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Abstract: This paper mainly considers the problem of the supersonic horizontal upstream flow
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1. Introduction

Supersonic aircraft, such as fighter jets, missiles, and hypersonic gliders, usually contain corner
and bend structures. These structures are present in key components, including air intakes, wing
leading edges, and tail cones. Supersonic flows may induce complex phenomena such as shock waves,
boundary-layer disturbances, flow separation, and turbulence transition during flow past surfaces.
These directly cause bend heat flux to surge severalfold and friction drag to rise significantly, severely
compromising aircraft flight stability and the reliability of thermal protection systems. Courant and
Friedrichs [1] noted that supersonic flow past a corner and a bend constitutes one of the fundamental
flow problems, providing the theoretical foundation for in-depth investigation of a series of complex
flow phenomena, including two-dimensional pipe flow, jets, and shock reflection.

In 1936, Prandtl [2] considered the reflection of shock waves past a wedge in steady supersonic
flow. For the first time, the shock polar analysis method has demonstrated the presence of either weak
shock waves or strong shock waves. For the same upstream state g, and wall turning angle o, the
flow past the shock front may be supersonic or subsonic, the former case corresponding to the weak
shock and the latter to the strong shock [1] (see Figure 1). This pioneering research provides crucial
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foundations for subsequent analyses concerning supersonic flow past corners and bends. In 2007,
Chen and Fang [3] considered the stability of transonic shock waves in supersonic steady flow past
a wedge using potential flow equations. By perturbing the upstream flow, they demonstrated that the
transonic shock wave retained stability. In 2008, Elling and Liu [4] investigated the two-dimensional
supersonic flow over a wedge. When a sharp wedge accelerated to supersonic speeds, the structure of
a weak shock wave solution at the tip was obtained. In 2009, Yin and Zhou [5] analyzed the globally
stable transonic shock for steady Euler equations past a long concave corner. Given an appropriate
downstream pressure at infinity, he proved the global existence and stability of the shock solution and
obtained the asymptotic behavior of the downstream subsonic solution. In 2017, Chen [6] considered
the supersonic flow past a concave corner for two-dimensional steady Euler equations. He analyzed the
stability of weak and strong shock waves and elucidated how to transform the wedge problem into an
initial boundary value problem and a free-boundary problem. For results regarding flow past a convex
corner, refer to [7-9].
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Figure 1. Weak shock and strong shock for the same upstream state g, and wall turning
angle o

Concave bends may be regarded as smooth transitions at recessed corners, with corresponding
changes in flow phenomena. In Chapter 4 of [1], Courant and Friedrichs provided an elucidating
example: “Suppose a constant two-dimensional supersonic flow arriving along a straight wall is forced
to turn in a curved wedge, an envelope originates inside the flow. This envelope generally has a cusp,
and a shock discontinuity forms in the region between the two branches” (see Figure 2). In 2001,
Chen [10] studied steady supersonic flow past a curved wedge and proved that a suspended shock
with a singularity would form in the flow field. The suspended shock originates from the cusp of the
characteristic envelope, and estimates of the solution near the cusp were obtained. In 2006, Yin [11]
considered the global existence of shock solutions for supersonic flow past a curved wedge. It is proved
that the global existence of an attached shock holds when the small perturbation of a concave corner
becomes a concave bend, and the angle of the solid bend is less than a certain critical value. For studies
on the flow over convex bends, refer to [1,12, 13].
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Figure 2. Envelope of a straight characteristic issuing from a bend AB.

Polytropic gas can describe the isothermal process of air at normal temperature and the adiabatic
compression of air in internal combustion engines. It can also characterize the high-density state
of liquids and the evolution of gas behind blast waves. However, numerous nonconvex fluids exist
in nature, for instance, Van der Waals gas [14], and the Giacomazzo—Gonzalez—Lopez Equation
of State (GGL EoS) [15]. In 2019, to explain the late-time accelerated expansion of the universe,
Oikonomou [16] proposed a nonconvex generalized dark energy fluid EoS

