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Abstract: This paper presented an analytical method called the WAS-Exp neural network method to
develop precise solutions of nonlinear evolution equations. The novelty of WAS-Exp lies in its unified
neural-network formulation, in which an exponential-function mechanism is embedded directly into
the solution construction rather than used as a separate ansatz. Consequently, distinct wave families can
be derived systematically from a single framework, reducing the dependence on separately designed
solution forms. In order to illustrate its efficacy, the technique was used on the pre-compressed one-
dimensional Granular crystal equation, which formed a paradigm for the modeling of nonlinear wave
propagation in dispersive media like the optical fibers and plasma channels. The application of the
WAS-Exp neural network technique produced an extensive family of high-precision solutions of the
analytic, unfolding nonlinear waves. Further, asymptotic analysis was employed on the solutions to
check the x-asymptotic and t-asymptotic behavior of the solutions. Physical properties and propagation
of these solutions were further illustrated by the use of two- and three-dimensional plots, which showed
the diversity and stability of their structure. The findings revealed that the suggested approach was an
efficient tool to study nonlinear systems with complex nature that could be used in the fields of physical
sciences, fluid dynamics, and optical communications technologies.

Keywords: the WAS-Exp neural network method; pre-compressed one-dimensional Granular crystal
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1. Introduction

Research and technological advancement to depict real-world processes are carried out using
nonlinear partial differential equations (NLPDEs). In this case the outputs of NLPDEs have grown
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in significance of study and analytical solutions [1]. A wide range of phenomena in biology, physics,
economics, engineering, and some other domains are explained by NLPDEs, which are an important
branch of mathematical models. NLPDEs show a complicated behavior when it comes to nonlinear
terms. The main outcomes of these occurrences are shock waves, pattern development, and turbulence.
NLPDE applications commonly include both numerical and theoretical elements. PDEs thoroughly
investigate the qualitative behaviors of solutions, which include stability, uniqueness, and existence.
The links among analytical and computational approaches are essential, as a researcher tries to explore
and explain the complex dynamics that are formed by NLPDEs. Different methods and tools are used
for the better understanding of the architecture of different physical phenomena [2]. Complicated wave
phenomena in fields like fluid dynamics, chemistry, physics, and biology are widely used and explained
by fractional counterparts and NLPDEs [3, 4].

An important and interesting topic of study for scientists is to hunt for the analytical solutions to
NLPDEs. Researchers use advanced mathematical approaches to attain precise numerical solutions.
These equations can be used to simulate a wide range of natural processes. Advancements in PDEs
have allowed researchers to get solutions. The study and resolution of PDEs is critical to many physical
processes. Many researchers have developed many mathematical tools and techniques to help them
solve complex PDEs analytically. Significantly, in recent years many experts have shown interest in
soliton theory. Solitons are thought to be suitable for fiber transmission systems because they function
as natural optical data bits, dispersing over long distances with polarization mode and sensitivity to
chromatic dispersion, and maintaining particle-like characteristics even in the face of turbulence [5,6].
An experiment conducted in 1980 validated Hasegawa and Tappert’s 1973 prediction of the presence
of solitons in nonlinear optical fibers. Since then, theoretical and experimental physicists have gained
interest in the subject due to its numerous potential applications. Optical solitons can be found
in optical wave bulk materials, guides, photonic crystal fibers such as photo-refractive and photo-
polymer materials, and other applications [7, 8]. Because of their extensive research in mathematical
physics and telecommunication engineering, scientists and academics are very interested in solitons.
Consequently, lone waves have been more crucial for resolving many kinds of nonlinear equations.
These solutions and applications make it easier to comprehend the stability of physical systems and
behavior [9]. Understanding physical events is made easier by the accessibility of precise solutions for
a wide range of physical systems. These fixes are crucial since they lay the groundwork for additional
research. To get an exact solution, a physical system’s behavior must be described as an ODE or PDE.
PDEs enable the simulation of complex industrial or natural events. Many scholars have developed a
vast range of techniques to successfully address these problems. In past year various techniques have
been widely acknowledged and are commonly used: the modified Sardar sub-equation technique [10],
the WAS-Exp neural network technique [11], the Lie classical technique [12], the truncated Painlevé
technique [13], the Unified technique [14], the Riccati equation mapping technique [15], the Adomian
decomposition technique [16], the WAS-neural network technique [17], the Darboux transformation
technique [18], the modified extended mapping method [19], the (G′

G )-expansion technique [20], the
F-expansion technique [21], and the Bilinear neural network method [22].

Many models have been employed to study the nonlinear systems, such as the Biswas-Arshed
equation [23], the Kairat-II-X equation [24], the Kadomtsev-Petviashvili equation [25], the Boussinesq
water wave equation [26], the Pochhammer–Chree equation [27], and many others. The pre-
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compressed one-dimensional granular crystal model [28] is defined as:

wtt − c2
0 wxx − 2c0 γwxxxx + ϵ wx wxx = 0, (1.1)

where c2
0 = 6R2d1/2

0 , c = c0R2

6 , ϵ = c2
0R
d0

, and x denotes the dimensionless spatial coordinate. Existing
study on the one-dimensional granular crystal model presented in Table 1.

Table 1. Summary of existing studies on the one-dimensional granular crystal model.
References Methodology Summary of Work
[29] Parameter estimation

(Optimization method)
Investigated dissipative effects in one dimensional crystal model.

[30] Newton–Krylov method Provided a study of nonlinear coherent structures in one dimensional granular model.
[31] Finite element method Studied the solitary wave propagation in one dimensional granular model.
[32] Generalized Riccati equation

mapping method
Studied the exponential, trigonometry, and hyperbolic forms of solutions.

Present
study

WAS-Exp neural network
method

Derived including such as kink type and anti-kink type waveforms solutions,
performed their asymptotic behavior of the solutions.

