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Abstract: The minimum distance estimate is one of the central parameters for binary Goppa codes.
Every binary Goppa code defined by a square-free polynomial of degree r has a minimum distance
of at least 2r + 1. In this paper, we develop a support-synthesis framework for binary Goppa
codes that installs an independent Bose-Chaudhuri-Hocquenghem (BCH)-type distance certificate.
A compression lemma encodes any s subfield parity checks as one extension-field check; choosing
@; = B+ b;! realizes this check as a degree-one Goppa condition. For BCH checks, a Frobenius
reduction leaves v representatives, yielding I'2(L, x — ) = B(n, 9, (). For g = (x — §)h square-free of
degree r, we obtain I',(L, g) = B(n,6,{)NI'»(L, h) and d(-) > max{2r+1, §}. We give positive-dimension
examples for all » > 1 and 6 > 2r + 1, and constant-rate families with a distance of n/ logn for fixed
r. BCH decoding transfers to the subcode. The result is a deliberate support-design mechanism, not a
universal improvement of the classical bound.
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synthesis
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1. Introduction

1.1. Background and motivation

Goppa codes form one of the central algebraic families of linear codes. They were introduced
through a rational congruence representation [1,2] and are now standard in the coding theory [3,4]. A
binary Goppa code is defined by a support L = (a, - - - , @,) in a finite field of characteristic two and by
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a polynomial g(x) that does not vanish on the support. Its codewords are the binary vectors for which

n

> S =0 (mod g(x).

Py

Their algebraic structure, flexible parameters, and efficient decoding explain their long-standing role

in both the coding theory and code-based cryptography [5—7]. The same codes can be described as

alternant codes, equivalently as binary subfield subcodes of generalized Reed-Solomon codes [3,8,9].
For a square-free polynomial g(x) of degree r, the classical characteristic-two estimate [1,2]

dI(L,g) =2r+1

holds for every admissible support. This is an intrinsic statement: it follows from the derivative of
the locator polynomial and requires no special arrangement of L. Our question is different. Can
one deliberately synthesize a support so that an ordinary square-free binary Goppa code also satisfies
an independently prescribed set of parity checks, and can that additional structure yield a larger
certified distance and a usable decoder? We answer this question for consecutive Bose-Chaudhuri-
Hocquenghem (BCH) checks.

1.2. Related work and conceptual positioning

The general theory is naturally expressed through alternant and subfield subcode constructions.
Helgert developed the parity-check viewpoint for alternant codes [9], while Delsarte’s trace duality
gives a fundamental relation between subfield subcodes and trace codes [8]. Algebraic decoding of
Goppa codes includes Patterson’s algorithm and the key-equation method of Sugiyama, Kasahara,
Hirasawa, and Namekawa [10, 11]. Dimension, trace, and Galois invariance questions were further
studied in [12—-14]; the list-decoding results include [15, 16].

A second body of work concerns special Goppa subclasses and sharper parameter information.
Separable binary families with improved or exact parameter estimates, together with their g-ary
separable and cumulative extensions, were studied in [17, 18]. Wild-Goppa identities were developed
in [19]. A recent preprint gives criteria and constructions for exact minimum distances in selected
Goppa and BCH families [20]. The mechanisms developed in these works use either special
polynomial identities or the construction of minimum-weight words. To the best of our knowledge,
they do not formulate the support-synthesis procedure below, which compresses a prescribed parity-
check system into one extension-field check.

BCH and Goppa codes already meet in the broader alternant framework. The classical BCH
designed-distance bound comes from consecutive power checks [21-23], and the generalized BCH
construction of Chien and Choy contains BCH and Goppa codes in a common parity-check
formalism [24]. Other early links include decoding Goppa codes with a BCH decoder and extending
Goppa codes to cyclic codes [25,26]. A recent preprint develops the generalized-BCH viewpoint and
studies generalized BCH and twisted Goppa codes attaining their designed distances [27]. The present
contribution is more specific and operates in the opposite direction: we start with a desired binary
parity-check array, compress its rows into one extension-field check, and then realize the compressed
columns as reciprocal displacements from a degree-one Goppa root. In fact, we show that every
binary linear code of a distance of at least three admits such a degree-one realization. For BCH rows,
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cyclotomic reduction makes the realization explicit and produces an exact intersection of an ordinary
binary Goppa code with a BCH code. Thus, our result is a support-design and subcode statement, not
a new universal bound for alternant or Goppa codes.