1
P(p) = ApIn (3%) L Cp*+ D=+ Ep, p>0, (1.1)
p
where p denotes the density; A, B, C, D, E are constants; and H is the Hubble rate of the universe,
which describes the local expansion rate of the universe and evolves with cosmic time. The generalized

dark energy fluid (1.1) is used to describe the scenario of dark matter—dark energy interaction [18].
When A =0,B=H?* C=0,D=-1,and E =0, EoS (1.1) can be written as

1
P(p):__9
P

which corresponds to the Chaplygin gas [17]. This model was proposed by Chaplygin in 1904 when
he considered transonic flow over two-dimensional airfoils. It was later rediscovered in a cosmological
context as a possible explanation for the accelerated expansion of the universe [18]. Furthermore, the
generalized Chaplygin gas model was proposed as a unified dark fluid that can describe both dark
matter and dark energy within a single framework [19]. When B = H?>, D= -1,and C = E = 0, (1.1)
is the mixed-type dark energy fluid EoS

P(p) = Aplnp — %, A €(0,1). (1.2)

Thompson [20] showed that, for nonconvex gases, compressive processes do not necessarily evolve
into shock waves. Instead, under certain thermodynamic conditions, they may develop into continuous
compression waves (compression fans) with smooth pressure gradients. When p*> < 2/A, Eq (1.2) is
nonconvex which differs from classical gas dynamics (see Figure 3). In this paper, we consider the
two-dimensional steady isentropic Euler equations with (1.2):

(pu)x + (pv)y =0,
(01 + (ApInp = 1)), + (ouv), = 0, (1.3)
(ouv) + (pv* + (ApInp = 2)), = 0,
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where (u,v) denotes the flow velocity, and ¢ = /P’(p) denotes the speed of sound. We obtain
compression fans solutions for the mixed-type dark energy fluid (1.2) under a nonconvexity condition.

P P
P(p) = p”
P(p) =Aplnp — }J
0 > p 1) 2 > p
A
(a) Polytropic gas (y € (1,5/3) (b) Mixed-type dark energy fluid

Figure 3. Polytropic gas and mixed-type dark energy fluid.
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Figure 4. Mixed-type dark energy supersonic flow turning a concave corner and
concave bend.

Let p* = e~*/? denote the critical density. We consider the following two problems:

Problem I: Suppose that p < p*. We consider the problem of supersonic horizontal upstream flow
of mixed-type dark energy fluid (1.2) past a concave corner, as shown in Figure 4(a). The boundary
value conditions for this problem can be written as

{(ua v, C)(x’ )’) = (MO’()’ CO)7 (X, y) € {(X, y)l-x < 05 y= O}’ (1 4)

vi(x,y) = ui(x,y) tan o, (x,y) € {(x,p)ly >0, y=xtano},
where uy > ¢, up, and ¢y represent the upstream flow horizontal velocity and the speed of sound,
respectively. o is the inclination angle of the solid wall OB.

For problem I, when p < p*, we obtain the structure of centered compressive fans for the boundary
value problem (1.3) and (1.4) (see Theorem 3.1), as shown in Figure 5.
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Figure 5. Mixed-type dark energy supersonic flow past the concave corner AOB.

X

Problem II: Suppose that p < p*. We consider the problem of supersonic horizontal upstream flow
of mixed-type dark energy fluid (1.2) past a concave bend, as shown in Figure 4(b).
Let the smooth curve OD be given by

y=f ), x€(0,xp), (1.5)
where xp is the x-axis of D, and f”'(x) > 0. The parametric expression for ODis
= m(5),
x=mo) (1.6)
y = n(d),

where ¢ = arctan f’(x) € (0,9p], 6p = arctan f’(xp). The boundary conditions for this problem are

(M, v, C)(X, )’) = (MO’O’ CO)’ (X, )’) € {(X, )’)|X < O’y = O}’
v(x,y) = u(x, y)f(x), (x,y) € {(x, My = f(x), x € (0, xp)}, (1.7)

vp(x,y) = up(x,y)tanop,

where uy > ¢, and y = f(x) satisfy f”(x) > 0, f(0) = 0 and f(0) = 0.
For Problem II, when p < p*, we obtain the structure of compressive fans for the boundary value
problem (1.3) and (1.7) (see Theorem 4.1), as shown in Figure 6.