Recently a hot topic neural network has been widely discussed in the last decade. There are
many neural network models and the techniques are developed in the different field of sciences
and engineering. Complex valued zeroing neural network models have also been developed as
effective computational frameworks for dynamic matrix inversion and other nonlinear engineering
problems, with particular emphasis on convergence speed, robustness, and noise suppression [33].
Zeroing neural network (ZNN) models have emerged as effective dynamic-system solvers for time-
varying mathematical and real-time control problems, offering improved convergence and robustness
compared with conventional gradient based neural network approaches [34]. Event triggered adaptive
dynamic programming has also been combined with critic neural networks to achieve robust optimal
tracking control of uncertain nonlinear systems under input constraints and external disturbances [35].
Self-attention-enhanced physics-informed neural networks (SA-PINNs) have also been developed
to improve the accuracy and physical interpretability of neural-network-based predictions by
incorporating governing physical information into the learning process [36]. Physics-informed
machine learning approaches have also been employed to incorporate physical constraints into data-
driven models, improving the accuracy, physical consistency, and interpretability of predictions for
complex engineering systems [37]. Localized wave structures such as gap solitons and truncated Bloch
waves have also been investigated in nonlinear periodic media, where the interplay between linear
and nonlinear lattice modulations plays a crucial role in their stability, formation, and propagation
dynamics [38]. Due to the above challenges and gaps in research, the present study of the WAS-Exp
neural network method, systematically builds precise solutions to nonlinear evolution equations.
Under a single formulation, the approach produces a large array of wave solutions, such as solitary,
hyperbolic, trigonometric, and rational structures, and hence its adaptability and strength. In this
study, we apply the WAS-Exp neural network method on the pre-compressed granular crystal model
and different types of solutions, which can make a further contribution to the further comprehension
of nonlinear wave dynamics and their possible application to the contemporary physical sciences.
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Objectives and main contributions

This study uses the WAS-Exp neural network method to create exact analytical solutions of the
one-dimensional granular crystal model. The primary contributions of this work are as follows:

• The WAS-Exp neural network method will be used on the one-dimensional granular crystal
model.
• To obtain various families of precise solutions, such as hyperbolic, trigonometric, and rational

wave structures.
• To use graphical analysis to examine the nonlinear wave dynamics related to the obtained

solutions.
• Apply the asymptotic analysis on the wave solutions to check x-asymptotic and t-asymptotic

behavior .

This work consists of the following sections: Section 2 presents the description of the considered
technique and its application. Section 3 consists of a graphical profile of the obtained solutions and
discussion. Section 4 consists of the asymptotic analysis of the gained solutions. Section 5 includes a
conclusion.

2. The WAS-Exp neural network technique

This section presents the description of the WAS-Exp neural network method [11]. This method is
designed to obtain exact solutions of NLPDE of the general form:

H (w,wx,wt,wxx,wxt,wtt, . . . ) = 0. (2.1)

Polynomial function H(w) has wx =
∂w
∂x , wt =

∂w
∂t , and so on.

To determine exact solutions of Eq (2.1), we define a neural network-based proposed solution
function (see Figure 1). The neural network output serves as the analytical solution. Specifically,
the solution function is given by

w =
∑
ln∈Ln

ϱln,w Fln
(
Θln

)
, (2.2)

where:

• ϱln,w represents the weight associated with the connection between neuron ln in the last hidden
layer and the resultant neuron w.
• F represents in the neural network structure as the activation function.
• The indices associated with the neurons in the n-th layer represents as Ln = {ln−1 + 1, ln−1 +

2, . . . , ln}.

The neural network includes two types of parameters:

• weights ϱi, j,
• bias terms ϑl,

which connect neuron i in one layer to neuron j in the next layer. The input to neuron li in the i-th layer
is defined as

Θli =
∑

li−1∈Li−1

ϱli−1,li Fli−1

(
Θli−1

)
+ ϑli , i = 1, 2, . . . , n. (2.3)

AIMS Mathematics Volume 11, Issue 9, 30260–30279.



30264

x

y

...

t
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Θl1 | F(Θl1)

Θl1+1 | F(Θl1+1)

Θl1+2 | F(Θl1+2)

Θl1+3 | F(Θl1+3)

...

Θl2 | F(Θl2)

Θln−1+1 | F(Θln−1+1)

Θln−1+2 | F(Θln−1+2)

Θln−1+3 | F(Θln−1+3)

...

Θln | F(Θln)

w(x,t)

Input Layer

Hidden Layers

Output Layer

Figure 1. Neural networks model.

The WAS-Exp neural network technique utilizes the characteristics of the function e−ψ(Θ), where
ψ(Θ) satisfies the differential equation

φ′(Θ) = −
(
τe−φ(Θ) + ηeφ(Θ)

)
. (2.4)

The solutions of Eq (2.4) can be classified into several families:
Family 1: Hyperbolic function solutions (when τη < 0)

φ(Θ) =


ln

(√
τ
−η

tanh
(√
−τη(Θ +G)

))
,

ln
(√

τ
−η

coth
(√
−τη(Θ +G)

))
.

(2.5)

Family 2: Trigonometric function solutions (when τη > 0)

φ(Θ) =


ln

(√
τ
η

tan
(√
τη(Θ +G)

))
,

ln
(√

τ
η

cot
(√
τη(Θ +G)

))
.

(2.6)

Family 3: Rational function solution (when η > 0 and τ = 0)

φ(Θ) = ln
(

1
−η(Θ +G)

)
. (2.7)

Family 4: Logarithmic solution (when η = 0 and τ , 0)

φ(Θ) = ln (τ(Θ +G)) . (2.8)

In the context, τ, η, and G represent are nonzero real-valued constants.
The suggested technique consists of two steps:

(1) Utilizing the analytical solutions of e−φ(Θ) as activation functions within the neural network
architecture.
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(2) The constructed neural network is used to generate proposed solution functions, which reduce the
NLPDE to an equivalent algebraic system that can be solved shows in the Figure 2.

Start with the considered nonlinear
partial differential equation (nPDE).

Construct the WAS-Exp neural network architecture
with input variables x, t, hidden layers based on
e−φ(Θ), and the output proposed solution w(x, t).

Apply forward propagation through the neural
network to compute the proposed solution function.

Substitute the proposed solution function into the governing nPDE.

Collect similar terms and transform the resulting
equation into an algebraic system by equating

coefficients of independent basis functions to zero.

Solve the generated algebraic equations
to determine the unknown parameters.

Insert the obtained parameter values into the proposed solution
function to derive the exact or semi-analytical solution.

End of the WAS-Exp neural network procedure.

Figure 2. Flowchart representation of the WAS-Exp neural network methodology for solving
NLPDEs.

2-2-2-1 neural network architecture

We utilize the double hidden layer architecture as shown in Figure 3.
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x

t

Θ1 | φ(Θ1)

Θ2 | φ(Θ2)

Θ3 | φ(Θ3)

Θ4 | (φ(Θ4))
2

w(x, t)

Input Layer l0 l1

Output Layer

Figure 3. Double hidden layer model.