1.3. Contributions
The contributions are as follows:

(i) We prove a lossless parity-check compression lemma. If s equations have coefficients in E and
[F : E] > s, then an E-independent family in ' combines them into one F-valued equation.
Additionally, we record the matching necessity of [F' : E] > s when the scalarization is required
to be injective on all of E*.

(i) We realize the compressed equation as a degree-one Goppa condition. If the compressed columns
b; are distinct and nonzero, then ; = 8 + b;' gives the following:

> cibi :0}.

1

I(L,x—B) = {c el

For g = (x — B)h, the Chinese remainder theorem yields the exact identity
FZ(L, g) = FZ(La X _ﬁ) N FZ(La h)

We further characterize the scope of the construction: every binary linear code of a distance of at
least three is a degree-one binary Goppa code over an extension whose binary degree equals the
code’s codimension, and that degree is minimal.

(ii1) For binary BCH checks, Frobenius conjugacy reduces the number of rows that must be
compressed. If v is the number of binary cyclotomic cosets modulo » meeting {1,...,6 — 1},
then only v representative checks are needed, rather than 6 — 1. Compressing those rows gives
Io(L, x — B) = B(n, 9, ). Consequently, if g is square-free of degree r, then

d(T'y(L, g)) = max{2r + 1, 6}.

(iv) We establish non-vacuous parameter consequences. For every r > 1 and 6 > 2r + 1, the
construction gives examples of a positive code dimension. For a fixed r, an explicit scaling
gives a rate bounded away from zero and a certified distance of order n/logn. Moreover, a BCH
bounded-distance decoder with a guaranteed radius of at least [ (6 — 1)/2] transfers to the anchored
Goppa subcode with the same guarantee.

The parameter ¢ is purchased through a highly structured support and an extension of a degree of at
least v(n, 0) over the BCH root field; it is not solely determined by the degree r. Therefore, we make
no claim that arbitrary square-free binary Goppa codes improve on 2r + 1, or that the present structured
families are immediately suitable for cryptographic deployment. Their value is a transparent synthesis
principle, a rigorous distance certificate, and a direct decoding consequence.

The rest of the paper is organized as follows: Section 2 reviews the alternant and locator descriptions
and proves the classical square-free bound; Section 3 develops parity-check compression, the anchor
realization, the BCH intersection theorem, parameter families, and decoder transfer; and Section 4
summarizes the scope, limitations, and directions for further work.
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2. Preliminaries

We fix the notations and recall the two standard Goppa estimates used later. The details are included
both to define the locator numerator appearing in the anchor argument and to separate the intrinsic
square-free estimate from the support-induced BCH estimate.

Let F = [F,u be a finite field of characteristic two, let

L=(a,a,...,a,)

be a tuple of distinct elements of F, and let g(x) € F[x] satisfy g(a;) # O for every i. Then, we say that
L is admissible for g(x). The binary Goppa code associated with (L, g) is as follows:

n

> Qa.so (mod g(x)}.

- Wy

Ta(L.g) ={c=(c1,....c,) € F

i=1

This is the standard rational representation [1-3]. Each denominator is invertible in F[x]/(g(x)) by
admissibility. If deg g = r, then the coefficient equations of this congruence form an F-valued parity-
check system whose matrix is row-equivalent over F' to

o
H, = : ,
8(@) Jo<j<r-1

1<i<n

and
(L, g) ={ceF

chT =0}
This places the construction explicitly inside the usual alternant framework.
For ¢ € I, define the following:

n

lﬂ@:fw%%x NEo =D e [ [ -ap.
j=1

i=1  1<j<n
j#

Then,

Zn: Ci NCL(X)
— x -« S P(x)

Since Py (x) is coprime to every polynomial admissible for L, we obtain the following criterion.