Figure 6. Mixed-type dark energy supersonic flow past the concave bend oD.
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Remark 1. For the problem of supersonic flow turning a concave corner and a concave bend, we
obtain the compression fans for mixed-type dark energy fluid (1.2), which differ from the results of the
shock waves solution for polytropic gas [1].

This paper is structured as follows. In Section 2, we present the characteristic analysis of
System (1.3). In Section 3, we construct centered compression fans structure for the boundary value
Problems (1.3) and (1.4). In Section 4, we construct compression fans structure for the boundary value
Problems (1.3) and (1.7).

2. Characteristic analysis
For smooth flow, System (1.3) can be written as

(pu)y + (pv), = 0,

X

1
uux+vuy+/—) (Aplnp— }J) =0, 2.1)

1 1
\uvx + vy, + ; (Aplnp - ;)y =0.

If the flow is isentropic, and the upstream state is irrotational, the flow remains irrotational
throughout the flow field [9]. Under these assumptions, System (2.1) can be rewritten as

o SR IR ) -

1 o
B=—-?+V)+ f (8) ds.
2 0 S

Define

Using the last two equations of (2.1), we obtain
B, = —vw, B, = uw,

where @ := u, — v, denotes the vorticity. Because w = 0, we have VB = 0. Hence, B is constant,
throughout the connected smooth irrotational flow region. For the uniform upstream state (u, 0, ¢o),
we gain

1
B = Eu(z,
Thus, Bernoulli’s law is
1 o 1
34+ f ;S)ds = S, (2.3)
00

where g = Vu? + V2, so the characteristic equation of System (2.2) is given by
(v —Au)* = c*(1 + %) = 0. (2.4)
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When g > ¢, from (2.4), we obtain

uv + c+\/q* — c? 25)

/l+ =
= u2 — 2

and
_ |(l/l, V) : (_/15 1)'
c= ———,

V1 + 22

When the upstream flow is supersonic, let dy/dx = A., and let «, B, 6, u represent the C,
characteristic angle, C_ characteristic angle, flow angle, and Mach angle, respectively. Then,

(2.6)

_a+p _a-p cos 6 sin 6

tana=41,, tanf=A4., O=a—-u= , M U=c——, Vv=c—. 2.7)
2 2 sin i sin u
The characteristic form of System (2.2) is
cosﬁ(_ﬁ}ru + si.nﬁ 5_+v =0, 2.8)
cosad_u+sinad_v =0,

where 0, = cos @ d, + sina 0y, 0_ = cosBd, +sinf 0, denote the directional derivatives along the C.
and C_ characteristics (see Figure 7), respectively.

Figure 7. Characteristic directions.

From (2.7), we have ) B
Cos @03 — cos B,

.2 ’
o 2 sin .u ) (2.9)
= <ing sin 0. — sin B0«
aiv = SlTa+ C ) .
2sin” u
Combining (2.8) and (2.9), we obtain
- cos 2ud_a — 0_
O-c=c—50
_ oo (2.10)
- O0,a — cos2ud.f
d.c=c¢ - .
sin 2u
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30221

According to (2.3),

{u5+u +v0,v + %54) =0, @.11)

uO_u + vo_v + %zt'_i_p =0.
From the definition of the speed of sound ¢? = dP/dp, we obtain
2c0.c = P (p)0.p. (2.12)

Now, we insert (2.12) into (2.11):

(2.13)

where k(p) = 2P'(p)/[pP"” (p)]. Substituting (2.10) into (2.13), we have

a cos 2uk(p)—1 7
(9_,8 T(p)ﬁ a,

(2.14)
5_,.0’ — 005125:((;)0)) 16 ﬁ’
which yields
O 5
1 +k(p)
cot _cotu -

T+ k) 0:p-

Q1

_C

(2.15)

Qi

+c
The Riemann invariants r, and r_ are defined as

q §2 — 2

r. =6+ ds,

4o sC

(2.16)
2 _ 2
ro=6- [1 22— s
4o sC
Using (2.8) and (2.16), we simply derive

o_r, =0,
(2.17)

d,r_=0.