Θ1 = xϱ{1,1} + tϱ{2,1} + bϑ1,

Θ2 = xϱ{1,2} + tϱ{2,2} + ϑ2,

Θ3 = φ (Θ1) ϱ{1,3} + φ (Θ2) ϱ{2,3} + ϑ3,

Θ4 = φ (Θ1) ϱ{1,4} + φ (Θ2) ϱ{2,4} + ϑ4,

Θ = F (Θ3) ϱ{1,5} + F (Θ4) ϱ{2,5} + ϑ5.

(2.9)

The proposed network structure takes the independent variables x and t as inputs, with the hidden
layer utilizing the identity function (·) along with the quadratic function (·)2 as activation mechanisms.
Hence, the output layer is given by

Θ1 = xϱ{1,1} + tϱ{2,1} + ϑ1,

Θ2 = xϱ{1,2} + tϱ{2,2} + ϑ2,

Θ3 = φ (Θ1) ϱ{1,3} + φ (Θ2) ϱ{2,3} + ϑ3,

Θ4 = φ (Θ1) ϱ{1,4} + φ (Θ2) ϱ{2,4} + ϑ4,

w = (Θ3) ϱ{1,5} + (Θ4)2 ϱ{2,5} + ϑ5.

(2.10)

By substituting Eq (2.10) into Eq (1.1), we derive the following algebraic system of equations:
After solving the above system, we get the following solutions sets.

Set 1:

γ = −
ϵϱ{1,5}ϱ{2,3}

24c0ηϱ{1,2}
, ϱ{2,2} =

ϱ{1,2}

√
τϵϱ{1,2}ϱ{1,5}ϱ{2,3} + 3c2

0
√

3
, ϱ{1,3} = 0, ϱ{2,5} = 0. (2.11)

Family 1: Hyperbolic function solutions (when τβ < 0)

w(x, t) = ϱ{1,5}

(√
− τ
η
ϱ{2,3} tanh

(
√
−ητ

(
tϱ{1,2}
√
τϵϱ{1,2}ϱ{1,5}ϱ{2,3}+3c2

0
√

3
+ xϱ{1,2} +G + ϑ2

))
+ ϑ3

)
+ ϑ5,

(2.12)
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w(x, t) = ϱ{1,5}

(√
− τ
η
ϱ{2,3} coth

(
√
−ητ

(
tϱ{1,2}
√
τϵϱ{1,2}ϱ{1,5}ϱ{2,3}+3c2

0
√

3
+ xϱ{1,2} +G + ϑ2

))
+ ϑ3

)
+ ϑ5.

(2.13)
Set 2:

ϱ{1,3} = 0, ϱ{1,4} = 0, ϱ{2,4} = 0, γ = −
ϵϱ{1,5}ϱ{2,3}

24c0ηϱ{1,2}
, ϱ{2,2} =

ϱ{1,2}

√
τϵϱ{1,2}ϱ{1,5}ϱ{2,3} + 3c2

0
√

3
. (2.14)

Family 1: Hyperbolic function solutions (when τβ < 0)

w(x, t) = ϱ{1,5}

(√
− τ
η
ϱ{2,3} tanh

(
√
−ητ

(
tϱ{1,2}
√
τϵϱ{1,2}ϱ{1,5}ϱ{2,3}+3c2

0
√

3
+ xϱ{1,2} +G + ϑ2

))
+ ϑ3

)
+ ϑ2

4ϱ{2,5} + ϑ5,

(2.15)

w(x, t) = ϱ{1,5}

(√
− τ
η
ϱ{2,3} coth

(
√
−ητ

(
tϱ{1,2}
√
τϵϱ{1,2}ϱ{1,5}ϱ{2,3}+3c2

0
√

3
+ xϱ{1,2} +G + ϑ2

))
+ ϑ3

)
+ ϑ2

4ϱ{2,5} + ϑ5.

(2.16)

3. Graphical profile of solutions

Graphical profile of the obtained solutions are illustrated in this section. Choosing the suitable
values of the present different parameters in the obtained solutions help out the to represent the kink
and anti-kink profile of the solutions. By choosing values of parameters as ϑ2 = 1.7, ϑ3 = 0.1, ϑ5 =

0, ϱ{2,3} = 0.3, τ = −1, η = 0.5,G = 0.7, ϱ{1,2} = 0.3, ϱ{1,5} = 0.6, c0 = 0.9, ϵ = 0.5, with domain
x ∈ [−15, 15] and t ∈ [−25, 25], the wave profile is shown in the Figure 4. Setting the parameter’s
values to ϑ2 = −1.7, ϑ3 = −0.1, ϑ5 = 0, ϱ{1,2} = −0.3, τ = −1, η = 0.5,G = 0.7, ϱ{2,3} = 0.3, ϱ{1,5} =
0.6, c0 = 0.9, ϵ = 0.5, with domain x ∈ [−5, 5] and t ∈ [−25, 25], the wave profile is shown in the
Figure 5. Setting the parameter’s values to ϑ2 = 0.3, ϑ3 = 0.3, ϑ4 = 0.4, ϑ5 = 0.5, ϱ{2,3} = 0.3, ϱ{2,5} =
0.6, τ = −1, η = 0.5,G = 0.4, ϱ{1,2} = 1.3, ϱ{1,5} = 1.6, c0 = 0.9, ϵ = 0.3, with domain x ∈ [−5, 5] and
t ∈ [−25, 25], the wave profile is shown in the Figure 6.

(a) (b)

Figure 4. The graphical representation of the anti-kink wave profile corresponding to the
solution is shown in Eq (2.12).
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(a) (b)

Figure 5. The graphical representation of the kink wave profile corresponding to the solution
is shown in Eq (2.13).

(a) (b)

Figure 6. The graphical representation of the kink wave profile corresponding to the solution
is shown in Eq (2.15).

4. Results and discussion

This portion consist of the results and discussion on the obtained solutions via comparing with the
other solution of the considered model. Several studies have been reported on the one-dimensional
granular crystal model using different analytical and numerical approaches. In [29], the parameter
estimation method was employed to investigate the effects of dissipation in the one-dimensional crystal
model. The Newton-Krylov method was used in [30] to study nonlinear coherent structures in the
one-dimensional granular model, while the finite element method was adopted in [31] to investigate
solitary wave propagation. Furthermore, [32] employed the generalized Riccati equation mapping
method to derive exponential, trigonometric, and hyperbolic forms of solutions. In contrast to these
existing studies, the present work employs the WAS-Exp neural network method to derive various wave
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structures, including kink type, anti-kink type, and singular type solutions, for the one-dimensional
granular crystal model. In addition, the asymptotic behavior of the obtained solutions are investigated,
providing further insight into their qualitative properties and distinguishing the present study from the
previously reported results.