Lemma 2.1. If L is admissible for g(x), then
cela(l,g) < gx)|N:x).

Proof. The reduction modulo g(x) makes P;(x) a unit. Hence, N*(x)/P.(x) vanishes the modulo g(x)
if and only if NX(x) does. m]

Throughout, d(C) denotes the minimum Hamming distance, with d({0}) = +co. The first standard
estimate about the dimensiono of I'5(L, g) follows from the alternant matrix or directly from the
syndrome map [1]. A brief proof is included for completeness; it will only be used below to verify that
the examples are not zero-code artifacts.
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Lemma 2.2. Let F = Fyu, let g(x) € F[x] have a degree of r, and assume that L is admissible for g(x).
Then,
dimg, I'2(L, g) > n—rM.

Proof. The map

O, Fy — FLxl/(g(x)., e ) —— (mod g(x)
i=1

is F,-linear and has a kernel of I';(L, g). Since g # 0 and deg g = r, the codomain has dimension r over
F, and hence dimension rM over F,. Therefore,

dimg, I'2(L, g) = n — rankg,(®,) > n — rM.
O

Next, we give the familiar characteristic-two argument for the square-free bound [1, 2]. Its brief
proof is also included for completeness.

Corollary 2.1. Let g(x) € F[x] be square-free of degree r and admissible for L. Then,
d(I'2(L, g)) = 2r + 1.

Proof. Let0 # ¢ = (c1,¢2,-++ ,¢,) € I'2(L, g), let I = supp(c) = {ilc; # 0,1 < i < n}, and put P;(x) =
[Tic;(x — @;). Based on Lemma 2.1, the binary nature of ¢ gives g(x) | P;(x). In characteristic two,
every exponent occurring in Pj(x) is even; since the finite field F is perfect, there is a Q(x) € F[x] with
P)(x) = Q(x)*. Square-freeness of g(x) and g(x) | Q*(x) imply g(x) | O(x), and therefore g*(x) | P}(x).
The polynomial P)(x) is nonzero because P;(x) has distinct roots. Thus,

2r < deg(Pj(x)) < |I| -1,
sowt(c) =|I| > 2r + 1. O

The bound above holds for every admissible support. The next section adds an independent,
support-induced certificate by realizing selected BCH checks as a degree-one Goppa condition.

3. Compressed BCH anchors

We begin with a general scalarization principle. It exactly identifies what the field extension does
in the anchor construction before any BCH structure is imposed.

Lemma 3.1. Let E C F be finite fields of characteristic two, let H = (h;;) € E*", and let 0,,...,0, € F
be E-linearly independent. Define the following:

Then,

{cel
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If the columns of H are nonzero and pairwise distinct, then the elements b; are nonzero and pairwise
distinct. Moreover, if scalarization by a map of the form (ui,...,us) v 3 ;0;u; is required to be
injective on all of E°, then necessarily [F : E] > s.

Proof. The E-linear map

O:EF—F, (ul,...,us)+—>29]'uj,

=1
is injective. For every ¢ € F] C E",

D cibi = d(HC),

i=1
which proves the equality of kernels. Injectivity preserves nonzero and distinct columns. Finally, an
E-linear injection E° < F can only exist if s < dimg F' = [F : E]. O

The following terminology isolates the role of the distinguished linear factor and either prevents
confusion with BCH zeros or support coordinates.

Definition 3.1. Let by, ...,b,_1 € F* be pairwise distinct. A choice 3 € F, together with the support
relation

ai=p+b;', 0<i<n-1,
is called an anchor realization of the scalar parity check ); c;b; = 0. The element 3 is the anchor, and
x — B is the anchor factor. Indeed, in characteristic two, (8 — ;)" = b;, so reduction of the Goppa
syndrome modulo x — B recovers exactly the prescribed scalar check.

If the coefficients b; arise by losslessly compressing one representative check from each binary
cyclotomic coset relevant to a BCH code, then the realization is called a BCH-anchor realization, and
B is called a BCH anchor. The word “anchor” does not mean that 8 is a BCH zero or an additional
code coordinate; it is the chosen root of the linear Goppa factor from which the reciprocal support
displacements are measured.