3. The supersonic flow around a concave corner

In this section, we obtain a centered compressive fans solution R; for the boundary value

problem (1.3) and (1.4), as shown in Figure 5.
VP \/ (s) ds - P'(p)

0o .= jl:o < 2 P/(S) )
p| uy— 2f ds
oo S

AIMS Mathematics Volume 11, Issue 9, 30214-30232.

Theorem 3.1. Let

dp. 3.1)




30222

(i) If 0 < o < 0, then py < p < p*, and there exists a centered compressive fan R for the boundary

value problem (1.3) and (1.4), given by

]

0

( (@)
u(x,y) = i(a) = \/ué — P'(po) — fﬂ <P”(go) + %P’(cp)) docosa + c(a)sina,

(@) 2
L vy =9(e) = \/ug — P'(po) — f (P”((p) + —P’((p)) dpsina — c(a)cos a,
Ry: 1

c(x,y) = &la) = co +

\

1+ k(o(h))

where a = arctan y/x is the C, characteristic angle, and a = arcsin cq/u.

p(h) 2
o \/ ug — P'(po) — f (P”(so) + EP’(¢)> de
f PO dh

(3.2)

(ii) If o = o, then py < p < p*. For the boundary value problem (1.3) and (1.4), the solution is a
centered compressive fan. For p < p*, the solution is given by Rj. At p = p*, the downstream state is

defined by continuous extension as

Jim (@ (p)), Malp)), e(a(p) = W', v", ¢,

0™ P . 0" P )
u' = \/u3—2f (5) ds cos o, V= \/ug—Zf () ds sin o,
o S o S

Proof. (1) Assume 0 < o < 0. Combining (2.12) and (2.15), we obtain

_ 2¢2 + pP"(p) 5

2pc \/q* — c? +

Q1

_a

Integrating along the C_ characteristic,

® 2c? + sP"(s)
a(x,y) = a(p) = ag + f ——ds.
oo 205/ q* — ¢?

By (3.3), we derive
da 2¢2 + pP" (p)

dp 2cp\/q* — ¢?

It follows from (3.3) and (3.4) that p is the function of «; that is,

< 0.

p(x,y) = p(a).

Combining (3.6) and the definition of the sound speed ¢* = dP/dp,

c(x,y) = &(a).

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

AIMS Mathematics Volume 11, Issue 9, 30214-30232.
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Using Bernoulli’s law (2.3) and (3.7), g is the function of @:

q(x,y) = q(a) = \/u -

From (2.7), (3.7), and (3.8), we deduce

0(x,) 1= 6(@) = @ - p(e) = a

Differentiating (2.3) and using ¢* =

P’(p), we obtain

dq c? dc  P’(p)

dp 0q’ dp 2c

(@) P’( S)

C(a
g(e)’

(3.8)

(3.9)

(3.10)

Because (2.7) and sinu = c¢/g, combining these relations with (3.5) gives

By (2.3) and (3.5), we derive

da

Thus, (@) is strictly monotone:

do da du

db dp 2825 - &%)

/a2 — 2
L>O‘

dp~dp dp Pq*

dpda ~ (28 + pP"(p))

u(x,y) = gcosé,
v(x,y) = gsin6.

Combining (3.8) and (3.9), we find that

(u, v)(x,y) = (&, V)(@).

(3.11)

(3.12)

(3.13)

(3.14)

From (2.6), we decompose (u, v) along the direction parallel to the C, characteristic and the direction

perpendicular to the C, characteristic; thus, we have the relation

By (3.15), we obtain

and

According to (2.8) and (3.14),

AIMS Mathematics

sina — P cos .

¢

i
%

g=itcosa + vsina,
]

gcosa + csina,

gsina — ccosa,

F+t=it+97 =4
0 N

cosa— +sina— = 0.
da da

(3.15)

(3.16)

(3.17)

(3.18)

Volume 11, Issue 9, 30214-30232.
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Differentiating both sides of (3.16), we have

dae ~ da
dp
da

Inserting (3.19) into (3.18),

o do A . A e A
{@ =S cosa+ Lsina - gsina + ¢cosa,

ds . A N n -
=% SiIna — g Cosa + gcosa +csina.
da da

dg
dao
Differentiate the relation of (3.17) and (2.3) to get
dg dc dq
20—+ 20— = 24—
8da " “de = Ydo

A

—C.

dq Pp)dp _
da p da
With (3.21), (3.22), and (2.12), it follows that

0.