Table 2 presents the comparison between the existing and new results.

Table 2. Comparison of the present study with the existing literature.

Feature Previous study Present study

Need travelling wave transformation ✓ ×

Balance method ✓ ×

Hyperbolic solutions ✓ ✓

Solitary solutions × ✓

Kink/Anti-kink wave solutions × ✓

Asymptotic analysis × ✓

2D and 3D graphical illustrations ✓ ✓

5. Asymptotic analysis

This section presents the asymptotic analysis of the obtained solutions in order to investigate their
behavior under limiting conditions and to examine their physical characteristics at infinity [39]. To
obtain a clearer understanding of the long-time evolution and dynamical characteristics of the solution
w(x, t) presented in Eq (2.12), an asymptotic analysis is carried out to examine the behavior of the
solution under limiting conditions.

x-asymptotic as x→ ±∞ at t = 0

For the case when time t = 0, the given solution reduces to

w(x, 0) = ϱ{1,5}

(√
−
τ

η
ϱ{2,3} tanh

(√
−ητ

(
xϱ{1,2} +G + ϑ2

))
+ ϑ3

)
+ ϑ5.

Figure 7 shows the limits x → ±∞, and the hyperbolic tangent term approaches ±1, respectively.
Consequently, the solution approaches two finite asymptotic levels, whose difference characterizes
the amplitude of the spatial transition. This confirms the bounded and kink-type nature of the wave
and indicates that the granular medium tends toward distinct equilibrium states on either side of the
localized transition region.
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100 200 300 400 500
x

0.300

0.305

0.310

0.315

w(x,0)

Figure 7. x-asymptotic analysis of the solution shown in Eq (2.12).

t-asymptotic as t → ±∞ at x = 0

For the case when x = 0, the solution takes the form

w(0, t) = ϱ{1,5}


√
−
τ

η
ϱ{2,3} tanh

√−ητ

tϱ{1,2}

√
τϵϱ{1,2}ϱ{1,5}ϱ{2,3} + 3c2

0
√

3
+G + ϑ2


 + ϑ3

 + ϑ5.

In particular, Figure 8 shows tanh(ξ) → ±1 as ξ → ±∞, the asymptotic values of w(0, t) are
determined by the constant terms and the amplitude factor in Eq (2.12). Hence, the asymptotic
analysis confirms the existence of two finite limiting states and characterizes the transition amplitude
of the kink-type structure. Similarly to obtain a clearer understanding of the long-time evolution and
dynamical characteristics of the solution w(x, t) presented in Eq (2.13), an asymptotic analysis is carried
out to examine the behavior of the solution under limiting conditions.

50 100 150 200 250 300
t

0.314558

0.314558

0.314558

0.314558

0.314558

w(0,t)

Figure 8. t-asymptotic analysis of the solution shown in Eq (2.12).
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x-asymptotic as x→ ±∞ at t = 0

For the case when time t = 0, the given solution reduces to

w(x, 0) = ϱ{1,5}

(√
−
τ

η
ϱ{2,3} coth

(√
−ητ

(
xϱ{1,2} +G + ϑ2

))
+ ϑ3

)
+ ϑ5.

Figure 9 shows x-asymptotic for the Eq (2.13).

0 20 40 60 80 100
x

0.2

0.4

0.6

0.8

1.0
w(x,0)

Figure 9. x-asymptotic analysis of the solution shown in Eq (2.13).

t-asymptotic as t → ±∞ at x = 0

For the case when x = 0, the given solution takes the form

w(0, t) = ϱ{1,5}


√
−
τ

η
ϱ{2,3} coth

√−ητ

tϱ{1,2}

√
τϵϱ{1,2}ϱ{1,5}ϱ{2,3} + 3c2

0
√

3
+G + ϑ2


 + ϑ3

 + ϑ5.

Figure 10 shows y-asymptotic for the Eq (2.13).

0 100 200 300 400
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Figure 10. t-asymptotic analysis of the solution shown in Eq (2.13).
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6. Conclusions

Nonlinear wave dynamics in a pre-compressed one-dimensional Granular equation have been
successfully investigated in this work by using the WAS-Exp neural network method obtained by the
hyperbolic solutions. The visualizations provided in the graphical analysis, specifically the two- and
three-dimensional ones, demonstrate the kink type, singular type, and anti-kink type variety of the
obtained wave structures. Furthermore, asymptotic analysis is employed on the solutions to check the
x-asymptotic and t-asymptotic behavior of the solutions. In general, the findings validate the fact that
the suggested approach is sound, systematic, and quite useful in the resolution of nonlinear evolution
equations. In addition to the particular model discussed in this research, the WAS-Exp neural network
approach has a great potential of being extended to other complex nonlinear systems that occur in
the study of plasma physics, optical fibers, fluid dynamics, and many more. It thus presents new
possibilities to the analysis of nonlinear phenomena and offers a useful resource to theory and practical
studies in the future.

Author contributions

Waseem Razzaq, Asim Zafar: Concept, Methodology, Investigation, Writing – review and editing.
Naif Almusallam, Ahmed Al Nuaim: Formal analysis, Resources, Visualization, Writing – review and
editing. All authors have read and approved the final version of the manuscript for publication.

Use of Generative-AI tools declaration

The authors declares they have not used Artificial Intelligence (AI) tools in the creation of this
article.

Acknowledgments

This work was funded by the Deanship of Scientific Research, Vice Presidency for Graduate Studies
and Scientific Research, King Faisal University, Saudi Arabia [Grant No. KFU263879].

Conflict of interest

There is no conflict of interest all authors agreed.

