512x512) was quaternion-encoded as g(x, y) = R(x, y)i+G(x, y)j+ B(x, y)k and processed
using the Q-QPHT, Q-LCHT, and Q-FrHT. Edge maps were derived from the gradient of the analytic
signal magnitude |z|. Figure 5 shows that the Q-QPHT yields sharper and more coherent color edges,
especially along curved features (e.g., helmet contours), while the Q-LCHT introduces affine smearing
and the Q-FrHT over-smooths transitions.

Table 1 demonstrates that in comparison to the Q-LCHT and Q-FrHT, Q-QPHT produces greater
PSNR and SSIM values with lower inter-channel leakage, showing that its quadratic-phase modeling
offers superior analytic signal representation and negative-frequency suppression.
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Figure 5. Edge detection comparison on the ASTROUANT image: the Q-QPHT preserves
fine curved edges with minimal distortion.

Table 1. Quantitative edge detection performance on the ASTROUANT image.
Transform PSNR (dB) SSIM Edge Corr. () Chan. Corr. (r)

Q-QPHT  28.45 092 0.94 0.88
Q-LCHT 25.12 081 0.85 0.76
Q-FtHT  23.67 078 0.82 0.72

5.2. Validation of the quaternion quadratic-phase Hilbert transform

In this numerical study, we assess the efficacy of the quaternion quadratic-phase Hilbert transform
(Q-QPHT) by comparing its output profile to that of the classical quaternion Hilbert transform (QHT),
the quaternion fractional Hilbert transform (Q-FrHT), and the quaternion linear canonical Hilbert
transform (Q-LCHT). The superiority of the Q-QPHT is demonstrated through the behavior of the
transformed field and the distinct features revealed in its graphical representation as shown in Figure 6.
The distinguishing features of the Q-QPHT output are briefly described below:

(1) Enhanced Localization: The energy of the isotropic Gaussian input is redistributed by the Q-
QPHT into four distinct, symmetric, and strongly localized lobes. In contrast to this, the
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e Q-LCHT generates elongated directional edges,
e Q-FrHT produces smeared oscillatory patterns,
e QHT results in diffuse and non-localized responses.

The stable quadrupole structure exhibited by the Q-QPHT demonstrates its stronger spatial
localization ability relative to the other comparative transforms.

(2) Cleaner Analytic-Signal Behavior: The magnitude profiles demonstrate that there is no
evidence of negative-frequency leakage and that the Q-QPHT generates a clear center drop. It
maintains a clean, steady, and crisp positive-frequency structure. In contrast, other quaternion
Hilbert-type transforms often display either mixed-phase distortions, or unwanted negative-
frequency remnants. As a result, the quadratic phase of the Q-QPHT demonstrates superior
analytic-signal properties.

(3) Directional Sensitivity Through the Quadratic Phase: The Q-QPHT accurately responds
to second-order geometric variations. The anisotropy introduced by the parameters (a;,a;) =
(2.0,0.5) appears clearly in the output, and we can observe that the structure is compressed along
11, whereas it is elongated along #,. Such curvature-sensitive modulation is not achievable through
the Q-LCHT or the Q-FrHT. This demonstrates the superior directional flexibility provided by the
quadratic phase in the proposed transform.

(4) Energy Preservation with Structured Redistribution: Although the input Gaussian contains
a single isotropic peak, the Q-QPHT preserves its overall energy distribution while organizing it
into four balanced lobes. On the other hand, the comparative transforms tend to distort global
structure, or introduce oscillatory artifacts. Hence, we infer that the Q-QPHT maintains strong
symmetry and controlled spreading, thereby ensuring stable and interpretable output behavior.

(5) Improved Feature Extraction: The quadrupole pattern generated by the Q-QPHT acts as an
effective phase-sensitive edge-enhancement mechanism. It highlights curvature and directional
variations more distinctly than the competing tools like the Q-LCHT, Q-FrHT, or QHT, thereby
making the Q-QPHT particularly useful for two-dimensional quaternionic signal analysis.

(6) Parameter-Controlled Flexibility: It is imperative to highlight that the chirp parameters (a;, a,)
provide substantial tunability. Increasing a; results in a stronger compression along the #;-axis,
whereas decreasing a, leads to an expanded structure along #,. This parameter-driven behavior
is far more expressive than the linear or fractional phase modulations offered by the existing
transforms.

Based on the above-cited observations, we conclude that the Q-QPHT produces smoother, cleaner,
and more interpretable graphical results than the competing quaternion Hilbert-type transforms.
Its strong localization, distinct quadrupole structure, absence of negative-frequency artifacts, and
parameter-based flexibility confirm the Q-QPHT as a robust and superior operator for quaternionic
signal analysis. The observations remain consistent across parameter variations, indicating stability of
the proposed transform.
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Figure 6. Graphical validation of the Q-QPHT: (Top-left) Input surface. (Top-right)
Magnitude surface. (Bottom-left) Heatmap of the magnitude. (Bottom-right) Central cross-
sections.

6. Conclusions

In this study, we have accomplished three major objectives: first, we introduced the quaternionic
quadratic-phase Hilbert transform as a novel tool for analyzing quaternionic signals. Second, we have
established the fundamental properties of the Q-QPHT, including Parseval’s formula, linearity, shift,
and modulation, also we derived some crucial results for analyzing the analytic part of signals in
engineering sciences. Finally, to validate the obtained results, simulation results were proposed.The
results show that the methods presented in the paper are correct and effective. The obtained results are
of substantial importance and serve as a valuable heuristic reference for the mathematical and signal
processing communities. This study enhances the understanding and application of quaternionic signal
processing techniques, offering meaningful insights and improved analytical tools for complex-valued

signals.
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