. dc
8(a@) = (1 + k(p)) T
o’
By using (3.23) and (2.8), we derive

d?¢ 2K (p) /P (p) < de

KD Y ) \da

>2+6(a/) =0.

Then, c(x, y) is given by

( p(h)

f« Vi =Poo - 7 [Prig) + 2 P(p)] dg

1+ k(p(h) .

c(x,y) =cla) =cy+

c(ag) = cp.

\

From (3.23) and (3.25), we obtain

(@) 2
g(x,y) = 8(a) = \/ ug — P'(po) — f P"(¢) + g;P'(<p)d<,0-

PO

Using (3.16), (3.25), and (3.26), one computes

u(x,y) = i(a) = g(a)cos a + ¢(a) sina,
v(x,y) = W) = g(a) sina — ¢(a) cos a.

When o € (0, o) for y € [0 + arcsin ¢y /q, arcsin ¢y /uy], define the ray

/- X =rcosvy,
|y =rsiny,

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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where r > 0, and ¢, = \/u? +vi. Let

( 0() 2
u(x,y) = a(y) = \/ug — P'(po) — f (P”(go) + S;P’(@) dpcosy + ¢(y)siny,
PO
0(y) 2
v(x,y) == W(y) = \/ ug — P'(po) — f (P”(so) + ;P’(90)> dysiny — c(y) cosy, (3.29)
00
s = Pioo - [7 (Pre)+ 2Pg) di
c(x,y):==¢(y) =co+ f T+ k() dh

The proof is divided into the following three steps.
Step I. We prove that [ is a C,, characteristic.
For any point (x,y) on /, it satisfies

w2 - P'(po) - [ (P(¢) + 2P'(9)) dyp
u(x,y)siny —v(x,y)cosy = cg + fy \/ 0 ’ 1fp_i k(f)(h)) ¢ ) dh = c(x,y), (3.30)

and thus, y = @, and the ray [ is a C, characteristic.
Step I1. We prove that (3.29) satisfies (2.8) and (2.3).
Along the C, characteristic
cosB0.u+sinBd,v =0,

from (3.18) and (3.29),

cos@O_u+sinad_v = (cos a@ + sin afﬂ) o_a =0. (3.31)
da da

Furthermore, (3.29) satisfies

%(ﬁ(ﬂy)2 +9(y)?) + f <) ds = %u%;. (3.32)

PO

Step III. We prove that Rj is a centered compressive fan and that the downstream flow
remains supersonic.
When uy > ¢(, and p < p*, we have

2 2
P(p) < -2, (3.33)
P
» 2
G-t =ud-ck- f <P”(s) + —P’(s)) ds > 0. (3.34)
N
£0

By (3.34), we have ¢*> > ¢, so the downstream flow remains supersonic. By (3.5), we derive

= sec?a <. (3.35)

AIMS Mathematics Volume 11, Issue 9, 30214-30232.
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Using (3.11) and (3.35), the C, characteristic direction decreases monotonically as the density
increases. Hence, the constructed simple wave is compressive.

Accordingly, if o € (0, 0), because a; = o + uy, the terminal flow angle satisfies 6, = a; —u; = 0.
Therefore, v|/u; = tanf; = tan o, and the solution to the boundary value problem (1.3) and (1.4) is
given by

(UO,O, CO)’ (xay) € {(x’y) tx< 0’ Yy > O} U {(X,)’) . 07 y > Xtanao}’
(u,v,o0)(x,y) = (ﬁ(a),f/(a/),é(a)), (x,y) €{(x,y): x>0, xtana; <y < xtanay},
(11, vy, c1), (x,y) €{(x,y) : x>0, xtano <y < xtana,}.