References

1. M. M. A. Khater, B. Ghanbari, K. S. Nisar, D. Kumar, Novel exact solutions of the fractional
Bogoyavlensky-Konopelchenko equation involving the Atangana-Baleanu-Riemann derivative,
Alex. Eng. J., 59 (2020), 2957–2967. https://doi.org/10.1016/j.aej.2020.03.032

2. H. M. Ali, A. S. Ali, M. Mahmoud, A. H. Abdel-Aty, Analytical approximate solutions of fractional
nonlinear Drinfeld–Sokolov-Wilson model using modified Mittag-Leffler function, J. Ocean Eng.
Sci., 2022. https://doi.org/10.1016/j.joes.2022.06.006

AIMS Mathematics Volume 11, Issue 9, 30260–30279.

https://dx.doi.org/https://doi.org/10.1016/j.aej.2020.03.032
https://dx.doi.org/https://doi.org/10.1016/j.joes.2022.06.006


30273

3. A. Zafar, M. Raheel, M. R. Ali, Z. Myrzakulova, A. Bekir, R. Myrzakulov, Exact solutions
of M-fractional Kuralay equation via three analytical schemes, Symmetry, 15 (2023), 1862.
https://doi.org/10.3390/sym15101862

4. K. Yesmakhanova, Z. Myrzakulova, R. Myrzakulov, G. Nugmanova, Soliton surfaces induced
by the Kuralay, Kairat and Akbota equations, 15th Symposium on Integrable Systems, Bialystok,
Poland, 2023. https://doi.org/10.13140/RG.2.2.16410.41928

5. W. A. Faridi, M. A. Bakar, Z. Myrzakulova, R. Myrzakulov, A. Akgül, S. M. El Din, The formation
of solitary wave solutions and their propagation for Kuralay equation, Results Phys., 52 (2023),
106774. https://doi.org/10.1016/j.rinp.2023.106774

6. M. Arshad, Y. Li, F. Yasin, K. Basheer, M. Sesay, Dynamics and stability of solitons in the higher-
order dispersive cubic-quintic nonlinear Schrödinger equation: conservation laws and applications,
Discover Appl. Sci., 8 (2026), 7. https://doi.org/10.1007/s42452-025-08105-8

7. H. Y. Kong, R. Guo, Dynamic behaviors of novel nonlinear wave solutions for the Akbota equation,
Optik, 282 (2023), 170863. https://doi.org/10.1016/j.ijleo.2023.170863

8. U. Demirbilek, V. Ala, K. R. Mamedov, Exact solutions of conformable time fractional
Zoomeron equation via IBSEFM, Appl. Math.-J. Chin. Univ., 36 (2021), 554–563.
https://doi.org/10.1007/s11766-021-4145-3

9. B. Hong, J. Wang, Exact solutions for the generalized Atangana–Baleanu–Riemann
fractional (3 + 1)-dimensional Kadomtsev–Petviashvili equation, Symmetry, 15 (2023), 3.
https://doi.org/10.3390/sym15010003

10. S. Parveen, M. Abbas, T. Nazir, M. N. Anwar, M. R. Alharthi, M. Z. Yousaf, et al., Bifurcation
analysis and soliton solutions of the generalized third-order nonlinear Schrödinger equation using
two analytical approaches, Sci. Rep., 16 (2026), 7065 https://doi.org/10.1038/s41598-026-37836-
w

11. W. Razzaq, A. Zafar, A. Al Nuaim, N. Almusallam, Soliton wave phenomena of the
complex hyperbolic nonlinear Schrödinger equation via emerging WAS-Exp neural
network method and qualitative analysis, AIMS Math., 10 (2025), 30806–30827.
https://doi.org/10.3934/math.20251352

12. D. Chou, I. Iqbal, H. U. Rehman, O. H. Khalil, M. S. Osman, Heat conduction dynamics: a study
of Lie symmetry, solitons, and modulation instability. Rend. Fis. Acc. Lincei, 36 (2025), 315–336.
https://doi.org/10.1007/s12210-025-01302-y

13. M. Iqbal, M. Abbas, T. Nazir, W. F. Alfwzan, A. Birhanu, H. Ahmad, Dromion solutions for system
of ion sound and Langmuir waves using truncated Painlevé approach, Sci. Rep., 15 (2025), 37233.
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{1,1} − 4ητ2ϵϱ{1,2}ϱ{1,3}ϱ{1,5}ϱ

2
{2,4}ϱ{2,5}ϱ

2
{1,1}

−4ητ2ϵϱ{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ
2
{1,1} − 4ητ2ϵϱ2

{1,2}ϱ
2
{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ{1,1}

−4ητ2ϵϱ2
{1,2}ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ{1,1} + 4τ2ϱ{1,4}ϱ

2
{2,1}ϱ{2,4}ϱ{2,5} = 0,

−96γc0τ
4ϱ2
{1,1}ϱ

2
{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5} − 16τ3ϵϑ4ϱ

2
{1,1}ϱ{1,2}ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5} − 16τ3ϵϑ4ϱ{1,1}ϱ

2
{1,2}ϱ

2
{1,4}ϱ{2,4}ϱ

2
{2,5}

−4τ3ϵϱ2
{1,1}ϱ{1,2}ϱ{1,3}ϱ{1,5}ϱ

2
{2,4}ϱ{2,5} − 4τ3ϵϱ{1,1}ϱ

2
{1,2}ϱ

2
{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}

−4τ3ϵϱ{1,1}ϱ
2
{1,2}ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,4}ϱ{2,5} − 4τ3ϵϱ2

{1,1}ϱ{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5} = 0,

−272γc0η
2τ2ϱ2

{1,4}ϱ{2,5}ϱ
4
{1,1} − 128γc0η

2τ2ϱ{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ
3
{1,1}

−32γc0η
2τ2ϱ3

{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ{1,1} − 8c2
0ητϱ

2
{1,4}ϱ{2,5}ϱ

2
{1,1} − 4c2

0ητϱ{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ{1,1}

+8ητϱ2
{1,4}ϱ

2
{2,1}ϱ{2,5} + 4ητϱ{1,4}ϱ{2,1}ϱ{2,2}ϱ{2,4}ϱ{2,5} − 28η2τϵϑ4ϱ

3
{1,4}ϱ

2
{2,5}ϱ

3
{1,1}

−40η2τϵϑ4ϱ{1,2}ϱ
2
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,1} − 12η2τϵϑ4ϱ

2
{1,2}ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,1} − 14η2τϵϱ{1,3}ϱ

2
{1,4}ϱ{1,5}ϱ{2,5}ϱ

3
{1,1}

−8η2τϵϱ{1,2}ϱ
2
{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ

2
{1,1} − 12η2τϵϱ{1,2}ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ

2
{1,1}

−2η2τϵϱ2
{1,2}ϱ{1,3}ϱ{1,5}ϱ

2
{2,4}ϱ{2,5}ϱ{1,1} − 4η2τϵϱ2

{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ{1,1} = 0,

−128γc0ητ
3ϱ{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ

3
{1,1} − 128γc0ητ

3ϱ3
{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ{1,1} − 4c2

0τ
2ϱ{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ{1,1}

−40ητ2ϵϑ4ϱ{1,2}ϱ
2
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,1} − 40ητ2ϵϑ4ϱ