The next proposition directly verifies the anchor realization.

Proposition 3.1. Let F be a finite field of characteristic two. Let
bo,by,...,b,_1 € F*
be distinct nonzero elements, and fix an anchor 8 € F. Define the following:
a/l-=,8+bl-_1, L= (ap,a1,...,a,_1).

Then, the degree-one Goppa code I',(L, x — 8) is exactly

n—1
C(bo,...,bn_l) = {CEFg C,'b,' :O}

i=0
Consequently, if g(x) € F[x] is any Goppa polynomial divisible by x — 8 and satisfying g(a;) # 0 for
all i, then

2 (L, g) € C(bo, by, ..., by-1).

In particular,
d(FZ(L9 g)) = d(C(b(b bls ey bn—l))'
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Proof. The elements «; are distinct because the b; are distinct, and none of them equals 8. For ¢ =

(co, €15 .- -5 Cno1) € 5, reduction of the rational syndrome modulo x — 8 is an evaluation at 8, and hence
n—1 c:
cey(Lx—-pf) e 0= Z .
T h-a

Since the characteristic is two and @; = 8 + bl.‘l,
B—a;=b".

Therefore, the last condition is exactly

n—1
C,‘b,’ =0.

i=0

This proves I'2(L,x — 8) = C(by, by,...,b,—1). If x — B divides g(x), then a syndrome that vanishes

modulo g(x) also vanishes modulo x — . This proves the inclusion, and the distance inequality follows

because I',(L, g) 1s a subcode of C(by, by, ..., b,1). O

The preceding two statements give a useful characterization of degree-one binary Goppa codes.
Additionally, it makes clear that the anchor mechanism is a general parity-check realization, not an
intrinsic distance phenomenon tied to the degree of the Goppa polynomial.

Theorem 3.1. Let n > 1. A binary linear code C C F} can be represented as C = I'y(L, x—J3) over some
finite field of characteristic two with an admissible support of distinct points if and only if d(C) > 3,
with the convention d({0}) = +oco. More precisely, if C has a codimension of s, then F = F,s suffices,
and every such representation over Fou satisfies M > s. Hence, s is the minimum possible binary

extension degree.

Proof. Let H € F*" be a full-rank parity-check matrix for a code with d(C) > 3. This distance
condition is equivalent to the columns of H being nonzero and pairwise distinct. Since n > 1, it also

implies s > 1. Choose an F,-basis 6, ..., 0, of F = F,s;, compress the columns of H as in Lemma 3.1,
and reindex the resulting coeflicients as by, ..., b,_. Put @; = B+ b;'. Then, Proposition 3.1 gives
C=TL,x-p).

Conversely, suppose C = I'y(L, x—p3) over F = Fou. Its check coefficients b; = (8—a;)~" are nonzero
and pairwise distinct. Thus, no word of weight one or two can satisfy };¢;b; = 0, and so d(C) > 3.
Finally, the F,-linear map

T:Fy—F,  T()=) cb

1

has a kernel C. Therefore, rank-nullity gives the following:
s = codimg, C = dimg, im 7T < dimg, F = M.
Thus, no binary extension of degree less than s can realize C. O

The factorization of the Goppa polynomial gives an exact nesting identity.
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Proposition 3.2. Let 8 € F and h(x) € F[x] satisfy h(B) # 0. Assume that L is admissible for both
x — B and h(x), and put g(x) = (x — B)h(x). Then,

[2(L, g) = Ta(L, x = B) N Io(L, h).