(ii) If o = oy, for p < p*, the centered compressive fan R is given by case (i). Atp = p*, with (2.3)
and the upstream state (1, 0, ¢p), we get

1., P P(s), 1,
2(q) +f . ds—zuo. (3.36)

PO

0" P/
g = \/ W2 =2 f ) s, (3.37)
PO s

Subsequently derive,

S

Ye
7 fp 7P ()
p| ul- 2f ds

where p* = ¢7*/2. By (3.11) and 6, = 0,6 = o, the maximum inclination angle o, satisfies
o pr
VPR \/ug - 2f ©) 45— P(p)
£0

dp.

s
PO
Using (3.5) and making the change of variable # = a(s) in (3.25), we obtain

2 _ 2 pP//
—Wd—“ds—of ) 4.

L4k(s) ds " ) 2es)

0
&a(p)) =co+ f
P

0

Therefore,

lim &(a(p)) = /P'(p*) = c".
p—p

0" P’
lim g(p) = \/ug—zf ) g5 = 4"
p—p* 00 s

lim 6(p) = 0.

p—p*

(2.3) and (3.37) give

By (3.11) and o , we have

Therefore,

0* P’
lim a(a(p)) = \/u(z) - 2f ) dscosoy = u’,
por o S
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and
0 P’
lim D(a(p)) = \/ ) f ) dssinoy = v
P oS
Consequently,
lim (ia(p)). ¥(@(p)). 2(@(p)) = @V,
and the downstream flow is (u*,v*, ¢¥). O

4. The supersonic flow around a concave bend

In this section, we discuss the boundary value problem (1.3) and (1.7), deriving the compression
fans R} for (1.3) and (1.7), as shown in Figure 6.

Theorem 4.1. Let

P’(S)

VP \/ — P'(p)

o p(ug-zf P(S)ds)
oo S

6 = arctan f'(x) € (0,p].

50 =

dp 4.1)

and

(i) If 6p < O, then the density satisfies po < p < pp < p*, and there exists a compressive fan R} for
the boundary value problem (1.3) and (1.7), which is given by

( ©)
i(x,y) = (o) = \/u(z) — P'(po) — ’ (P”((p) + %P’(go)) dy cos a(0) + ¢(0) sin a(0),

PO

0(0) 2
Ry: < ¥(x,y) = ¥(6) = ug — P'(pg) — f (P”(go) + ;P’(go)) dy sin a(9) — ¢(9) cos a(0),

PO

fa@ Vi =P - [ (Prig) + 2P(g)) dg

T+ k() ah.

¢(x,y) =¢(0) =co+

4.2)
where a = arcsin cy/uy.
(11) If 6p = 6o, then py < p < pp = p*. For the boundary value problem (1.3) and (1.7), the solution
is a compressive fan. For p < p*, the solution is given by R{. At p = p*, the downstream state is defined
by continuous extension as

lim (@(6(0)), 7(6(p)), €(B(p))) = (. Vs €p)s

0" P 0" P
Uy = \/u(z) - 2f Es) ds cos 0y, vy = \/u(z) — 2[ ES) ds sin &, cp = VP ().
£0 po
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Proof. Using (3.11), we obtain

6(p)=fp c(5) \/q*(s) — c*(s) s,
o

5q*(s)

Letting p = p*, the maximum wall turning angle is

. VP \/ug -2 fp Plis) ds — P (p)
Po

dp.

O
6o = f
0 pr
po P (ué - 2f ES) ds)
PO

(1) If 6p < 6y for 6 € (0, 6p], define

v x = m(9) + rcos (o),
. y = n(9) + rsin (o),

where r > 0. For any point (x, y) on the ray /', we define

PO

( 0(6) 2
u(x,y) = a(6) = |/ uz — P'(po) — f (P"(SD) + ;P’(90)> dp cos Y(6) + ¢(6) sin(6),

0(6) 2
v(x,y) = 9(6) = | [ug — P'(po) = f <P”(90) + ;P'(‘P)) desiny(6) — &(6) cos ¥(6),

PO

iy o i~ P - [ (P + 2P0) do
(ot =50 =0+ | T+ ko)

The proof proceeds in three steps.
Step I. We prove that I’ is a C,, characteristic.
For any point (x,y) on I, (4.4) satisfies

u(x, y) sin(6) — v(x,y) cos ¢(6) = c(x, y).