2
{1,2}ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,1}

−8ητ2ϵϱ{1,2}ϱ
2
{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ

2
{1,1} − 12ητ2ϵϱ{1,2}ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ

2
{1,1}

−8ητ2ϵϱ2
{1,2}ϱ{1,3}ϱ{1,5}ϱ

2
{2,4}ϱ{2,5}ϱ{1,1} − 12ητ2ϵϱ2

{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ{1,1}

+4τ2ϱ{1,4}ϱ{2,1}ϱ{2,2}ϱ{2,4}ϱ{2,5} = 0,
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−96γc0τ
4ϱ{1,1}ϱ

3
{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5} − 28τ3ϵϑ4ϱ{1,1}ϱ

2
{1,2}ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5} − 6τ3ϵϱ{1,1}ϱ

2
{1,2}ϱ{1,3}ϱ{1,5}ϱ

2
{2,4}ϱ{2,5}

−8τ3ϵϱ{1,1}ϱ
2
{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5} = 0,

−64γc0η
2τ2ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ

4
{1,1} − 96γc0η

2τ2ϱ2
{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ

2
{1,1}

−64γc0η
2τ2ϱ4

{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5} − 4c2
0ητϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ

2
{1,1} − 4c2

0ητϱ
2
{1,2}ϱ{1,4}ϱ{2,4}ϱ{2,5}

+4ητϱ{1,4}ϱ2
{2,1}ϱ{2,4}ϱ{2,5} + 4ητϱ{1,4}ϱ2

{2,2}ϱ{2,4}ϱ{2,5} − 16η2τϵϑ4ϱ
2
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

3
{1,1}

−16η2τϵϑ4ϱ{1,2}ϱ{1,4}ϱ
2
{2,4}ϱ

2
{2,5}ϱ

2
{1,1} − 16η2τϵϑ4ϱ

2
{1,2}ϱ

2
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ{1,1}

−16η2τϵϑ4ϱ
3
{1,2}ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5} − 8η2τϵϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ

3
{1,1} − 4η2τϵϱ{1,2}ϱ{1,3}ϱ{1,5}ϱ

2
{2,4}ϱ{2,5}ϱ

2
{1,1}

−4η2τϵϱ{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ
2
{1,1} − 4η2τϵϱ2

{1,2}ϱ
2
{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ{1,1}

−4η2τϵϱ2
{1,2}ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ{1,1} − 8η2τϵϱ3

{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5} = 0,

−160γc0ητ
3ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ

4
{1,2} − 96γc0ητ

3ϱ2
{1,1}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ

2
{1,2}

−4c2
0τ

2ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ
2
{1,2} − 32ητ2ϵϑ4ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ

3
{1,2}

−16ητ2ϵϑ4ϱ{1,1}ϱ
2
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,2} − 16ητ2ϵϑ4ϱ

2
{1,1}ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,2}

−16ητ2ϵϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ
3
{1,2} − 4ητ2ϵϱ{1,1}ϱ

2
{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ

2
{1,2}

−4ητ2ϵϱ{1,1}ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ
2
{1,2} − 4ητ2ϵϱ2

{1,1}ϱ{1,3}ϱ{1,5}ϱ
2
{2,4}ϱ{2,5}ϱ{1,2}

−4ητ2ϵϱ2
{1,1}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ{1,2} + 4τ2ϱ{1,4}ϱ

2
{2,2}ϱ{2,4}ϱ{2,5} = 0,

−96γc0τ
4ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ

4
{1,2} − 16τ3ϵϑ4ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ

3
{1,2} − 8τ3ϵϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ

3
{1,2} = 0,

−8τ3ϵϱ2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ

3
{1,1} − 20τ3ϵϱ{1,2}ϱ

3
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,1} = 0,

−44ητ2ϵϱ3
{1,1}ϱ{2,4}ϱ

2
{2,5}ϱ

3
{1,4} − 8ητ2ϵϱ{1,1}ϱ

2
{1,2}ϱ{2,4}ϱ

2
{2,5}ϱ

3
{1,4} − 28ητ2ϵϱ2

{1,1}ϱ{1,2}ϱ
2
{2,4}ϱ

2
{2,5}ϱ

2
{1,4} = 0,

−28τ3ϵϱ2
{1,1}ϱ{1,2}ϱ

2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5} − 8τ3ϵϱ{1,1}ϱ

2
{1,2}ϱ

3
{1,4}ϱ{2,4}ϱ

2
{2,5} = 0,

−160γc0ητ
3ϑ4ϱ{1,4}ϱ{2,5}ϱ

4
{1,1} − 80γc0ητ

3ϱ{1,3}ϱ{1,5}ϱ
4
{1,1} − 4c2

0τ
2ϑ4ϱ{1,4}ϱ{2,5}ϱ

2
{1,1}

−2c2
0τ

2ϱ{1,3}ϱ{1,5}ϱ
2
{1,1} − 20η2τϵϱ4

{1,4}ϱ
2
{2,5}ϱ

3
{1,1} − 32η2τϵϱ{1,2}ϱ

3
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,1}

−12η2τϵϱ2
{1,2}ϱ

2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,1} − 16ητ2ϵϑ2

4ϱ
2
{1,4}ϱ

2
{2,5}ϱ

3
{1,1} − 16ητ2ϵϑ4ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,5}ϱ

3
{1,1}

−8ητ2ϵϑ2
4ϱ{1,2}ϱ{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,1} − 4ητ2ϵϑ4ϱ{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ

2
{1,1}

−4ητ2ϵϑ4ϱ{1,2}ϱ{1,3}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ
2
{1,1} − 4ητ2ϵϱ2

{1,3}ϱ
2
{1,5}ϱ

3
{1,1}

−2ητ2ϵϱ{1,2}ϱ{1,3}ϱ
2
{1,5}ϱ{2,3}ϱ

2
{1,1} + 4τ2ϑ4ϱ{1,4}ϱ

2
{2,1}ϱ{2,5} + 2τ2ϱ{1,3}ϱ{1,5}ϱ

2
{2,1} = 0,

−272γc0η
2τ2ϱ2

{2,4}ϱ{2,5}ϱ
4
{1,2} − 128γc0η

2τ2ϱ{1,1}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ
3
{1,2}

−32γc0η
2τ2ϱ3

{1,1}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ{1,2} − 8c2
0ητϱ

2
{2,4}ϱ{2,5}ϱ

2
{1,2}

−4c2
0ητϱ{1,1}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ{1,2} + 8ητϱ2

{2,2}ϱ
2
{2,4}ϱ{2,5}

+4ητϱ{1,4}ϱ{2,1}ϱ{2,2}ϱ{2,4}ϱ{2,5}

−28η2τϵϑ4ϱ
3
{2,4}ϱ

2
{2,5}ϱ

3
{1,2} − 40η2τϵϑ4ϱ{1,1}ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ

2
{1,2}

−12η2τϵϑ4ϱ
2
{1,1}ϱ

2
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ{1,2} − 14η2τϵϱ{1,5}ϱ{2,3}ϱ