Proof. Relabel the support as L = («;,. .., a,) and use the same ordering for the coordinates of c. The
condition h(B) # 0 gives the following: gcd(x—p, h) = 1. For every ¢ € F;, Lemma 2.1 and coprimality
give the following:

c €Ty(L,g) & (x—Bh|N;

& x-B| N and h | N
— cc Fz(L,x—ﬂ) NIL(L,h).
O

Let n be an odd positive integer. Let E be a finite field of characteristic two containing an element
{ of multiplicative order n. Let 2 < ¢ < n. Define the binary BCH-type code as follows:

B(n,6,{) = {c € F}

n—1
ch{’j =0 foreveryj=1,...,6— l}.
=0

Identifying ¢ = (co, ..., c,—1) With c(x) = Z:’:_Ol ¢;x', this is the length-n narrow-sense binary BCH code
whose defining zeros contain £, 2, ..., %",
For a € Z/nZ, let
C>(a) = {2"a (modn)|u > 0}
be its binary cyclotomic coset. Put Ds = {1,...,0 — 1}, and choose a set / C D; containing one
representative of every binary cyclotomic coset meeting Ds, with 1 € J. Write the following:

v=v(n,o) = |J|
The binary nature of the code makes the checks within each coset redundant.

Lemma 3.2. For ¢ = (co,cy,...,Cn1) € FS, put

n—1
Sale)= ) el
i=0
Then,

B(n,96,{) = {c € F5|S j(c) = 0 for every j € J}.

Moreover; 5
) < H .
v(n, 8) >

Proof. For every u > 0, the Frobenius map gives the following:

n—1

Saalc) = ) 'L = S 4(e)

i=0
Thus, one vanishing check per binary cyclotomic coset is equivalent to all the checks indexed by Ds.

Finally, every integer in Dy lies in the same cyclotomic coset as its odd part. There are [6/2] odd
integers in Ds, which proves the stated upper bound. O
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The following elementary Vandermonde argument is the only BCH fact needed for the anchor
theorem. A brief proof is included for completeness [3,4].

Lemma 3.3 (BCH bound). The code B(n, 9, () satisfies the following:
d(B(n,6,{)) > 6.

Proof. Suppose that 0 # ¢ € B(n, 6, {) has a weight of w < ¢. Let its support be I = {iy,...,i,}, and set

z¢ = (. The elements zy, . . ., z,, are distinct and nonzero. Since c is binary, the parity-check equations
give
W .
ZZZ’ =0 forj=1,2,...,w,
=1

because w < 0 — 1. The w X w matrix
(]
A4>_'(Z€)1SL€SW

det(M) = [ﬁ Z[) 1_[ (2o — Za)5

has the determinant

=1 1<a<b<w
which is nonzero. Thus, the vector (1,...,1)" cannot lie in the kernel of M, which contradicts the
displayed equations. Therefore, no nonzero codeword has a weight < 6. O

Now, we only compress the cyclotomic representatives, rather than all 6 — 1 displayed BCH checks.

Theorem 3.2. Let n be odd, let E be a finite field of characteristic two containing an element { of order
n, and let2 < 6 < n. Let F/E be a field extension of degree at least v = v(n, 9), and choose E-linearly
independent elements (0;)jc; in F. Fori=0,...,n— 1, define the following:

b= 607¢F.

jeJ
Then, the b; are nonzero and pairwise distinct. Fix § € F and define the following:
a=f+bi',  L=(....am).

Let
g(x) = (x = B)h(x) € F[x]

be square-free of degree r, and assume g(a;) # 0 for all i. Then,
Io(L, x = B) = B(n,6,{), I2(L,g) = B(n,6,4) NI'a(L, h),

and
d(T'y(L, g)) = max{2r + 1, 65}.

In addition, with M = [F : F,],
dimg, I'2(L, g) > dimg, B(n,6,{) — (r — 1) M.
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Proof. First, the b; are nonzero and pairwise distinct. If ; = 0, then

Z 0,07 = 0.

jeJ

Since (¥ € E and the 6, are E-linearly independent, all coefficients £/ would have to be zero,
impossible. If b; = by, then

>0 - My =0,

jeJ
Again, by E-linear independence, ¢/ = % for every j. Taking j = 1 gives ¢/ = £*, hence i = k
(mod n). Since 0 < i,k < n — 1, this gives i = k. Thus, the support elements ¢; = 8 + b;! are distinct
and different from g.