Thus ¥(6) = (), and the ray /" is a C, characteristic.
Step II. We prove that (4.4) satisfies the characteristic (2.8) and Bernoulli’s law (2.3).
In view of d,u = 0,v =0

cosB0.,u + sinBd.v = 0.
Owing to (3.13) and (3.17),

cosad_u + sinad_v = <cos a@ + sin aﬂ) 0_a=0.
da da

From the definition of (4.4), we obtain

_ 2 2 0 p’
0, (u TV +f (s)ds> =0
2 oS

4.3)

4.4)

4.5)

(4.6)

4.7)

(4.8)
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and

22 o pr d dv  P(p)dp)
3 (X il + f (s) ds | = (u_” 2y (p)_p) o_a =0. (4.9)
2 0o s da da P da

Step III. We prove that R} is a compressive fan and that the downstream flow remains supersonic.
By (3.11), we have

dp _ pq’

d(S_C /% - 2

Because A, = tan . Using (3.5) and the chain rule yields

> 0. (4.10)

di. _di.dp ., a/q2 (2¢* + pP"(p))
ds — dp ds 2¢2(g? — ¢?)

<0. 4.11)

The density increases monotonically with the wall turning angle, and hence, the constructed simple
wave is compressive. Moreover, by (4.11), the C, characteristic direction decreases monotonically
along the concave wall. In accordance with the proof of Theorem 3.1, we have g7 > ¢3, so the
downstream flow remains supersonic. Accordingly, if 6p € (0,dp), the terminal flow angle is dp,
and vp/up = tan dp, so the solution to the boundary value problem (1.3) and (1.7) is given by

( (o, 0, co), (x,y) € {(x,y) : x <0, y>0}U{(x,y) : x >0, y > xtan o},

(

x = m(d) + rcos a(9),
(ft(é), 7(0), 5(6)), (x,y) €  (x,y) : ¥y = n(d) + rsina(d), p,

(M»V»C)(x,)’): L 0<6S(SD, 7’20
( x = m(dp),
(MD’ VD, CD)’ (x,y) € § (x,¥) : n(6p) + (x —m(dp)) tandp <y

< n(dp) + (x —m(dp)) tan a(dp)

\

(ii) If 6p = &y, for p < p*, the compressive fan R} is given by case (i). For p = p*, Bernoulli’s
law (2.3) gives

S

0" P’
qp = lim g(p) = \/ug - 2f (5) ds, cp = lim c(p) = / P'(p*). (4.12)
p—p* 00 p=p*
Hence, by (3.13), (4.12),
Uy = qp, €os oy, Vp = qp Sindp;

therefore, the downstream state is (uj), v}, ¢})).

Remark 4.2. Because tand = f'(m(9)), and ' > 0, we have

sec2 o

/7 6 —
O = Ly

0.
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For (4.3), the Jacobian with respect to (9, r) is

’

o)
IO = Tog(g

sin u(6) — ra’(6) > 0, r>0. (4.13)

Thus, the parametrization is locally invertible, and no characteristic envelope is generated by a
vanishing Jacobian. We define

L(x,6) = n(6) + (x — m(6))1..(9),

where A,(6) = tan a(9). Differentiating both sides with respect to 8, we obtain

g_g = ' (9)(tan s — 1,(9)) + (x - m(3))

do

<0, x > m(9). 4.14)

If0 <9, <6y, (4.14) gives
L(x,61) > L(x, 0,).

Therefore, the characteristic parametrization is one-to-one and locally invertible throughout the
compression fan region.

5. Conclusions

In this paper, we consider the two-dimensional steady isentropic supersonic flow of the mixed-
type dark energy fluid past a concave corner and a concave bend. Unlike classical polytropic gases,
where compressive waves are typically associated with shock formation due to the convexity of the
equation of state, the mixed-type dark energy fluid possesses a nonconvex equation of state. This
nonconvexity leads to a distinct wave solution: Compressive processes may develop into compression
fans characterized by continuous variations of the flow variables rather than shock discontinuities.

By employing characteristic analysis and Bernoulli’s law, we construct explicit compression fan
solutions for the corresponding boundary value for concave corner and concave bend. For the concave
corner problem, we obtain a centered compressive fan and determine the critical turning angle. For
the concave bend problem, we get compressive simple wave solution and determine the corresponding
critical wall turning angle.
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