2
{2,4}ϱ{2,5}ϱ

3
{1,2}

−8η2τϵϱ{1,1}ϱ{1,3}ϱ{1,5}ϱ
2
{2,4}ϱ{2,5}ϱ

2
{1,2} − 12η2τϵϱ{1,1}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ

2
{1,2}

−2η2τϵϱ2
{1,1}ϱ

2
{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ{1,2} − 4η2τϵϱ2

{1,1}ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ{1,2} = 0,

−480γc0ητ
3ϱ2
{2,4}ϱ{2,5}ϱ

4
{1,2} − 96γc0ητ

3ϱ{1,1}ϱ{1,4}ϱ{2,4}ϱ{2,5}ϱ
3
{1,2}

−6c2
0τ

2ϱ2
{2,4}ϱ{2,5}ϱ

2
{1,2} − 44ητ2ϵϑ4ϱ

3
{2,4}ϱ

2
{2,5}ϱ

3
{1,2} − 28ητ2ϵϑ4ϱ{1,1}ϱ{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ

2
{1,2}

−22ητ2ϵϱ{1,5}ϱ{2,3}ϱ
2
{2,4}ϱ{2,5}ϱ

3
{1,2} − 6ητ2ϵϱ{1,1}ϱ{1,3}ϱ{1,5}ϱ

2
{2,4}ϱ{2,5}ϱ

2
{1,2}
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−8ητ2ϵϱ{1,1}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ
2
{1,2} + 6τ2ϱ2

{2,2}ϱ
2
{2,4}ϱ{2,5} = 0,

−240γc0τ
4ϱ2
{2,4}ϱ{2,5}ϱ

4
{1,2} − 20τ3ϵϑ4ϱ

3
{2,4}ϱ

2
{2,5}ϱ

3
{1,2} − 10τ3ϵϱ{1,5}ϱ{2,3}ϱ

2
{2,4}ϱ{2,5}ϱ

3
{1,2} = 0,

−8ητ2ϵϱ2
{1,1}ϱ{1,2}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5} − 16ητ2ϵϱ3

{1,1}ϱ
2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}

−40ητ2ϵϱ{1,1}ϱ
2
{1,2}ϱ

2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5} − 32ητ2ϵϱ2

{1,1}ϱ{1,2}ϱ
3
{1,4}ϱ{2,4}ϱ

2
{2,5}

−8τ3ϵϑ2
4ϱ

2
{1,1}ϱ{1,2}ϱ{1,4}ϱ{2,4}ϱ

2
{2,5} − 4τ3ϵϑ4ϱ

2
{1,1}ϱ{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}

−4τ3ϵϑ4ϱ
2
{1,1}ϱ{1,2}ϱ{1,3}ϱ{1,5}ϱ{2,4}ϱ{2,5} − 2τ3ϵϱ2

{1,1}ϱ{1,2}ϱ{1,3}ϱ
2
{1,5}ϱ{2,3} = 0,

−8τ3ϵϱ2
{1,1}ϱ{1,2}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5} − 28τ3ϵϱ{1,1}ϱ

2
{1,2}ϱ

2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5} = 0,

−8η2τϵϱ2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ

3
{1,2} − 12η2τϵϱ{1,1}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5}ϱ

2
{1,2}

−8η2τϵϱ{1,1}ϱ
3
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,2} − 40η2τϵϱ2

{1,1}ϱ
2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,2}

−28η2τϵϱ3
{1,1}ϱ

3
{1,4}ϱ{2,4}ϱ

2
{2,5} − 8ητ2ϵϑ2

4ϱ{1,1}ϱ{1,4}ϱ{2,4}ϱ
2
{2,5}ϱ

2
{1,2}

−4ητ2ϵϑ4ϱ{1,1}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ
2
{1,2} − 4ητ2ϵϑ4ϱ{1,1}ϱ{1,3}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ

2
{1,2}

−2ητ2ϵϱ{1,1}ϱ{1,3}ϱ
2
{1,5}ϱ{2,3}ϱ

2
{1,2} = 0,

−32ητ2ϵϱ{1,1}ϱ
2
{1,2}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5} − 16ητ2ϵϱ3

{1,2}ϱ
2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}

−40ητ2ϵϱ2
{1,1}ϱ{1,2}ϱ

2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5} − 8ητ2ϵϱ{1,1}ϱ

2
{1,2}ϱ

3
{1,4}ϱ{2,4}ϱ

2
{2,5}

−8τ3ϵϑ2
4ϱ{1,1}ϱ

2
{1,2}ϱ{1,4}ϱ{2,4}ϱ

2
{2,5} − 4τ3ϵϑ4ϱ{1,1}ϱ

2
{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}

−4τ3ϵϑ4ϱ{1,1}ϱ
2
{1,2}ϱ{1,3}ϱ{1,5}ϱ{2,4}ϱ{2,5} − 2τ3ϵϱ{1,1}ϱ

2
{1,2}ϱ{1,3}ϱ

2
{1,5}ϱ{2,3} = 0,

−8τ3ϵϱ2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ

3
{1,2} − 20τ3ϵϱ{1,1}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5}ϱ

2
{1,2} = 0,

−64γc0η
2τ2ϑ4ϱ{1,4}ϱ{2,5}ϱ

4
{1,1} − 32γc0η

2τ2ϱ{1,3}ϱ{1,5}ϱ
4
{1,1}

−4c2
0ητϑ4ϱ{1,4}ϱ{2,5}ϱ

2
{1,1} − 2c2

0ητϱ{1,3}ϱ{1,5}ϱ
2
{1,1}

+4ητϑ4ϱ{1,4}ϱ
2
{2,1}ϱ{2,5} + 2ητϱ{1,3}ϱ{1,5}ϱ2

{2,1} − 4η3ϵϱ4
{1,4}ϱ

2
{2,5}ϱ

3
{1,1}

−12η3ϵϱ{1,2}ϱ
3
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,1} − 12η3ϵϱ2

{1,2}ϱ
2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,1}

−4η3ϵϱ3
{1,2}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5} − 8η2τϵϑ2

4ϱ
2
{1,4}ϱ

2
{2,5}ϱ

3
{1,1}

−8η2τϵϑ4ϱ{1,3}ϱ{1,4}ϱ{1,5}ϱ{2,5}ϱ
3
{1,1} − 8η2τϵϑ2

4ϱ{1,2}ϱ{1,4}ϱ{2,4}ϱ
2
{2,5}ϱ

2
{1,1}

−4η2τϵϑ4ϱ{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ
2
{1,1} − 4η2τϵϑ4ϱ{1,2}ϱ{1,3}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ

2
{1,1}

−2η2τϵϱ2
{1,3}ϱ

2
{1,5}ϱ

3
{1,1} − 2η2τϵϱ{1,2}ϱ{1,3}ϱ

2
{1,5}ϱ{2,3}ϱ

2
{1,1} = 0,

−8η2τϵϱ2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ

3
{1,1} − 8η2τϵϱ{1,2}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5}ϱ

2
{1,1}

−12η2τϵϱ{1,2}ϱ
3
{1,4}ϱ{2,4}ϱ

2
{2,5}ϱ

2
{1,1} − 40η2τϵϱ2

{1,2}ϱ
2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,1}

−28η2τϵϱ3
{1,2}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5} − 8ητ2ϵϑ2

4ϱ{1,2}ϱ{1,4}ϱ{2,4}ϱ
2
{2,5}ϱ

2
{1,1}

−4ητ2ϵϑ4ϱ{1,2}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ
2
{1,1} − 4ητ2ϵϑ4ϱ{1,2}ϱ{1,3}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ

2
{1,1}

−2ητ2ϵϱ{1,2}ϱ{1,3}ϱ
2
{1,5}ϱ{2,3}ϱ

2
{1,1} = 0,

−44ητ2ϵϱ3
{1,2}ϱ{1,4}ϱ

2
{2,5}ϱ

3
{2,4} − 8ητ2ϵϱ2

{1,1}ϱ{1,2}ϱ{1,4}ϱ
2
{2,5}ϱ

3
{2,4} − 28ητ2ϵϱ{1,1}ϱ

2
{1,2}ϱ

2
{1,4}ϱ

2
{2,5}ϱ

2
{2,4} = 0,

−64γc0η
2τ2ϑ4ϱ{2,4}ϱ{2,5}ϱ

4
{1,2} − 32γc0η

2τ2ϱ{1,5}ϱ{2,3}ϱ
4
{1,2}

−4c2
0ητϑ4ϱ{2,4}ϱ{2,5}ϱ

2
{1,2} − 2c2

0ητϱ{1,5}ϱ{2,3}ϱ
2
{1,2}

+4ητϑ4ϱ
2
{2,2}ϱ{2,4}ϱ{2,5} + 2ητϱ{1,5}ϱ2

{2,2}ϱ{2,3} − 4η3ϵϱ4
{2,4}ϱ

2
{2,5}ϱ

3
{1,2}

−12η3ϵϱ{1,1}ϱ{1,4}ϱ
3
{2,4}ϱ

2
{2,5}ϱ

2
{1,2} − 12η3ϵϱ2

{1,1}ϱ
2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,2}

−4η3ϵϱ3
{1,1}ϱ

3
{1,4}ϱ{2,4}ϱ

2
{2,5} − 8η2τϵϑ2

4ϱ
2
{2,4}ϱ

2
{2,5}ϱ

3
{1,2}
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−8η2τϵϑ4ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ
3
{1,2} − 8η2τϵϑ2

4ϱ{1,1}ϱ{1,4}ϱ{2,4}ϱ
2
{2,5}ϱ

2
{1,2}

−4η2τϵϑ4ϱ{1,1}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ
2
{1,2} − 4η2τϵϑ4ϱ{1,1}ϱ{1,3}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ

2
{1,2}

−2η2τϵϱ2
{1,5}ϱ

2
{2,3}ϱ

3
{1,2} − 2η2τϵϱ{1,1}ϱ{1,3}ϱ

2
{1,5}ϱ{2,3}ϱ

2
{1,2} = 0,

−160γc0ητ
3ϑ4ϱ{2,4}ϱ{2,5}ϱ

4
{1,2} − 80γc0ητ

3ϱ{1,5}ϱ{2,3}ϱ
4
{1,2}

−4c2
0τ

2ϑ4ϱ{2,4}ϱ{2,5}ϱ
2
{1,2} − 2c2

0τ
2ϱ{1,5}ϱ{2,3}ϱ

2
{1,2}

−20η2τϵϱ4
{2,4}ϱ

2
{2,5}ϱ

3
{1,2} − 32η2τϵϱ{1,1}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5}ϱ

2
{1,2}

−12η2τϵϱ2
{1,1}ϱ

2
{1,4}ϱ

2
{2,4}ϱ

2
{2,5}ϱ{1,2} − 16ητ2ϵϑ2

4ϱ
2
{2,4}ϱ

2
{2,5}ϱ

3
{1,2}

−16ητ2ϵϑ4ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ
3
{1,2} − 8ητ2ϵϑ2

4ϱ{1,1}ϱ{1,4}ϱ{2,4}ϱ
2
{2,5}ϱ

2
{1,2}

−4ητ2ϵϑ4ϱ{1,1}ϱ{1,4}ϱ{1,5}ϱ{2,3}ϱ{2,5}ϱ
2
{1,2} − 4ητ2ϵϑ4ϱ{1,1}ϱ{1,3}ϱ{1,5}ϱ{2,4}ϱ{2,5}ϱ

2
{1,2}

−4ητ2ϵϱ2
{1,5}ϱ

2
{2,3}ϱ

3
{1,2} − 2ητ2ϵϱ{1,1}ϱ{1,3}ϱ

2
{1,5}ϱ{2,3}ϱ

2
{1,2}

+4τ2ϑ4ϱ
2
{2,2}ϱ{2,4}ϱ{2,5} + 2τ2ϱ{1,5}ϱ

2
{2,2}ϱ{2,3} = 0,

−96γc0τ
4ϑ4ϱ{2,4}ϱ{2,5}ϱ

4
{1,2} − 48γc0τ

4ϱ{1,5}ϱ{2,3}ϱ
4
{1,2} − 28ητ2ϵϱ4

{2,4}ϱ
2
{2,5}ϱ

3
{1,2} − 20ητ2ϵϱ{1,1}ϱ{1,4}ϱ

3
{2,4}ϱ

2
{2,5}ϱ

2
{1,2}

−8τ3ϵϑ2
4ϱ

2
{2,4}ϱ

2
{2,5}ϱ

3
{1,2} − 8τ3ϵϑ4ϱ{1,5}ϱ{2,3}ϱ{2,4}ϱ{2,5}ϱ

3
{1,2} − 2τ3ϵϱ2

{1,5}ϱ
2
{2,3}ϱ

3
{1,2} = 0.
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