By Proposition 3.1,

n—1
Ty(L,x—f) = {c €| ) e = 0}.

i=0

For ¢ € F,

n—1 n—1
Z Cibi = Z 9] [Z Ci{ij) .
i=0 jeJ i=0

The inner sums lie in E. Since the 6;, j € J, are E-linearly independent, the last expression is zero if
and only if

n-1
Z cl” =0  forevery je J
i=0
Therefore, Lemma 3.2 gives
(L, x = B) = B(n,6,0).

Since g = (x — B)h is square-free, one has h(5) # 0; moreover, admissibility for g implies admissibility
for both factors. Therefore, Proposition 3.2 gives the exact identity

I(L,g) = B(n,6,{) NT»(L, h).

Therefore, Lemma 3.3 supplies the bound é. On the other hand, g(x) is square-free of degree r, so
Corollary 2.1 gives the independent estimate 2r + 1. Combining the estimates proves the distance
claim. Finally, the degree- (r — 1) syndrome map for 4, restricted to the binary space B(n, 9, ), has a
rank of at most (r — 1)M. Rank-nullity proves the dimension estimate. O

Remark 3.1. The parameter ¢ is inherited from the deliberately installed BCH supercode; it is not an
intrinsic consequence of deg g = r. The cyclotomic construction uses an extension of degree v over E,
with v < |6/2]. This convenient representation need not be field-minimal when some cyclotomic cosets
have a size smaller than [E : F,]. Theorem 3.1 shows that the exact binary redundancy of the BCH
code always suffices and is minimal for a degree-one realization.

The next corollary shows that the hypotheses can be met for every fixed target above the square-free
Goppa bound.
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Corollary 3.1. Fix integers r > 1 and 6 > 2r + 1. Then, there exist finite fields F of characteristic two,
lengths n, support tuples L over F, and square-free polynomials g(x) € F[x] of degree r such that

d(T(L,g)) = 6.

More precisely, for all sufficiently large m, one may take n = 2™ — 1, let v = v(n, 9), and obtain
. 0
dimg, I'2(L,g) >n—rmv>n—rm bJ > 0.
Proof. Choose m > 3 large enough that, withn = 2" — 1,
6 2m m
n>o, n>rme, 29 = 2" > r—1.

Let E = Fy», and let { € E be a primitive element, so { has an order of n. Form the representative
set J and put v = v(n,0). Because 6 > 2r + 1 and r > 1, we have 6 > 4, so D; contains 1 and 3.
The multiplicative order of 2 modulo n = 2™ — 1 is exactly m: certainly 2” = 1 (mod n), while,
for 0 < u < m,one has 0 < 2“ -1 < n. If 1 and 3 belonged to the same binary cyclotomic coset,
then 3 = 2% (mod n) for some u; reducing u modulo m gives 0 < u < m. Then, since both 3 and 2* lie
strictly between 0 and n, the congruence would force 3 = 2%, which is impossible. Hence, v > 2. Let
F = Fym, choose an E-basis (6;) je; of F, set

bizzejgij, a; = b}, L = (ao,..., 1),

jeJ

and take the anchor 8 = 0.
The set L U {0} has n + 1 = 2™ elements. By the third inequality above,

IF\(LU{OD|=2" =2">2"" - 2" >r—1.

Choose r — 1 distinct elements of F' \ (L U {0}), say vy1,...,¥,—1. For r = 1, this is the empty choice.
Define

r—1
g0 = x| [ =y,
a=1

with the empty product interpreted as 1. Then, g is square-free, has a degree of r, contains the anchor
factor x, and satisfies g(a;) # O for every support point. Theorem 3.2 gives the following:

d(T'y(L, g)) > max{2r + 1,6} = 6.

Finally, Lemma 2.2 gives the following:

1)
dimg, Ih(L,g) >n—r[F :F,l=n—rmv>n—-rm bJ ,

which is positive by the choice of m. O
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For fixed r and 6, the displayed estimate also gives

dimz, Da(L.g) | rmlo/2]
n - 2m — 1

This is a fixed-distance high-rate statement, not a positive-relative-distance claim.
A particularly transparent specialization is obtained by asking the BCH anchor to double the usual
square-free designed-distance scale.

Corollary 3.2. For every r > 1, there exist square-free binary Goppa codes of positive dimension and
degree r satisfying
d(T(L, g)) > 4r+ 1.

For these support-engineered codes, this doubles the leading term in the usual square-free distance
certificate.

Proof. Apply Corollary 3.1 with 6 = 4r + 1. O

Allowing the target distance to grow with the length yields a quantitative rate-distance regime.
It is important that the resulting relative distance still tends to zero; the statement is not a claim of
asymptotic goodness.

Corollary 3.3. Fixr > 1 and 0 < R < 1. There is a sequence of square-free binary Goppa codes
C, =12(Ly,, gm), with deg g,, = r and n,, = 2™ — 1, such that, for all sufficiently large m,

dimg, C,, SR,
Ny
and
1 -Rn,, 2(1-R -
a2 | SRty (2AZR) gy
rm r log,(n, + 1)
Proof. Put
1 -Rn,,
qm:{¢|, Om =2q, + 1.
rm

For a sufficiently large m, we have 2r + 1 < ¢,, < n,,. Construct the cyclotomic anchor with the target
on. Lemma 3.2 gives v = v(n,,,0,,) < ¢g,. For a large m, one also has ¢,, > 4, hence v > 2, and the
ambient field F,, = F,» contains at least 22" —2™ > r — 1 elements outside L,, U {0}. Thus, the required

r — 1 distinct cofactor roots may be chosen exactly as in Corollary 3.1. Consequently,
dimg, C,, > n,, — rmv(ny,, 8,,) = 0y — rmq,, > Rny,.
Theorem 3.2 gives d(C,,) > 6,,, and m = log,(n,, + 1) gives the asymptotic form. O

The explicit supercode relation also has an immediate algorithmic consequence. This is a transfer of
a standard BCH decoder, not a new decoding algorithm; related BCH-decoder connections for Goppa
codes go back to [25].
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Proposition 3.3. Under the hypotheses of Theorem 3.2, put

C=TIuL,9), B = B(n,6,?), t= {%| .

Any bounded-distance decoder for B whose guaranteed decoding radius is at least t corrects every
error pattern of weight at most t on a transmitted codeword of C. For an arbitrary received word,
membership of the decoder output in C may be checked; failure is declared if the check does not pass.

Proof. We have C C Band d(B) > 6 > 2t. If y = ¢ + e with ¢ € C and wt(e) < t, then c is the unique
codeword of B within the distance ¢ of y. Therefore, bounded-distance BCH decoding returns c. m]

We finish the section with two parameter illustrations. They specify the fields and cyclotomic
representatives, but do not claim computed exact minimum distances.

Example 3.1. We illustrate Theorem 3.2 with parameters for which all field-containment hypotheses
are explicit and the dimension lower bound is positive. Let

E:P32, l’l:31, 5:5,

and choose a primitive element { € E, so that { has an order of 31. The exponents 1,2,3,4 meet
precisely the two binary cyclotomic cosets represented by

J ={1,3}.
Thus, v = 2. Let F = F35: = Fy, choose an E-basis 0y, 05 of F, and define
bi =0, + 657%, i=0,1,...,30.
The proof of Theorem 3.2 shows that the b; are nonzero and pairwise distinct. Take the anchor
B=0, a=b", L=(ap,...,asy).

Finally, choose g(x) = x. Then, g is square-free of degree r = 1, contains the anchor factor x — 8 = x,
and is admissible because every «; is nonzero. Theorem 3.2 gives the following:

d(T'y(L, x)) > max{2r + 1,6} = max{3,5} = 5.

Therefore, the BCH anchor certifies the stronger lower bound S, compared with the direct square-free
certificate 3. Moreover,
dimg, I2(L, x) > 31 —-1-10 = 21,

and Proposition 3.3 corrects up to two errors by BCH decoding.

Example 3.2. We give a second anchored example with an additional Goppa factor and with the BCH
parameter dominating the classical square-free estimate. Let

E = Flzg, n = 127, 0= 9,
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and let { € E be primitive. The exponents 1, ...,8 meet the four binary cyclotomic cosets represented
by
J=1{1,3,5,7}.

Thus, v = 4. Set F' = F,3¢ = Fys, choose an E-basis 01,05, 0s,60; of F, and put
bi =6, +6:5 + 050 + 6,7, i=0,1,...,126.
Again, the b; are nonzero and pairwise distinct. With anchor 8 = 0, let
a; = bi_l, L= (ag,...,a1s).
The set L U {0} has 128 elements, whereas |F| = 2°%. Hence, we may choose the following:
v e F\(LU{0}).

Define g(x) = x(x — ). Then, g is square-free of degree r = 2, contains the anchor factor x, and is
admissible for L by the choice of y. Theorem 3.2 yields the following:

d(T'y(L, g)) = max{2r + 1,6} = max{5,9} = 9.

The standard square-free Goppa estimate only certifies 5. The compressed construction gives the much
stronger dimension guarantee

dimg, I(L, g) > 127 -2-28 = 71.

The transferred BCH decoder corrects up to four errors, whereas the usual degree-two Goppa
guarantee corrects two.

The construction has three immediate coding-theoretic uses. First, it provides a modular method
for imposing additional Goppa constraints on a code with a known distance and decoder: the anchored
code is an exact subcode of the ambient code, so the ambient unique decoder remains valid within its
guaranteed radius. Second, whenever L is admissible for 4, restriction of the 4-syndrome map to a
binary code C C ) gives

dimg, (C NTy(L, b)) > dims, C — (deg h)[F : Fs],

which separates the redundancy already present in C from the redundancy added by A. Third, for any
binary parity-check system whose kernel has a distance of at least three, the rank-optimal theorem
identifies the smallest binary field extension in which that kernel can be represented by one linear
Goppa factor.

For cryptographic applications, the construction should be interpreted with care. An explicitly
known BCH supercode supplies a useful decoding structure, but it may also supply a structural
distinguisher. Therefore, the present paper does not claim that BCH-anchored codes can replace
the conventional random-looking binary Goppa codes used in McEliece-type systems. Any
such application would require a separate analysis of code equivalence, key indistinguishability,
automorphism groups, and attacks exploiting the public supercode. The current results are best viewed
as an algebraic code-design and parameter-analysis framework.
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4. Conclusions

This paper formulated the BCH-anchor construction as a lossless parity-check compression and
support-synthesis mechanism. The degree-one realization theorem shows that this mechanism is
general: a binary linear code is representable as I'>(L, x — ) precisely when its distance is at least
three. In the BCH specialization, Frobenius conjugacy reduces the required checks from ¢ — 1 to one
representative from each relevant binary cyclotomic coset. If v denotes the number of those cosets, then
an extension of degree v over the BCH root field suffices. For a square-free polynomial g = (x — 8)h of
degree r, the construction gives the exact identity

FZ(L7 g) = B(na 5’ g) N FZ(L5 h)’
and the independent distance certificate
d(T'y(L, g)) = max{2r + 1, 6}.

The refined field cost materially strengthens the quantitative examples: the two illustrations have
dimension guarantees 21 and 71, rather than the weaker values 11 and 15 obtained by compressing all
0 — 1 displayed checks. More generally, every fixed pair with » > 1 and 6 > 2r + 1 admits codes of
positive dimension, and a varying-distance choice gives constant-rate families with a certified distance
of order n/log n. Because every constructed code is contained in the displayed BCH code, a standard
bounded-distance BCH decoder corrects | (6 — 1)/2] errors on its codewords.

These conclusions are deliberately limited. They do not strengthen the square-free Goppa bound
for arbitrary supports, do not determine the exact minimum distance of the constructed intersections,
and do not by themselves imply a cryptographic advantage. Indeed, a visible BCH supercode is an
additional structure whose security effect would require a separate analysis. Natural next questions are
to determine the exact distances and weight distributions, minimize the ambient field using the exact
BCH redundancy, compress stronger BCH-type bounds such as Hartmann-Tzeng constraints [28],
study several compatible anchors, and assess whether any resulting structured families can be hidden
without exposing exploitable supercode information.
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